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Abstract

We characterize minimax recovery of the treated causal response under a global
propensity-tail restriction. The model combines consistency and conditional exchangeability
with a covariate density bounded below on a cube, intrinsic Holder response smoothness
of known order 8 > 1, a bounded treated conditional mean, and uniformly conditional
sub-Gaussian residuals. If d is the covariate dimension, n is the sample size, and v > 1 is the
overlap exponent, the pointwise and expected spatial-supremum minimax risks have scale

n B/ 2B+dy/(v=1))

An explicit estimator fits local polynomials with equal aggregate weight across fixed template
microcells and selects its mesh through treated observation counts. With model constants
fixed, its expected spatial-supremum guarantee attains this pure-power rate uniformly over
fixed compact overlap intervals with distinct endpoints in (1, 00), using the known smooth-
ness and observed treatment design. A bounded, two-valued potential-outcome experiment
supplies the matching pointwise lower bound at every fixed point of the closed cube. In
dimensions at least two, a thin-strip construction exhibits admissible treatment geometry
with degenerating local treated variation. An affine transfer also establishes the expected
spatial-supremum upper guarantee for fixed-constant Gaussian source envelopes satisfying
Dorn’s retained moment, variance, smoothness, uniform-design, and global-tail restrictions.

1 Introduction

This paper establishes the minimax rate for recovering a treated causal response throughout
a covariate cube when treatment availability is governed by a global propensity tail. Under
consistency and conditional exchangeability, the target is the conditional mean of the treated
potential outcome, identified through treated outcome regression. We study laws with a covariate
density bounded below, a response in an intrinsic cube Hélder ball of known order, a uniformly
bounded treated conditional mean, and uniformly conditional sub-Gaussian residuals. Write n
for sample size, 8 > 1 for response smoothness, d > 1 for covariate dimension, and v > 1 for the
overlap exponent. Within this fixed-constant class, one explicit estimator attains the expected

spatial-supremum rate
n~—B/(2B+dy/(v=1))
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The upper guarantee is uniform over any fixed compact exponent interval with distinct endpoints
contained in (1,00). For each fixed exponent and each fixed evaluation point, a matching lower
bound establishes the same minimax scale for pointwise expected absolute error.

Response recovery is a basic component of causal adjustment in the potential-outcome frame-
work [Rubin, 1974, Rosenbaum and Rubin, 1983, Imbens and Rubin, 2015]. Its statistical diffi-
culty depends on where treated observations are available. Our overlap restriction bounds the
covariate probability of low-propensity regions by a power of the propensity threshold. This
restriction quantifies the prevalence of treatment scarcity while accommodating measurable
propensities and heterogeneous local treatment geometry. The target remains the continuous
treated response over the entire closed cube, and the spatial loss measures the largest estimation
error within each sample realization before taking expectation.

The construction separates polynomial conditioning from treatment-count precision. Each
partition cube contains scaled copies of a fixed collection of small microcells around polynomial
interpolation nodes. The fit gives every microcell the same aggregate weight, averaging treated
observations within each cell. This weighting keeps the empirical Gram matrix close to a fixed
positive-definite template whenever the cells are occupied. A count selector chooses the finest
candidate mesh at which every microcell contains enough treated observations relative to the
approximation scale. The resulting estimator uses the observed sample, sample size, dimension,
known smoothness, and response bound, as specified in Algorithms 1 and 2.

The statistical explanation rests on an ordered information profile. The density lower bound
assigns covariate mass to each template microcell, and the global propensity tail controls the
treated mass of unions of disjoint microcells. Together, they imply a polynomial lower bound
in rank for the weakest treated-cell masses across partition cubes. This profile distinguishes
the least-informed cubes from the progressively better-informed cubes. Combining its rank-
dependent stochastic control with the common scale cap supplied by count feasibility yields the
pure-power expected spatial-supremum guarantee in Theorem 1. Local polynomial approxima-
tion and deterministic template conditioning complete the upper bound.

The converse uses a bounded causal experiment. For every fixed evaluation point, including
points on faces and corners, a pair of laws places a smooth response perturbation near that point
and shares a radial propensity satisfying the global tail envelope. The laws admit potential
outcomes taking values in a common two-point set. Their response separation and bounded
relative entropy give the pointwise lower bound in Lemma 6. Thus the minimax characterization
applies to the full conditional sub-Gaussian response class, with the converse already supported
by a bounded subclass.

The closest theorem-level comparison is Dorn [2026, Assumptions 1-3 and Theorem 1(ii),
p. 12]. For a fixed Gaussian uniform-design setup satisfying Dorn’s retained restrictions and
local anti-concentration condition, Dorn establishes a probability upper bound at the same
pure-power scale in an essential-supremum criterion. The source describes a count-based es-
timator computable without the overlap exponent, while its probability upper guarantee fixes
the source family, its common constants, and that exponent before selecting the estimator and
threshold constant [Dorn, 2026, Lemmas 11 and 13, pp. 23-24; proof, pp. 27-28]. That construc-
tion provides a direct antecedent for mesh selection. Dorn’s local anti-concentration condition
additionally links every sufficiently small neighborhood’s largest selected propensity to a com-
mon positive fraction of its covariate mass, with constants common across the fixed family and
its selected propensity representatives. Our expected spatial-supremum guarantee is established
over the global-tail class in Definition 2, using one estimator and common constants across the



stated compact exponent range.

The geometric and source-model comparisons make this distinction precise. In dimensions
at least two, Proposition 1 constructs a thin-strip law within the causal class whose displayed
propensity violates the selected-version local anti-concentration condition and whose normal-
ized treated-design second-coordinate moment tends to zero. Separately, Proposition 2 transfers
the upper guarantee to fixed-constant Gaussian envelopes satisfying the retained source restric-
tions from Dorn [2026, Section 2, Assumptions 1-2, pp. 3-7]. Affine transport and fixed-cube
smoothness completion supply the common full Hélder radius. The transferred guarantee con-
trols expected spatial-supremum error uniformly over those envelopes and the compact exponent
range. Its Gaussian geometric witnesses use constants selected separately for each exponent.

Related regression results characterize other aspects of heterogeneous information. Gaiffas
[2005b, Assumption M and Theorem 1, pp. 34| derives pointwise rates under locally symmetric,
regularly varying design densities in a one-dimensional Gaussian experiment. Gaiffas [2009, As-
sumption D, equation (2.1), and Theorems 1-2] and Schmidt-Hieber and Zamolodchikov [2024,
Sections 1 and 3] retain spatial variation through location-dependent loss normalization. Our
criterion instead evaluates expected unweighted spatial-supremum error over a global overlap
envelope. The causal target also differs from the smooth treatment contrast studied under strict
overlap by Kennedy et al. [2024, Theorems 1-2 and Remark 11]: here smoothness is imposed
directly on the treatment-specific response.

An appendix documents the precise scope of the mathematical results.

The exposition proceeds through related work, the model and risk criteria, and the estimator
and recovery guarantee. It then develops the local treatment-geometry comparison and Gaussian
transfer, followed by discussion and future work. The appendices present auxiliary identification,
upper-bound, testing, geometry, and source-comparison arguments, followed by the complete
main-result proofs.

2 Related work

The closest theorem-level comparator is Dorn [2026, Assumptions 1-3 and Theorem 1(ii), p. 12].
In a fixed setup with uniform covariates on a cube, Gaussian outcomes, and Holder response
curves, satisfying Dorn’s retained restrictions and local anti-concentration condition, Dorn estab-
lishes an essential-supremum probability upper bound uniformly over the source family. Writing
d for the covariate dimension, 3 for response smoothness, v for the overlap exponent, and n for
sample size, the pure-power rate in this paper’s notation is

n—B/(2B+dy/(v=1))

For each probability tolerance, the source result supplies a finite threshold constant within that
fixed setup. Dorn describes a count-based grid and bandwidth estimator computable from the
known smoothness and observed treatment design without the overlap exponent [Dorn, 2026,
Lemmas 11 and 13, pp. 23-24; proof, pp. 27-28]. The probability upper guarantee fixes
the source family, its common constants, and the exponent before selecting the estimator and
threshold constant. The construction is a direct antecedent for the present mesh selector; the
new uniformity statement concerns one estimator and common risk constants across a prescribed
compact exponent interval.

The present comparison concerns the guarantee and its model domain. Under the fixed
model indices and class constants, Theorem 1 gives an expected spatial-supremum guarantee



over the envelopes in Definition 2, uniformly across a compact range of overlap exponents,
with response smoothness fixed. These envelopes impose a bounded treated conditional mean
and uniformly conditional sub-Gaussian residuals, intrinsic cube Hoélder smoothness, a covariate
density lower bound, and a global propensity-tail bound. Bounded potential outcomes are used
for the testing subclass and the thin-strip example, rather than for the full upper-bound class.
Dorn’s local anti-concentration condition additionally requires a common positive fraction of
the covariate mass in every sufficiently small neighborhood to have propensity comparable to
that neighborhood’s propensity supremum. Here, the global tail and the density lower bound
support the equal-cell construction under the conditions in Assumptions 4 and 7. The distinction
in admissible local treatment geometry is made precise in Definition 9 and Proposition 1, while
Proposition 2 states the corresponding Gaussian-envelope upper guarantee.

Degenerate-design regression supplies a complementary comparison at a single location. In
a one-dimensional Gaussian regression experiment, Gaiffas [2005b, Assumption M and Theo-
rem 1, pp. 3-4] derives pointwise minimax moment rates for a fixed design density that is
locally symmetric and regularly varying around the evaluation point. The regression class is
specified through a local polynomial approximation modulus, together with a bound on the
function; regular variation of the design and modulus yields a power rate multiplied by a slowly
varying factor. In the separate adaptive experiment, Gaiffas [2005a, Abstract] constructs a lo-
cal polynomial procedure adaptive to design degeneracy and Holder smoothness, and identifies
the logarithmic cost of that pointwise adaptation. These results characterize local information
through the behavior of a specified design near one point. The present envelopes instead organize
treatment-specific recovery through a global distributional restriction on the propensity.

Spatially normalized losses provide another way to express heterogeneous information. In
one-dimensional Gaussian regression over Holder classes, Gaiffas [2009, Assumption D, equa-
tion (2.1), and Theorems 1-2] studies the supremum of estimation error divided by a location-
dependent rate obtained from a local bias—variance balance. The adaptive upper result assumes
a continuous design density that is positive everywhere or has finitely many zeros with specified
local power behavior; the lower result uses an interval-mass condition and establishes optimality
over intervals of prescribed shrinking size. Likewise, Schmidt-Hieber and Zamolodchikov [2024,
Sections 1 and 3] analyzes a weighted uniform criterion in one-dimensional Gaussian regression
under a local doubling condition on the design distribution. Least squares over the unit-Lipschitz
class attains the local rate for truths in a strictly smaller Lipschitz ball. Both comparisons retain
the design’s spatial variation in the loss normalization. Our criterion in Definition 3 measures
expected unweighted spatial-supremum error, with worst-case difficulty indexed by the global
overlap envelope.

The estimator combines familiar polynomial approximation with a particular treatment-
design weighting rule. Local polynomial fitting approximates a smooth response within a neigh-
borhood [Fan and Gijbels, 1996]; series methods approximate conditional expectations in finite-
dimensional spaces, including polynomial and spline spaces [Newey, 1997]. Partitioning-based
series estimation develops this approach through locally supported bases [Cattaneo et al., 2020].
The construction in Definition 6 and Algorithm 2 fits polynomials on partition cubes, assigns
equal aggregate weight to the reference microcells, and selects its mesh through the treated-count
feasibility rule in Algorithm 1.

The causal estimand also determines the relevant comparison. Kennedy et al. [2024, Theo-
rems 1-2 and Remark 11] studies pointwise expected absolute error for the conditional average
treatment effect under strict overlap, with separate Holder restrictions on the treatment effect,



propensity, and control response. Its attainable rates depend on their relative smoothness and
on conditions controlling covariate-distribution estimation and the local fitting matrices. Our
target is a treatment-specific response curve, with smoothness imposed directly on that response
and information scarcity described by a global overlap tail. For functional estimation, Mou et al.
[2023, Theorems 1-3] derives local minimax mean-squared-error bounds for linear functionals
over convex symmetric regression classes, together with attaining procedures for reproducing
kernel Hilbert space classes under the stated noise, spectral, and sample-size conditions. That
experiment measures accuracy through a specified functional and its observational coverage. The
present minimax criterion evaluates recovery of the response throughout the covariate cube.

3 Setup and assumptions

Generic positive constants may change between displays; the model constants introduced below
remain fixed across laws and sample sizes. For a vector, ||-||oo denotes the maximum absolute co-
ordinate, and for a function it denotes the supremum of its absolute value over its stated domain.
Multi-indices have nonnegative integer coordinates, with |«| denoting their sum. Observation
indices range from 1 to n, and a Vb = max{a,b}. The notation < denotes an inequality up to a
positive constant depending on the fixed model parameters, and =< denotes inequalities in both
directions. For comparisons uniform over the overlap range specified below, these constants are
independent of both the sample size and the overlap exponent.

3.1 Sample and target

Consider an observational causal model indexed by a probability law P. The covariate vector
X takes values in the covariate cube X', where X = [0,1]¢ and d > 1. The binary treatment
indicator A takes values in {0,1}. Write Y'(0) for the control potential outcome, Y (1) for
the treated potential outcome, and Y for the observed outcome. The observed triple Z is
Z = (X, A,Y). When specifying the sampling law, P denotes the observed-data marginal of the
causal law, and Px denotes its covariate marginal.

The covariate density f is the density of X with respect to Lebesgue measure on X, and the
propensity e(z) is a measurable version of P(A =1 | X = z). Our target is the treated causal
response 1, the continuous Holder representative of

pa(x) =Ep[Y(1) | X = 2].

We write ;11 p when the indexing law needs to be explicit.

The sample and estimator convention uses the observed sample D,,, defined by D,, = (Z;)?_,
where Z; = (X;, A;,Y;). Every estimator is measurable with respect to this sample. Scalar-
valued estimators estimate the response at a specified covariate point; function-valued estima-
tors recover the response over X' and are required to have measurable spatial-supremum loss.
Expectations of their losses refer to the observed-sample distribution.

Fix a smoothness order 8 > 1, a Holder radius L with L > 0, and a treated-response bound
B with B > 0. Also fix a density lower bound ¢y with 0 < ¢y <1 and a global-tail constant C
with C' > 1. The overlap exponent ranges over the compact interval I', defined by

I'= ['Yminy Vmax]-

Its lower endpoint vy, and upper endpoint Ymax satisty 1 < ymin < Ymax < 00. Throughout,
vel,and n > 1.



3.2 Intrinsic cube smoothness

Smoothness is measured directly on the closed covariate cube. For the fixed smoothness order,
the derivative order m is m = [#] —1. For a generic function g on X', D®g denotes its coordinate
derivative, interpreted through continuous boundary traces as specified below. The intrinsic
cube Holder ball H#(L) combines a uniform derivative bound with a modulus restriction on the
highest-order derivatives. We first state these two restrictions.

Assumption 1. [ass:holder-derivative-bound] (Uniform bound on derivatives)

max [|[D%l|e < L.
la|<m

The uniform derivative bound controls the function itself and all coordinate derivatives
through order m, using a common radius. This standard Holder-ball condition gives a common
scale for response levels and local polynomial coefficients [Dorn, 2026]. The corresponding
restriction on variation across covariate points is as follows.

Assumption 2. [ass:holder-modulus| (Hoélder modulus of derivatives)

|D%g(x) = Dg(2)] _ |

/Hﬂ—m
o0

max sup

|a|=m rF#x! Hx -

The Holder modulus condition bounds changes in the highest-order derivatives by the co-

variate distance raised to 8 — m. Together with the derivative bound, this standard restriction

controls local approximation error at smoothness order 4 [Dorn, 2026]. The next definition fixes
the boundary convention used throughout.

Definition 1. [def:holder| (Intrinsic cube Hélder ball) The intrinsic cube Holder ball is

HP(L):={g: X > R:geC™X), g satisfies Assumptions land 2}, x =10,1)¢, m = max{[5]|-1,0]}

Here d is a nonnegative integer and 5, L € R. The integer m is the derivative order, and the
top-order modulus has exponent B —m. The class C™(X') consists of functions whose classical
coordinate partial derivatives through order m on the interior of the cube admit unique contin-
wous traces on X. FEvery deriwative D%qg, supremum, and difference quotient in the defining

restrictions uses these traces. At positive integer B, this convention uses Lipschitz derivatives of
order B — 1.

For the maintained domain 5 > 1, the derivative order in Definition 1 agrees with the order
fixed above. Its trace convention makes smoothness restrictions meaningful at boundary points
as well as in the interior.

3.3 Sampling and observational restrictions

The statistical experiment combines independent sampling with restrictions on covariate cover-
age, causal identification, treatment availability, and the treated response. We begin with the
sampling law.

Assumption 3. [ass:iid] (Independent and identically distributed observations) The observed
sample D,, consists of n independent observations with common law P, so that

D,, ~ P®™.



Independent and identically distributed sampling gives the product experiment P®" used
to evaluate estimation risk. It is a standard sampling condition for nonparametric regression
[Stone, 1982]. Covariate coverage is controlled separately.

Assumption 4. [ass:density| (Covariate density lower bound) The covariate density f sat-
isfies
cr < f(x)

for Lebesgue-almost every x € X.

The random-design density lower bound ensures that each measurable covariate region has
probability at least ¢y times its volume. This standard coverage condition supports response
recovery throughout the cube [Stone, 1982]. To connect that response to observed treated
outcomes, we impose consistency and conditional exchangeability.

Assumption 5. [ass:consistency] (Consistency of observed outcomes) The observed outcome
Y, binary treatment indicator A, and potential outcomes Y (0) and Y (1) satisfy

Y =AY (1) + (1 - A)Y(0)
almost surely.

Consistency links each observed outcome to the potential outcome corresponding to the
realized treatment. It is the standard condition that gives the observed treatment groups their
potential-outcome interpretation [Kennedy et al., 2024]. The next condition makes treatment
assignment comparable within covariate strata.

Assumption 6. [ass:exchangeability] (Conditional exchangeability of treatment) The po-
tential outcomes Y (0) and Y (1) are jointly independent of the treatment indicator A conditional
on the covariate vector X :

(Y(0),Y(1) L A| X.

Conditional exchangeability is the standard identification condition under which conditioning
on X removes dependence between treatment assignment and potential outcomes [Kennedy
et al., 2024]. Together with consistency, it identifies the treated causal response from the treated
conditional mean wherever the propensity is positive. Treatment availability is quantified by a
global tail restriction.

Assumption 7. [ass:global-tail] (Global propensity tail bound) The propensity e(X), eval-
uated at the covariate vector X, satisfies

Ple(X) <t} <ct! for every t € [0, 1].

The polynomial global propensity-tail bound controls the covariate probability assigned to
regions with low treatment probability, a standard overlap restriction in this setting [Dorn, 2026].
Since v > 1, its value at t = 0 implies positive propensity almost surely under Py. Consequently,
consistency and exchangeability identify u(z) with Ep[Y | A =1, X = z] for Px-almost every
x. The smoothness convention selects a continuous representative over the entire cube.

We next control the magnitude and fluctuations of the treated conditional outcome distri-
bution.



Assumption 8. [ass:bounded-potential-outcomes| (Treated response magnitude bound)
The observed outcome Y, binary treatment indicator A, and covariate vector X satisfy

\2logEp[exp{A(Y —Ep[Y | A=1,X])} [A=1,X =21

esssup [ |[Ep[Y | A=1,X =z||V sup
z~Px AER\{0} Al

The uniformly bounded treated conditional mean and conditional sub-Gaussian residual
condition supplies a common scale for response levels and sampling fluctuations [Dorn, 2026]. In
particular, the treated conditional mean has absolute value at most B, and the centered treated
residual has conditional moment-generating function bounded by exp(A\2B2/2). These bounds
hold essentially uniformly over the covariate distribution. The response curve also satisfies the
following smoothness restriction.

Assumption 9. [ass:holder-response| (Holder smoothness of response) The treated causal
response p11 belongs to the intrinsic cube Holder ball HP(L):

H1 € HB(L).

Isotropic Hélder response smoothness imposes the same order 8 across covariate directions,
with the common derivative and modulus bounds specified in Definition 1 [Dorn, 2026]. It
supplies the regularity through which nearby treated observations inform the target response.
Combined with identification and the density lower bound, continuity extends the treated-mean
magnitude bound to |u1(z)| < B throughout X.

3.4 Law class and risk scales

We collect the observational restrictions into a fixed-constant class. The dimension, smoothness
order, and constants L, B,cy,C remain common across its members; v indexes the overlap
restriction. The observational causal law class P, is defined as follows.

Definition 2. [def :model] (Observational causal law class Py) The class P~ consists of obser-
vational causal laws P satisfying the following restrictions, with common fized constants:

e (Covariate density.) The density [ of the covariate vector X satisfies Assumption 4.

(Consistency.) The observed outcome Y, binary treatment indicator A, and potential
outcomes Y (0) and Y (1) satisfy Assumption 5.

(Exchangeability.) The potential outcomes and treatment satisfy Assumption 6.

(Overlap.) The propensity e(X) satisfies Assumption 7.
e (Response bound.) The treated conditional outcome distribution satisfies Assumption 8.
e (Response smoothness.) The treated causal response py satisfies Assumption 9.

For each member of Definition 2, the sample is drawn according to Assumption 3. Fix an
evaluation point zg in the closed cube, including its boundary. We measure recovery through the
pointwise minimax risk Rp¢(n,7, o) and the spatial-supremum minimax risk R (n,7). Both
criteria use expected absolute error, with the latter evaluating the largest error across the cube
within each sample realization.

<B.



Definition 3. [def:risks] (Minimax risks Ry, and Ro,) The minimaz expected absolute error
at xg and the minimaz expected spatial-supremum error are, respectively,

Ryi(n,v,z0) = inf sup Ep [T — p1,p(x0)]
T pep,

and

Ro(n,v) =inf sup Ep |sup |T(z) — p1,p(2)]
T pep, TEX
Here p1, p is the treated response under law P, and each infimum ranges over estimators mea-
surable with respect to the observed sample D,,. The first infimum uses scalar-valued estimators,
and the second uses function-valued estimators.

The order of supremum and expectation in Definition 3 makes the functional criterion sen-
sitive to the largest spatial error in each realized estimate. Its spatial supremum ranges over all
points of X', using the continuous response representative fixed above.

To express the subsequent risk comparisons, define the overlap-dependent effective dimension
D, the oracle mesh scale h, ,, and the response-recovery scale r, , by

p, =0 T T e . T Bl
,.y _ )

These deterministic scales depend on the sample size, smoothness order, dimension, and overlap

exponent. They satisfy

Dy\—1/2
hl’(j,n = (nh’Y:;YL) / )
which expresses the balance between a smoothness scale and an overlap-adjusted sampling scale.

The term “oracle” indicates that the mesh scale is indexed by ~; it provides the benchmark for
comparing risk and selecting a mesh from the observed treatment design.

4 Main results

The oracle scales introduced in the setup suggest selecting a resolution from the observed treat-
ment information. We implement this choice with local polynomial fits whose conditioning is
controlled by a fixed interpolation template. The construction uses the known smoothness order
B > 1, with polynomial degree m = [/] — 1, and selects a mesh through treated observation
counts.

4.1 Construction

The tensor nodes vy specify the locations around which the fitting observations are collected.
Their placement leaves room for small neighborhoods inside the reference cube.

Definition 4. [synth_1] (Tensor interpolation nodes) The tensor node vy € R%, for nonnegative
integers d,m and an index vector £ € {0,...,m}%, is defined by

l; +1
m+2’

(ve); = i=1,...,d.



We use total-degree monomials indexed by Z,, to form the polynomial vector U. The node
count J determines the equal weights in the reference Gram matrix. The following construction
fixes both the polynomial basis and the neighborhoods used to fit it.

Definition 5. [synth_2] (Polynomial template and microcell width) Fiz a dimension d > 1
and a polynomial degree m € Ny. Let

Zni={ac€ Ng ol < m}, P = |Tnl, U(z):=(2%)aez,, 2€]0, 1]d,

with the coordinates of U ordered lexicographically. For £ € {0,...,m}?, define

(fl—l-l lg+1
0=

J = 1)¢
m+27 ’m+2>7 (m+ )7

and set

1
Go:= - o U@)Uo)'s Ao = Amin(Go).
£€{0,...,m}d

The template Lipschitz constant is

IU()U(2)" = UE)U() lop

Ly := sup ; ,
2,2’ €[0,1]¢ HZ -z ”OO
2#£2!
where || - ||op is the matriz operator norm induced by the Fuclidean vector norm. This finite

constant gives the bound
IU(z)U(2)T = UEYU() op < Lullz = 2'[|oo-
Define the microcell width and reference microcubes by

. 1 Ao
= 1min
K 2(m+2)" 1+ Ly

}, Vii= g+ [—n/2,m/2"

In particular, for z € V;, the bound entering the width rule is

[UEUET V@)U oy < 207 < 2.

The reference Gram matrix Gy is positive definite because the tensor grid identifies every
polynomial in the chosen basis. Its least eigenvalue Ay provides a deterministic conditioning
benchmark. The matrix Lipschitz constant Ly controls the perturbation caused by moving
observations away from the nodes. Accordingly, the width n makes the reference microcubes V
small enough to preserve that benchmark; the conditioning argument is recorded in Lemma 4.

For the fitting formulas, we enumerate the tensor nodes by a single index from 1 to J. The
template notation under this enumeration is collected below.

Definition 6. [def:template| (Polynomial template Gy and microcubes V) The equally
weighted template Gram matriz Gog and its least eigenvalue Ao are

J
1
Go = i ; U(ve)U(vp) T, A0 = Amin(Go),

10



where U 1is the polynomial template vector, vy are its tensor nodes, and J is the number of nodes.
With m denoting the polynomial order and Ly the constant entering the width rule, define the
microcube width

. 1 Ao
= min .
g 2(m+2) 1+ Ly
The disjoint reference microcubes are
Ve=vg+[-n/2,0/2%  £=1,...,J

Each partition cube receives a scaled copy of this same template. We search over the finite
dyadic mesh collection H,,, with Qj, denoting the partition at mesh h.

Definition 7. [synth_3| (Candidate dyadic meshes) For a sample sizen > 1, dimensiond > 1,
and smoothness parameter B > 1, define the finite candidate mesh collection

i , logs 1
= ‘72 < < .
o= {2 g et 0555 | )

For h € My, let Qy be the dyadic partition of X = [0,1] into cubes of side length h. Each
coordinate interval is half-open, with the right endpoint 1 included in the last interval of that
coordinate. Write ag for the lower-left corner of Q € Qy,.

The corner ag supplies the translation for placing the reference template in a partition
cube. The resulting microcells Eg, have treated observation counts Ng,. We require each
count to reach the smoothness-dependent threshold k=25, The feasible mesh set F;, collects the
resolutions meeting this requirement, and the selected width h is the finest feasible resolution,
with the exceptional-sample convention specified below.

Algorithm 1 (Count-feasible mesh )

Given the candidate meshes H,,, the observed sample D,, = ((X;, A;,Y;))?;, the smoothness
parameter 3, and the reference microcubes Vp, proceed as follows.

1. For each h € H,,, form the cube partition Q. For each partition cube @, with corner ag,
define its microcells and treated observation counts by

n
Eqe=aq+mVi,  Noo=Y lx.ebq A1}
=1

2. Define the set of feasible meshes by

fn:{hEHni in NQ52h2B},

m
QeQp, 14T
where J is the number of reference microcubes.

3. Output the numerically smallest feasible mesh, with zero assigned when the feasible set is
empty:
P {min]:n, Fn # 9,
0, Fn=0.

11



Selection depends on the sampled covariates and treatment indicators. The threshold cali-
brates the amount of treatment information to the approximation scale h®. At a feasible mesh,
each microcell receives the same total fitting weight, so the template geometry governs the
empirical matrix even when treated observations are distributed unevenly across microcells.

The empirical equal-cell Gram matrix @Q and coefficient estimate ¢ make this weighting
explicit.

Definition 8. [synth_4] (Equal-cell local polynomial coefficients) Let D,, = ((X;, A3, Yi))!,
be the observed sample. Fix a feasible mesh h, a partition cube Q € Qp with lower-left corner
aq, the polynomial template vector U, and its J reference microcubes Vy. Define

n
Ege:=ag + hVy, Nge = Z lea=1, x;eB00}-
i=1

Feasibility means that Ng, > h=28 for every partition cube and template microcell, so these
counts are positive. The equal-cell empirical Gram matriz is

-~ 1 1 Xi — CLQ Xi — aQ T
Go = — —_— U —— | U|———) .
¢y Z Noe Z ( h ) < h
J4 1<i<n
A;=1, XZ'EEQK
Using the polynomial template and its microcell width, this matrix is invertible at every feasible
mesh. Define the equal-cell local polynomial coefficient estimate by

~ 11 1 Xi—a
~ —1 ? Q
D D DI ) §0
4 ¢ No 1<i<n h
Ai:17 XiEEQg
Thus each microcell receives weight 1/.J, and the treated observations within that microcell receive
equal weights.

Invertibility follows from the deterministic template perturbation bound whenever the count
requirement is met. The fitted polynomial is evaluated throughout its partition cube, including
points outside the fitting microcells. Projection onto the response-bound interval completes the
response estimator ji, and controls its magnitude on every sample realization.

Algorithm 2 (Clipped response estimator fiy,)

Given the selected mesh }\L, the polynomial template vector U, and the response bound B,
proceed as follows.

1. Ifh= 0, output
fn(x) =0 (x € X).
2. Otherwise, set R
h = h.

For every Q € Qp,, compute the empirical equal-cell Gram matrix CA}Q and the equal-cell
polynomial coefficient estimate ¢g.
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3. For x € X, let Q be the unique half-open partition cube containing x, and let ag be its
corner. Output

.
[in(x) = clip|_p g {U <x haQ> 5@} , clipi_p p|(t) = max{—B,min{B,t}}.

4.2 Recovery guarantee

The count-selected estimator attains the overlap-dependent oracle rate uniformly over a compact
range of overlap exponents. A matching converse holds within the model’s bounded, two-valued
potential-outcome subclass.

Theorem 1. [thm:adaptive-minimax| (Adaptive minimax response recovery) Fiz the model
parameters subject to the following conditions:

e (Dimension and smoothness.) d € N, d >0, and § > 1.
e (Response and smoothness bounds.) B >0 and L > 0.
e (Overlap and density constants.) C > 1 and 0 < cy < 1.

e (Adaptation interval.) The real endpoints satisfy 1 < Ymin < Ymax, and the adaptation
interval is

I'= [’Ymina ’Ymax]-

Let X = |0, l]d be the covariate cube, and let P, be the observational causal model of Definition 2,

with fized parameters d, 3, B, L,C, cy,~, including the propensity-tail envelope in Assumption 7.

Define the effective dimension D.,, oracle mesh h~,, and oracle response-recovery scale . p, for
n>1, by

Y

v—1

The count-selected equal-cell estimator fi, of Algorithm 2 takes n,d, 3, B and the observed

sample Dy, as inputs. There exist K > 0 and ny € N such that, for every integer n > max{ng, 1},

every v € I', and every P € P,,

h,y’n e n_l/(26+D'y), r,y’n f h’gﬂl'

Epen |sup [fn(x) — pr,p(2)[| < Kryp.
zeX

Here P®™ is the sampling law of n independent observed triples (X, A,Y'), and p1 p is the treated
causal response under P.

For every real v > 1 and every xo € X, there exist finite constants 0 < ¢, < K, possibly
depending on xy and the fized model parameters, such that, for every integer n > 1,

Cyrym < inf sup Epen |T(Dp, xo) — p1,p(20)]
T PeP,

P admits a causal completion with
Y (0),Y(1)e{0,B} a.s.

< Rpt(n777x0) < Roo(n,’y) < K’Yr%’m

The infimum ranges over sample-measurable estimators T'; the pointwise and expected supremum
minimaz risks Ry, and R are those of Definition 5.
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The rate reflects a balance between polynomial approximation and the treatment information
available at a given resolution. Smoothness supplies the approximation scale ?, while the global
overlap tail determines the effective dimension D,,. At the oracle mesh these scales satisfy

Dy _ ;28
nhyn = ho .

The count threshold implements this balance through the realized treatment design, and the
fixed template turns feasible counts into stable polynomial fits.

Adaptation in Theorem 1 concerns the overlap exponent at a known smoothness order.
For fixed d, 8, B, L,C, ¢y and a fixed compact interval I" C (1, 00) with distinct endpoints, one
estimator and common constants K, ng provide the upper bound for every v € I'. Its inputs
are the observed sample and n,d, 3, B. Thus the overlap exponent is accommodated through
count selection, while 8 determines the polynomial degree, candidate resolutions, and feasibility
threshold.

The upper bound controls expected spatial-supremum error: the largest error over the closed
covariate cube is evaluated within each sample realization and then averaged over samples. This
criterion matches Definition 3 and covers boundary points as well as interior points. For each
fixed v > 1, the converse establishes the same rate at every fixed evaluation point, already
among laws admitting potential outcomes in {0, B}. Consequently, both pointwise recovery and
recovery under expected spatial-supremum loss have minimax scale

Ty = n*ﬂ/(25+D7)‘

The constants in the fixed-exponent comparison may depend on the evaluation point and fixed
model parameters, as specified in Theorem 1.

4.3 Statistical explanation

Two features of the construction account for the guarantee. First, equal-cell weighting separates
polynomial conditioning from the distribution of treated observations within a cube. Every
microcell contributes total weight 1/J, and every normalized fitting location remains near its
reference node. The empirical Gram matrix therefore stays close to the same positive-definite
template at every feasible resolution. Lemma 4 supplies this deterministic step, while Lemma 5
connects count feasibility to the oracle resolution.

Second, the global overlap restriction controls the spatial distribution of scarce treatment
information. To describe this distribution, fix a law P and a candidate mesh h. Let the
population treated microcell mass gg¢ and the weakest such mass in a partition cube gg be

qQe = P{X S EQg, A= 1}, qQ = 1I§11£1£1J qqQe-
Write gz for these weakest-cell masses arranged in ascending order, with k =1,..., |Qp|. This
ordering records how treatment information improves as one moves beyond the least-informed
cubes.

The density lower bound in Assumption 4 assigns covariate probability to each microcell,
and the global tail envelope in Assumption 7 limits how much of that probability can carry very
small propensities. Their combination yields the ordered treatment-information bound

Ay

> kphPr /(=1 D. —
q(k) Z KRr ) o' N - 1’
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uniformly over the compact overlap range; this is Lemma 3. On the count-concentration event
of Lemma 5, the conditional variance proxy for every fitted coefficient in the cube of rank & is
bounded, up to a common constant, by

min{ﬁw, nTh D=1/ } i

The first term is the feasibility cap; the second decreases with rank according to the ordered-
mass profile. Their equality marks the ranks at which the envelope leaves the common cap.
Applying the ordered maximal inequality across these ranks and comparing the selected mesh
with the oracle mesh gives

E | max [eq — Efég | (Xi AP ‘ (X, Ai)?zl] < Kh? \/ 1 + max{0,log(hyn/h)} < K'ry .
h

Thus the few least-informed cubes are controlled by feasibility, while the improving ranks pay
progressively smaller stochastic scales. Deterministic template conditioning then transfers this
coefficient bound to expected spatial-supremum response error at the oracle rate. The appendix
proves the concentration event and the maximal inequality in full.

The appendix develops the corresponding probability bounds and the bounded testing ex-
periment. Their roles are complementary: the selected-mesh analysis establishes the estimator’s
recovery guarantee, and Lemma 6 supplies the bounded-response comparison underlying the
minimax converse.

5 Local treatment geometry and the Gaussian transfer

5.1 Global tail control and local treatment geometry

The recovery guarantee in Theorem 1 rests on global tail control and the equal-cell construc-
tion. To clarify the geometric scope of this guarantee, we compare the model with the local
anti-concentration condition A3D°m. This condition relates a neighborhood’s largest selected
propensity to the covariate probability assigned to propensities of comparable size. Its formula-
tion fixes both the family of laws and the pointwise propensity representatives.

Definition 9. [def:dorn-a3] (Local anti-concentration condition AD*™) The family-level con-
dition AD°™ (3, (ep)pep) is defined for a family and selected propensity versions satisfying:

o (Family.) ‘B is a nonempty family of probability laws with common covariate cube S.

o (Versions.) For each P € B, ep : S — [0,1] is a fized, pointwise-defined measurable
version of P(A=1|X =-).

e (Overlap.) For each P € P, ep(X) € (0,1) P-almost surely.

The condition holds when there exist constants p,v > 0 and hg > 0, common to the family, such
that, for every P € B, every xg € S, and every 0 < h < hy,

Pplep(X)>p sup ep(x)|[|X —zola<h| >

€S
lz—=oll2<h
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Here Pp denotes probability under P, and the supremum is the pointwise supremum of the se-
lected version. Thus the condition is a property of the family together with its selected propensity
versions; its truth can depend on their values on Px-null sets. The covariate cube is S = [—1, 1]d
in Dorn’s source and S = X after affine transport. For a single displayed law and propensity,
A3D°m(P) abbreviates the condition for the singleton family equipped with that selected version.

The common constants in Definition 9 require this comparison to persist across laws, loca-
tions, and sufficiently small neighborhoods. The pointwise supremum also makes the selected
representative part of the condition. By contrast, the global tail restriction in Assumption 7
controls the probability of small propensity values under the covariate distribution. A thin-strip
construction makes the distinction concrete: it combines a radial propensity component with
additional treatment probability concentrated in a narrowing strip.

Definition 10. [def:thin-strip] (Thin-strip law Pyip) The observed-data law Pyyip is defined
by the following construction, under these conditions:

e (Dimension.) d > 2.
e (Covariates.) X is uniform on X.

e (Strip exponent.) Choose a satisfying

d
l<a<1l4+ ——:.
v—1

Define the cube center, radial distance, and its continuous distribution function by
2= (1/2,...,1/2),  R@)=|o—a"le,  Fr(t) = P(R(X) <t).
Define the strip and selected propensity by

1
S={reX:|m—af <|z1—23%,  ex(z)=min {1, Fr(R(2))"/07) + 415<a:>} .

Given X, draw
A ~ Bernoulli(e,(X)).

(1L
Ppo = min 1B (-

Draw Y (0) and Y (1) conditionally independently given X, each with conditional distribution
B Bernoulli(pg), and define

Set

Y =AY (1) + (1 — A)Y(0).
Then Pyyip is the law of (X, A,Y).

The thin-strip law Pgrip of Definition 10 has constant potential-outcome means and bounded
outcomes. It therefore isolates the treatment geometry while keeping the response smooth. The
strip exponent makes the strip narrow relative to the surrounding neighborhood as its radius
decreases. Under the displayed exponent range, Proposition 1 establishes the coexistence of
global tail control and a vanishing normalized treated-design moment.
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Proposition 1. [prop:strict-enlargement] (Thin-strip enlargement and design degeneration)
Suppose the parameters satisfy:

e (Dimension and smoothness.) d e N, d > 2, and 8 > 1.
e (Model constants.) B>0,L>0,C>1, and 0 <cy <1.

e (Overlap and strip erxponent.) v > 1 and

d
l<a<l4+——.
v—1

For every such a, let Puyip and its displayed selected propensity e, be the construction in Defini-
tion 10, and let P, denote the model class with the fized parameters (d, 3, B, L,C,cy,7). Then
Pyrip € Py, and

Pariplex(X) <t} <771 t € [0,1].

On the unit cube X = [0,1]¢, the numerical anti-concentration clause fails: there are no
p, vV, hg > 0 such that, for every xqg € X and every 0 < h < hg,

Pstrip{e*(X) > psup  zex 6*($)a ||X - $0||2 < h}
lle—zol[2<h

> .
Pstrip{ | X — zol|2 < h}

This failure applies to the numerical clause allowing propensity values equal to one. Conse-
quently, the full singleton-family predicate A3D°m(PStrip), evaluated using ey, also fails.
Moreover, writing x° = (1/2,...,1/2), the normalized treated-design second moment in the

second coordinate satisfies
Xy —1/2\?
— dPtrip
lim A=L IX—2°]lo<h}

k10 -Pstrip{f4 =1, ||X - $O‘|OO < h}

=0.

In particular, P, contains a law whose full singleton-family Dorn predicate fails for the displayed
selected propensity e,.

The global tail inequality controls the prevalence of small propensities, while the displayed
moment records the shape of the treated design near the cube center. Its limit shows that, after
normalization by neighborhood width, treated observations concentrate increasingly close to the
strip’s central hyperplane. The local second-coordinate variation consequently degenerates even
though the law satisfies the global model restrictions. For dimensions at least two, Proposition 1
thus establishes a strict enlargement relative to imposing the selected-version predicate within
the causal class. The equal-cell estimator’s guarantee in Theorem 1 covers this geometry through
its template and count-feasibility conditions.

5.2 Transfer to fixed-constant Gaussian source envelopes

The geometric distinction also has a source-model consequence. Under the retained restrictions
in Dorn [2026, Section 2, Assumptions 1-2, pp. 3-7], affine transport maps each fixed-constant
Gaussian source envelope to the causal class used by Theorem 1. A common response bound
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controls the transported mean and noise scale, while fixed-cube smoothness completion supplies
a common full Holder radius. Consequently, one transformed equal-cell estimator attains the ex-
pected spatial-supremum rate uniformly over the source envelope and the prescribed compact ex-
ponent range. The exact envelope, transport constants, exponent-specific Gaussian witness, and
family-richness qualifications are stated in Proposition 2 and proved in the source-comparison
appendix.

The transfer aligns the source restrictions with the components needed for response recovery.
Uniform covariates supply the density lower bound after transport, the propensity tail inequality
supplies global overlap control, and the Gaussian and treated-moment restrictions supply com-
mon response bounds. Fixed-cube smoothness completion converts the source’s top-derivative
seminorm restriction, together with a function bound, into the full Holder radius used by the
estimator. The precise completion argument is given in Lemma 7.

The upper guarantee controls the expected spatial supremum over the entire unit cube, uni-
formly over the fixed-constant envelopes and the compact exponent range. This loss criterion is
stronger than the displayed essential-supremum probability criterion: it controls the magnitude
of the largest spatial error in expectation and yields the stated probability guarantee at every
positive tolerance. The same constants apply to each source subfamily satisfying the retained
restrictions because each such family lies within the corresponding envelope.

The Gaussian existence assertion has a separate quantifier structure. In dimensions at least
two, it supplies, for each overlap exponent, a source tuple satisfying the retained restrictions with
positive finite constants chosen for that exponent and with local anti-concentration failure for its
selected representative. These witnesses establish the geometric scope of the retained Gaussian
restrictions; the envelope-wide upper guarantee applies with the fixed constants specified at the
start of Proposition 2.

The converse statements likewise identify their comparison classes explicitly. A source family
with a common treated curve has zero minimax pointwise miss probability, whereas the full
causal class in Definition 3 admits the displayed positive expected absolute-error lower bound
at the oracle scale, supported by its two-valued potential-outcome subclass. Family richness
therefore determines the scope of a minimax converse, while the transferred upper guarantee
remains valid for every qualifying source subfamily. The technical source-family comparison is
developed in Lemma 8 and Proposition 3.

6 Discussion

The guarantees in Theorem 1 describe response recovery with known smoothness and adaptation
to overlap. The known smoothness parameter 5 determines the polynomial degree and the
approximation order used in constructing the estimator. Treatment counts then select a feasible
mesh through Algorithm 1. Thus response regularity supplies the approximation benchmark,
while the observed treatment design determines the spatial resolution.

The compact range for the overlap parameter v, contained in (1,00), specifies the domain
over which the risk constants are uniform. With the remaining model constants fixed, a single
estimator attains the corresponding oracle scale throughout that range. The pointwise and
expected spatial-supremum guarantees therefore share an overlap-dependent scale, including
the spatial-supremum guarantee without an additional logarithmic factor.

For comparison, the classical regular-design spatial-supremum benchmark includes a loga-
rithmic factor, with scale (logn/n)?/(2#+4) under its regular coverage conditions [Stone, 1982].
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The present theorem instead takes a worst case over the larger global-tail class at each fixed finite
v, giving the pure power n~B/(2B+dy/(v=1)) " The theorem supplies one estimator and common
risk constants on every prescribed compact interval of finite overlap exponents.

Equal-cell weighting connects the deterministic geometry in Definition 6 to the fitted poly-
nomials in Algorithm 2. Each microcell contributes the same total weight, so the conditioning
argument is governed by the template geometry, while differences in treatment counts govern
stochastic precision; Lemmas 3 and 4 give the two bounds.

Conditional sub-Gaussian residuals supply exponential control of fluctuations after condi-
tioning on the sampled covariates and treatment indicators. That control supports the upper-
bound argument and its Gaussian-envelope transfer in Proposition 2. Together, the response
smoothness, template geometry, and treatment-count information determine approximation,
conditioning, and stochastic error, respectively.

6.1 Limitations and future work

Joint adaptation would replace the known smoothness benchmark with a comparison across
response regularities as well as treatment-count-feasible resolutions. The following proposal
describes an architecture for that extension.

Remark 1. [def:joint-adaptation-handle| (Future work: joint adaptation in 5 and ) A
proposed direction for future work is to construct a single response estimator with an adaptive-
risk envelope over compact rectangles of the smoothness parameter 8 and the overlap parameter
~v. The proposed architecture uses sample splitting to compare equal-cell fits across polynomial
degrees and treatment-count-feasible meshes, with the count selector controlling adaptation to
overlap and held-out Lepski inequalities controlling adaptation to smoothness. The sample split,
degree-and-mesh comparison rule, Lepski threshold, estimator, and envelope functional remain
to be specified; estimator existence and the corresponding risk bounds remain open.

The proposed split would allocate separate observations to fitting and comparison, while the
degree-and-mesh rule would compare candidates along both parameter axes. Lepski compar-
isons provide a natural perspective on smoothness selection [Lepski et al., 1997]; smoothness
adaptation under degenerate random design, studied by Gaiffas [2005a], supplies a related set-
ting in which to interpret the adaptation question. These comparisons motivate the proposal
rather than establish its risk envelope.

The absence of an additional spatial-supremum logarithm in the known-smoothness guar-
antee makes the cost of the proposed two-axis comparison particularly relevant. The question
concerns both attainability of the oracle scale and any unavoidable adaptation penalty.

Remark 2. [oeq:joint-adaptation] (Joint smoothness and overlap adaptation) For a com-
pact rectangle of smoothness and overlap parameters (3,7) contained in (1,00)2, can a procedure
adapting along both parameter axes produce a single estimator whose pointwise and expected
spatial-supremum risks attain the oracle scale for every pair in the rectangle? What logarithmic
penalty, if any, is minimax unavoidable?

Resolving Remark 2 requires specifying the procedure and establishing its risk bounds, to-
gether with an appropriate converse for any claimed unavoidable logarithmic price. The existing
common-class bounded-response converse and Gaussian-envelope upper transfer address distinct
comparison domains: the former supplies the minimax lower bound in Theorem 1, while the
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latter supplies the upper guarantee in Proposition 2. The transferred upper bound does not fur-
nish a matching converse for every Gaussian source subfamily. As Lemma 8 and Proposition 3
clarify, a lower-bound analysis must account for family richness. These distinctions also govern
how a future joint-adaptation result could characterize an unavoidable logarithmic penalty.

Appendices

A Identification and upper-bound proofs

The upper bound in Theorem 1 combines causal identification with control of approximation
error, conditional stochastic error, and exceptional samples. The auxiliary statements below
follow that order: identification fixes the population target, cube smoothness admits a controlled
global extension, the global overlap tail supplies an ordered information profile, and the template
and mesh bounds translate that profile into stable response estimation.

A.1 Identification of the continuous response

Under the causal conditions in Definition 2, the treated conditional mean identifies the causal
response almost everywhere. The density and smoothness restrictions then determine its contin-
uous representative throughout the covariate cube. The following statement records both levels
of identification.

Lemma 1. [lem:causal-identification] (Identification of the treated response) Let P € P,
satisfy the parameter restrictions and causal model conditions of Definition 2, with v > 1. Write
Px for its covariate marginal and X = [0,1]% for the covariate cube. Then

Px{x :e(z) =0} =0, p1(z) =Ep[Y | A=1,X =z] for Px-almost every .
Moreover, every function g : R® — R that is continuous on X and satisfies
g(x) =EplY | A=1,X =x] for Px-almost every x

obeys
g(z) = p1(x) for every x € X.

Proof of Lemma 1. 1. Let P, be the joint causal law on R% x {0,1} x R3:
P.:=L(X,A,Y(0),Y(1),Y).

Its observed marginal is P, and its covariate marginal is Px. Define the joint conditioning
law and conditional probability kernels by

mx,4 = Lp.(X, A),
Kix(@):=Lp.(A| X =2),
Kix(z) :=Lp.(Y(1) | X =), zeRY ae{0,1}.
Ky xalz,a) :=Lp(Y [ X =2,A=aq),
Kixalz,a):=Lp.(Y(1) [ X =2,A=aq),
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Choose measurable versions defined at every conditioning input, with arbitrary probability
values on exceptional conditioning sets.

By Assumption 5,
A=1 = Y =Y(1) P.-almost surely.

Conditioning this equality on (X, A) gives
a=1 = Ky xa(2,a) = Kjx s(z,a) mx a-almost everywhere.
By Assumption 6, Y(1) and A are conditionally independent given X. Consequently,

Kiix.a(z,a) = Ky x(z) Tx,A-almost everywhere.

. Applying Assumption 7 at ¢t = 0, and using v — 1 > 0, yields
0< Px{e<0}<C0 ' =0.

Since {e = 0} C {e < 0},
Px{e=0}=0.

To express positivity through the conditioning kernel, define
Kfx(@):=Lp(A| X =x), z € RY

again as a measurable probability kernel defined everywhere. The observed marginal rela-
tion and the definition of the propensity give

K x(2) = Kj x(2), e(z) = K} x(z)({1}) =0  Px-almost everywhere.
Combining these identities with the null-set calculation proves

K§x(@)({1}) = e(z) > 0 Px-almost everywhere.

. Disintegration of the joint conditioning law gives
mx,A(dz,da) = Px(dz) K} x (z, da).

We use the following consequence of this identity. For any predicate p : R x {0,1} —
{true, false} holding mx, 4-almost everywhere, disintegration implies

Kﬁl‘X(m){a :—p(x,a)} =0 Px-almost everywhere.
At any such z with KEHX(QS)({l}) > 0, failure of p(z,1) would imply
0 < Kjx(x)({1}) < K x(z){a: —p(z,a)} = 0.

Thus p(z,1) holds Px-almost everywhere. Applying this argument to the conjunction of
the two conditional-kernel identities above gives

K@\X,A(«’Ua 1) = Ky x () Px-almost everywhere.
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Now define the observed outcome kernel and its treated slice by
Ky (x,a):=Lp(Y | X =2,A=a),
rix.4 . reRY ae{0,1}.
K(z) := KY|X,A($7 1),
The observed marginal relation gives
Ky ix,a(@,a) = Ky x 4(z,a) mx,A-almost everywhere.

Applying the same positive-slice argument once more, we obtain

Ku(z) = Ky x (2, 1) = Ky x(2) Px-almost everywhere.
4. Define the treated regression on all of R? by

() = /R y Koz, dy),

using value zero wherever the integrand is not integrable. By Assumption 8 and the kernel
equality just proved, for Px-almost every z,

Irer ()| < B, / Ay=ru () Ky x(z,dy) < BN for every A € R,
R
and each exponential integrand in this display is integrable.
The choices A = 1 and A = —1 control the absolute first moment. Indeed, for every y € R,
1+ |y — re(z)] < el ro@l < gvmrul@) 4 o=(—rul@)

SO
[yl < ly = ru(@)| + [ra(e)] < v @ 4 70Tl 4 ry (1),

The right-hand side is integrable under K| x(z). Integrating the inequality and using the
exponential bounds yields

/R ly| Kyjx (2, dy) < /R V=) Ky (w, dy) + /]R e~ W@ K (2, dy) + [re()]
< 26B2/2 + B.

This bound is uniform on a set of full Px-measure. Disintegration therefore gives

/\Y(1)| dP, = /Rd </R ly| KlX(m,dy)> Px(dz) < 2¢P°? 4+ B < .

In particular, Y (1) is integrable under P..

5. Define
kl(l‘) = / yKl\X(l'vdy)a T E Rda
R
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with value zero wherever the integrand is not integrable. The conditional-distribution
formula for conditional expectation, together with the defining conditional-mean relation
for the treated causal response, gives

p1(X) =Ep[Y(1) | o(X)] = k1(X) P.-almost surely.

The kernel integral k; is measurable. Continuity of u; on X, supplied by Assumption 9
and Definition 1, and Px < Leb |x supply a measurable representative of p; under Px.
Using these representatives, the covariate pushforward identity transfers the preceding
equality to

pi(x) = ki(x) Px-almost everywhere.

The equality Kt = Ky x then gives
pi(x) =ki(x) =ry(x) =Ep[Y | A=1,X =2z Px-almost everywhere.
. It remains to establish the asserted equality for every point of the cube. Define the

restricted Lebesgue measure by
v = Leb|x.

The parameter restrictions give ¢y > 0. Absolute continuity of Px with respect to v and
Assumption 4 yield

dP
Px = fu, f= TI/X >cp >0 v-almost everywhere.

Consequently,
V{f=0}=0, v< fv=DPy.
For completeness, if a Borel set E C R? satisfies Py (F) = 0, then

/ fdv = Px(E) =0.
E

Since f is nonnegative, this forces f = 0 v-almost everywhere on F; its strict positivity
v-almost everywhere gives v(E) = 0.

Let g : R — R satisfy the continuity and almost-everywhere agreement required in the
statement. The identifying equality already established implies

g(z) = p1(x) Px-almost everywhere,
and hence, by v < Py,
g(x) = pa(x) v-almost everywhere.
Both functions are continuous on X. Thus
g(z) = p1(z) for every x € int(X) :

a nonzero difference at an interior point would, by continuity, persist on an open ball
contained in the cube, whose positive Lebesgue measure contradicts the preceding almost-
everywhere equality. Finally,

d
int(X) =
=1

d
0,1) =]Jlo.1] = x.

1=

Continuity therefore extends the equality to every x € X, as required.
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The pointwise and spatial-supremum losses in Definition 3 therefore concern a uniquely
identified continuous response, including at boundary points. This separates the identification
of the target from the statistical difficulty created by small treated probabilities.

A.2 GGlobal extension of cube smoothness

The intrinsic smoothness convention in Definition 1 specifies coordinate derivatives through their
continuous boundary traces. For an integer derivative order m > 0 and a top-derivative Holder
exponent s € (0,1], the following statement supplies a global representative with controlled
Fréchet derivatives. In the response class, these orders are m = [5] — 1 and s = § — m.

Lemma 2. [lem:global-holder-extension]| (Global Holder extension bounds) Fiz an integer
d > 0, an integer m > 0, and an exponent 0 < s < 1. There exists a constant Key > 0,
depending only on d, m, and s, with the following property. Let L > 0 and let g : [-1,1]7 — R
satisfy:

e (Intrinsic smoothness.) The function g belongs to C™([—1,1]%) in the intrinsic closed-
cube sense of Definition 1, transported to [—1,1]%. Its coordinate derivatives D%g, for
|a| < 'm, exist on the interior and admit continuous traces on the closed cube.

e (Derivative bounds.) With derivatives evaluated through their continuous traces,

sup |D%(z)| <L for every |a] < m.
z€[—1,1]¢

e (Hélder continuity.) For every |a| =m and all z,2' € [-1,1]¢,
|D%(2) — D*g(2)| < L||z — 2| %.
Then there exists gex;s € C™(R?) such that

gext(2) = g(2) for every z € [—1, l]d,

supd ||Dkgext(z)||0p < Kot L for every 0 < k < m,
z€R

and
ID™ gext (2) — Dmgext(z’)Hop < KextL||z — 2|5, for all z,2' € R,

Here DF denotes the Fréchet derivative of order k, with order zero interpreted as the function
itself, and ||+ ||op denotes the operator norm of a k-linear form on RY equipped with the supremum
norm || - ||co-

Proof of Lemma 2. Write
C:=[-1,1]%

All intrinsic derivatives below are evaluated through their continuous traces, as in Definition 1.
1. Order zero. Suppose m = 0. Define the coordinatewise retraction and the extension by

me :RT—C, (me(2))i = max{—1, min{1, z; } }, gext (2) := g(mc(2)).
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Projection onto an interval is nonexpansive. Consequently,
me(z) =z (2€C),  |lmc(z) =7 ()]|oc < |2 — 2|0
The hypotheses therefore give

’gext(z)‘ < L7 |gext(z) - gext('z,” < L||7TC(Z) - WC(Z,)”ZO < LHZ - Z/Hgo'

Since s > 0, the last bound implies continuity. Thus Kext = 1 works in this case. The
same construction applies when d = 0, with the empty coordinate tuple interpreted as the
unique point of RY.

. From coordinate bounds to multilinear bounds. Henceforth assume m > 0. Set
Keoora := (d+1)™ > 0.

For endpoints £, b € R satisfying ¢; < b;, define
d

B(e,b) := [][t:,bi].

i=1

For an intrinsic C™ response gi, on this box, its full intrinsic derivative is the multilinear
form

d

k
Dlzﬁgin('z)[gla v agk‘] = Z (811 s Zk.gln H 51/ [ 0<k<m.

i1, ip=1

At order zero this is gin(z); at positive order in dimension zero the sum is empty and the
form is zero.

To see the relevant norm estimate, define the coordinate basis by
(e:); = Lyi—jy-
If a k-linear form M oorq : (RY)* — R satisfies
| Mcoord[€iy s - - - 5 €]l < Leoord, Leoora > 0,
multilinearity gives

‘ coord[gly v 751{2 | < Z Lcoord H | 51/ 7,,,

U150tk =1
k
S dkLcoord H Hgyuoo S Kcoorchoord H ngHoo
v=1 v=1

Here the order-zero sum has one term, including when d = 0. Applying this estimate to
the derivative and to the difference of two top derivatives shows that coordinate bounds
of radius Li, > 0 imply

HDll%’gin(z)Hop < Keoord Lin, 0<k<m, ze€ebB,
and

||D?gin(z) - Dggin(z/)nop < KcoordLinHZ - Z/Hio? Z, 2 €B.
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3. Affine transport between bores. Consider two nondegenerate boxes
B =DB(¢b), B = B(,b).
Define their affine identification and its coordinate slopes by

Yoy

Aaff,i = > 0, (@BHB/(Z))i = E; + )\aﬁ“’i(zi — &)

This map carries B bijectively onto B’. Define

d d

Kaff,jet =1+ Z )\aff,ia Kaff,dist =1+ Z(Aaﬁ,i + )\;ﬁ{i)y
=1 i=1

and
Kaff(Ba B,) = ;,Tflf,jet(l + K;ff,dist) > 0.

Coordinatewise subtraction yields
1P55(2) = Ppir (2)loo < Katr distllz — 2]l
hence, because s > 0,
@55 (2) — P (2) 150 < Ko aistllz — 2%
For a response g;, with intrinsic radius Lj, on B’, define
Gaft 1= gin © P53
The affine chain rule, including continuous boundary traces, gives

d

D®ga5(2) = (H )‘:fiT,i> (Dagin)(q)BﬁB’(z))'

=1

Since Kug jer > 1, for |a| < m,

d
H )‘:fif,i < Kzla?f‘,jet < ;?f,jet'
i=1
It follows that
|Dgat (2)| < K;?f,jetLin < Ko (B, B) Li,

and, for |a| =m,

|D%gati (2) = DGasi (2')] < Kt jos Lin| P53 (2) — P (2)15
< Kagt (B, B') Lin||z — 2|

Composition with the affine map also preserves intrinsic C™ regularity. These formulas
establish the claimed radius factor over the whole closed box.
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4. Moment-matched reflection across a normalized face. Choose real coefficients ayef,, 1 <

r < m+ 1, satisfying
m—+1

Z arefvr(fr)k =1, 0<k<m.
r=1
Such coefficients exist: the matrix
(Veet)rgs1 = (=), 1<r<m+1, 0<k<m,
is a Vandermonde matrix at distinct nodes. Its determinant is nonzero, so the system
VITef(aref,l; ) aref,erl)T = (L ) l)T
has a solution depending only on m.

5. Regularity and bounds on a one-face collar. Fix a coordinate 4, and define

1
Ci::{z:—l—m_i_lgzigl, —1§zj§1f0rj7éi},

E =C, Mz:z < -1}, g ° = {z:l <z < —1, 1<zj<1forj7éz'}.

m—+1

For each 1 < r < m + 1, define an affine inward sample on all of R¢ by

(el z), j=i,
25, j#l

((I)ref,z',r(z))j = {

If z € EZ»—’O, then
0<r(—1—2z)<1,

50 Prerir(2) € (-1, 1)4. The weak inequalities likewise show that the closed exterior slab
maps into C.

For an auxiliary response gy, : R¢ — R with intrinsic radius Li, on C, define

m+1
a in o ir(2)), zi < _1’
(Zigin)(z) :== TZ:; ref,rg ( ref,z,r( ) g
9in(2), 2 > —1.

This defines the response on all of R%, and it agrees with g, on C.

On the closed exterior slab, the finite sum is intrinsically C™, by composition with the
affine samples. At z; = —1, every sample equals z, and the moment equation at k = 0
identifies that sum with the second branch. Moreover, for |a| < m, the exterior derivative
trace at this face is

m+41
(Dat%igin)ext<z) = Z aref,r(_r)aiDagin(z)
r=1

= D%gin(2).
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Indeed, the affine chain rule gives the factors (—r)%, and continuity of the original deriva-
tive traces gives the limit at the face. Coordinate expansion then identifies the full multi-
linear traces. This argument includes the edges and corners.

The two closed pieces therefore have matching derivatives through order m. They glue to
an intrinsic C"™ response on C; : at a common face point, the derivative remainders on
both pieces use the same linear approximation and are o(||€||o); on their union the same
remainder estimate holds. Applying this observation successively to the derivative fields,
and using continuity of the matching fields, establishes regularity through order m.

For the quantitative estimates, define the linear part of each sample by
_rfiv Jj =1,
Aot ir)i =
( ref,z,rg)] {gj, ] 751
Then
[Aret,irllop <7 | Prefir(2) = Pretiyr (2o < 7ll2 = 2[00

On the open exterior slab, the chain rule gives

Dk(gin o q)ref,i,r)(z) = Dkgin(éref,i,r(z)) © Aglfii’r-
Using the full intrinsic bounds from Item 2 at the inward samples yields

HDk(gin o (I)ref,i,r)(z)Hop < KcoordLinTk < KcoordTmLina

101
wnd ID™ (gin © Pret,ir)(2) — D" (gin © Pretipr)(2')|lop
< Keoord Lin™™ || Pret i (2) — Pret,inr (27) |2
< Keoord"'r° Lin ||z — 2|| 3.
Define
mt1 mt1
Kot ext,p =1+ Z |aret,r [ Keoord™™ Kief ext,m =1+ Z |ret,r| Keoord? "' 7.
r=1 r=1

Differentiating the finite reflection sum and applying the triangle inequality gives
||Dk%igin(z)”0p < Kref,ext7DLina

and
HDm'@igin(Z) - Dm%igin(zl)nop < Kref,ext,HLin”Z - Z/HZO

on the open exterior slab. Its closure is & . Continuity of the within-collar derivatives
therefore extends the first bound to that closure, and successive limits in the two points
extend the second bound.

On C, agreement of the responses identifies their derivatives in the interior. Continuity
extends this identity to the closed cube:

D’é__%igin(z) = Dfgin(2), zel, k<m.
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Thus the corresponding full derivative and top-modulus bounds on the cube have coefficient
Kcoord-
For a pair z € &, 2’ € C, choose

Lrace € [07 1]’ (1 - tface)zi + tfacezz{ = -1, Zface = (1 - tface)z + tfacez/‘

Existence follows from z; < —1 < z/; if both coordinates equal —1, take tfce = 0. The
other coordinates remain in [—1, 1], so

Zface € € NC, 12 = 2facelloo < HZ_Z/How HZface_Z/Hoo < ||Z_Z/Hoo-
The two side estimates and the triangle inequality now give
IDZ #igin (=) = D Rigin (<)o
< Kief ext, it Lin|| 2 — Zface |5 + Kecoord Lin || 2face — 2’ [|50
< (Kyef,ext, i + Kooord) Lin ||z — 2'[|%.

Pairs on the same side satisfy the same enlarged bound; reversing the points treats the
other crossing order. Evaluating on coordinate basis tuples converts these full-jet estimates
to coordinate estimates. Consequently, with

Kref,D = Kref,ext,D+Kcoord7 Kref,H = Kref,ext,H+Kcoord7 Kot = Kref,D+Kref,H7

the reflected response has intrinsic C"® radius K,efLin on C; . All these constants are
positive and depend only on d, m, s.

. A fized larger box. For a nondegenerate box B = B(£,b) and a coordinate i, define its
lower enlargement by
bi — 4 o
i T 5 v T _ _
2(m+1) B~ :=B(£",b).

Normalize a response on B, reflect it, and transport it back:

Ej_ =

Gnorm ‘= gin © Pc—5, YJlower ‘= (%ignorm) © <I>B*—>Ci_'
The chosen collar width gives the affine identity
Oy e =Ppuc on R
Therefore

glower(z) = gin(z) (Z € B)

Items 3 and 5 give its radius factor

Klower(B7i> = Kaff(B_aci_)KrefKaH(C7B) > 0.

For the upper enlargement, define

UL Sl B
bj: (2 2(m+1)7 j_ bl

bj, J# 4

Bt = B(£,b").
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Apply the lower construction to the negated box and then negate back. This transport
preserves the radius, since

D*(gin 0 (—id))(2) = (=D D% (=2),  (=2) = (= )loo = |2 = #/loo-
Thus the upper construction agrees on B and has factor
Kupper(B7 2) = Klower(_87 Z), —B = B(—b, _e)

Applying the lower construction first and the upper construction to its enlarged box gives
agreement on the original box and factor

Ktwo(Ba Z) = Kupper(B_a Z')I(lower(lgﬂ.) > 0.

Iterate this two-face construction through coordinates 1,...,d. More precisely, define
0= (-1,...,-1), 9=, BO.=c, K =1

At stage v =1,...,d, apply the lower enlargement in coordinate v, followed by the upper
enlargement using the new lower endpoint, and denote the resulting box by B®). Define

KX = Koo (BY70, ) K.

The lower and upper increments are positive. Previously enlarged coordinates remain
unchanged, and every intermediate box contains C. Induction consequently gives

<1<1<p® (<i<d, K9

neigh > 0.

Set

Bext = B(d)a Lot = E(d)a bext := b(d)7 Kneigh = Kr(lii)gh'

For every admissible g, L, the same induction produces a response gneigh satisfying

Oneigh = ¢ On C, YIneigh S Cm(Bext)7
|Dagneigh(z)| < KneighL (|a| <m, z€ Bext),
and
’Dagneigh(z) - Dagneigh(zl)’ < KneighLHZ - Z/HZO (‘a‘ =m, z, Z/ € Bext)-

For definiteness, the starting ambient representative is

0)(,) .— 9(z), z€C,
g ()'_{O, z¢C.

Subsequent representatives are defined everywhere by the displayed reflection and affine

formulas. When d = 0, the iteration is empty: Bexy = R? and Keigh = 1. The final box
and radius factor depend only on d, m, s.
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7. A fized smooth cutoff and its zero extension. Define

min min{—fext , bext,i}, d >0,

Pbox = lsisd
2, d=0,
and
L 1+ Pbox __ Pin + Poox
pin L Ta pout L #

The strict margins imply
1 < pin < pout < Phox-

Choose a smooth bump x : R¢ — R with

X(2) =1 (Izllec < pm),  suppx € {2 : [|z]lc < pout},
where support denotes closed support. Smooth bump existence in a finite-dimensional
normed space supplies this choice. In particular,

X = 1 on C7 supp x - Beoxtn

with
d

gxt = H(ﬁext,iv bext,i)'

i=1
Compact support and continuity of the derivatives make the constant

L k
K, = max{l, 0B, S ID X(Z)Hop}

finite and positive.

For any response gi, of intrinsic radius Li, > 0 on Beyt, define

) ._ x(z)gin(z), 2 € Bext,
(Y gin)(2) := {O, p ¢ B,

At an interior point this is locally a product of C™ functions. At every point outside the
open box, a neighborhood misses the closed support of x, so the extension is locally zero.
Hence

Y gin € Cm(Rd), 4 gin = gin on C,

and
DG gin(2) =0 (2 ¢ B, 0<k<m).

ext)
8. Uniform derivatives of the cutoff extension. We make the product estimate explicit. Define
Sy := {permutations of {1,...,k}}.
For an r-linear form M; and a (k — r)-linear form Ms, where 0 < r < k, define

My (My, M)[&q, ..., Ek)
1
= H Z My [60(1)7 s ago(r)] MZ[&U(T—‘,—I)? s aéo‘(k)]'

cEGy
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At k = 0, the permutation set has one element and the expression is ordinary multiplica-
tion. Each summand is bounded by || Mi||op|| Mal|op TT—; 1 ]|se; sO

[ M (M, Ma)lop < [[Milop|| Ma||op-

Repeated differentiation along a line gives the scalar Leibniz formula on repeated argu-
ments. Both sides below are symmetric multilinear forms, and polarization therefore gives
the full product identity

k i k r k—r o
D (xgn) () = 3 ( )Mm (D'x(2). Dk T n(2), =€ Bo

r
r=0

Thus Item 2 gives

k
D" () op < 3 (’“) Ky KeoonaLin
—o \"
= 2" Keoora Lin < 2™ Ky Kcoord Lin-
Outside the open box the derivative is zero. Consequently, defining
Keuwt,p = Ky Keoora2™ +1 >0,
we obtain the global bound

HDkggin(z)Hop < Kcut,DLinu 0<k< m, z¢& Rd~

. The global top-order modulus. For z, 2’ in the open box, define
§:= |z = 2|0

The box is convex. For k < m, the bound on the next full intrinsic derivative and the
mean-value inequality give

||Dl;3extgin(z) - Dléextgin(zl)HOp < KcoordLin5~

The uniform bounds also give a difference bound 2K oorqLin. For 0 < § < 1, the condition
s <1 implies § < §%; for § > 1, positivity of s implies 1 < §°. Therefore

HD%extgin(Z> - D?S’extgin<z/)uop S 2KcoordLin587 k <m.

For k = m, Item 2 gives the sharper bound with coefficient K oorqLin, and hence the same
displayed bound with coefficient 2K coord Lin-

Likewise, the cutoff derivatives through order m + 1 give, for 0 < r < m,
ID"x(2) = D"x()llop < K33, ID"x(2) = D"x(2')llop < 2K
The same two distance ranges yield

ID"x(2) = D"x(2) op < 2K 0"
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Bilinearity of the pairings in Item 8 splits each product difference into a cutoff difference
times a response jet, and a cutoff jet times a response difference. Subtracting the two
product identities and applying their contraction bounds gives

D" g30(2) ~ D" D gin() o
- m T T m—r
<3 (") (ID7x6:) = DX enl D 2o
r=0

+D"x(2)llop D, gin(2) — D%Z;Tgin(z')llop)

IN

m
m

Z <’l“) (2Kx5choordLin + Kx 2choordLin(Ss)

r=0

Kchoord 2mLin53 .

Define
KCUt,H = 4Kchoord2m +1>0.

The open box is dense in the closed box, including in dimension zero. Since ¢ gy, is globally
C™, its top derivative is continuous. Passing to limits in both points, using continuity of
the distance power for s > 0, gives

HDmgng<z) - Dmggin(zl)uop < Kcut,HLinHz - Z/Hio, Z, Z/ S Bext-
Now let z € Bext and 2’ ¢ Bexi. Some coordinate ¢ satisfies 2] < lext; Or 2} > bext ;. Define

. . ’
eext,ia J=1 Zi < eext,z}

(Zboundary)j = bext,ia Jj=1, Z; > bext,iv
255 ] # .
Then
Zboundary € Bext \ ngtu ||Z - Zboundary”oo < |Zi - Z;| < ”Z - Z/Hoo-

Item 7 makes the top derivative zero at both 2z’ and Zboundary- Hence

[D™Y gin(z) — Dmggin(z/> ”OP
= HDmggin(Z) - Dmggin(zboundary)uop
< Kcut,HLin”Z - Zboundary”fx; < Kcut,HLinHZ - Z/Hgo'

Reversing the points treats the opposite crossing order. If both points lie outside the
closed box, both derivatives are zero. Together with the closed-box estimate, these cases
establish the displayed modulus for all z, 2/ € R%. In dimension zero the outside cases are
empty.

10. Composition of the two radius factors. Define the fixed constants
Koyt = maX{Kcut,Da Kcut,H}a Kot 1= KcutKneigh > 0.

The box, cutoff, and all constants depend only on d, m,s. For the given g, L, choose the
neighborhood response from Item 6 and set

Ly, := neighL >0, Jext = ggneigh-
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Its agreement on the cube is
Gext (2) = gneign(2) = g(2), 2 €C,
and Ttem 7 gives gexy € C™(R?). Ttems 8 and 9 give
ID*gext (2)llop < Keut(KneighL) = KexeL, 0 <k <m,
and
ID™ gext (2) = D™ gext (2) llop < Keut (KneignL)llz — 2'l[50 = Kexs L]z — 2|5

Every estimate uses multiplication by nonnegative radii, so the construction and bounds
also apply when L = 0.

O

The extension preserves every value on the closed cube and converts the coordinate-derivative
restrictions into global operator-norm bounds. Its smoothness factor Ky depends on dimension
and smoothness order, uniformly over functions satisfying the displayed radius bound. This
supplies a controlled global representation of intrinsic cube smoothness while preserving the
response values relevant to approximation.

A.3 The ordered treated-mass profile

For a dyadic mesh h, let qg, denote the population treated probability of template microcell
Eg, in partition cube ). The quantity qg is the smallest of these microcell probabilities within
Q, and g, is the kth smallest entry among the cube-level quantities gg. Ties may be ordered
arbitrarily. These masses concern the scaled microcells of Definition 6, rather than the total
treated probability of each partition cube.

The global-tail restriction in Assumption 7 controls treated probability on every measurable
covariate region. Its implication for the ordered weakest-cell masses supplies the information
profile used in the stochastic analysis.

Lemma 3. [lem:ordered-mass] (Uniform ordered treated masses) Fiz the model parameters
and an overlap interval satisfying

e (Parameter domain.) deN,d>1,3>1,B>0,L>0,C>1, and0<cy <1.
b (Overla'p range.) 1 < Ymin < Ymax, with I’ = ['Yminy')/max]-

There exists kp > 0, depending only on these fixed parameters and interval endpoints, such
that the following two bounds hold for every v € I' and every causal law P € P, satisfying
Definition 2.

For every measurable E C X = [0,1]¢, writing u = P(X € E),

PA=1,X ¢ B) > 121 ¢ 1-1,0/6-1),
Y

For each j € N, set



Let Qp, be the dyadic cube partition of X, with |Qp| = (27)¢. Using the degree-m polynomial
template microcells Eqy within each Q € Qy, define their treated masses and each cube’s weakest
mass by
=PA=1,X € Egy), = mi ,
qaqe = P( Q) GQ = win dor

where J is the number of template microcells. Let q( be the kth entry of the list of these qq’s
sorted in nondecreasing order. Then, for every integer 1 < k < (29)9,

am = kphPr =),
Proof of Lemma 3. 1. Uniform coefficient. Set
m = (51 -1, Atpl ‘= Cfnda

using the template of Definitions 4 to 6. Its polynomial coordinates and node set are

1</t < = ! : .
{ve: 1<l < J} <m+2>i1 1€{0,...,m}

We first establish positivity of the template width. Define
B, = {bGRIm : Z bizl}, mp(2) = Z baz® (2 €RY).
aGIm CMGIm

For b € B,,, at least one coefficient is nonzero, and
m, Z 0, deg, my<m (1<i<d).

The m + 1 node values in each coordinate are distinct. If 7, vanished at every tensor
node, fixing the other coordinates at node values and applying the univariate root bound
would make it vanish identically in the first coordinate. Repeating this argument in each
coordinate would give m, = 0. Thus

J
Jee{l,...,J}: m(v) #0, bTGob:lZﬂ'b(’U@)z>O.
J€=1

The set B,, is nonempty, since it contains the coeflicient vector of the constant polynomial
1. It is closed and bounded: for every b € B,,,

RS > =1 (a€Ly).

o €Lm

Consequently it is compact. The continuous quadratic form attains its minimum there,
and the Rayleigh characterization gives

Ao = min b' Gob > 0.
beBm,
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Every quotient defining Ly is nonnegative; the indexing set contains distinct cube points
because d > 1. Hence the width rule supplies

1 Ao 1
Ly >0,  0<n=mi < - > 0.
=5 " mm{2(m+2)’1+LU}—2(m+2)’ “tpl

For o/ € T', define

’}//—1 _ ’_ ! /_
Pr(y) = S OO,

Since C > 1, agp > 0, and ' > vin > 1, this function is continuous and strictly positive
on the nonempty compact interval I'. Therefore

-1 _
kr := min ®r(y’) > 0, kr < - C_l/”_l)az/l(7 b (yel).
~'eT 0% 1%

This constant depends only on the fixed parameters and interval endpoints.

. Setwise treated mass. Fix v € I" and P € P,, and write
v:= Px.
Then v > Ymin > 1. Let E C X be measurable and set
u:=v(E), 0<u<l

If w = 0, the claimed lower bound is zero, while the treated probability is nonnegative.
Suppose henceforth that v > 0, and define

op e <g)1/(71) .

The inequalities 0 < u/C < 1 and 1/(y — 1) > 0 give

0<sp <1

Define the weak level-set mass function on all real thresholds by
Fpt) =v(En{z:t<e(x)}), t eR.
It is nonnegative and nonincreasing:
0< Fp(t') < Fg(t) <u (t<t).
As a version of the conditional treatment probability, the propensity satisfies
0<e(x) <1 for v-almost every x.

Disintegration of the treatment probability therefore gives

PA=1,X c B) = /Ee(az) dv(z).
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Moreover,

1
e(r) = / 1{t < e(x)}dt for v-almost every x.
0

Tonelli’s theorem yields the weak-level-set representation
1
P(A=1,X€E) :/ Fg(t)dt.
0

The propensity is integrable on E, and the bounded monotone level-set functions are
integrable on the threshold intervals used below.

For comparison, define

Fp(t)=v(En{z:t<e(z)}), teR.
For ¢t € [0, 1], Assumption 7 and monotonicity of measure give

I/(E N{e < t}) <v({e<t}) < oL
The two threshold sets cover F, so subadditivity implies
u< Fg(t)+v(En{e<t}).

Since {e >t} C {e > t}, it follows that

u—COP<FZ() < Fp(t) (0<t<1).

Integrating over the cutoff interval gives
SE SE SE
/ (u—Ct7 1Y) dt g/ FZ(t)dt g/ Fp(t) dt.
0 0 0

The cutoff balances the tail envelope and set mass:

= Uu.

=1 w1/ (=1 (-1)
Cop =C (c)

Also s}, = 37{15 £. Thus direct integration gives

SE C
/ (u—Ct N dt =usp — —s),
0 v

v—1
= USE

_ Y=Ly /)
Y
Combining these bounds, using Fr > 0 and sg < 1, proves

— o
771 O—1/(=D/(=1) < / Fp(t)dt
0

1
g/ Fp(t)dt

0
P(A=1,X€E).
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3. A ranked union and its upper bound. Fix j € N and an integer k in the stated range, and
set
dy
v-1
Use the dyadic partition Qp, whose coordinate intervals are half-open with the global right
boundary included. For each cube, write its lower corner and scaled microcells as

h:=277>0, D, :=

d
ag = <1ggmz> , Ege:=aqg+hVy (1<0<).
x i=1

Because the finite collection of microcell masses is nonempty, choose

lin = Qp, — {1,...,J}, 40, tmin(@) = 4@ (@ € Qn).

Define the threshold collection

On<k ={Q € Qn:qQ < qm)}-

The first k entries of the sorted mass list are all at most qg). Sorting preserves the
multiplicity of each mass, so
|Qnh,<k| > k.

Choose a collection and define its selected union by
Oni € Qn <k, |Qn k| =k, Ey = U EQ tmin(@)
QEQn
Subadditivity of the treated probability then gives

P(A - ]-,X S Ek‘) S Z qQ,emin(Q)
QEQn i

QEQh i
< kq)-

4. The selected union’s lower bound. The node coordinates and width bound satisfy

1 m+1 n 1

< ()i < T =
mrzsWisiTS Sty

Hence, for every z € V, and every coordinate 1,
0<(vg)i—g§zi§(w)i+g<1.
After scaling, every microcell lies strictly between its cube’s coordinate faces:
(ag)i <z < (aQ)i+h (x€ Ege 1<i<d).

In particular, Egy C Q C X. Distinct dyadic cubes have lower corners differing by at least
h in some coordinate. The strict bounds therefore imply

EqNEqr=2 (Q#Q).
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More explicitly, each microcell is the rectangle

Bor 11 (a@)i+h ((w)i = 3) . (aQ)i+h ((w)i+1)] -

i=1
Each coordinate interval has length nh, so
Leb(Eqe) = (nh)®.
By Assumption 4, integration of the density over each microcell yields
v(Eq) = (x)dx > cy Leb(Ege) = Cf(nh)d.
EQ@
The selected microcells are measurable and pairwise disjoint. Thus
QEQn k
> ke (nh)?.

The exponent v/(y — 1) and the setwise coefficient are positive. Applying monotonicity of
this power and the setwise estimate already established gives

-1 1/ _
’77 C 1/(y-1) [kcf(nh)d]’Y/('Y 1)

-1

< 172 oV Dy(E /0D < P(A=1,X € By).
8

. Power identity and conclusion. The factorization and exponent identity are

1
I
v—1 v—1
Using multiplicativity of real powers on positive bases and k > 0, we obtain
d17/(y—=1)
[k cp(mh)] _ /0D ey =D/ (=11
L P

= aggl(Vfl)th El/(=1)

Cf(nh)d = a’tplhd)

Multiplying the uniform coefficient bound by the positive mesh and rank factors therefore
gives

=1 ~—1/(y—1) a1/ (v=1)
HFhkal/('y—l) < Y C []Zcf(nh) ] )

The lower and upper bounds on the same selected union give

L_l C*l/(’Y*l) [k Cf(’l’]h)d]f)//(ryil) < P(A _ 1,X c Ek) < kq(k)
Y

Dividing by k& > 0 and combining the two inequalities proves

The choices of v, P, j, and k were arbitrary in their stated ranges, so the bound holds
uniformly as claimed.
O
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The rank factor quantifies how information improves across the ordered cubes. At a fixed
mesh, the weakest treated mass grows at least polynomially with rank, so the corresponding
variance envelope decreases with rank. The constant kr is common to the stated compact
overlap range; this uniformity carries the mass comparison into the adaptive upper bound.

A.4 Deterministic conditioning of the template

Write U(z) for the vector of monomials of total degree at most m, with m = [8] — 1 in the
statistical application. The tensor nodes vy, reference microcubes V;, and reference Gram matrix
Gy are those of Definition 6. Its least eigenvalue is denoted by A\g. The empirical matrix CAJQ
assigns equal weight to the microcells and averages within each cell over its treated observations.
The next statement gives the conditioning bound for every feasible sampled configuration.

Lemma 4. [lem:template-conditioning] (Uniform equal-cell Gram conditioning) Let d,m,n
be nonnegative integers, let 3 € R, and let Dy, = ((Xi, A;, Y;)), be any sample with X; € R?,
A; € {0,1}, and Y; € R. Write U(z) = (2%)|a|<m for the vector of total-degree-m monomials.
For the polynomial template’s tensor nodes vy and reference microcubes Vy, indexed by £ €
{0,...,m}?, define
J=m+1)9¢  Go= 1 > U@)Uw)', A= inf b Gob.
Jee{o,...,m}d [[bll2=1

Here B> = (5o B2V
Let h =277, with j a nonnegative integer, be a feasible candidate dyadic mesh: h € H,, the
candidate mesh collection, and

Nge > =% for every Q € Qy and £ € {0,...,m}<,

where Qy, is the dyadic cube partition at mesh h. For a cube QQ with corner ag, the microcell
and its treated count are

n

Ege = ag + hVy, Nge = Z 1{A; =1, X; € EQ@}.
=1

Define the equal-cell empirical Gram matriz by
~ 1 1 ° XZ‘ — (LQ Xi — aQ T
Go=— — 1{A; =1, X; € BEgu}U| ————= | U| ————=
=3 ¥ mxu ¢ v (52 v (F52)
¢e{0,...,m}d i=1
Then Ag > 0, and for every QQ € Qy,

A ~ ~ A~ 2
SIIE<bTGab for everyb=(ba)iajzm,  det(GQ) £0, GG lop < 5

where || M||op = sup|p,=1 [|Mb]|2.
Proof of Lemma 4. 1. Fix Q € Qy,. Since h =277 > 0, feasibility gives
0<h 2 <Ng, forevery £ €{0,...,m}%

Thus every microcell count is positive, and its reciprocal is well defined. We establish the
conditioning bounds using these positive counts.
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2. Define the coefficient and node index sets, and the polynomial associated with a coefficient
vector, by

In={aeNf:la| <m},  Tpn=A{0,....m}"  r(2)= ) baz® (z€RY.

a€lm,

Expanding the definition of Gy yields

1
b Gob = 5 > ryve)® > 0.
L€Tm

The nodes in Definition 4 form the Cartesian product of the one-dimensional set

a+1
Snode:{m_i_z:azoa--"m}» |Snode‘:m+1-

Fach coordinate degree of 7y is at most m. Consequently, vanishing at every tensor node
implies that 7, is the zero polynomial. Indeed, fixing all but one coordinate at node values
gives a univariate polynomial with m+1 distinct roots and degree at most m, so it vanishes
identically. Repeating this argument coordinate by coordinate extends the vanishing to
all of R%. Hence

[rb(vg) =0 for every /£ € ’Tm] =1, =0 = b, =0 for every a € Z,,.

For d = 0, both index sets have one element and 7}, is constant, so the same implication
follows directly. A unit coefficient vector has a nonzero coordinate; therefore at least one
summand is strictly positive, and

lbla=1 = b 'Gob>0.

To obtain strict positivity of the infimum, define
1, a=0
Seoet = { b e RT™ =1}, beonst)a = { ’
coef { agz: a } ( co st)a {07 o 75 0.

The zero multi-index belongs to Z,, for every d,m, and ||beonst|[2 = 1. Thus Scoef is
nonempty. It is closed, and each of its coordinates satisfies

bal® < > b2 =1,
o' €Ly,

so it is bounded and hence compact. The continuous quadratic form attains its minimum
there: for some byin € Scocf,

Ao = i b Gob = b/ . Gobmin > 0.

3. Fix an arbitrary b € RZ». Write the supremum norm, including its zero-dimensional
convention, as

2]Joc = max ({0} U{|z4] : 1 < a < d}).
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The template Lipschitz constant described in Definition 5 is

e s WEUET —UEUE oy

2,2'€[0,1]¢ ||Z - Z,HOO
2z

)

with value zero when the set of quotients is empty. For d > 1, Definition 5 supplies its
finiteness; for d = 0, the cube is a singleton and the stated convention applies. Every
quotient is nonnegative, so Ly > 0.

By Definition 6, the width and microcubes satisfy

. 1 Ao
= min
g 2(m—+2) 1+ Ly

} >0,  Vy=wve+[-n/2,n/2)"%

In particular,

1 1 1 1

< < <1l— —.
4m+2) ~ m+2’ m+2_(W)a_ m+ 2

7 <
5 =
The coordinate inequalities are vacuous when d = 0. They imply, for every z € V,,

vz €01 flz—vileo < 7.

Define the perturbation matrix and the coefficient-dependent error by
My(z) =U@w)U(ve) =URUE)T, e = Log bl

If z = vy, the desired squared-evaluation inequality follows immediately from e, > 0. If
z # vy, the definition of Ly and the preceding distance bound give

[ M (2)lop

n
< Ly, | Me(2)]lop < Lullve — 2]loc < Lu -
lve — 2|loo

- 2
For b = 0, the quadratic-form bound below is immediate. For b # 0, define

b
bunit = T HbunitH2 =1.
10]]2

The operator-norm definition and homogeneity give
[[Me(2)bl|2 = [|bll2]| Me(2)bunit |2 < | Me(2)lop[b]|2-
Cauchy—Schwarz therefore yields

ro(ve)® — 1p(2)? = b My(2)b
< [[bll2]| Me(2)0]|2
< |Me(2)[lop B3 < €

Combining the two cases for z, we obtain

rp(ve)* — ep < 1p(2)? (z € Vo).
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4. Define the normalized observations and the treated index sets by

X, —
zQile“Q (1<i<n), To={icf{l,....n}: A4 =1, X;€ Eq}.

Then |Zgs| = Nge > 0. Since h > 0 and Eg; = ag + hVy, every i € Ly, satisfies zg; € V.
Averaging the pointwise inequality within each cell gives

1
ro(ve)? — ey = Now > (ro(ve)* — &)
iGIQ(

1 2
<) )2
— NQE . 'I"b(ZQz)

ZGIQ@

Expansion of the empirical Gram matrix, followed by equal averaging across the J > 0

cells, now gives
~ 1 1
b Gab==3" — 3 r(zqi)?
J Noe .
ETm ’LGIQ[

1
> Wi Z (ro(ve)® — &)
LETm
=b"Gob — .

The last equality uses |T,,| = J, so the equally averaged error remains ey.

5. For b = 0, the template lower bound is an equality. For b # 0, the unit vector defined
above and the defining infimum give

Ao < biieGobunits  MollblIE < 1161130001 Gobunic = b’ Gob.

unit

The width rule also implies

n < ; Lyn <n(1+ Ly) < Ao.

1+ LU
Consequently,

n Ao
o= Lo bl3 < 2 IbIB.

Combining these inequalities with the equal-cell transfer proves

~ Ao Ao
b7 Gab > b Gob — e, > MollbI — "2 bl13 = 2 b1

6. If det(@Q) = 0, there is a nonzero coefficient vector by, with
G\Qbker = 07 ||bkerH2 > 0.

Applying the quadratic lower bound gives the contradiction
Ao 2 T A _
0< ?kuerHQ < bkerGQbker = 0.
Thus det(éQ) # 0.
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7. For an arbitrary input vector by, € RZm, define
binv = @élbin-
Invertibility gives éQbinv = bin. The quadratic lower bound and Cauchy—Schwarz imply

al

2 bl < b

— 1nv

GQbiny = bilbin < [lbin2bial
If [|biny||2 = O, the following bound is immediate; otherwise, divide by its positive norm
and then by Ag/2 > 0. In both cases,

~ 2
||GQ1binH2 = [|binv ]2 < TOHbinH?

The coefficient unit sphere is nonempty, as witnessed by beonst- Taking the supremum over
its vectors therefore gives

~ _ 2
HG_1||0p = sup HG_lbinHQ < —.
© loet @ Ao

Since @) was arbitrary, all the asserted bounds hold throughout Qj,.
O

Equal weighting preserves the reference template’s conditioning even when the treated counts
differ across microcells. The bound is deterministic once feasibility holds, and it controls the
amplification of both approximation residuals and outcome fluctuations in the fitted coefficients.
Its geometric requirement is supplied by the occupied template microcells and their prescribed
widths.

A.5 Selected-mesh concentration and maximal error

Let D, = ((Xi, Ai, i), be the observed sample. Conditional expectations below condition
on the sampled design (X;, A;)7;, comprising the covariates and treatment indicators. Under
this conditioning, the selected mesh of Algorithm 1 is fixed. The coefficient vector cg is the
equal-cell polynomial fit used in Algorithm 2; centering it by its conditional expectation isolates
the stochastic coefficient error.

The oracle mesh is h., , = n~1/(28+D+) and the oracle response-recovery scale is Ty = S e
The sample event &, below controls both selection and the comparison of empirical counts with
population treated masses. For the accompanying maximal inequality, Z1,...,Zy denotes a
generic family of centered real variables under a probability law . The positive quantities a
and b specify a common scale cap and an ordered decay scale, respectively.

Lemma 5. [lem:selected-mesh]| (Selected mesh and coefficient envelope) Fiz the dimension
d, smoothness parameter [3, model constants B, L,C,cy, and adaptation endpoints vmin, Ymax;
satisfying

e (Dimension and smoothness.) d € N, d>1, and § > 1.

e (Model constants.) B>0,L>0,C>1, and 0 <cy <1.
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e (Adaptation interval.) 1 < Yyin < Ymax, With
I'= ['Ymina Vmax]-

There exist constants K, K' > 0 and ng € N such that the following holds uniformly for every
n > ng, v € I', and observed law P € P, with the displayed fixed model constants. Let the sample
have the iid law P®" specified in Assumption 3, and use the mesh selector of Algorithm 1. Write

m=[8] =1, o= VD),

where D, is the effective dimension governing the model’s overlap-dependent rate, and let .,
denote its oracle response-recovery risk scale.

For each partition cube @ and template microcell Egqq, define the population treated mass,
its empirical count, and the weakest treated microcell mass by

n

qQe = P{A =1, X e EQ@}, NQg = Z I{Ai =1, X; € EQ@}, qQ = mZiHQQg.
=1

There is a measurable sample event &, such that
PEM(ES) <n 2
For every sample in &,, the selected mesh satisfies

0<h< Khyp, Nge > Jor every Q € Q; and every (.

Order the selected cubes by increasing qg, with ranks starting at 1. Conditional on the
sampled design (X;, A;)}_,, evaluate all coefficient estimators at the selected mesh of the given
sample. For the cube of rank k, every monomial coefficient indexed by a multiinder o of total
degree at most m, and every t € R,

Elexp{t (¢q.o — E[cQ.a | (Xi; Ai)iza])} | (X, Ai)ity]
Kt* . (m95 12 D 1/(4-1)
< exp Tmln(h ,n_ Th™ kT ) .
These conditional exponential moments are integrable for every coefficient and every t, and the

mazximum coefficient-vector error is conditionally integrable. With || - ||~ denoting the mazimum
absolute coordinate over those monomial indices, its conditional expectation satisfies

E co —Eleg | (Xi, Ai)i Xi, Ai)iz
[ngagéuccg o | ( >1]||oo]< M]

< Kh? \/ 1 + max{0,10g(hyn/h)} < K'roym.

Moreover, for every exponent a > 0, there exists Ko > 0 such that the following maximal
inequality holds. Let p be a probability law on a measurable space, let N € N, and let Z1,...,ZN
be real random variables satisfying

e (Scales.) a >0 and b > 0.
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e (Exponential integrability.) For every 1 < k < N and t € R, exp(tZy) is integrable
under .

o (Moment envelope.) For every1 <k < N andt € R,
/2
E,lexp(tZy)] < exp{2 min(a?, bZk:O‘)} .

Then

E,[max({0} U{|Z4 : 1<k < N})| < Kaa\/l + max{0,log((b/a)?/*)}.
Proof of Lemma 5. Throughout the proof, write
m= (B—I _1’ Im:{OZENgi ’Ot’ Sm}a Pcoef = ‘Zm|7 J:(m+1)d,

and use the template width n and least eigenvalue \g from Definition 6. Also write

d
Dy= T = log(u) = max{0,logu} (u>0)

1. Membership in P, as specified by Definition 2, supplies the treated response bound in
Assumption 8. In particular, with

yp(x) =Ep[Y |A=1X = 2],
the treated conditional law satisfies, for Px-almost every x,
Fe@)| <B.  Eple¥ @) | A=1 X =o] <ePCP (1eR),

and every displayed exponential moment is integrable. These are the outcome properties
used below.

2. We first construct the uniform count bound. Define the positive mass coefficient

—1
Cmass () = r=- C_l/(”’_l)(c]cnd)”/w_l), Ks = MiN Cpass(y) > 0.
Y vyel

The minimum exists and is positive because the displayed function is continuous and
positive on the compact interval I'. Every template microcell at mesh h has volume n?h¢.
Consequently, Assumption 4 and the setwise bound in Lemma 3 give

qQc¢ > Cmass(')’)hD7 > ﬁ*hDﬂ{-

Choose a fixed enlargement A,esn > 1 such that

4 S K:*A2ﬁ+D"/max.

mesh
Such a choice exists because 28 + D, .. > 0. Since
d
Dy=d+——,
gl -
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the effective dimension decreases with v, and hence

4< kAP (e,

mesh

The candidate collection in Definition 7 has largest dyadic index

logy n
28+d] "

jmax,n = L

The floor inequality yields
Q*jmax,n S anl/(2ﬁ+d)

Moreover,

1 1
286+d 28+ D
The positive power in the last display tends to infinity when applied to n. Thus, for all
sufficiently large n,

> 0.

h’Ymaxyn S h’%n S h'Ymirn”’

Ymax

27 Jmax;n < Ameshh n < Ameshhfy,na Ameshh'y,n < Ameshh'ymin,n <L

Ymax

Rounding upward within the finite dyadic collection therefore gives a candidate h, satis-

fying
Ameshh'y,n < ho < 2Ameshh'y,n~

Indeed, successive candidate widths differ by a factor of two; the smallest candidate width
at least Ameshhy,n satisfies these inequalities, including when either endpoint is itself a
candidate.

For the simultaneous concentration budget, define

Jmax,n

Mcount,n =J Z 2jd) Sn = log(Q(Mcount,n + 1)77,2) .
=0

Here 27¢ counts the partition cubes and J counts the microcells within each cube. Since
284+d>1,
2Jmax;n < n, jmax,n < 2Jmax,n < n,

and therefore .
Mcount,n < (jmax,n + 1)(2Jmax’n)d<] < (n + 1)ndJ

For n > 2, this implies

2(Mcount,n + l)n2 < 8(J + 1)nd+3, sn < (d+ 3)logn + log(8(J + 1)).

To make the count threshold dominate this budget, set

25
28+ D

Ymin

Ubudget = 24(d+3)7 Vbudget =24 log(8(J+1)), 5count = > 0, Cbudget — (2Amesh)_2ﬁ

The elementary bound
5count/2

logn < n

count

47



and divergence of the positive powers allow one common starting sample size for which

Cbudget  §count
n )

2
Together with the endpoint and candidate bounds, these give

Cbudget n5count

Ubudget lOg n < Vbudget <

24s, < Ubudget logn + Vbudget
S (QAmGShh’Ymin:n)_Qﬂ
S (2Ameshh'\/,n)72ﬁ S h;26~
Fix ncount = 2 large enough that all these bounds hold uniformly for v € T".

Finally, the oracle balance identity is
nh%ﬁ n+ Dy _ 1.

Thus every microcell at h, satisfies

nqgeh2? > nryha TP

28+D. 28+D.
> g AZED 20D > )

or equivalently nqgs > 4ho 28,

. Under Assumption 3, a treated microcell count is a sum of independent Bernoulli indi-
cators. Each indicator has mean qgy, its centered absolute value is at most one, and its
variance is gge(1—qge) < gge- The Bernstein bound for these bounded centered summands
gives, for every u > 0,

’LL2
P®n N — N >U <2€ _—— .
{INge — ngqel > u} < Xp{ 2(2an£+”)}

For w = nqge/2 + 4sp, the numerical inequality
25y, (2nqge +u) < u?
follows by expanding both sides. Hence
per {|NQ€ — ngge| > % + 4sn} < 2e7%n,

Define

J
n nqQe
57CLOUt: ﬂ ﬂ m{|NQg—HQQg| < %-{—45”}.
heH, QEQ (=1

This finite intersection is measurable. The union bound gives

M,
t —Sn count,n —2 —9
P®n((£¢ioun )C) < 2Mcount,ne = m n “<n .

On this event, the candidate from the preceding step satisfies

Noe > @ 4, > 2728 45, > hTP.
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It is therefore feasible. The selector in Algorithm 1 then gives
0 < h < he < 2Ameshhym.
At the selected mesh, feasibility and the budget imply
Noe > h™% > n;?% > 24s,.

Using the upper deviation inequality first gives

2 5 40
nqQe > g(NQE —4sy,) > §NQ€ > 3 S

The lower deviation inequality now yields

n
s, > ot

nqqQe
Npp > — —
Qt = 2 - 5

These arguments apply to every partition cube, with the boundary convention of Defini-
tion 7.

. We next obtain the actual conditional coefficient bound. Define the sampled design and
its conditional sample law by

On = o((Xi, Ai)iz), o= L(Dn | (X, Ai)iny = (Xi(w), Ai(w))iza) -

Under the iid product law, disintegration coordinate by coordinate gives

Lo, (Yie) = Q) Lp(Y | X = Xi(w), A= 4;(w))
i=1

for almost every w. To see the product structure, conditional probabilities of response rect-
angles factor into the product of the coordinate conditional probabilities; these rectangles
determine the conditional response law.

For such a design, define the treated residuals on a conditional sample £ by
“(g) = Yi(§) —7p(Xi(w)), Ai(w)=1,

O, AZ (w) =0.
They are independent under v, and the treated conditional bound from the first step,
together with the zero residual in the second case, gives

E, e =0, E, e’ < B2 (t e R),

with integrable exponential moments.

Fix a feasible candidate h, a cube Q € Qp, and « € Z,,,. Define

Xi(w) —ag 1 ZJ: HAi(w) =1, Xi(w) € Eqge}

Q= h ’ WiQe =7 — Nqe(w)

[Go(w) ' U(ig)la-
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The equal-cell formula in Definition 8 is understood with 0! = 0, and with the zero matrix
assigned as the inverse of a singular Gram matrix. On the feasible meshes considered here,
Lemma 4 supplies the ordinary inverse and

1G5 lop <

2
— A 0.
=N 0>

The conditional sample has the same design as w almost surely. Expanding the coefficient
formula therefore gives

/C\Qaa(é) = Zleal{Al( ) - 1}yP + szQas
=1

The residuals are integrable and have mean zero, so integration proves

n
E.2Qa = Y wigal{Ai(w) = 1}7p(Xi(w)).
i=1
In particular, defining
Zé,a = /C\Q,a - EVw/C\Q,OH Zé) = (Za,a)OéGIm)

we have the conditional identity and moment bound

n n B242 n
w w tZg tw;Qacy
ZHa = E WiQals » E, e Q= HEVwe iQafi < exp E w
i=1

i=1
Independence and coordinate exponential integrability also show that every exponential
moment in this display is integrable.

The normalized covariates appearing in a microcell lie in [0, 1]¢. Since every coordinate of
U has absolute value at most one there,

HU(sz>H2 < Pcoef -

Consequently, if
R _ 2\/ Pcoef
TOW JAO I
then

=G5 U(ig)a

1
< RI‘OW
5 —

for observations counted in a microcell. Applying (Yi_; 2)? < J Y7, z2 to the cell
contributions to each weight, and then summing over the observations, gives

szQa < JZ Z row

=1 i:A;=1
X GEQ[

= JR?

TOW
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For the mass comparison, define, at the fixed mesh,

So=1{Q" € Qn:q¢ <o}, po = |Sg| > 1,

and select weakest microcells by

,(Q") € argmin qgy, Ug = U Eqr .-
1<e<J Q'eSo

The selected microcells in different cubes are disjoint. Their union has covariate mass
at least pQCfr]dhd, whereas its treated mass is at most pgqg. The setwise inequality of
Lemma 3 thus gives

—1 _
PQIQ = ’VTC YO (pgennty /0,

Dividing by pg > 0 and collecting powers yields the explicit mass-rank bound
1/(y—1
qQ > Crna»ss(’y)hDva/(’y )

At a feasible mesh satisfying the count lower bound from the preceding step, each inverse
count consequently satisfies

1 : 9 5
N < ming h*, nemaes()HP P 0D
Define the fixed template factor
Acoes = B2 RS, = 432;%@“
The conditional coefficient bound is therefore
5

tZ% Acoef tQ . 28
E, e @ <exp —5 min{ h*", 6D
NCmass (7) AP P

Choose a measurable full-measure set £5°" on which the conditional identities, exponential
integrability, and bounds just established hold simultaneously for all feasible candidate
indices and coefficient coordinates. Define

gn _ gcount N gcond P®n((c/-cond) -1
n n n :
Intersecting with this full-measure set preserves the failure bound:
PO(ES) < n~2,

All subsequent conditional assertions hold for every w € &,, at the selected mesh of that
sample.
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5. We normalize the two variance scales uniformly. Define
Finass = max{1,5/k.}.
For x > 0, y > 0, and ¢ > k4, we have
c5y < Fassy min{z,5/(cy)} < Fuass min{z,y~1}.
For the second inequality, if z < y~!, the left side is at most & < Fiass; if £ >y~

most 5/(cy) < Fnassy . Applying this with the displayed mass coefficient and collecting
inverse powers gives

1 it is at

5
N 1 —1
NCmass (’7) hP~ pQ/ o=1)

. T2
Ao ming h s ,

< Acoet Finass min{ﬁlﬁ” nilﬁfDnggl/(’Y—l)} _
Set
Kcount = maX{QAmesh, ACOEmeass} +1>0.

The selected mesh and conditional moments thus obey
~ w K t2 . . 3 3
0<h < Keounthym, — Ey,e%de < exp{m;nt min (327, n=th=P7pg /0 } .

If the cubes are enumerated in nondecreasing mass order, the first k£ cubes all belong to
SQ(k)' Hence

—1/(v-1) —1/(y—1)
PQuy = k, PQ < kT

This converts the displayed bound to the rank-k envelope, including ties.

6. We establish the scalar maximal estimate used to control the coefficient vectors. Begin
with a clipped Gaussian integral. For an integer R.,t > 1 and a scale a > 0, define

. 2 2
Sclip = /1 + log Reyg, Telip = @Sclips Gpre(u) = mm{l, 2Roupe /2 )} .

We have 321 > 1 and log(2Rcyt) < s%;,. For u < drgp,

Qpre(u) <1< etmu/re,
For u > 4rq;p,, put

Zelip = W/ Telip > 4.

The nonnegativity of

(Szlip - 1)( zlip/2 - )

and the elementary quadratic inequality 1 — 22, /2 <4 — Tlip give

clip
2
Sclip — Chp chp/2 <4- Lelip-

Therefore
gpre(u) S exp{log(chut) Chp Cllp/2} < 64 u/rchp

Integrating this exponential majorant proves

/ Gpre(u) du < etar/1 + log Reus.
0
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7. Fix any exponent agyq > 0. For an integer N > 1, retain R.y > 1 and define the clipped
suffix envelope

u2

2a? (Rcut/k‘)aord

gsuf(u) = ming 1, Z 2exp |:_
1<k<N
szcut

Partition its indices into dyadic blocks by
L;j = 27 Reut, Bj={k:1<k<N, Lj <k<2Lj}, j € Np,

and define

2
u
g_] (U) min 5 k; exXp |: 2a2 (Rcut/k)aord
J

Each block has at most L; indices, and within it
a?(Reut /K)o < a®(Reyt/Lj)r.

The preceding clipped Gaussian calculation, at scale a(Rcyt/ Lj)%fd/ 2 consequently gives

Oo .
/ gj(u) du < elq 2 i%ord/2 \/1 +10g(27 Reyt)-
0
Since log2 < 1 and log Reyt > 0,

\/1 + log(Qchut) < (.7 + 1) V 1+ IOg Rcut‘

Define

oo
Ggeom = g Gord log 2/2 € (0, 1): Dgeom(aord) =1+ Z(] + 1)qéeom < o0.
j=0
Convergence follows from the geometric series and its linearly weighted series.

The dyadic blocks partition the suffix. For nonnegative summands, clipping a sum at one
is bounded by the sum of the individually clipped block sums. Only finitely many blocks
meet {1,..., N}, so integration gives

/Ooo gout (u) du < ]é/o-oo gj(u) du

N
< e'ay/1+1og Rewt Y _(j + Deom
=0
< 64Dgeom(aord)a V 1 + log Reut-

The finite Gaussian sums and their clipped versions are integrable, so all these integrations
are legitimate.
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8. Now let v be a probability law, let a,b > 0, and let Z1,...,Zn have the exponential
integrability and moment envelope with exponent aq. Define

Wy = max({0} U{|Zx| : 1 <k < N}).

For N = 0, this definition gives Wy = 0, and the maximal inequality follows immediately.
Suppose N > 1, and define

N
vp = min{a?, b2k~ %} > 0, Teail(u) = min{l, 226_“2/(2”k)} .
k=1

Exponential Markov bounds for Zj, and —Zj, optimized at u/vg, give
v{|Zk| > u} < 2e7%/@) (4 > 0).
The finite union bound, together with the probability bound by one, therefore yields
{Wn > u} < 7eain(u).

Exponential moments at 1 and —1 imply integrability of every |Zx|, and hence of Wiy.
The layer-cake identity gives

E Wy = / v{Wn > u}du < / Teail (1) du.
0 0
To bound the last integral, set
Rratio = (b/a)2/aord > 07 Rcut = [Rratio—| > 1.
Then
Rratio < Rcut <2 maX{L Rratio}a 1+ 10g Rcut < 2(1 + long(Rratio))-

The latter bound follows by taking logarithms of the preceding inequality, using
log max{1, Rratio} = log, (Rratio) and log2 < 1. It implies

V/I+10g R < 24/1 + 10g (Rratio)-

Furthermore,

R%d — (b/a)?, b? < a?R%erd v < a®(Reys /K)o,

ratio cut

Split the sum defining 7¢, at £ < Ryt and k > Reye. The prefix has at most Reyt terms,
each with variance at most a?. The suffix has the preceding decaying variance bound.
Since
min{1l,z + y} < min{l,z} + min{1, y} (x,y >0),
we obtain
7-tail(u) < gpre(u) + gsuf(u)~

The two integral estimates prove

E,Wy < Keo(oora)ay/ 1+ log, ((b/a)?/ars),

where the positive constant may be taken as

Ksc(aord) = 264(1 + Dgeom(aord))-
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9.

10.

To obtain a constant uniform over the adaptation interval, define

1 1 Qmax
Qmin = —————— > 07 Omax = ——— Rexp =
Ymax — 1 Ymin — 1 Qmin

> 1.

Taking reciprocals of positive denominators shows

1
Qmin < ﬁ < Qmax (’Y € F)

For any agq € [amim amax] and k > 1,
kfaord < kfamin.

Thus the scalar estimate at aq,i, applies to the envelope with exponent a.q. Its logarithmic
factor satisfies

1+log ((b/a)®/*min) < Reypy (1 +log, ((b/a)?/ ).

Indeed, if log(b/a) > 0, use

2 2
S Rexp )
Qmin Qord

iflog(b/a) < 0, both positive-part logarithms vanish and the inequality is 1 < Reyp. Taking
square roots establishes a uniform scalar constant

Mr = Ksc(amin) \/ Rexp > 0.
For a finite nonempty family of vectors with coordinates in Z,,, the pointwise inequality is
max | Zgllee < ) max|Zq.al
Q (XEI’m Q

Coordinate exponential integrability implies integrability of these finite maxima and of the
vector maximum. For example,

1Zg 0| < €70 + e %R0

)

and each finite maximum is bounded by the sum of the corresponding absolute values. Ap-
plying the uniform scalar estimate coordinatewise and integrating the pointwise inequality
gives

E, e 1Zglloe < pcoefMFa\/l + log, ((b/a)?/@ora).

The preceding vector estimate applies to mass-ranked cube envelopes. Enumerate the
cubes in nondecreasing gg, breaking ties by any fixed ordering of the finite cube family.
This enumeration is a bijection, so

Z, = Z .
mgXH @llos 1;]?36“” Q(k)”OO

As established above, PQ, = k. For any nonnegative variance factor y,

min{z, ypc_gz;rd} < min{x, yk~“ord}.
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11.

12.

Therefore an envelope with variance proxy Keount min{z, ypéaord} has the ordered envelope
required by the vector estimate whenever

2 2
a” = Keount®, b* = Kcounty-

The cube family is nonempty at every dyadic mesh, so the vector estimate applies through-
out the selected-mesh argument.

‘We now fix the final constants. Define
Er = maX{L QB(VmaX - 1) + d’Ymax}a

K = maX{KcountapcoefMF V Keount V EF} + 17 K' = Kmax{l, K/B}v 1o = Ncount-

These constants are positive and depend only on the fixed parameters and interval end-
points.

Fix n >ng, vy €I, P € Py, and w € &,. Conditional on its sampled design, keep h= /H(w)
fixed and define the scales

. e 1
Qge]l = V/ Kcounthﬁa bsel =V Kcount n 1/2h DFY/Q, Qge]l = —— -

v—1
All three are positive, and

2 72 2 —-17-D
Age] = Keounth ﬂ’ bsel = Keountn™ h 7, Qlgel € [amina O‘max}-

Applying the ranked vector estimate under v, gives

Ev, Qnéaé}i HZ5||OO < pcoefMFasel\/l + 10g+ ((bsel/asel)z/asel) .
h

The same exponential integrability supplies integrability of the maximum on the left.
The oracle definition and 28 + D, > 0 imply

/2 — hﬁJﬁD”/2.
After cancelling v/ Kcount, this gives

bsel o (h'y,n > B+Dy/2

—~

Qgel h
Define the resulting logarithmic exponent by

D
€sel = (ﬁ"" TW

) 2 =2B(y—1) +dy.

Qge]

Its reciprocal dependence cancels, and

0 <ege < 26('Ymax - 1) + d’)/max < br.

For a positive ratio v and an exponent (exp, > 0,

1+ log , (ufe) < max{L, Coxp } (1 + log, ().
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13.

14.

If logu > 0, this follows from 1 + (exp logu < max{1, (exp}(1 +logu). If logu < 0, both
positive parts vanish and the assertion is 1 < max{1, (exp}. Applying these two cases to
the oracle ratio proves

\/1 + long (( sel/asel 2/a5e1 \/E \/1 + long Y n/h)

Combining the preceding estimates and the definition of K yields

E, ax |23 < Peoet M/ Keount v/ Er b \/ 1+ log, (hyn/h)
h

5;}(%5\/1-+1og+(h%n/ﬁy

Since K > K.ount, the mesh bound also becomes
0<h<Khyp

The variance proxies are nonnegative, so increasing K.ount to K in the conditional expo-
nential bound preserves that inequality. Together with the rank comparison, this gives
precisely

w 2 . R
EywetZQ(k),a S exp{‘[{; min<h2/57 n*lth—ykfl/(’yfl)> } ]

The count bound and all exponential integrability assertions are retained on the same
event &,.

For the deterministic comparison with the oracle rate, define
h
Smesh = h. 0 < Smesh < K.
’Y7n

If Smesh < 1) then
0< log(l/smesh) < 1/smesh - 17

and consequently

\/1 + 10g+(1/smesh) V 1/5mesh < 1/5mesh

Since g > 1,

Sﬁlesh < Smesh; Sﬁesh\/l + 10g+(1/smesh) < 1.

If Smesh > 1, the positive-part logarithm vanishes, and

Sglesh\/l + log—i-(l/smesh) = Sﬁlesh < Kﬁ.

The two cases give

A1 4108 (o /B) = 12 55 1+ 108 (1 S
< max{1, K’}r, ,.

Multiplying by K proves the asserted bound with K’ = K max{1, K°}.
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15. Finally, for the additional maximal assertion, take v = y and agq = @ > 0 in the scalar
calculation above, and set
K, = Kys(a) > 0.

Its hypotheses are exactly the stated exponential integrability and moment envelope. Thus,
including the case N =0,

E, max({0} U{|Z,| : 1 < k < N}) < Kaay/1 + max{0, log((b/a)?/)}.
This completes all assertions.

O]

The two parts of the coefficient envelope have distinct statistical roles. Count feasibility caps
every coefficient’s stochastic scale at a constant times hB. The population-mass comparison and
Lemma 3 additionally supply the rank-dependent scale n~'/ 23=Dy/2;=1/2(v=1), The ordered
maximal inequality combines these two controls. Its logarithm measures the number of ranks
at which the common cap is relevant, through the scale ratio (b/a)?/“.

For the coefficient application, the decay exponent is 1/(y — 1), and, apart from fixed mul-
tiplicative constants, the two scales are

a:ﬁﬁ, b=n"1/2pD/2,

Their ratio is governed by the selected mesh relative to the oracle mesh. Thus the conditional

maximum is controlled at the statistical scale h? \/ 1 4+ max{0, log(h~n ///”Z)} The final inequality
in Lemma 5 places this expression at the oracle scale even for finer selected meshes. In this
application, the decay exponent ranges over

)
'Ymax_l”)/min_l ’

and the lemma supplies common constants K, K’ and a common threshold ngy over the stated
overlap interval. The fixed number of polynomial coordinates is included in those constants.

A.6 The three components of the upper bound

The approximation component uses the intrinsic Holder regularity in Definition 1 and Assump-
tion 9 at degree m = [ —1. The deterministic inverse-Gram bound in Lemma 4 keeps the fitted
conditional mean stable relative to its local polynomial approximation. On &,, the selected-mesh
comparison in Lemma 5 places the resulting mesh-dependent approximation error at the oracle
response-recovery scale.

The conditional stochastic component is controlled by the coefficient maximum in Lemma 5.
On normalized partition cubes, polynomial evaluation transfers this coefficient control to spatial-
supremum control, with constants determined by the fixed dimension and degree. Conditioning
on the sampled design accommodates the count-based mesh selection while retaining the ordered
information profile.

Finally, the clipping rule in Algorithm 2 and the response bound in Definition 2 bound the
loss on exceptional samples by 2B. Consequently, the exceptional-sample contribution is at
most 2Bn~2. These three controls furnish the uniform spatial-supremum upper guarantee in
Theorem 1; the pointwise upper guarantee follows from the same spatial-supremum control.
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B Bounded testing experiment and geometry proofs

B.1 The bounded testing construction

The minimax converse in Theorem 1 is supported by a pair of causal laws with two-valued
potential outcomes. The construction places a smooth response perturbation around the evalu-
ation point and uses a common radial propensity to control the treatment information available
there. Its radial distribution accounts for intersection with the covariate cube, so the experiment
accommodates evaluation points on faces and corners as well as in the interior. The following
definition specifies both the observed laws and their causal completions.

Definition 11. [def :bounded-lower-pair| (Bounded radial testing pair) The bounded testing
construction is the measure-valued family Pjj, on observations (X, A,Y), indexed by j € {0,1}
and n € N, with parameters d € N, 8, B, L,y € R, o € R%, and constants a,c > 0. Set

X = 10,1]¢, h = chop, 0o := min{1/4, L/(4B)},

where h. , is the oracle mesh for the smoothness and overlap parameters. Define the radial
distance, cube-truncated radial function, and common propensity by

d

R(z) = [lz—20lloo,  Fr(t) := [ [ max{0, min{1, zoi+t}—max{0,z0;—t}},  eo(x) = Fr(R(x))"/O~Y.

i=1
For xg € X and t > 0, Fg(t) is the probability of R(X) < t under uniform covariates. Define
the smooth product bump and treated success parameters by

d 2\—1
expil — (1 — 2 , e < 1,
P(z) = H {1=( D7k Ll po,n(x) = by, prLa(x) == Oo+ahPip((x—x0)/h).
o, ] > 1,
The totalized construction uses the positive-part weights
wO(p) = max{l - Db 0}7 wl(p) = max{p,O}.

For each covariate x, take the product of the three two-point measures with weights

‘ value 0 value 1
A wo(eo(z))  wileo(z))
Y(0)/B | wo(bo) w1 (6o)

Y(1)/B | wo(pjn(x)) wi(psn(z))

where the potential-outcome measures place their masses at 0 and B, respectively. Integrate this
product measure against Lebesgue measure restricted to X, and let Pjy, be its image under

(X,A,Y(0),Y(1)) —> (X, AAY (1) + (1 — A)Y(O)).
The admissible domain consists exactly of the constants a,c > 0 for which
80($)7p0,h(1:)3p1,h(x) € [07 1]

for every n > 1 and every v € X, with h = chyy,. On this domain, P}, is the observed law
obtained from uniform X and conditionally mutually independent A,Y (0),Y (1) given X, with

A | X ~ Bernoulli(eg(X)), Y (0) | X ~ BBernoulli(6y), Y (1) | X ~ BBernoulli(p; (X)),
For fixed admissible a,c, define the sample-size-indexed collection

Ppair = {(PO,ha Pl,h) in>1, h= Ch’y,n}'
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The positive-part weights in Definition 11 specify a common measure-family construction
across parameter values. On the admissible domain, each conditional two-point measure has
total mass one and the construction yields the displayed Bernoulli probability laws. The sample-
size-indexed collection Ppair uses fixed amplitude and mesh constants; sample size changes the
perturbation through the oracle mesh.

Admissibility supplies the probability interpretation, while membership in the model of Def-
inition 2 additionally requires the response and overlap restrictions. The next result makes
these requirements compatible with small statistical information and separation of the chosen
response representatives at the evaluation point.

Lemma 6. [lem:bounded-lower-pair| (Bounded testing pair guarantees) Suppose that:
e (Dimension and exponents.) d€ N, d >0, 3> 1, and v > 1.
e (Response constants.) B >0 and L > 0.
e (Model constants.) C > 1 and 0 < cy < 1.
e (Evaluation point.) xo € [0, 1],

There exist constants a,c,co > 0, fived across sample sizes, such that, for every integer n > 1,
with h = ch., ,, where h. , is the oracle mesh, the construction in Definition 11 satisfies

co(x), pon(@), pru(x) €[0,1]  for every x € [0,1)7.

Both observed laws Py j, and Py j, belong to P.,, the model class with parameters d, 3, B, L,C,cy, 7.
Under each of their constructed causal completions,

Y (0),Y(1) € {0, B} almost surely.
Moreover, Py, < Py, the log likelihood ratio log(dPy p/d P ) is integrable under Py, and

1
n KL(Pop, P1p) < 3

For the chosen Holder response representatives H1,Py and p1,py associated with their model-
class memberships,

|M1’P1,h (o) — 11,y , (330)| Z €Ty, Tymn = h“ﬂ/,m
where 15, 15 the oracle response-recovery risk scale.

Proof of Lemma 6. 1. We first obtain a Hélder radius for the scaled bump that is uniform in
its scale and center. Set

m := max{[5] — 1,0}, og:=P3—me (0,1].
For each derivative order x € N, write
Su(z) =d"(z),  z€RY fo(2) = (=),

where d® denotes the x-th Fréchet derivative, with the operator norm induced by the
supremum norm.
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The coordinate factors defining v are smooth across their endpoints: their derivatives from
inside (—1,1) vanish at the endpoints because the exponential factor decays faster than
every inverse power of the distance to the endpoint. Consequently,

¢ € Coo(Rd)7 Supde - [_17 1]d'
Every #, is continuous and compactly supported. Thus the constants

My . := sup || _Zx(2)|, Kk €N,
z€R4

are finite and nonnegative. Define
Mq/h* = max{Mw’m, M¢7m+1}, Mw,mod = 2M¢7*.
The derivative bound of order m + 1, applied along a line segment, gives
I m(2) = Fm(Z)] £ Myllz — 2]l o.
If |z — 2/||]oo <1, then
|7 (2) = Fm(2) < My llz = 2[5 < My moallz —2'[I -
If |z — 2'||loc > 1, then
| Zm(2) = Fm(Z)| < 2My e < My moallz — 2'|[5¢ -

These two cases include og = 1.

For 0 < h < 1, define the scaled bump by
Un(@) == WPy((x — o) /h),  x€R%
Translation and dilation give, for 0 < k < m,
A" (x) = B°R™"_Z(( — o) /h),
and hence
(@) < A7 My < My,
For the top derivative, the preceding modulus bound yields

—-m T — 2[00 e
™ (a) = (0] < 1Mo (2 )
= Mw,modH'I - x'||g§,

since f —m = og. Set

m
Aw = max {1, max {Z Mw,naM’(/),mOd}} > 0.

k=0

Coordinate derivatives are evaluations of these multilinear derivatives on coordinate unit
vectors, so their magnitudes and differences are bounded by the corresponding operator
norms. Restricting the ambient smooth functions to the cube supplies their continuous
boundary traces. Therefore, with the convention of Definition 1,

Ynlx € HO(Ay) for every 0 < h <1, X =10,1]%.

61



2. Using the baseline probability from Definition 11, choose
0 — i 1 L . fbo L
p:=minq -, =0, a = min 2" 1BA, [

1
O<90§1, 0<a<6by.

Since B, L, Ay > 0,

Define the effective dimension and entropy coefficient by

dry 2 op
D, = —— =2 D Kxy, = — 2.
T TKL B+ D,, KL= g
Here D, > 0, Kg1, > 0, and 71, > 1. Choose

1
=—— := Bac”.
c S(Kxa? 1) co ac
Then 0 < ¢ <1 and ¢y > 0. Because ¢ < 1 and 7y, > 1,

KL < ¢,

SO
KKLCL2
S(KKLG,2 + 1)

All these constants are fixed independently of n.

[u—y

Kgpra?c™v < Kgra’c = <

g.
3. Fix an integer n > 1. The oracle mesh and the selected bump scale are
hym =0 YL b= ch,,.
Sincen > 1, 7k, > 0, and 0 < ¢ < 1,
0<hy, <1, 0<h<1.

Use R, Fr,e0,%,pj;n and P;j, as defined in Definition 11. Every factor defining Fp lies in
[0, 1], and the exponent 1/(y — 1) is positive. Thus

0< Fr(R(z)) <1, 0<e(z)<1, xeR%L

For each coordinate factor of v, the exponent is nonpositive when the coordinate has
absolute value less than one, and the factor is zero otherwise. Hence

0<(z) <1, z € R
Together with h” < 1, this gives

0 < ahPy((x —20)/h) < a
and therefore

1
0<f<pjn(z) <bp+a<20 <5, je{o1}, z € R%
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In particular, a,c lie in the admissible domain of Definition 11, simultaneously for every
n > 1.

Write the constructed completion laws as
Pin=L(X,AY(0),Y(1),  je{0,1},

where the joint law is the product-kernel construction in Definition 11. The cube has

Lebesgue volume
d

vol(X) = [J(1-0) =1,
i=1
The admissible weights sum to one in each two-point factor. The kernels are measurable,
so integrating them over the cube gives probability laws P;;, whose observed images are
Bin-

. Define the displayed treated-response curves by
pin(x) == Bpjn(x), zreR?  je{o1}.
The choices of 6y and a give

L
|BHO‘ = B < Z)

L
|BCL‘A¢ = BaAw < Z,

and consequently
For the baseline curve, all positive-order derivatives vanish and
[[10,1]l00 = Bblo < L.
For the perturbed curve,
p1n(z) = By + Bayy(x).

For every multi-index o with |a] < m,
BOy + Bayy(x), |a| =0,
BaD*y,(x), la| > 0.

The bounds from the first step imply
1D° p1allse < 1BOO| + [ BalAy < L.

For |a| = m, the constant term cancels in the difference, giving
D% n(2) = D*pap(a’)| < [BalAyllz — 2| < Ll — oI

Their ambient smoothness supplies the required boundary traces. It follows from Defini-
tion 1 that

to.ns 1 € HP(L).

The treated potential-outcome marginal of the conditional product kernel is B Bernoulli(p; 4 (x)).
Thus, under the constructed completion,

Ep Y () [ X =a]=(1—pjn()0+pjn(@)B = pjn(x)

for Lebesgue-almost every z € X'. This establishes the response smoothness requirement
in Assumption 9.
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5. We next establish the propensity tail bound. For every r» > 0, the intersection of the radial
sublevel set with the cube is

d
{z:R(x)<r}jnXx= H [max{0, zg; — r}, min{1, xo; + r}].

i=1
Since xy € X, these intervals are nonempty. Their product volume gives
P{R(X) <r} = Fr(r)

under uniform X. The displayed formula for Fr is continuous, and the nested sublevel
sets show that it is nondecreasing on [0, 00). Also,

The first identity uses d > 0; the second follows because every coordinate interval at radius
one is [0, 1].

For ug,y € [0, 1), define
K (utai)) == {r € [0,00) : Fp(r) < utail}, Tsup (Utail) := SUP Z (Utail)-

The set contains zero, is closed by continuity, and is bounded above by one because Fr(r) >
Fr(1) =1 for r > 1. Its supremum therefore belongs to the set. Consequently,

P{FR(R(X)) < utaﬂ} < P{R(X) < Tsup(utail)}

= FR(Tsup(utail)) < Utajl-

For uga; = 1, the same upper bound follows from total probability one.

For ¢ € [0, 1], raising ep(x) < t to the positive power 7 — 1 gives
{z:eo(z) <t} C {z: Fr(R(x)) <77}
Since 7! € [0, 1], the preceding bound yields
P{eg(X) <t} <t <l

At t = 0, this shows
P{eo(X) =0} =0.

Together with eg > 0, it follows that eg(X) > 0 almost surely.

6. We verify the remaining model requirements for the constructed completions. Their co-
variate marginal is uniform on the cube, so

flx)=1>c¢y for Lebesgue-almost every z € X.
The conditional product kernel has the factorization

Ly ((Y(0),Y(1), A X =)

= (B Bernoulli(6y) @ B Bernoulli(p; ,(x))) ® Bernoulli(ep(x)).
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Thus (Y(0),Y(1)) L A| X, and
Pﬁj,h{A =1|X =z} =eo(x)

almost everywhere. The observation map enforces

Y =AY (1)+ (1 —-A)Y(0) P; p-almost surely.

The endpoint-supported potential-outcome kernels and this observation map imply 0 <
Y < B almost surely. To apply this support bound to the treated conditional distribution,
define

Vie =Lp,, (Y[ X=2,A=1).

Disintegrating the support statement first over X and then over A, and using eg(X) > 0
almost surely, gives

vj([0,B]) =1 for Lebesgue-almost every =z € X.

For such z, put
Yju = /y’/j,a:(dy)'
Integrating the support bounds gives
0<Yy,, <B.

The bounded-variable sub-Gaussian moment bound gives, for every A € R,

_ B2)\? B2)\?
/eXp{A(y —Yje)} Via(dy) < eXp{ 8 } < eXp{ 5 } :

The exponential is integrable because y € [0, B] almost surely. These bounds establish
Assumption 8. The density, consistency, exchangeability, propensity-tail, and smoothness
properties proved above establish the other requirements of Definition 2. Therefore, with
these exact completion witnesses and response curves,

Py, Py € P,

. For completeness, the two potential-outcome factors at every covariate point assign total
mass one to {0, B}. Integrating their product over the cube therefore gives

Bu{Y(0) € {0,B}, Y(1) € {0,B}} = / lde=1, je{01}.
X
This is the required endpoint support under each constructed completion.
. We now bound the entropy of the conditional observation laws. For z € R?, define
DPBer,xz = pO,h(x)a 4Ber,x ‘= pl,h(x)'

Both parameters lie in (0,1), and

to

1
00 < 4Ber,z < 57 QBer,z(l - QBer,x) > E
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Applying logv < v — 1, for v > 0, to each likelihood-ratio term gives

KL(Bernoulli(pger,» ), Bernoulli(gger,s))

DBer, 1 — pBer,
= PBer,x log =7 + (1 - pBer,x) 10g o2
qBer,z 1- dBer,x
DBer, 1 — pBer,
S pBer,x ( T - 1) + (1 _pBer,az) ( e 1)
Ber,x 1- qBer,x

_ (pBer,m - QBer,ac)2
QBer,x(l - QBer,m)

2
S ei(pBer,a: - QBer,a:)Q-
0

Also,
0 < piu(z) —pon(x)= ahﬁdj((x —x0)/h) < ah®.

Define the laws of the treatment and binary selected outcome by
V2 = (1 —eg(x))dp ® Bernoulli(fy) + eg(x) 61 ® Bernoulli(p; n(x)),
on {0,1}2. Their scaled and recorded versions are
W;ja = ((ba, by) — (bA7BbY))#Vj,x7 Qjz := ((ba,y) — (%bA?y))#Wj,x.

Here the first map has domain {0,1}2, the second has domain {0,1} x R, and # denotes
image measure. The product construction shows that Q;, is the conditional observation
law at covariate x.

The control parameters agree, so the control contribution to entropy is zero. The treated
contribution satisfies the preceding quadratic bound. Conditioning on the binary treatment
therefore gives

KL(Voz, Viz) = (1 — eo(z)) KL(Bernoulli(6p), Bernoulli(6y))
+ eo(z) KL(Bernoulli(pg ,(x)), Bernoulli(py 4 (z)))

< 920(ah5)260(x).

Applying entropy contraction first to recording the covariate and then to scaling the binary
outcome yields

2
KL(Qo,z, Q1,2) < KL(Wp 2, Wi5) < KL(Vog,Vigz) < 0*0( hP)2eo(x).

In particular, the conditional entropies are finite.
. Define the open bump box by

Ep = {z € R?: |z; — 20;] < h for every i =1,...,d}.
Outside FEp, at least one coordinate factor of the bump is zero. Hence

pO,h(x) = pl,h(z)a QO,:E = Ql,m» x ¢ Eh'
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10.

For every r > 0, each truncated coordinate interval has length at most 2r, so
Fr(r) < (2r)%.
For z € Ej,, we have R(z) < h, and thus
eo(z) = Fr(R(z))Y0~Y < ((2R($))d)1/(7—1) < ((2h)d)1/(7—1).

Moreover,
vol(Ep N X) < P{R(X) < h} = Fr(h) < (2h)%.

Both observed laws are obtained by integrating Q;, against the same uniform covariate
law, and each conditional law records its covariate x in the first coordinate. The entropy
disintegration identity therefore gives

KL(Po, Pop) = / KL(Qor, Qu.z) da.
X

On Ej,, apply the conditional entropy and propensity bounds; on its complement, the
integrand is zero. Consequently,

2 _
KL(Pyj, Pop) < ?(ahﬁ)Q((zh)d)l/ =D Sol(B, N X)
0
2 _
< ?(ah6)2(<2h)d)1/(’7 1)(2h)d
0
= z 2D7a2h26+D7 = KKL(IQhTKL.
to
The last equality uses
d
—— +d=D,.
o gl

The finite entropy bound supplies both

aby

Py < P lo dPyj < 0.
0,h 1,h> / g dPl,h 0,h
Finally, the oracle mesh satisfies

h;{% — n—17 nhT€L — n(ch%n)TKL — (KL

The fixed calibration from the second step therefore gives

nKL(Pop, Pr ) < Kxra’c™- <

| =

It remains to identify the chosen response representatives at xg. The constructed member-
ships have the continuous Holder representatives pj;, = Bpjp. By Lemma 1, both these
representatives and the chosen representatives associated with the same observed laws
agree almost everywhere with the treated conditional regression. Its pointwise uniqueness
conclusion gives

p,p,, (x) = pin(z) = Bpjp(z), xe€X, je{0,1}

67



This includes boundary points of the cube.

Every coordinate factor of ¢ equals one at zero, so

P(0) =1, p11(T0) — pon(zo) = ahP.

Writing
Toym i= hfi,n,

we conclude that

1.8, (20) = p11,py ,(20)| = | Ba(chy.n)?|

= Bacﬁr%n = COT~,n-

The positivity of B, a, ¢ justifies the second equality. Since n > 1 was arbitrary, the fixed
constants a, ¢, ¢ satisfy all the stated requirements.
O

Lemma 6 supplies the three components of the testing comparison: two laws within the fixed-
constant model, a bound on their relative entropy, and response separation at the oracle scale.
Here KL denotes Kullback—Leibler relative entropy. The absolute-continuity and integrability
clauses support the information comparison for independent samples, whose laws are Pg?,’; and

Pﬁ? . The chosen Holder representatives specify the pointwise targets, including their values on
the cube boundary.

The lower guarantee in Theorem 1 uses this pair through the two-point testing principle [Tsy-
bakov, 2009, Section 2.2]. The information bound and target separation provide the comparison
for expected absolute error within the subclass admitting potential outcomes in {0, B}. The
risk ordering in Theorem 1 then places the same oracle scale below the pointwise and expected
spatial-supremum minimax risks of Definition 3.

The quantifiers of the construction preserve the pointwise scope of the converse. For each
fixed v > 1 and each fixed zg in the closed cube, the constants are chosen once and apply
to every integer n > 1. Their permitted dependence on the evaluation point and fixed model
parameters matches Theorem 1. Cube truncation in Definition 11 and the intrinsic smoothness
convention in Definition 1 keep boundary evaluation within this same comparison.

B.2 The thin-strip geometry

The geometry assertions in Proposition 1 concern the strip law of Definition 10. That construc-
tion uses the cube center and a radial-plus-strip propensity; its strip exponent is the parameter
specified there, separately from the amplitude constant in the testing pair. Constant potential-
outcome means keep response smoothness fixed while the propensity determines the local treated
design.

The model-membership and tail clauses of Proposition 1 place this law within the global-tail
causal class. Its remaining clauses describe two distinct aspects of local geometry. The anti-
concentration statement concerns the displayed selected propensity and the pointwise supre-
mum over Euclidean neighborhoods, as specified in Definition 9. The numerical clause has a
counterexample even when propensity values equal to one are permitted. This establishes the
selected-version failure underlying the strict enlargement within the causal class.
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The second-moment clause instead concerns treatment-weighted variation in supremum-
norm neighborhoods of the cube center. Its denominator is the probability of both treatment
and neighborhood membership, so the ratio measures the conditional second moment of the
second coordinate after normalization by neighborhood width. The zero limit in Proposition 1
records degeneration of that coordinate’s local treated variation under the stated strip-exponent
range.

These conclusions have complementary roles. The selected-version statement establishes the
comparison with the local anti-concentration predicate, while the normalized moment describes
the shape of the treated distribution itself. Together with model membership and the global tail
inequality, they characterize the treatment geometry covered by Theorem 1.

C Source-model transfer and comparison scope

The retained source restrictions fix a nonempty family 3, common class constants, and se-
lected regression and propensity representatives before stating a uniform recovery guarantee.
Under Dorn [2026, Section 2, Assumptions 1-2, author PDF pp. 3-7], each member has uniform
covariates on [—1, 1]d and a selected measurable propensity satisfying

ep(X)=P(A=1]|X) €(0,1) P-almost surely.

Writing pp for the selected treated regression, the common constants ¢ > 3, M, opmin, C > 0,
and finite overlap exponent ~y > 1 satisfy

Ep[lY]?7| X, A=1] < MY, Varp(up(X)) < M, Varp(Y | X, A) > o2

min»
with conditional inequalities holding almost surely, and
Plep(X) <t} <Ct™t  (teo,1]).

Conditional outcomes in both treatment arms are Gaussian with their selected regression means
?nin. Both regression curves belong to X (8, Lp), the source smoothness
class with common 3, Lo > 0.

The source smoothness convention uses derivative order

and common variance o

m=max{k€Z:k<p}=[8]—-1

and bounds the (8 — m)-Holder seminorm of derivatives of order m by Lo, using Euclidean
distance. For the intrinsic cube interpretation used in Proposition 2, interior derivatives through
order m have continuous traces on the closed cube. The source upper comparison additionally
imposes the family-level local condition in Definition 9, with common positive constants and
the selected pointwise propensity representatives, as in Dorn [2026, Section 2, Assumption 3,
author PDF pp. 6-7]. These restrictions distinguish the retained source envelope from the fixed
families to which the published upper comparison applies.

C.1 Fixed-cube smoothness completion

For the transfer in Proposition 2, the treated-moment restriction supplies the function bound
that complements the source seminorm. The full response class in Definition 1 also controls
the function and all lower derivatives. The following completion statement connects these two
smoothness descriptions for the paper’s range g > 1.
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Lemma 7. [lem:fixed-cube-holder-completion| (Hélder completion under affine scaling)
Fiz an integer d > 1 and a real number 5 > 1, and set m = [B] — 1. There exists a constant
Kip > 0, depending only on d and 3, such that the following holds for every My, Lo € R and
u: RT = R satisfying:

e (Nonnegative bounds.) My >0 and Ly > 0.

e (Intrinsic regularity.) u € C™([—-1,1]%), with interior derivatives through order m
admitting continuous traces on the closed cube.

e (Top derivative modulus.) For every multi-index « with |o] = m and every x,y €
-1, 1]d, the coordinate derivatives, interpreted through their continuous boundary traces,
satisfy

d (B-m)/2
[D%u(z) — D*u(y)| < Lo (Z(:ci - .%-)2) :

i=1
e (Response bound.) |u(x)| < My for every x € [—1,1]%.

For the affine transport
T(x)=2x—1, z € [0,1)¢,

the transported function satisfies
uoT € HP(Kqp(My+ Lo))
on [0,1]%, with the intrinsic Holder ball defined in Definition 1.

Proof of Lemma 7. 1. Parameters and derivative notation. Set
s:=B8-m, €:=[-1,1 €° = (-1,1)%, w = 10,1]°.
Since m = [f] — 1 and 8 > 1,
m>1, m<B<m+1, 0<s<l.

For each integer j > 0, define the set of ordered coordinate indices and the associated derivative
by
eﬂj = {1,...7d}{1""’j}, 8{w = 8L(1) '.‘8L(j)w, L e rﬂj

Here % contains the empty index and 0°w = w. On a closed cube, these derivatives use their
continuous interior traces. Symmetry of the interior derivatives identifies an ordered derivative
with the multi-index derivative having the same coordinate multiplicities; continuity preserves
this identity on the boundary.

2. Completion on the source cube. We first derive a constant Ko > 0, depending only
on d,m, s, with the following property. For arbitrary

Uaux * R% — R, Maux, Laux € [07 OO);
suppose that
Uaux € Cm(%)v |uaux($)| < Maux (l' S (g)a
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and
|aznuamc($) - aLmUauX(y” < Laux|lr — y”fx; (t € I, 1,y €F).

The desired completion estimates are
lafuaux(x)’ < KO(Maux + Laux) (O < ,7 <m, L€ =ﬁj7 T e cg)

and
10, taux () — 0, Uaux (¥)| < Ko(Maux + Laws) ||z — Y15

To obtain the interpolation estimate used in this completion, first consider a function whose
ordinary coordinate derivatives on % satisfy the displayed top-order modulus. Multilinearity
gives, for a direction vector v € R,

D™ ()0, ..y 0] = Y (H %)> O gy (2).

Lt€Im \a=1
Consequently,
| D" Uy () [V, ...y v] — DM uaux(y)[v, - . ., v
< d"Laux|lz — yllS]0ll5
< (d+ 1) Laux|z — yll%[[vll5e-
Define

Cliag := (d+ 1), Pay(r) = uaux(x +7r(y — ac)), r € R,

for x € €° and y € ¥. The segment lies in %, and its points with 0 < r < 1 lie in ¥°. The
chain rule therefore gives

cpgk;( ) = Dkuaux(:r—i—?"(y—x))[y—x,...,y—x], 0<k<m, 0<r<l.
Using the diagonal estimate and
lz+ry—2) -z =1y — ) = Ir —7[lly — 2],
we obtain
8 (1) = @) ()] < Catiag Lauxlly — 2|25 =1, r,0" €[0,1).

Taylor’s Lagrange remainder of degree m — 1, applied on [0, 1], supplies £ € (0,1) such that

-1 (k
1o N P8 0) ()
k=0 ’ ’
After subtracting the degree-m term,
k
N e (0) _ o (©) = 4)(0)
Py Z m)! )
k=0 ’
Since £€° < 1 and m! > 1, this proves
m
uaux Z D uaux [y—fﬂa---,y—x] < CdiagLauxHy_x|’glo+s-
k=0
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We next bound this Taylor polynomial on a fixed tensor grid. Define

v ::#ﬂ (0<j<m), o ={0,...,m}¢, 2p = Vs ) (be ).
Every z, belongs to 4. Compactness supplies a finite number Dy > 0 satisfying
Hy - xHoo < Deube (%y S %)

Set

— o +
Recube ‘= max{l, Dcube}v Cgrid =1+ Cdiagffgzlbg-

For the Taylor polynomial

m
Z Uaux(T) [z — 2, ..., 2 — 7], z e RY,

k=0

??“)—A

the response bound and remainder estimate yield

P2 (20)] < |taux(2p)] + |Uaux(26) — Pu(2p)]
< Maux + Cdlag auxﬁ’cube
S Cgrid(Maux + Laux)-

Here is the polynomial estimate that converts these grid bounds into derivative bounds.
Define the univariate Lagrange polynomials, their coefficients, and the tensor weights by

d
t—v,
Aj(t) = H 4 R Wkj = [tk]Aj(t), Wab = Hwaibi’
=1

V; — U,
0<g<m 71
q#j

where 0 < k,j < m and a,b € &/. For any polynomial p,.x of degree at most m in each
coordinate, define

ca(paux) = [Za]paux(z), 2% = HZZ(-“.

Univariate Lagrange interpolation, applied to each monomial, gives

szcj’ﬁq:{(l)’ Z;q’ 0<k,qg<m.
Y b q7

Taking products over the coordinates and then expanding p.,x proves the coefficient recovery
identity

Ca(paux) = Z Wabpaux(zb)-
beo

The weights admit a uniform bound. Define the coefficient one-norm of a univariate poly-
nomial by

||puni ||coef,1 Z ‘ punl

k>0
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The coefficient convolution formula and the triangle inequality imply

HpuniQuni Hcoef,l < ”puni Hcoef,l ||Quni ||c0ef,1 .

Since 0 < v, < 1, each numerator factor has coefficient one-norm at most 2. Splitting the
denominator factors below and above j gives

0<g<m m+ 1)m
q#j
Thus
S 2M (4 1)™
Z |ij| = ||Aj||coef,1 < EETY
k=0 jt(m — j)!

The binomial identity and the elementary binomial coefficient bounds give

m m m
Z;ZQ—, (m+1)§(2m>§22m:4m.

| — Nl | |
= (m—j)! m m! m
Consequently,
m m
1 m
SO | < 4m(m+' )" gam < gamta,
k=0 j=0 m:
Define
Ceoet = (24m+4)d.
Factoring the finite tensor sums now yields
m m d
Z Z |Wab‘ = ZZ |ij| < Ccoef-
acd begs k=0 7=0

Hence, whenever Bp > 0 and [paux(2p)| < Bpo for every b € o7,

|Ca(paux)‘ < Z |Wab‘|paux<2b)‘ < Ccoeprol-
bes/

For each a € 7, the monomial z — 2% is smooth. Continuity of its iterated differentials on
the compact cube, followed by a maximum over the finitely many a and 0 < j < m, supplies
Myon > 0 such that

| D7 (2 + 2°)(@)]lopoo < Mmon (a € o, 0< j<m, x€F).
Each coordinate unit vector has supremum norm 1, so

107 (2 = 2*)(2)] < Minon.

Define
Cpol = (’I?’L + 1)dCcoef(Mmon + 1)
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Differentiating the finite expansion paux(z) = > ,c .7 Ca(Paux)2® therefore gives

0] Paus ()| < [ea(Paue) 107 (2 = 2%) ()]
aco

< (m + 1)dc’coeprol]Mmon
< C’poprolv

for0<j<m,1€ Fj,andz c%.
The polynomial p, has total degree at most m, as is also seen from its coordinate expansion

m k

INOED MDD TME) | (AR

k=0 e a=1

Its derivatives at the expansion point agree with those of u,ux. Indeed, a homogeneous term of
degree k < j has zero j-th derivative; a term of degree k > j retains a vanishing factor at z;
and for k = j, symmetry of the differential produces j! identical contributions, cancelling 1/5!.
Thus

0 py(x) = 0 uaux (), 0<j<m.

Set
King = C1polc'g1rid > 0.

Combining the grid bound, polynomial derivative bound, and derivative agreement proves
|8zuaux(x)| < Kint(MauX + Laux) ($ S (go)

under the ordinary-derivative modulus used above.
To apply this estimate to intrinsic cube derivatives, define the inward contractions

Ugux,t(2) = Ugux (t2), zeRY 0<t<l.
For every z € €, tz € €°. The chain rule on this interior region gives
Uaux,t € C™(F), taut (2)] € Maws,  Fttanxt(2) = 10 vanx (t2).
The assumed intrinsic top-order modulus implies

107 tauxt () — O] tauxt (y))]
< tmLauthfE - ty”io
= t"t" Laux||7 — 9|5 < Lauxl|® — 9|3,
because t™ < 1 and t* < 1. The preceding interpolation estimate therefore applies to uaux ¢,

yielding o
|t7 0 tugux (t2)| < Kint(Maux + Laux) (x € €°, 0 <t < 1).

Continuity of the derivative traces allows ¢ 1 1, giving
’aguaux(x)‘ < Kint<Maux + Laux) (33 S Cgo)-

Since €° = €, the same continuity extends this bound to every x € €.
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Finally, define
Koy := Kin +1> 0.

Nonnegativity of the bounds gives
Kint(Maux + Laux) S KO(MauX + Laux)a Laux S KO(MauX + Laux)-

These inequalities prove both completion estimates stated at the beginning of this step, together
with the original C™ regularity.
3. Affine transport of a completed radius. Define

Ky :=2mt > 0.

Suppose that a function uaux € C™ (%) has derivative and top-order modulus bounds of radius
p >0 ‘
|0/ uaunx ()| < py 10 vaux () — 0" uaux (y)] < pllz — Y%

The affine map T'(z) = 2z—1 maps % into . Composition preserves the intrinsic C"™ regularity,
and the chain rule gives

O (Uaux 0 T)(x) = 2707 taux (T(z)), xeU, 0<j<m.
This identity holds on the interior and extends to the boundary by the continuous traces. Hence
|07 (tanx 0 T) ()] < 27p < Kip.

Moreover,
IT(z) =TW)lloo =2[z = yllw,  2° <2,
SO
10" (taux © T) () — 0)" (ttaux © T') ()]
< 2"p||T(x) — T(y)
=2"2%pllz — yll%

13
oo

< Kipllz — yll3-

Thus affine transport multiplies the completed radius by at most K.
4. Conversion of the given modulus. Choose

Cnorm = (\/E)S > 07 Kd,ﬁ = KIKO(Cnorm + 1) > 0.

These constants depend only on d and . For any ¢ € .%,,, define its coordinate multiplicities
by
a; :=#{ae{l,...,m}:(a) =1}, i=1,...,d.

Then 4
lo| = Zai =m, 0"u = D%u.
i=1

The hypothesis therefore bounds every ordered top derivative. For z,y € €,

d d 1/2
D (@i —yi)® <d|lz—yl%, (Z(l‘z’—yi)2> < V|2 = yllo.

i=1 =1
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Since s > 0, raising the latter inequality to the power s gives

d s/2
(Z(l"z - yz)2> < ChomllT — 95

i=1
Multiplication by Ly > 0 now yields
107" u(z) — 9,"u(y)| < CrormLollz — yl[3.
5. Completion and transport for u. Define the source radius
po = Ko(Mo + CnormLo) > 0.

The source-cube completion estimates apply with the response bound My and modulus constant
ChormLg- They give

uweC™E), |Ou@)|<po (0<j<m, €9 xeb),

and
10, u(x) — 0"u(y)| < pollz — yl|%-

Applying the affine transport estimate with radius py proves
woT € C™), 18! (uoT)(x)| < Kipo,

and
10" (uoT)(x) — 0" (uoT)(y)| < Kipollz — yl|%-

6. Calibration of the final radius. The nonnegative bounds imply

(Cnorm + 1)(M0 + LO) - (MO + CnormLO)
= C'norm]\40 + LO > 0.

Multiplying by K1 Kq > 0 gives
Kipy = K1 Ko(My + CrormLo) < Kq (Mo + Lo).
Consequently,

max || D%(uoT)|l < Kq,5(Mo + Lo),
|a|<m

and, for every |a| =m and x,y € %,
|D%(uo T)(x) — D*(uo T)(y)| < Kap(Mo+ Lo)l|lz — yll55 ™

Together with the transported intrinsic C™ regularity, these are precisely the restrictions in
Assumptions 1 and 2. By Definition 1,

woT € H(Kqp(Mo+ Lo)) .

All estimates include zero values of either bound, and the argument uses 0 < s < 1, including
s=1. ]
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1

Proposition 2. [prop:dorn-a3-free-corollary| (Transfer of Dorn source families)' Fiz pa-

rameters satisfying:
e (Dimension and smoothness.) d € N, d>1, and 8 > 1.
e (Source constants.) q > 3 and M, owyin, C, Ly > 0.

e (Adaptation range.) 1 < Ymin < Ymax, With
I'= ['Ymim PYmax]-

For each -y € T, let Dy be the mazimal envelope of source-law tuples consisting of an observed
law P, treated and control mean functions, and a selected propensity ep, satisfying the following
retained restrictions from Dorn [2026, Section 2, Assumptions 1-2, pp. 3-7]: X is uniform on
[—1,1])%; the selected propensity belongs to (0,1) almost surely; conditional on X, A, the outcome
2 - both conditional mean functions belong to ZD(B, Ly); and

is Gaussian with variance o3 ;. ;

EpllY]?| X, A= 1 <M  Varp(up(X)) <M,  Varp(Y | X, 4) > o2,

Plep(X) <t} <™t (0<t<).

Here pp is the selected treated mean. The source class XP°(B,Lg) consists of functions in
C™([-1,1]%), with continuous boundary traces of their derivatives, whose derivatives of order

m=max{k € Z: k < [}

have (B — m)-Hélder seminorm at most Ly, using the source’s convention.
Let T, the affine transport from the unit cube to the source cube, and the common response
bound By be
T(z) =2z -1, B, = max{M, omin}

Define the common transported Hélder radius and the interpolation constant by
L, = sup [woT|lye,

uexP(8,Lo)
SUP, e (_1,17d |u(z)|<M

[ o Ty
Cap = sup —_—
g M'>0, Ly>0 M' + L
uexP(8,LY)

SUP e—1,1]d [u(z)| <M’

The functional || -||3ys is the full Holder-radius functional on [0,1]%, including the function, lower
derivatives, and top-derivative modulus. Then

0<Cyp < oo, 0< Ly < Cd,ﬂ(M—l- Ly) < oc.

Every member of D, after replacing X by T~Y(X), belongs to the global-tail causal class Py

with constants
B = B,, L=1L,, C=cC, cyr =1

In particular, its transported observed law admits a consistency-and-exchangeability causal com-
pletion with these constants.
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Let ji,, be the equal-cell estimator of Algorithm 2, with smoothness 3 and response bound By,
applied to n independent transported observations. Write r., ,, the oracle risk scale, as

Ty = n A/ @B+dr/(-1)) (n>1).

There exist K > 0 and ng € N such that, for every n > ng, every v € I', and every source tuple
in D,

< Krynp.

Epen [ sup |in(x) — pp(T'())|
z€[0,1]¢

Every source family B satisfying the cited Assumptions 1-2 with the fixed displayed constants is

nonempty and contained in D.. The same K, ng therefore satisfy

< Kryn (n > ngp).

sup |in(z) — pp(T'(2))|
x€[0,1]¢

sup Epen
pPep

For every e > 0, there exist c(¢) > 0 and ng € N such that, simultaneously for all n > ny,
v €T, and source tuples in D,

P®n{Hﬁn o ! _ MPHLoo(P) > c(a)r%n} <e.

Here the norm is the essential supremum under the source covariate law, and the estimator is
computed from the transported sample.

If d > 2, then for each v € T there exist positive finite constants C', M’ ol .  Lj and a
source tuple with uniform covariates, Gaussian conditional outcomes, and a selected pointwise
propensity representative satisfying all the retained restrictions with these constants, for which

~ AP ({P}, (ep)).

where the family-level condition is defined in Definition 9. The constants in this existence as-
sertion are selected separately for each 7.

For any nonempty family P of source-law tuples sharing a common treated regression curve
u°, meaning

up(a) = po(x)  (PeP, ze R,

the minimazx pointwise miss-probability value at any evaluation point xg, sample size n € N, and
positive threshold cr, with c,v > 0, equals zero.

Finally, for every v > 1 and every o € [0,1]¢, there exists ¢y > 0 such that

CyTym < Rpt(na% xo) (n>1),

where Ry is the pointwise minimax expected absolute-error risk of Definition 3 over the causal
class with constants By, L., max{C, 1}, and ¢y = 1. The displayed lower bound is first established
for the two-valued potential-outcome subclass risk; monotonicity under class inclusion transfers
it to Rpy. The constant ¢y may depend on the evaluation point and the fived parameters.

The completion constant depends on dimension and smoothness alone. Consequently, a
common function bound and a common top-derivative modulus yield a common full Hélder
radius after affine transport. Applied to the treated regression curves in Proposition 2, this
statement supplies the finite radius needed by the equal-cell estimator. The continuous boundary
traces make the completion applicable on the entire closed cube, including its faces and corners.

!Formalization scope. This result uses the cited conclusion [Dorn, 2026] (Section 2 Setting and Notation,
Assumptions 1-2; author PDF pages 3-7). The cited source proof is not formalized here: Lean verifies its use and
all remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not certified.
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C.2 Source loss and the fixed-family criterion

For the source comparisons, the regression target is up(z) = Ep[Y | X = z, A = 1], with the
selected version understood. Let D,, denote the sample of n independent observed triples, whose
sampling law is P®™. For a regression estimator fi,, the source loss is

[7in — P ooy = 058 5Up [fin(Da, ) — pp (@)

x~Px
Thus the essential supremum is taken under the source covariate marginal. For a fixed finite
overlap exponent vy > 1, write

T;,n — n—B/(2B+dv0/(v0-1)) (n>1)

for the source comparison scale. The fixed-family probability criterion bounds the probability
that the source loss exceeds c(e)r}, ,,, where c(e) is a positive threshold constant allowed to
depend on the fixed setup.

A pointwise minimax miss probability also depends on which regression curves the family
contains. The next statement records the common-curve obstruction once; later comparisons
invoke it by reference.

Lemma 8. [lem:arbitrary-family-lower-obstruction| (Known regression minimax
obstruction) Fiz parameters satisfying

e (Dimension.) d € N andd > 1.
e (Smoothness.) >0 and Ly > 0.
e (Overlap.) v € R and v > 1.

Let B be any nonempty source family equipped with selected treated and control regression func-
tions and propensity representatives. Suppose its selected treated regression pp is the same known
function p° : R* = R throughout the family:

pp(x) = p(x) for every P € B and every x € RY.

For a sample size n € N, let D,, denote the observed sample and P®™ its product sampling law.
Then, for every evaluation point xo € R%, every n € N, and every c,r, > 0, where 1, is an
arbitrary positive comparison scale,

inf sup P®" {|T(Dy,) — up(xo)| > crn} = 0.
T measurable pesp

The infimum ranges over all measurable real-valued sample estimators T, and the minimax value
1s taken in the extended nonnegative reals.
In particular, consider the singleton family whose observed law has mutually independent
coordinates
X ~ Unif([-1,1]%), A~ Bernoulli(1/2), Y ~ N(0,1),

with selected treated and control regression functions identically zero and selected propensity
ep(x) = 1/2. There exist common constants ¢ > 3, M > 0, and C > 0 for which this law
satisfies all of the following:
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o (Selected propensity.) The selected propensity is a measurable version of the conditional
treatment probability and lies in (0,1) almost surely.
e (Moment and variance bounds.) The treated conditional absolute g-moment is inte-
grable and satisfies
Ep[lY|"| X =2,A=1] < M? for Px-almost every x, Ep|(up(X) — Ep[up(X)])2] < M.
e (Source smoothness.) Both selected regression functions belong to the source top-
derivative seminorm class X (B, Lo) specified in Proposition 2.
e (Global overlap.) The selected propensity satisfies
Px{ep(X) <t} <cCt! for every t € [0, 1].
e (Conditional Gaussian outcomes.) For Px-almost every x, the conditional outcome

distribution in each treatment arm is Gaussian with its selected regression mean and vari-
ance one.

(Common local anti-concentration.) The singleton satisfies

A3D0rn (q37 (eP)PE‘,B) ;

with the local ball-ratio inequalities and common positive constants specified in Definition 9.

At the cube center xqg = 0, for everyn € N and every c,r, > 0, this singleton’s displayed minimaz
miss probability equals zero.

Proof of Lemma 8. 1. Fix the family, evaluation point, sample size, and positive constants
in the first assertion. Define the constant estimator

Tinown (Dn) = p°(z0).
It is measurable for every n, including n = 0. For every P € 3 and every sample,
Tinown (Pn) — pp(wo)| = |p°(x0) — p°(20)| = 0.
Since cry, > 0, its miss event is empty. Consequently, in the extended nonnegative reals,

0< inf Sup P®n{’T(Dn> — pp(x0)| > ern} < sup P®n(®) = 0.
T measurable pesg Pep

This proves the first assertion.
2. For the explicit witness, define the cube and component measures by
S :=[-1, 1]d, A\g := Lebesgue measure on RY,
My :=2"%4ls,  II4:=Bernoulli(1/2), Iy :=N(0,1),  P°:=Ix®(I4@1ly).
The cube-volume formula gives

d
M) =]]2=2% Ix®RYH)=2%"=1
=1
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Also,

T,({0,1}) = % + % 1, My(R)=1.

Thus P° is a probability law with the independent coordinates specified in the statement.
Its covariate marginal is
Py =1Ilx.

Select the treated regression, control regression, and propensity, respectively, as
1 d
ppo(z) =0, po,po(x) :=0, epo(x) := 5 (x € RY).

. The Gaussian fourth absolute moment is finite. Define
/ Iy!“Hy(dy)‘} :
R

LS Moo, [ Iy (a) < \ / ry4ny<dy>\ < Mpom.
R R

Mpom := max {1,

Then

Monotonicity of powers in the exponent for a base at least one yields
Mupom = ML, < M

mom — mom*

Hence
/R [ Thy (dy) < M2,

Choose the common constants
q =4, M := Muyom, C =21
They satisfy ¢ > 3, M > 0, and C > 0.

. We verify the remaining model restrictions with these constants. The product law gives
Lpo(X,A) =1Ix @114.

This is the joint law obtained from IIx and the constant conditional distribution II4.
Uniqueness of conditional distributions therefore gives

1
Lpo(A] X =z) =114, P(A=1|X=2x)= 3 for Py-almost every x.
Thus the selected propensity is a measurable version, with
1 d
0<€p0(l‘):§<1 (x € RY).

Similarly, reassociating the product law gives

Epo((X, A),Y) = (HX ®HA) ® Iy.
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Uniqueness of conditional distributions identifies the conditional outcome law with IIy for
(ITx ® I14)-almost every (x,a). Fubini’s theorem gives this identity for II4-almost every
a, for Il x-almost every x. Since

1
A({0}) = Ta({1}) = 5 >0,
both arms satisfy, simultaneously,
Lpo(Y|X =2, A=0a)=1ly (a€{0,1}), P%-almost everywhere.

In particular, the treated conditional absolute fourth moment is integrable and
Epo [|Y|4 | X =2,A=1] = / ly|* My (dy) < M*  for Pg-almost every .
R

The regression variance satisfies
2
L (e~ [ et Ptan)) Pt =0 < o
R R

Both selected regressions have continuous derivatives of every order, and for every multi-
index o and every z,y € S,

D®ppe(x) = Do, po () =0,

|D*ppe(x) — D*ppe (y)| = [ D po,po (x) — D po,po (y)| = 0.

Their continuous boundary traces are also zero. Every defining top-derivative difference
therefore vanishes, while its prescribed modulus bound is nonnegative. Thus

Hpe, o, Pe € ED(B? LO)

For the global overlap bound, fix ¢ € [0,1]. If ¢ > 1/2, monotonicity of the power with
positive exponent v — 1 gives

(12t <=t 2ot =1,
The propensity event is then the whole covariate space, so
Py{eps(X) <t} =1< 27171 =t
If t < 1/2, that event is empty, and
Py{epe(X) <t} =0<Ct L.

Finally, the conditional outcome identities already established give Gaussian distributions
in both arms with their selected zero means and variance one:

Lpo(YV|X=x,A=1)= N(up-(x),1), Lpo(Y | X =2,A=0)=N(uppo(x),1)

for Py-almost every x.
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5. Define the selected singleton family and common local constants by

1

B = {P°}, pi=1, V=g, ho := 1.

The family is nonempty, its selected propensity has the required properties, and
P3(S) =279y(S) = 1.

We verify the local ratio in Definition 9. For zg € § and h > 0, define

d d
Bh(l'o) = {$ S Rd : Z(l‘z — .7}071')2 < h2} 5 Oh(xo) = {az S Rd : Z(ﬂjz — $O,i)2 < hg} .
i=1 1=1

Since 9 € Bp(xp) NS, this intersection is nonempty, and the constant selected propensity
has supremum

sup  epo(x) = 3
xEBh(IEo)ﬂS

The denominator in the local ratio is positive, including when zq lies on the cube boundary.
Indeed, the coordinatewise closure identity

—

-1,1) =[-1,1]

and the finite-product closure and interior identities give

S C int(S).

The set Op(x0) is open and contains x(, because 0 < h2. It therefore meets int(S). Their
intersection is a nonempty open set, so its Lebesgue measure is positive. Since

On(xo) Nint(S) C By (z9) NS,

we obtain

0< Ad(oh(m’o) N int(S)) < )\d(Bh({L‘()) N 8) .

Consequently,
0 < P (Bh(z0)) = 27 Na(Bp(z0) N S) < 1.

Because the propensity is identically 1/2 on all of RY,

x:iepo(x) >p sup  epo(y) p NBp(xg) = Bp(xo).
YEBp (z0)NS
Thus, for every o € S and 0 < h < hy,

P ({2 erm@ = psuyen s )} N Baaw)
=1>=-—=uw.
P5 By (0)) 2

This proves
A3D0rn (mo’ (eP)PG&BO) )
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6. The singleton has the common known treated regression
pp(r) =0 (PeP°, zcRY).

Applying the constant-estimator argument above with this regression and zy = 0 gives,
for every n € N and every ¢, 1, > 0,

inf sup P®" {|T(D,) — up(0)| > crp} = 0.
T measurable Pesgpe

O]

The decision underlying Lemma 8 is the constant sample estimator T'(D,) = u°(zo). Its
pointwise error is identically zero throughout the family:

[ T(Dn) — pp(zo) =0 (P €P).
The Gaussian singleton shows that the obstruction is compatible with the source moment,
smoothness, overlap, and local anti-concentration restrictions.
C.3 The source upper comparison

The cited upper comparison concerns an estimator selected for an already fixed family and its
common constants. Its probability bound is uniform over members of that family, with the
comparison scale determined by the family’s fixed overlap exponent. The following proposition
retains that quantifier order; its common-regression clause is the application of Lemma 8 needed
to delimit the converse scope.

Proposition 3. [lem:dorn-rate-scope| (Fixed-family regression rate scope)? Fiz an inte-
ger d > 1, constants B, Lo, M,0,C > 0, and q > 3. For every fized finite 9 > 1, consider
a nonempty source family B of observed-data laws, equipped with selected treated and control
regression curves and selected propensity representatives (ep) pes. Suppose that:

e (Design and propensity.) Under every P € B, X is uniform on [—1,1]%, and the
selected measurable representative satisfies

ep(X)=P(A=1|X)€(0,1) P-almost surely.

o (Moment and variance.) Writing pp for the selected treated regression curve, every
member satisfies

Ep[|Y]?| X,A=1] < M9, Varp(up(X)) <M,  Varp(Y | X,A) > c?
with the conditional inequalities holding almost surely in each applicable arm.

e (Gaussian regression and smoothness.) Almost surely with respect to the covariate
marginal, the conditional outcome distributions in the treated and control arms are Gaus-
sian with their respective selected regression means and common variance 0. Both selected
regression curves belong to the source seminorm class ¥P (83, Ly): their derivatives of order

m=max{k € Z: k< S}

satisfy Dorn’s Hélder-seminorm bound Ly, with exponent 5 — m.
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e (Global overlap tail.) For every P € B and t € [0,1],
Plep(X) <t} <Ctro L,

e (Family-level local condition.) On the original cube [—1,1], the selected propensity
representatives satisfy

AP™ (B, (ep) pey)

as defined in Definition 9, including its common positive constants p,v, hg and uniform
local-ball mass-ratio inequality.

Define the fized-setup comparison scale by

o= n—B/2B+dvo/(v0-1))

There exists a regression estimator [in(Dy,x), where Dy, is the sample of n independent obser-
vations, selected after the family, its common constants, and its propensity representatives have
been fized, such that its dependence on the sample is measurable for every n and x. For every
sample size n, member P € B, and real threshold R, the event

{7 = wpllpoe(py > max{Rry, ., 0}}

1s measurable, where the norm s the essential supremum with respect to the covariate marginal
of P. For every ¢ > 0, there exists a finite constant c(e) > 0 such that
lim sup sup P ||t — ppll ooy > cle)rh ) <,
n—oo Pe
where P®™ is the product sampling law. The estimator and c(¢) may depend on the fized setup.
This upper comparison is the assertion of Dorn [2026, Section 2, Assumptions 1-3, Theorem
1(ii)].

For every vo > 1, the following two pointwise conclusions also hold. First, let P be any
nonempty source family whose selected treated regression curves equal a common known function
u° at every point:

pp(z) = p°(x) (P eR, zeRY).
For every evaluation point xg € R?, sample size n, and constants ¢, > 0, its extended nonneg-
ative minimax miss risk s
inf sup P¥"{|T(Dy) — pup(x0)| > er} = 0.
T sample-measurable pep
Here the infimum ranges over all measurable real-valued functions of the sample.
Second, there exist constants ¢ > 3 and M',C" > 0 for which the singleton Gaussian exper-

iment
X ~ Unif([-1,1]%), A~ Bernoulli(1/2), Y ~ N(0,1),

with X, A,Y mutually independent and selected treated mean, control mean, and propensity
respectively 0,0,1/2, satisfies the displayed design, propensity, moment, variance, Gaussian,
smoothness, and global-tail conditions with parameter tuple

(ﬁv qla M/7 17 Cla L0770)7

and satisfies the family-level condition of Definition 9 on the original cube. For this singleton,
at xo = 0, every sample size n and every c,r > 0 satisfy

inf PE"{|T(D,)| > er} = 0.

T sample-measurable
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The source upper assertion in Proposition 3 is the fixed-setup, uniform-in-P probability
guarantee of Dorn [2026, Theorem 1(ii), author PDF p. 12; proof of Theorem 1, pp. 27-28].
Its displayed scale has no logarithmic factor. The estimator, threshold constant, and overlap
exponent remain indexed by the fixed setup, while sample measurability and exceedance-event
measurability give the displayed probabilities their ordinary sampling interpretation.

The common-regression clauses give the model-family qualification relevant to the pointwise
lower attribution printed in Dorn [2026, Theorem 1(i), author PDF p. 12]. The positive pointwise
converse in Proposition 2 instead concerns the full causal class of Definition 3, with expected
absolute-error loss; its lower bound is supported by the two-valued potential-outcome subclass
in Definition 11 and Lemma 6.

C.4 The affine transfer

The transfer component of Proposition 2 uses the retained source restrictions from Dorn [2026,
Section 2, Assumptions 1-2, author PDF pp. 3-7]. The maximal envelopes D, and the constants
B,, L, are defined in that statement. Their role is to place every qualifying source tuple within
one response-recovery class after transporting covariates by 7!, where T'(z) = 2z — 1.

The ingredients have distinct mathematical functions. Uniform source covariates become
uniform covariates on the unit cube, supplying density constant ¢y = 1. The retained propensity
tail controls global overlap at the same exponent. The treated-moment and Gaussian restrictions
supply the common response bound B, = max{M, oy, }, and Lemma 7 supplies the finite full
Hoélder radius L. The causal-completion clause of Proposition 2 then identifies the transported
observed laws as members of the model in Definition 2.

With this membership established, the equal-cell estimator of Algorithm 2 has the expected
spatial-supremum guarantee stated in Proposition 2, uniformly over the fixed-constant envelopes
and the compact overlap range. At v = 7, its oracle scale r,, equals the source scale T
The accompanying essential-supremum probability bound supplies a comparison in the source
loss criterion, with constants common to those envelopes and that exponent range. Every
qualifying source subfamily inherits the envelope guarantee through the containment asserted
in Proposition 2.

C.5 The Gaussian strictness construction

The Gaussian existence component of Proposition 2 concerns the geometric scope of the retained
restrictions. For each overlap exponent in the stated range and dimension d > 2, it supplies
a source tuple with uniform covariates, Gaussian conditional outcomes, smooth means, and
the required moment and global-tail bounds, together with failure of the selected-version local
predicate in Definition 9. Its positive finite constants are selected separately for each exponent.

This quantifier structure distinguishes the existence construction from the upper guarantee
over a prescribed fixed-constant envelope. The construction establishes that the retained Gaus-
sian restrictions accommodate the selected-propensity geometry described by the corollary. The
affine-transfer component supplies recovery guarantees for each envelope with its displayed com-
mon constants, while Proposition 3 supplies the preprint comparator for fixed families satisfying

*Formalization scope. This result uses the cited conclusion [Dorn, 2026] (Section 2 Notation and Setting,
Assumptions 1-3, and Theorem 1 (author PDF pp. 3-7 and 12); Lemma 11 (p. 23); Lemma 13 (p. 24); proof
of Theorem 1 (pp. 27-28); Section 5 Conclusion (p. 28)). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.
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the additional local condition. Together, these components identify the smoothness completion,
family scope, and treatment geometry underlying Proposition 2.

D Verification note

The theorem and lemma environments carrying declaration links are machine-checked in Lean

4.33.0 (compiler commit d8b18978322de05a8f3dbab1ef03cf5461676c17) against mathlib

revision db584cd6d46c92f209a44c0f1c829460d4327499d and the adjacent Causalean library.

The Lean sources are under CausalSmith/Stat/STAT WeakoverlapUnisolventRate Research;

the bundle’s lean snippets.json and formal layer.json record the complete object-to-

declaration map. The verification record identifies repository revision d07574d7eb0a903c2a049c6ae28702de4619
this is distinct from the Lean compiler commit and the mathlib revision above. The emitted

paper checksum is recorded separately in meta. json.

The checked results include causal identification, ordered treated-cell masses, template condi-
tioning, and mesh selection in Lemmas 1 and 3 to 5; the bounded testing experiment in Lemma 6;
and the adaptive minimax conclusion in Theorem 1. They also include the treatment-geometry
and Gaussian-transfer conclusions in Propositions 1 and 2, together with smoothness comple-
tion, the family-richness obstruction, and the source comparison scope in Lemmas 7 and 8
and Proposition 3. The synthesized notation environments and explanatory transitions are
presentation-level material. The joint-adaptation entries in Remarks 1 and 2 describe future
work and assert no proved risk bound.

These checks certify deductions under the stated assumptions. Response recovery uses the
sampling, causal, density, global-tail, outcome, and smoothness restrictions defining Definition 2,
with the fixed constants and compact overlap range specified in Theorem 1. The geometry and
transfer conclusions retain their stated dimension restrictions, selected propensity versions, and
source-family conditions. External-source transcriptions and generated theorem-local depen-
dency footnotes delimit the trust boundary for cited inputs: the checked deductions use the
recorded source conclusions under their recorded assumptions, while the source proofs of those
conclusions remain external. The consolidated account here complements those local disclosures.

E Proofs of the main results

Proof of Theorem 1. 1. Uniform local approximation. We first establish the estimator bound
uniformly over the prescribed adaptation interval. Set

m:=[5] —1, s: =83 —m, Apoly :={a € Ng ol < m}, Peoef := |[Apoly|-
Then 0 < s < 1 and peoer > 0. By the identification and uniqueness conclusions of Lemma 1,

every Holder response witnessing membership of P in P, agrees with 1 p throughout X
Here is the local approximation bound used below, including at cube boundaries. Define the

affine map and transported response by

Tug(z) =22 -1 (x €RY), Gaff(2) 1= ,u17p<z ; 1) (z € [-1,1]%).

Repeated coordinate differentiation of the affine composition gives, for every multiindex a with
laf <m,

1
Dgu(2) = zalDam,P(zg > . ze[-L
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The chain rule proves this identity in the interior, and continuity of the derivative traces extends
it to the boundary. Thus Assumption 1 gives

sup  |D%ag(2)| <2711 < L.
z€[—1,1]¢

For || = m and 2,2’ € [~1,1]%, the identity and Assumption 2 give

_ z+1 2 +1
| D% Gafr(2) — Dgar(2')] = 2 m‘DaM,P( 2 >_Dau1,P< 2 )’

A

Z—Zz

<2™™L

[e.9]

< Ljjz = 2%

Affine composition also preserves the continuous derivative traces through order m. Conse-

quently, defining
Ko =1,
we obtain intrinsic Holder radius K,gL for g,g on [—1, l]d. Lemma 2, applied with derivative
order m, exponent s, and radius K.gL, supplies a constant Key > 0 and a function gext €
C™(R?) satisfying
gext( ):gaff( ) ( € [_Ll]d)v

D der < K K L
0<1}€nd§;}im Zsélﬂg) || gext( )Hop >~ ext aff s,y

and
ID™ gext(2) = D™ gext (2 )lop < KextKagrLllz — 2[5, (2,2 € RY).

Here DFder denotes the Fréchet derivative of the indicated order, with order zero interpreted as
the function itself.
For a partition cube Q of mesh 0 < h < 1, define

(2h)|"‘|

19@,04 = Dagext (Taff(aQ))a OAS -Apoly>

and
T —ag

-
HQ(x):—U< . )ﬁQ, x € Q.

We derive the remainder bound along the expansion segment. Since 8 > 1, we have m > 1. For

x € @, define

2,0 := Tag(aq), V0,2 = 2(x — ag), 0Q,x(tseg) = ext (20,0 + tseg¥Q,z) (tseg € R).
The chain rule gives
kder
902233 )( seg) D der ge xt(zQ o+ tseng :p)[UQ Ty ﬂ’Q,x]v 0 < kger <m, tseg € R,
——— —
kder arguments

with order zero interpreted as the function value. Expanding the symmetric derivatives in
coordinate directions and using the definition of ¥ yields

m (p(kder)(o) D®gest (20.0) d
xt
Z ka ‘ — Z € Q H UQmZ (€7 HQ(Q}), SDQ,.Z‘(I) = M17P(x>.
Kkder=0 der* acA i=1
der poly
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Taylor’s theorem with the order-m Lagrange remainder gives a point satisfying

m—1 (kder) (m)

Yo (0)  9qa(toe)

3taa € (0,1): wa(l) = 3] =4 — = ==
kder=0 er ’

Choose such a point and define the degree-m remainder by

RTaylor,Q,r = NLP(‘T) - HQ (I‘)

ol (tg.L) — 95 (0)
o m!
1
= 1 (D"gext(200 +1QavQ:a) = D" gext(20.0)) [VQas - - - vQua]-
: N————

m arguments

The displayed Holder modulus for the extended function therefore implies

Kext Ko L
| Rraylor,@.e| < mTthQ,va,xHioHvQ,x |5
Kext Kot L
= = toallvaal™
Kext Ko L
< =2 P legallk,

since 0 < tg, <1, s> 0, and m + s = 3. This bound also applies when vg , = 0. Define

1

CTaylor = > 0.
m:

Because ||vg.z||cc < 2h, we obtain, uniformly in the expansion centre,

T
r—a r—a
gext(Taff(aQ)+2h h Q) —U( A Q) T9Q

< CTaylorKextKaffL<2h)6 = CbiasLhﬂu

1, (2) = To(z)| =

where
Chias := CTaylorKext K¢ 28

The normalized coordinates belong to [0, 1]¢, and the affine image of = belongs to [—1, 1]¢, which
justify the equality and the approximation. This construction also covers integer 3, for which

s =1.

2. Conditional bias and supremum loss. Apply Lemma 5. Denote its uniform mesh and
coefficient constants by Kiesh, Keoef > 0, and its sample-size threshold by neny. Enlarge these
constants and the threshold as required by the constructions below, taking ne,, > 2. Define

ng = maX{”env; 1}7 Gn = U((Xi7 Al)?:l)

For n > ng, v € I', and P € P, choose the simultaneous treated-count event underlying the

mesh and coefficient bounds as follows. For all candidate microcells, define

QQZ::P{A:LXGEQZ}7 heH, QeQn 10,
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Mcount,n = Z J|Qh|, Scount,n = log(2(Mcount,n + 1)n2> > 0,
heH,

and take §
nqqQe
gn = ﬂ ﬂ ﬂ {‘NQE - TZQQ4| < ?Q +4scount,n} .
heHn, QeEQy (=1

The Bernstein bound for each treated count and the finite union bound give

P®n(€7’CL> S 2Mcount’ne_scount,n

Mcountn — _
— ) n 2 <n 2

Mcount,n + 1 -
We establish the selected-mesh and treated-count bounds on this particular intersection. Let n
be the reference microcube width in Definition 6. Each microcell at mesh h has volume (nh)?,
so Assumption 4 and the measurable-set bound in Lemma 3 give

P(X € Eg) > cp(nh)?,

-1 _
Qe = %C_l/(v_l)(cf(nh)d)y/w = ’{cell('y)tha

where L
Keell(7) := 770—1/(7—1)(Cf77d)w/(7—1)’ Keell,I' 1= glérlg Keell(7') > 0.

The positivity of the minimum follows from continuity and positivity of the displayed coefficient
on the compact interval I'. Choose a fixed enlargement constant satisfying

2 +D max
Aoy > 1, 4 < Kfcell,FAof Tmax
Such a choice exists because 28 + D,, . > 0. Since
d
‘D’Y = d + r’ D'Ymax S D'Y S D’Ymin’ h'Ymax;” S h'}ﬂn S h"Yminan’

we have e
4 < Hcell,FAorB+ T (yel).

The candidate collection in Definition 7 has largest index

logy n
28+d

jcand,n = \‘ J s Hn = {27j : 0 S] < jcand,n}-

The floor inequality gives
2_jcand,n S Qn_l/(26+d).
Because d > 0 and ypax > 1,
2n—1/(2,3+d) 9

>d, S = 2 V@@ D) 0 Ak — 0.

D
Aor h'ymax,n Aor

Ymax

After enlarging neny, these relations ensure, uniformly over « € I', that

2_jcand,n é Aorh’y,n S 1.
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Define an oracle candidate by
Jor(nyy) i= max{j € {0, eandn} : 277 = Aorhyn},  horny =277,

The set defining the maximum contains zero. If its maximum is smaller than jcand,,, the next
dyadic width is smaller than Ag h p; if the maximum equals jcand,n, the preceding lower bound
on the finest width forces equality with the target width. Thus

hor,n,’y € H?’La Aorh'y,n < hor,n,’y < 2A0rh'y,n-

We next verify the logarithmic budget. The template and dyadic partition have

jcand,n
J= (m + 1)d7 ’Q2*j‘ = 2jd, Mcount,n =J Z 2jd-
=0
Since 23 + d > 1, the definition of jeandn gives
jcand,n < 2jcand’n <n, Mcount,n < (n + ]-)ndJ

d+1

Forn > 2, usingn+1<2nand n > 1, we obtain

2(Meountn + 1)n% < 8(J + 1)n*3, Scount.n < (d+ 3)logn + log(8(J + 1)).

Define

_ 2P
Pbudget ‘= 2/8 +D

“Ymin

Ucount := 24(d+3),  Viount := 241og(8(J + 1)), > 0.

The elementary bound
npbudget/2

logn <
Pbudget

and divergence of positive powers allow a further uniform enlargement of ne,, such that

2
2Ucount — < (2A0r) 72/8npbudget/2, 2‘/count < (2Aor) *Zﬁnpbudget .
Pbudget
Consequently,
243count,n < Ucount log 1 + Veount
S (ZAOT)_26npbudget = (ZAOrh'Yminvn)_2ﬁ

< (2A0thy )2 < 0

or,n,y*

The population-mass bound also gives, for every microcell of this oracle candidate,

D
nqQe > NKcell,I hor:/n,y

26+D~ ;-2
= ’icell,Fnhor,n,'ywhor,gﬁ

> ’icell,FA(2)1@+D7h_2B > 4h_26

or,n,y — or,n,y’?

26+D.
where nhﬂf T =1
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On &,, the defining deviation inequality therefore yields, at the oracle candidate,

nqQe _ _
NQZ > 762 - 4Scount,n > 2h 28 4300unt,n > h 26

9 or,n,y or,m,y"
Thus this candidate is feasible. The smallest-feasible-mesh rule of Algorithm 1 gives

0<h < horny < 240hym,  2Ascountn < hoh, <h .

or,n,y —
For a microcell of the selected mesh, feasibility and the same deviation inequality imply

~_ nqoe 7
NQE > h 26 > 2430011111:,7% TQ < NQZ + 4300unt,n < ENQK

In particular,

nqqQe
NQZ>T (QeQ; 1<),
Taking Kesh > 2A0r, we have established on the displayed count intersection that

~ n

0<h< Kmeshh%na NQE > %
Every count in the defining finite intersection is measurable with respect to G,, and every
population mass is fixed under P. Hence &, € G,. Conditioning therefore fixes the sampled

design, the selected mesh, its treated counts, and membership in &,.
First, the response bound holds everywhere on the cube. Define

elip(2) = clip_p p (p1,p()), reX.
The conditional-mean bound in Assumption 8 and identification give
galip(z) = p1,p(z) =Ep[Y | A=1,X =x] for Py-almost every z.

Both functions are continuous on the cube. The uniqueness conclusion of Lemma 1 therefore
gives

Gelip(x) = p1,p(z), lpip(z)] < B (zeX).
On &, set R
h:=h, cg = Elcg | Gnl, Q€ 9y.

At each fixed design, this conditional expectation evaluates the coefficients at that design’s
selected mesh. Feasibility gives positive treated counts. For each treated observation used in
the fit on @, define

XZ'—CLQ

Ui,Q = U(h) s Rres,i,Q = MLP(Xi) - UZTQﬁQ

The local polynomial approximation gives
| Rres.iql < ChiasLh”.
Identification and the equal-cell normal equations yield, almost surely,
SO A
cq —ig=Gg'5 ; Now Y UiqRiesiq-

ZAlil
XiEEQg
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Every monomial coordinate has absolute value at most one on the normalized cube, so

||Ui7Q”2 < V/Peoet -

Consequently, Lemma 4 implies

_ _ 2/ Pcoet
e —Yglleo < llq —Vgll2 < )\goe Clias LHP.

Define the fixed constants

2\/Peoet
Ky = )\;Joe , Khias = Peoef KinvCbias L + Chias L.

For the selected design, define the maximum coefficient fluctuation by
Secoef = géag); [eq — €Qlloo-
This maximum uses the selected mesh fixed by the conditioning design. Since
|U(Z)T(/C\Q - Q9Q)| < Peoef (Scoef + KinVCbiasLh6)7 z e [Oa 1]d7
and clipping contracts distance to every value in [—B, B], we obtain

SUE ’//ﬁ\n(x) - Ml,P(x)‘ S pcoefscoef + Kbiashﬁ'
xe

We derive the conditional coefficient envelope on this same count event. For the selected design,
define

: 1
qQ = 121[2](1@& Py = ﬁ»
and order the selected cubes so that
{Quy: 1<k <h ™"} =, d(k) = 4Qk)» q1) < S gy
Here h™? = |Qp,| > 1. The ordered-mass conclusion of Lemma 3 supplies a fixed constant
satisfying
kr > 0, (k) > /iFhDVk'DV (1 <k< h_d).

Define the treated residuals and coeflficient weights by

€ori = Lya,—13 (Yi — p1,p(Xi)),

J
1 1{AZ’:1, XZ'EEQg} S—1

These weights are evaluated only at the positive feasible mesh on &,, where every denominator
is positive. Conditional on G,, the residuals are independent by iid sampling, and identification
together with Assumption 8 gives, almost surely,

Elew | Ga] =0, E[e'i | G,] <02 (teR).
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For an untreated observation the residual is zero. The equal-cell coefficient formula consequently
gives
n
CQa — CQa = Z Wiit,,Q,aCtr,i+
i=1
The inverse bound in Lemma 4 and ||U; gll2 < \/Peoet imply

K; inv

<
- J

1o
‘J(GQIU@Q)&

Cauchy—Schwarz over the J microcells, followed by summation over their treated observations,

gives
n 2 J
Kiny 1
> whiga < (55) X5
=1 =1

5
< K2, min <h2ﬁ, ) .
nqQ

The last line uses both Ng, > h=2P and the established bound Noe > ngqge/5. Multiplying the
conditional exponential moments of the independent weighted residuals yields

B*#? .,
gn:| < exp 5 Zwﬁt,i,Q,a .
=1

E et(EQ,a*EQ,a)

Define
Kogt := B2K2, max{1,5/kr} > 0.

mv

The ordered-mass bound and min{u, cv} < max{1,c} min{u, v} for nonnegative u, v, c now give

Kppoft?
gn} < exp{ng min (hQ’B, n_lh_ka_pV)} .

E et(CQ(k)ya_EQ(k) o)

All these exponential moments are finite; their two-sided finiteness also gives conditional inte-
grability of the finite coefficient maxima.
To apply the maximal inequality in Lemma 5 with a constant uniform in -, define
: 1 ) 1 . Pmax
Pmin ‘= 1 Pmax ‘= 1 Ruax 1= )

Pmin

@max = @hﬂ, bmax 1= \/I?gfn_l/Qh_D“’/Z.

Then

0 < pmin < Py < Prmax, Ryax > 1, a?nax = ngthBa b2

-1, —-D.
max — ngfn h™ 5.

Since k™7 < k~Pmin for k > 1, the same moment bound satisfies the maximal inequality at the
fixed exponent pmin. Let Kyinmax > 0 be its constant, and define

Max == Kmin,max V Riax-

The logarithmic factors satisfy

1+ max {0, log <(bmax/ama)<)2/pmin> } < Rmax [1 + max {0’ log ((bmax/amaX)Q/p”> }] ’
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Indeed, when bpyax/amax > 1, expand the logarithms and use py < pmax; when this ratio is
smaller than one, both positive-part logarithms vanish. Applying the scalar maximal inequality
to each coefficient and using

Secoet < E max ’/C\Q,a - EQ,a’a
QeQn
acApoly

we obtain

E[Scoef | gn] < pCOEmeaXamax\/l + max {0, log ((bmax/amax)Q/p’Y)}.

The oracle-mesh identity gives

D~ /2
n—1/2 _ h,BJqu/Q bmax _ M Dy /
b ’ Amax h )
Define
Clog,w = 26(y—1) + dv, Clog,T' := max{1,23(Ymax — 1) + dymax}-
Then
log ((bmax/amax)z/my) = Clog,'y log(h'y,n/h)a 0< Clog,y < Clog,ﬂ

and hence

E[Scoef ’ gn] < Deoef Mmax V ngf(log,l" hﬁ \/1 + maX{07 log(h'y,n/h)}
To absorb the remaining logarithm, define
Zmesh ‘= h/h’y,na 0 < Zmesh < Kmesh-

If ziesn < 1, then

log(l/zmesh) S 1/Zmesh - 17 \/1 + log(l/zmesh) S 1/Zmesha zrﬂnesh S Zmesh

so their product is at most one. If z,0sn > 1, the positive-part logarithm vanishes and ziesh <
K? . Thus

mesh*

hP \/1 + max{0,log(hy,/h)} < max{l, Kﬁesh}r%n.
Choose the initially enlarged coefficient constant to satisfy
Keoet > Peoet Minax\/ KmgtClog.r max{1, K’ 1.
We have therefore established, almost surely on the explicitly chosen count event,
E[Scoet | Gn] < KeoefTyn  on Ep.

Also,
hﬁ S Krieshr%n S max{l, Krﬁnesh}r%”‘

Thus, defining
Kcond = pcoechoef + Kbias maX{L Krliesh} + 17

95



we have K.,,q > 0 and

E |sup |zin(z) — p1,p(2)]
rxeX

gn] < Keond"y,n  almost surely on &,.

The finite mesh selection and polynomial fits are measurable, and the conditional integrability
needed here is supplied by Lemma 5.

3. Uniform expected risk. For every sample, including samples with h= 0, the estimator in
Algorithm 2 takes values in [—B, B]. Define, on the entire sample space,

Zloss = Su}g ‘ﬁn(x) - /’LI,P(x)‘7 Eoss = IE[Zloss ’ gn]
xe

The preceding response bound gives

0§Z1055§2Ba OSEOSSS2B'

The supremum loss is measurable and bounded. The tower property and the bounds on the
event and its complement therefore give

Ep@n Zloss == EP®”EOSS
< KeondTyn P (En) + 2BPE"(E°)
< Kcondr’y,n =+ 2Bn2.

For every n > 1, 8 > 0, and v > 1,

p
D, >0, 26+ D, >0, —— <1,
7= f+Dy 26+ D,
so monotonicity of powers with base n > 1 gives
n_2 S n_ﬁ/(QBJ’_D’Y) — Tw,n-

Set
K = Kegng + 2B.

Then K > 0, and

Epon |sup ’ﬁn(x) - ﬂl,P(x)‘ < Kr'y,n
reX

uniformly for n > ng, v € I', and P € P,. The count rule and clipped fit in Algorithms 1 and 2
use the stated inputs n, d, 8, B, D,,.

4. The bounded-subclass lower bound. Fix v > 1 and xzg € X. Define the subclass and its
pointwise minimax risk by

PéO’B} :={P € P, : P admits a causal completion with Y'(0),Y (1) € {0, B} almost surely},

Rya(n,v,x0) :=inf sup Epen|T(Dy,x0) — p1,p(20)|-
pepi®P
!

The infimum is over sample-measurable scalar estimators.
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Apply Lemma 6. It supplies fixed a,c,co > 0 such that, for every n > 1, the pair from
Definition 11, with

h = chp,
belongs to PéO’B} and satisfies
dP, 1
Py < Pry, 10g70’h ELl(POh), n KL(Pyp, Prp) < =.
) ’ dpl,h ) ) ) 8
Define
Pjn = Pj?f?’ Tjm = H1,P; (o) (j €{0,1}), Op == COTvyyn-

The separation supplied by Lemma 6 is
0 < 0p < |T1n — Tonl-
For an arbitrary sample-measurable estimator 7', define its clipped version by
Taip(Dn) = clipi_pg, g} (T(Dn, 0))-
The response bound established above gives, for j € {0,1},
[Tjn| < B, Tetip — Tjn| < [T(Dn, o) — Tjinl, Tetip — Tjn| < 2B.

Thus the clipped losses are integrable under both sample laws.
Product entropy tensorization and Pinsker’s inequality give

1 1

KL(Pop, P1,n) < n KL(Pyp, Pip) < 3 < 3
KL (P, P 1

IPo — Proflry < 1) T b 1n) .

Define the two large-error events by

on .
'Ajﬂ’b = {Dn : ‘Tclip(Dn) — ij‘ > 2} R J € {0, 1}.

The triangle inequality and target separation imply

'A(C),n - "417"'

Hence
]P)O,TL(AO,TL) + ]P)l,n(-Al,n) > 1-— H]P)O,n - ]Pl,nHT\/a

1—\/KL(IP’0n,]P’1n)/2 1
max Pj,(A;,) > e
je{%,}f} in(Ajn) > 5 Z 7

For each j, integration over A;, yields

b)
Ep. 5”

in |TClip - 7_j,n| >

Pjn(Ajn).

97



Combining the two inequalities and the clipping contraction gives

max E]p T(Dp,x0) — Tjn| > max E]p Telip — Ti
571 €o
> 3 = 87ﬂfym-

Both laws belong to the restricted subclass. Taking the infimum over T', and defining

€o
Cy = g > 0,

proves
Ty < Roa(n, v, 7o) (n>1).

5. Constants for all positive sample sizes. For the fixed «y, define a local adaptation interval
by

v+1
Mo = 5 Yni =7+ 1.
Since v > 1,
L < Mo < Yni, Y € [Yio> Vhi)-

Applying the uniform estimator bound to this interval supplies Kjo. > 0 and njo. € N such that

sup EP®” sup |Mn( ) Nl,P(x)’ < Klocrfy,n (TL > max{nloca 1})
Pep, reX

Define
2B

)
Gsmall

—2
N, := max{nioc, 1}, Gsmall 1= N7, Ksman :=
f(7 = max{cfy, maX{Kloca Ksmall}}'
These constants are finite, gsman > 0, Ksman > 0, and

0< cy < K Kioe < K’yv Kyman < K'y-

Fixn > 1. If n > nyec, the measurable estimator ji,, is an admissible witness in the supremum
minimax infimum, so

Roo(n,7) < sup Epen |sup |fin(z) — Ml,P(bTN < KiocTyn < Kyrym.
PePy z€X

If n < nyoc, then 1 < n < N,. Monotonicity of the inverse square and n2< Ty give
-2 -2
(small = N—y <n < Tymn-

Therefore
2B = KgmallGsmall < Ksmall'r'y,n < K’yr'y,n-

The same clipped estimator has loss at most 2B for every sample, so

Roo(n,y) < sup Epen Suplun( ) = p1,p()|| <2B < Kyryp.
PeP, TeX
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Thus the upper bound holds for every n > 1.
6. Comparison of the risks. The inclusion

pl{0.B} - p
implies, for each scalar estimator 7',

sup  Epen|T(Dn,20) — p1,p(z0)| < sup Epen|T(Dn,x0) — pi1,p(0)|-
pepl0B} PeP,

Taking infima over the same estimators gives
Rya(n,v,x0) < Rpt(n, 7, o).
For any admissible function-valued estimator 7', define its evaluation by
Ty (Dn) = T(Dy)(x0).
This is a measurable scalar estimator, and xzg € X gives

I Teo(Pn) = pia,p(@o)| < sup [T(Dn)(x) = por,p ()]

Taking expectations, worst-case risks, and then the infimum over function-valued estimators
yields
Rpt(n777x0) S ROO(”?V)

Combining the bounded-subclass lower bound, the upper bound for every positive sample size,
and these comparisons proves

CyTym S Rbd(n777 .’IJ()) < Rpt(n7’77$0) S Roo(n77) S er’y,nv n Z 1.
]

Proof of Proposition 1. Fix an admissible strip exponent a, and use the construction and selected
propensity in Definition 10 throughout.

1. Let the completed-data law and its treated response be
Peomp = L(X,A,Y(0),Y(1),Y), wi(z) == Bpy, =€ X.
The construction gives

1 L 1 L L
0 < po m1n{4,4B}_4, Bpo_B4B 1

The radial term and strip increment are nonnegative, and truncation at one therefore gives
0 <eulx) <1, reX.

Thus all conditional Bernoulli distributions are probability distributions. Integrating their
product against the uniform covariate distribution shows that P.omp and its observed-data
marginal Prip are probability laws, with

(Pcomp)X - (Pstrip)X = Lebd fx .
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The conditional distribution of Y'(1) is the constant scaled Bernoulli distribution, so
EPeomp Y (1) | X] = (1 = po) 0+ poB = Bpg = p1(X) almost surely.
For the derivative order m in Definition 1, the constant function satisfies

L D« — Do /
max ||[Du1|lec = Bpo < — < L, max sup D% () ﬂ_':;l(x ) =0
lol<m 4 lal=mazar ||z —2'||5

Its derivatives have continuous boundary traces. Hence
p € H(L),

as defined in Definition 1, and it supplies the response required by Assumption 9.
. We verify the remaining restrictions in Definition 2. The uniform marginal gives

Pyrip(X € X) =1, f(x) =12>cs for Lebesgue-almost every = € X,
which supplies Assumption 4. The completed construction gives

Y =AY (1)+ (1 — A)Y(0) almost surely,

and, for almost every x € X,

L((Y(0),Y(1),A| X =2)=L(Y(0),Y(1) | X = z) ® Bernoulli(e,(z)).
These identities verify Assumptions 5 and 6, and the treatment marginal gives

Peomp(A=1| X =z) =e,(x) for almost every z.

For the overlap calculation, define the radial propensity and radial exponent by

d
Qrad(x) = FR(R(Z))l/(’Yilx (S X? 5strip = v — 1 > 0.

The centered cube of radius r has side length 2r, whence

FR(r)=(2r)!,  0<r<

DO =

In particular 0 < gaq(x) < 1, so the nonnegative strip increment gives
Grad () < ex(x), {zeX: e (x) <t} C{zecXx:Fr(R(z) <t}

To bound the last event over its whole range, for 0 < 7.q¢ < 1 define

1/d
Tedf

Tedf (Tedt) = 5

Then 0 < 7eqe(7ear) < 1/2, and monotonicity of the d-th power on nonnegative reals gives

{x € X: Fr(R(x)) < ear} C {2 € X : R(z) < rear(rear)}-
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Consequently,
d
Pstrip{FR(R(X)) < TCdf} < (2Tcdf(TCdf)) = Tedf-

This includes 7eqr = 0; at 7cq¢r = 1, the same upper bound follows from total probability
one. Taking 7.q¢ = t7~! therefore yields

Paiples(X) <t} <77t <o 0<t<1.
This verifies Assumption 7. At ¢t = 0, the sharp bound and nonnegativity of e, also give

Pytrip{e«(X) =0} =0, ex(X) >0 almost surely.

The equal-arm product construction identifies the treated conditional distribution wher-
ever treatment has positive conditional probability:

Lp

vy (Y JA=1,X =) = £(B Bernoulli(po)), Ep, . [Y|A=1,X =z] = Bpo

strip

for Px-almost every z. Its support is contained in [0, B]. The bounded-range exponential-
moment inequality, followed by enlargement of its exponent, gives

B2)\2 2y2
Er, oY B} [ A=1.X =a] <ep{ D5} s {5 aer

Also |Bpg| < B. For every A # 0, it follows that

\/2 logEp,,,, [exp{A(Y — Bpo)} | A=1,X = a]
Al

<B.

The centered exponential moment is at least one by Jensen’s inequality, so the square
root is well defined. These estimates supply Assumption 8. Together with the smoothness
already established and the stated parameter conditions, they prove

Pstrip S P’y-
The uniform covariate marginal also supplies the asserted sharp bound
Pariples(X) <t} <771 t€0,1].
. Fix arbitrary p,v, hg > 0. For h > 0, define the centered FEuclidean ball and local propen-

sity supremum by

B :={x e RY |z — x°||2 < h}, Moc(h) := sup e.(z).
zeBL,NX

For 0 < h < 1/2, every coordinate displacement in Bj has magnitude at most h. On
S N By, the strip inequality further gives

29 — 1/2] < |21 — 1/2]* < he.

Thus this intersection is contained in a rectangular box with second-coordinate side length
2h® and all other side lengths 2h. Uniformity implies

Parip(X € SN By) < (2h%)(2h)471
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For the denominator, the centered box with every coordinate displacement at most h/d
lies in X and in By, since

d
E:@r—ﬂngdMMinjgh?

i=1

Its volume therefore supplies
Paip(X € By) > (2h/d)? > 0.

Dividing these bounds yields

Pstrip(X esSn Bh)
Pstrip(X € Bh)

(2n)(2h)41

= d%po 1,
(2h/d)?

<

Because a — 1 > 0 and dgrip, > 0,
d’h®t — 0,  (2n)%w® — 0 as h 0.
Choose h satisfying

0 < h < min{hg,1/2},  d?h* ! <, (2h)%tiv < p/4.

The center belongs to S, and its radial term is zero. Hence

1 1
e*(xo) = Mloc(h) > Z

For z € By, \ S, the propensity equals its radial component and R(z) < h, giving
ex(w) = graa(x) < (20)™% < p/4 < pMioc(h).

Therefore
{z € By : ex(x) > pMioc(h)} C SN By,
and
Pstrip{e*(X) > leoc(h)a X € Bh}
Pstrip(X € Bh)
This contradicts the numerical clause for the proposed triple. Since the triple was arbitrary,

the numerical anti-concentration clause fails. The argument uses the pointwise bound
ex < 1, so it applies with propensity values equal to one admitted.

< dhet <.

. The full singleton-family condition in Definition 9 entails its numerical clause with the
same constants p, v, hg. Thus the preceding contradiction gives

_‘A3Dorn (Pstrip>

for the selected propensity e.
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5. For the design limit, define, for every h > 0,
Qctr,h = {x € R : R(z) < h},

Dstrip(h) = strip{A =1, Xe Qctr,h}7

Xy —1/2\2
Nstrip(h) ::/ <2h/> dPstrip’
{A:L XGQctr,h}
Nstri (h)
Ttrip(h) 1= =22
’ p< ) Dstrip(h)

For this definition, a quotient with zero denominator is assigned value zero.

Introduce the positive constants and envelope

1

d 65 ri — d
bstrip = Wa Crad ‘= 2 st v, Cstrip = 2%,
. CradhdJr(SStrip + Cstriphd+3a73
Gstrip(h) = dta—1 > h > 0.
bstriph

Factoring powers of h gives

Crad - Cstri _
Gstrip(h) — o h1+5stnp a 4 ; .p h2a 2‘
strip strip

The strip-exponent restrictions give
1 + dstrip —a > 0, 2a —2 >0,
so both powers tend to zero and

Gstrip(h) — 0 as h | 0.

6. We bound the moment by this envelope. Suppose 0 < h < 1/2. On Qgy 4, the normalized
second-coordinate square is at most one. If x € SNQ, 4, the strip inequality and e, (z) <1

If z € Qe \ S, the radial bound gives

(962_h1/2)2 ex(z) <ex(x) < (Qh)asmp'

Combining these two cases and integrating,

2
/ <M> e, (z) dz
Qctr,h h

. ho\ 2
< (2h)63mppstrip(X S Qctr,h) + (h) Pstrip(X esSn Qctr,h)'
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Here Qi € &, and its volume is (2h)d. The same rectangular enclosure used above
bounds the strip intersection, so

fo, (5752 et

< npenany+ () ey any

d+0stri d+3a—3
= Cradh HOstrip + Cstriph Hoa=s,
For the treated-mass lower bound, define

h
rcore(h) = Q:

K, o= {x € R?: |22 — 1/2] < Teore(h)%, Teore(h) < T — 1/2 < 2reore(h) for every i # 2} .
Since 0 < Tcore(h) < 1/8 and a > 1,

Teore(R)* < Teore(h).-
The coordinate bounds place Ky, in X, and they imply

‘xQ - 1/2‘ < rcore(h)a < |.%'1 - 1/2|a’

|z — 2°|3 < d(2reore(h))? = = < 2.

Thus
ICh c SﬂBh csn Qctr,h~

Its second-coordinate side length is 2rcore(h)?, and each other side length is reore(h). Since

e, >1/40on S,
/ ex(x) dx 2/ ex(x) dx
Qctr,h BhﬂX

1 a d—1
> Z (2Tcore(h) )Tcore(h)
= bepiph®™1 > 0.

Finally, conditioning on X and using Pstrip(A =1 | X) = e,(X) gives the numerator and
denominator identities

Nawip(h) = /Q » (””’“"2_]11/2)26*(95)@, Darip(h) = /Q e.(z) dz.

ctr,h

All integrands are nonnegative. Dividing the numerator upper bound by the positive
denominator lower bound therefore yields

0 S Tstrip(h) S Gstrip(h), 0<h S 1/2

The squeeze theorem proves
1}1?01 Tstrip(h) =0,

which is exactly the asserted normalized treated-design limit.
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7. The law Py itself supplies the final existence claim: it belongs to P,, and its full
singleton-family Dorn predicate fails for e.

O]

Proof of Proposition 2. 1. The source mean is bounded throughout the cube. Fix v € I' and
a source tuple in D,. Write

XP .= X, PY = Lp(XP)=2"Leb h—u]d’ 1P = pp,

and let pg p be its selected control mean. Continuity of p on the compact source cube
gives

[ ne(2)] PR() < .

For PY-almost every z, the treated conditional distribution is N(up(2), o>

~in)- 1ts mean
identity, the absolute-integral inequality, and Jensen’s inequality give

p(2)] < / 1y N(up(2), 0200 (d),

and
()7 < ( I N(up<z>,aﬁﬂn><dy>)q < [ Wl N ap(2) ) ) < 010

Since ¢ > 0 and M > 0, this implies |up| < M almost everywhere.
To extend this inequality to the boundary as well, define

vp(z) := max{|up(z)| — M, 0}, z € R%

The function vp is continuous on the source cube and vanishes Lebesgue-almost everywhere
there. Moreover,
[_17 1]d - int([_17 1]d)

Continuity first forces vp to vanish on the interior, since a positive value would give a
neighborhood of positive Lebesgue measure on which it remains positive. Taking limits
from the interior then gives

op(x) =0, |up(x)| <M (2 € [-1,1]%.

2. Completion and comparison of the common radii. By Lemma 7, there is a constant K4 >
0 such that, for every nonnegative amplitude bound M’, nonnegative seminorm bound Ly,
and function satisfying the corresponding source regularity and bounds,

uwoT € HP (Kqp(M' + L))
For a function admitting a nonnegative Holder radius, write its set of admissible radii as
Z5(9) = {Ladm € [0,00) : g € H(Laam)},  llgllgss = inf Z(g).

Consequently,
luwoTllys < Kap(M' + Lp).
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In particular, the two suprema in the proposition are bounded above:

Cdﬂ < Kdﬁ, L, < Kd”g(M + LQ).

Every admissible radius bounds the function itself. Taking the infimum of those bounds
gives
9@)| < llgllys. = €[0,1]%

Constant functions satisfy the source seminorm restriction because their derivative differ-
ences vanish. Applying the preceding inequality to the constant functions 1 and M, which
admit radii by the completion result, yields

L<|[tlys, M < |[[M]l35.

The constant function 1, with amplitude and seminorm bounds both equal to 1, is admis-
sible in the definition of Cy 3. The constant function M is admissible in the definition of
L. Hence

1
0<§§Cd75§Kd75<OO, 0< M <L,.

Finally, every function contributing to L, also contributes, after normalization, to Cy g:

|uwo T|lys
el o
M+ Ly — %P

Taking the supremum over these functions proves

0< L, < Cd’g(MJr Ly) < oc.

. Gaussian source witnesses for the local-condition assertion. Suppose d > 2, and fix v € T".
Then ~ > 1. Choose

Ostrip := ﬂ > 0, a:=1+ (SStTrip,
so that
l<a<1l+ fyil
For the fixed moment exponent, set
1y = / WP N(0,1)(dy), M i=max{L [}, = (3/47) T =1,

Gaussian moments are finite, so M’ is positive and finite. Since M’ > 1 and ¢ > 1,
I, < |1, < M/ < (M')".

All four chosen source constants are positive and finite.

Use the center, radial function, strip, and propensity from Definition 10. For the ambient
arguments needed below, the same coordinate formulas are

2°=(1/2,...,1/2), R(z)=|z—2°|w (z€RY),
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0 t<0 ~
Fr(t) =4 ’ Si={zcRe: |xg —1/2| < |zq — 1/2|*}.
" {min{l,@t)d}, L5 0, { 3 = 1/2] < |1 — 1/2]%)

Here S N [0,1]¢ = S. Define the capped propensity on all of R% by

€cap () := min {Z min {1, Fr(R(z)Y/0~1 4 115(:5)}} .

Thus, on the unit cube,
ecap(®) = min{3/4, e, (z)}.
Construct random variables with conditional product distribution
Xstrip ~ Unif ([0, 1]%),
L(Astrip, Yetrip (0), Yetrip(1) | Xstrip = ) = Bernoulli(ecap(z)) ® N(0,1) @ N(0,1).

Set
sztrip = Astrip}/étrip(l) + (1 - Astrip)yvstrip(())a X(]:}) = T(Xstrip)7

Pg = E(Xga Astripvystrip)7 :Ufl,G(Z) = MO,G(Z) =0, ec(z) = ecap(Tilz) (z € Rd)

These measurable product kernels define a probability law. The affine change of variables
and the conditional product distribution give

X§ ~ Unif([-1,1]%),  ea(X§) = Pa(Aswip = 1| XG),

and
sztrip | X(?,Astrip =b~ N(Oa 1)7 be {0? 1}

Since the radial term is positive away from x°, a set of full covariate probability,
D 3
0<eq(Xg) < 1< 1 almost surely.

The zero means satisfy the source smoothness restriction, and
VarPG(Ul,G(Xg)) =0< M, Varpg (Ysurip | X(]gaAstrip) =1=(omm)”

Together with the bound on I, these establish the moment, variance, Gaussian, and
smoothness restrictions.

The uniform-covariate propensity bound in Proposition 1 supplies
Pr{e.(Xsuip) <t} <771 0<t<l.
For 0 <t < 3/4, capping leaves this sublevel event unchanged. Since ¢’ > 1,
Pr{ecap(Xsuip) <t} <771 <O
For 3/4 <t < 1, monotonicity of the positive power gives

Pr{ecap(Xstip) <t} < 1=C'(3/4)" < 't
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The affine transport therefore yields
Pofeg(X8) <ty <™t 0<t<1.

Thus the tuple satisfies every retained source restriction with the chosen constants.

It remains to establish the failure of the numerical clause in Definition 9 for this capped
representative. Define the closed centered Euclidean ball by

By, :={z e R?: ||z — 2°||2 < h}, h > 0.

For 0 < h < 1/2, the ball lies in the unit cube. On S N By, the second coordinate has
width at most 2h%, and each other coordinate has width at most 2h. Conversely,

d
[11/2 = h/d,1/2+ h/d) C By,

=1

because the squared Euclidean distance of any point in this box is at most d(h/d)? < h2.
These box bounds give

Pr{ X.uip € SN By} < (20%)(2h)471,

Pr{Xsip € Br} > (2h/d)? > 0,

and hence

Pr{Xep € SN B} _ (2h%)(2h)*1

— ddha_l.
Pr{Xstrip S Bh} - (Qh/d)d

Consider any proposed constants p, v, hg > 0, and set
Peap := min{p, 2} > 0.
Both A%~ ! and ((2h)%)Y/(=1 tend to zero as h | 0. Choose h with
0<h <min{ho,1/2},  dhol<w,  ((2h)HYO-D < pzﬂ.
For every x € By, R(z) < h, so

Fr(R(z))Y0=D < (2p)H)Y/06-D < pcjp < %
Consequently,
Y-y 13
ex(z) < Fr(R(x)) /7 4+ YL cap(z) = ex(z) (z € Bp).

At the center the propensity equals 1/4, giving the pointwise bound

oy _ 1 1
con@) =Y, sup (@) > L.
4 z€B,N|0,1)¢ 4

For z € By \ S, the strip term vanishes, and

Ceap(®) = Fr(R(2)Y0 < 2.
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It follows that
x € Bp:ep(x)>p sup ecap(:c') C SNAB,.
' €B,RN[0,1]4

The resulting local mass ratio is therefore at most d®h®~! < v, contradicting the required
strict inequality.

Finally, the affine identities
IT(x) = T(x%)]l2 = 2llz —a®l2,  T(2°) =0,  ea(T(z)) = ecap()

preserve the pointwise suprema and the numerator and denominator probabilities in these
ratios. A source-cube local condition with radius bound hg would thus give a unit-cube
condition with radius bound hg/2, which the preceding argument contradicts. Hence

~ AT ({Pa}, (e))-
The construction selects its constants separately for the chosen +.
. Transport and causal completion of each source tuple. Return to an arbitrary tuple in D,,

with v € I'. Define globally measurable versions by

p,p(2), ze[-1,19, d
meas () . ) be O,I,ZER,
H P ( ) {0’ > ¢ [_17 1]d7 { }

€% (2) := max{0, min{1, ep(z)}}, z e R

Continuity on the closed source cube makes the mean extensions measurable. The clamped
propensity is measurable and takes values in [0, 1]. Since the source covariate is supported
on the cube and the selected propensity lies in (0, 1) almost surely,

Mbb' = Hb,Ps €% =ep PR-almost everywhere.

Construct a completion law IIp by retaining covariate marginal P)]? and using the condi-
tional product distribution
Lrip(A,Y(0),Y(1) | XP = 2) = Bernoulli(e$(2)) @ N(ug'5°(2), omin) © N (11F°(2), oimin);

with
Y =AY (1) + (1 — A)Y(0).

All factors are probability kernels, so this defines a probability law.

To identify its observed marginal, take any bounded measurable function
0 :R¥x{0,1} xR — R.

Conditioning first on the covariate and treatment and then on the covariate alone gives

/ pdP = / [(1—e%<z>> / (2,0, 5) N (85 (2), o%0) (dy)

L e(2) / (2 1,y) N(u'E5(2), 0%) (dy) | PR(d)
= EHPSD(XDv Aa Y)

109



Here the selected propensity and both Gaussian arm kernels identify the two conditional
distributions. Thus
L, (XP,AY)=P.

Define the transported covariate, completion, and observed law by
XT =771 (xP),
Ip = Ln, (X", AY(0),Y(1),Y),  Qp=Lp(IT"(X),AY).
The observed marginal of Hg is exactly Qp. The source tail inequality at ¢ = 1 also gives
1=Plep(XP) <1} <C.

Together with B, > 0, L, > 0, and v > 1, this verifies the required parameter domain.

The affine change of variables has Jacobian 2%, and hence
XT ~ Unif([0, 1]%), fop(x) =1 Lebesgue-almost everywhere on [0,1]%.
The transported selected propensity is
¢h(z) = ep(T(a)), =€ R,
and satisfies
Qp{eb(XT) <t} = Plep(XP) <t} <™, 0<t<l1.

The treated conditional kernel under Qp is N(up(T(z)),02;,) almost everywhere. The
displayed bound |up(z)| < M on the source cube gives

|MP(T(x))| < M < B, S [07 1]d’

Translation of a Gaussian by its mean produces a centered Gaussian. Its moment-
generating function therefore gives, for every A € R,

2,2 22
Eq, [exp{A(Y — pe(T(XT))} X7, A= 1] = eXp(>\QM1> = exp(A 2B*> '

These inequalities verify Assumption 8.

The treated potential outcome is integrable, by integrability of the source mean and the
Gaussian residual. Its Gaussian conditional distribution yields

En,[Y(1) | XP] = u?B(XP).
Since T is a measurable bijection with measurable inverse, conditioning on X7 gives

Enp[Y(1) | X7 = pE(T(XT)) = pp(T(XT))  almost surely.

We next verify smoothness at the precise radius L,. Completion supplies at least one
admissible radius for pup o T, and its defining supremum gives

lup o Tllygs < L.
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For completeness, the infimum defining the full radius is attained whenever its admissible-
radius set is nonempty. Indeed, regularity follows from any one admissible radius, and
every derivative bound satisfies

[D%g(x)| < inf ZL(g) = llgllzs,  laf <m.

For distinct x, 2, every admissible radius bounds the quotient, so

|D%g(x) — D*g(2")]

1|1B—m
[oo

|z — = < inf Z3(g) = llgllps, |l =m.

For x = 2/, both sides of the corresponding modulus inequality have zero left-hand side
and zero distance factor; it follows directly from any admissible radius. Thus

g€ H(llgllpo).

Increasing a radius preserves its defining inequalities. Applying this to the transported
response proves
ppoT e HP(L,).

The measurable mean extension agrees with the selected source mean throughout the
source cube, so its transported version agrees with pup o T' throughout the unit cube.
Their intrinsic derivative traces and modulus restrictions therefore coincide. Since X7 is
supported there, this also preserves the conditional-mean identity.

Finally, the product construction and its affine transport give
Y =AY (1) 4+ (1 — A)Y(0) almost surely, (Y(0),Y(1)) L A| XT.

These are Assumptions 5 and 6. Together with the density, tail, response-bound, and
smoothness calculations, they verify every restriction in Definition 2. Consequently,

Qp €P, with (B,L,C,cy) = (Bx, Ly, C,1),
with the exhibited causal completion Hg.
. A common expected-supremum bound. Define the enlarged tail constant by
Cyp = max{C, 1}.
Increasing the tail constant preserves the tail restriction, since
O™t < Ot ™1, 0<t<l1.

Thus every transported tuple belongs to the model with parameters (d, 3, By, Ly, Cyp, 1).
These parameters satisfy the hypotheses of Theorem 1.

To state the sampling identity explicitly, define, for n € N,
Q, = (R? x {0,1} x R)™,

To((zirai yi)iey) == (T 'z a0, 9)im1, Tt Q= Q.
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For n = 0, this is the identity on the singleton empty sample. For every source tuple,
define the transported-sample loss by

Zop(@) = sup [fnlw.2) — pp(T@)  we
z€[0,1]¢

where [i, is the estimator of Algorithm 2 with parameters 3, B,.

By Lemma 1, the continuous treated response associated with (Qp agrees throughout the
cube with the response of the displayed completion:

Hon(@) = pp(T(@), e 01"
Hence the estimator risk supplied by Theorem 1 is exactly
Egen Zn,p = Epon [Z,,p(Ta(Dn))]-
That result supplies K > 0 and a common integer ng > 1 such that
}EQ%TLZ”’P < Kryn, n>ng, vel, PeD,.

The constants are common because the model parameters and adaptation interval are
fixed.

. Restriction to source families. The source setting permits an arbitrary nonempty fam-
ily whose members satisfy the retained restrictions with common constants [Dorn, 2026,
Section 2, Assumptions 1-2, pp. 3—7|. Therefore every such family satisfies

P#o, PCD,

Taking the supremum of the preceding memberwise estimate over this family gives, with
the same K, ng,

sup Epen [Zmp(%(Dn))] < K7y p, n > no.
P

This is the asserted family expected-supremum bound.

. The probability bound on the source cube. Fix ¢ > 0, and choose

K
cle) == ~ 0, no,e = max{ng, 1}.

For every n > ng ¢, the oracle scale is positive:

Ty = n~B/26+dy/(v=1)) < .

For each partition cell () at each fixed dyadic mesh, choose a countable subset dense in
the relative topology:

-—Q
DocQ, Do*=0Q.
On a sample with positive selected mesh, the fitted function restricted to each selected cell

is a clipped polynomial. Together with continuity of the transported response, this gives

sup |in(w, ) — pp(T'(x))| = sup |in(w,z) —pp(T(2))l, Q€ Q-
TEQ QEEDQ
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For each fixed mesh and cell, the fitted value at a fixed point is sample-measurable, so the
right-hand side is a countable supremum of measurable functions. Taking the maximum
over the finitely many cells preserves measurability. The mesh selector is measurable and
takes values in a countable set of dyadic meshes together with zero, so selecting among
these measurable losses also preserves measurability. On the zero-mesh branch,

Znpw) = sup |up(T(2)),  hw)=0,
z€[0,1]¢

which is deterministic. Thus Z,, p is measurable.

For every transported sample w and every source-cube point z,

)

|lin(w, T~"2) = pp(2)] = |fin(w, T7"2) = up(T(T~'2))| < Zn,p(w).
The source covariate law is supported on that cube, so

7in(w,-) o T = ppllpoe(py < Zn,p(w).
Markov’s inequality and the common expectation bound now give
QE"{Ifin o T™1 = ppllLoe(py > c(€)ryn }

S Q%H{Zn,P > C(€)7’77n} S W S 13
v,n

The sampling identity for 7,, expresses the same probability under P®™ when the estimator
is computed from the transported sample. Every bound is simultaneous over v € I' and
source tuples in D,.

. Families with a common regression curve. Let P be the stated nonempty family with
common treated curve p°. For any n € N and evaluation point zg, define the constant
sample estimator

eknown,n(w) = ,U'O(x())y w e Qn
It is measurable, including when n = 0. For every family member and every sample,
|0kn0wn,n(w) - ,U,p(SCQ)| =0.
Since cr > 0, its miss event is empty. Consequently,

0< _inf  sup PE{|0 — pp(z0)| > er}
0:Q,—R Pep
® measurable

< sup P®”{|9known7n — pp(zg)| > cr} =0.
pPeyp

This proves the asserted equality in the extended nonnegative reals.

. The causal-class pointwise lower bound. Apply the pointwise lower conclusion, supported
by the two-valued potential-outcome subclass, of Theorem 1 with the fixed parameters

(B,L,C,cy) = (B, Ly, Cup, 1).

113



Their required positivity and range conditions were established above. Distinguish the
restricted pointwise risk by defining
R (n,v,0) = _ inf sup Epen |0(Dn) — p1,p(T0)| -
0 sample-measurable PePy

P admits a causal completion with
Y (0),Y(1)e{0,B«} a.s.

For every v > 1 and every xg € [0, 1]%, the cited conclusion supplies ¢, > 0 such that
yTyn < R (n, v, 20) < Rpt(n,v,20),  n> 1

The second inequality follows because the restricted laws form a subset of the full causal
class in Definition 3: for each measurable estimator, restriction decreases the worst-case

risk, and taking the infimum preserves this inequality. This gives the final assertion.
O

Proof of Proposition 3. 1. Fix a finite 79 > 1, the source family 3, its common constants, and
its selected propensity representatives. The design, moment, variance, Gaussian, smooth-
ness, and global-tail hypotheses give Dorn’s Assumption 2, including the restrictions re-
tained from Assumption 1. The family-level condition in Definition 9 gives Assumption 3
on the original cube.

Dorn’s fixed-setup upper comparison [Dorn, 2026, Section 2, Assumptions 1-3, Theorem
1(ii)] therefore supplies an estimator fi,,, measurable as a function of the sample for every
n and x, with comparison scale

T‘Z,n = nfﬁ/(26+d’70/(7071)) (n Z 1)7 TZ,O = O
Its admissibility also gives measurability, for every n, P € 3, and R € R, of

{I7n = ppllLoe(py > max{Rr},,,0}}.

For every € > 0, the cited comparison supplies a finite ¢(¢) > 0 such that

i sup sup P — el ) > (67} <
n—oo Pe
The setup was fixed before selecting the estimator and threshold constant, so both may
depend on that setup. This proves the upper comparison.

2. Fix 9 > 1. The hypotheses d > 1, 8 > 0, and Ly > 0 permit application of Lemma 8. Its
known-regression conclusion gives, for every nonempty family with selected treated curves
equal pointwise to u°, every evaluation point xg, every sample size n, and every c,r > 0,

in sup P¥"{|T(Dy) — pp(xo)| > er} =0,
T sample-measurable pcqg

with the minimax value taken in the extended nonnegative reals.

The singleton conclusion of the same result supplies ¢’ > 3 and M’,C’" > 0 for the inde-
pendent experiment displayed in the statement. It supplies the uniform design, selected
propensity 1/2, moment and regression-variance bounds, zero treated and control curves
with the required source smoothness, global-tail bound, Gaussian conditional outcomes,
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and the family-level condition of Definition 9. The conditional Gaussian distributions have
variance one, hence

Varp(Y | X,A) =1 =02 P-almost surely, o=1

Thus the conditional-variance restriction also holds for the asserted parameter tuple. Fi-
nally, the singleton conclusion at x¢g = 0 gives

inf PO {|T(D,)| >cr} =0  (n€N, ¢,r>0).

T sample-measurable

These are the two pointwise conclusions.
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