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Abstract

We characterize minimax recovery of the treated causal response under a global
propensity-tail restriction. The model combines consistency and conditional exchangeability
with a covariate density bounded below on a cube, intrinsic Hölder response smoothness
of known order β > 1, a bounded treated conditional mean, and uniformly conditional
sub-Gaussian residuals. If d is the covariate dimension, n is the sample size, and γ > 1 is the
overlap exponent, the pointwise and expected spatial-supremum minimax risks have scale

n−β/(2β+dγ/(γ−1)).

An explicit estimator fits local polynomials with equal aggregate weight across fixed template
microcells and selects its mesh through treated observation counts. With model constants
fixed, its expected spatial-supremum guarantee attains this pure-power rate uniformly over
fixed compact overlap intervals with distinct endpoints in (1,∞), using the known smooth-
ness and observed treatment design. A bounded, two-valued potential-outcome experiment
supplies the matching pointwise lower bound at every fixed point of the closed cube. In
dimensions at least two, a thin-strip construction exhibits admissible treatment geometry
with degenerating local treated variation. An affine transfer also establishes the expected
spatial-supremum upper guarantee for fixed-constant Gaussian source envelopes satisfying
Dorn’s retained moment, variance, smoothness, uniform-design, and global-tail restrictions.

1 Introduction

This paper establishes the minimax rate for recovering a treated causal response throughout
a covariate cube when treatment availability is governed by a global propensity tail. Under
consistency and conditional exchangeability, the target is the conditional mean of the treated
potential outcome, identified through treated outcome regression. We study laws with a covariate
density bounded below, a response in an intrinsic cube Hölder ball of known order, a uniformly
bounded treated conditional mean, and uniformly conditional sub-Gaussian residuals. Write n
for sample size, β > 1 for response smoothness, d ≥ 1 for covariate dimension, and γ > 1 for the
overlap exponent. Within this fixed-constant class, one explicit estimator attains the expected
spatial-supremum rate

n−β/(2β+dγ/(γ−1)).

∗Machine-generated by the CausalSmith research pipeline. Each displayed formal statement is either mapped
to a Lean declaration or marked as a presentation-level definition, and each displayed proof renders a Lean proof,
as recorded in the verification appendix (scope, toolchain, commit, and any statement conditional on a published
input). Cited work otherwise supplies framing and positioning.
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The upper guarantee is uniform over any fixed compact exponent interval with distinct endpoints
contained in (1,∞). For each fixed exponent and each fixed evaluation point, a matching lower
bound establishes the same minimax scale for pointwise expected absolute error.

Response recovery is a basic component of causal adjustment in the potential-outcome frame-
work [Rubin, 1974, Rosenbaum and Rubin, 1983, Imbens and Rubin, 2015]. Its statistical diffi-
culty depends on where treated observations are available. Our overlap restriction bounds the
covariate probability of low-propensity regions by a power of the propensity threshold. This
restriction quantifies the prevalence of treatment scarcity while accommodating measurable
propensities and heterogeneous local treatment geometry. The target remains the continuous
treated response over the entire closed cube, and the spatial loss measures the largest estimation
error within each sample realization before taking expectation.

The construction separates polynomial conditioning from treatment-count precision. Each
partition cube contains scaled copies of a fixed collection of small microcells around polynomial
interpolation nodes. The fit gives every microcell the same aggregate weight, averaging treated
observations within each cell. This weighting keeps the empirical Gram matrix close to a fixed
positive-definite template whenever the cells are occupied. A count selector chooses the finest
candidate mesh at which every microcell contains enough treated observations relative to the
approximation scale. The resulting estimator uses the observed sample, sample size, dimension,
known smoothness, and response bound, as specified in Algorithms 1 and 2.

The statistical explanation rests on an ordered information profile. The density lower bound
assigns covariate mass to each template microcell, and the global propensity tail controls the
treated mass of unions of disjoint microcells. Together, they imply a polynomial lower bound
in rank for the weakest treated-cell masses across partition cubes. This profile distinguishes
the least-informed cubes from the progressively better-informed cubes. Combining its rank-
dependent stochastic control with the common scale cap supplied by count feasibility yields the
pure-power expected spatial-supremum guarantee in Theorem 1. Local polynomial approxima-
tion and deterministic template conditioning complete the upper bound.

The converse uses a bounded causal experiment. For every fixed evaluation point, including
points on faces and corners, a pair of laws places a smooth response perturbation near that point
and shares a radial propensity satisfying the global tail envelope. The laws admit potential
outcomes taking values in a common two-point set. Their response separation and bounded
relative entropy give the pointwise lower bound in Lemma 6. Thus the minimax characterization
applies to the full conditional sub-Gaussian response class, with the converse already supported
by a bounded subclass.

The closest theorem-level comparison is Dorn [2026, Assumptions 1–3 and Theorem 1(ii),
p. 12]. For a fixed Gaussian uniform-design setup satisfying Dorn’s retained restrictions and
local anti-concentration condition, Dorn establishes a probability upper bound at the same
pure-power scale in an essential-supremum criterion. The source describes a count-based es-
timator computable without the overlap exponent, while its probability upper guarantee fixes
the source family, its common constants, and that exponent before selecting the estimator and
threshold constant [Dorn, 2026, Lemmas 11 and 13, pp. 23–24; proof, pp. 27–28]. That construc-
tion provides a direct antecedent for mesh selection. Dorn’s local anti-concentration condition
additionally links every sufficiently small neighborhood’s largest selected propensity to a com-
mon positive fraction of its covariate mass, with constants common across the fixed family and
its selected propensity representatives. Our expected spatial-supremum guarantee is established
over the global-tail class in Definition 2, using one estimator and common constants across the
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stated compact exponent range.
The geometric and source-model comparisons make this distinction precise. In dimensions

at least two, Proposition 1 constructs a thin-strip law within the causal class whose displayed
propensity violates the selected-version local anti-concentration condition and whose normal-
ized treated-design second-coordinate moment tends to zero. Separately, Proposition 2 transfers
the upper guarantee to fixed-constant Gaussian envelopes satisfying the retained source restric-
tions from Dorn [2026, Section 2, Assumptions 1–2, pp. 3–7]. Affine transport and fixed-cube
smoothness completion supply the common full Hölder radius. The transferred guarantee con-
trols expected spatial-supremum error uniformly over those envelopes and the compact exponent
range. Its Gaussian geometric witnesses use constants selected separately for each exponent.

Related regression results characterize other aspects of heterogeneous information. Gäıffas
[2005b, Assumption M and Theorem 1, pp. 3–4] derives pointwise rates under locally symmetric,
regularly varying design densities in a one-dimensional Gaussian experiment. Gäıffas [2009, As-
sumption D, equation (2.1), and Theorems 1–2] and Schmidt-Hieber and Zamolodchikov [2024,
Sections 1 and 3] retain spatial variation through location-dependent loss normalization. Our
criterion instead evaluates expected unweighted spatial-supremum error over a global overlap
envelope. The causal target also differs from the smooth treatment contrast studied under strict
overlap by Kennedy et al. [2024, Theorems 1–2 and Remark 11]: here smoothness is imposed
directly on the treatment-specific response.

An appendix documents the precise scope of the mathematical results.
The exposition proceeds through related work, the model and risk criteria, and the estimator

and recovery guarantee. It then develops the local treatment-geometry comparison and Gaussian
transfer, followed by discussion and future work. The appendices present auxiliary identification,
upper-bound, testing, geometry, and source-comparison arguments, followed by the complete
main-result proofs.

2 Related work

The closest theorem-level comparator is Dorn [2026, Assumptions 1–3 and Theorem 1(ii), p. 12].
In a fixed setup with uniform covariates on a cube, Gaussian outcomes, and Hölder response
curves, satisfying Dorn’s retained restrictions and local anti-concentration condition, Dorn estab-
lishes an essential-supremum probability upper bound uniformly over the source family. Writing
d for the covariate dimension, β for response smoothness, γ for the overlap exponent, and n for
sample size, the pure-power rate in this paper’s notation is

n−β/(2β+dγ/(γ−1)).

For each probability tolerance, the source result supplies a finite threshold constant within that
fixed setup. Dorn describes a count-based grid and bandwidth estimator computable from the
known smoothness and observed treatment design without the overlap exponent [Dorn, 2026,
Lemmas 11 and 13, pp. 23–24; proof, pp. 27–28]. The probability upper guarantee fixes
the source family, its common constants, and the exponent before selecting the estimator and
threshold constant. The construction is a direct antecedent for the present mesh selector; the
new uniformity statement concerns one estimator and common risk constants across a prescribed
compact exponent interval.

The present comparison concerns the guarantee and its model domain. Under the fixed
model indices and class constants, Theorem 1 gives an expected spatial-supremum guarantee
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over the envelopes in Definition 2, uniformly across a compact range of overlap exponents,
with response smoothness fixed. These envelopes impose a bounded treated conditional mean
and uniformly conditional sub-Gaussian residuals, intrinsic cube Hölder smoothness, a covariate
density lower bound, and a global propensity-tail bound. Bounded potential outcomes are used
for the testing subclass and the thin-strip example, rather than for the full upper-bound class.
Dorn’s local anti-concentration condition additionally requires a common positive fraction of
the covariate mass in every sufficiently small neighborhood to have propensity comparable to
that neighborhood’s propensity supremum. Here, the global tail and the density lower bound
support the equal-cell construction under the conditions in Assumptions 4 and 7. The distinction
in admissible local treatment geometry is made precise in Definition 9 and Proposition 1, while
Proposition 2 states the corresponding Gaussian-envelope upper guarantee.

Degenerate-design regression supplies a complementary comparison at a single location. In
a one-dimensional Gaussian regression experiment, Gäıffas [2005b, Assumption M and Theo-
rem 1, pp. 3–4] derives pointwise minimax moment rates for a fixed design density that is
locally symmetric and regularly varying around the evaluation point. The regression class is
specified through a local polynomial approximation modulus, together with a bound on the
function; regular variation of the design and modulus yields a power rate multiplied by a slowly
varying factor. In the separate adaptive experiment, Gäıffas [2005a, Abstract] constructs a lo-
cal polynomial procedure adaptive to design degeneracy and Hölder smoothness, and identifies
the logarithmic cost of that pointwise adaptation. These results characterize local information
through the behavior of a specified design near one point. The present envelopes instead organize
treatment-specific recovery through a global distributional restriction on the propensity.

Spatially normalized losses provide another way to express heterogeneous information. In
one-dimensional Gaussian regression over Hölder classes, Gäıffas [2009, Assumption D, equa-
tion (2.1), and Theorems 1–2] studies the supremum of estimation error divided by a location-
dependent rate obtained from a local bias–variance balance. The adaptive upper result assumes
a continuous design density that is positive everywhere or has finitely many zeros with specified
local power behavior; the lower result uses an interval-mass condition and establishes optimality
over intervals of prescribed shrinking size. Likewise, Schmidt-Hieber and Zamolodchikov [2024,
Sections 1 and 3] analyzes a weighted uniform criterion in one-dimensional Gaussian regression
under a local doubling condition on the design distribution. Least squares over the unit-Lipschitz
class attains the local rate for truths in a strictly smaller Lipschitz ball. Both comparisons retain
the design’s spatial variation in the loss normalization. Our criterion in Definition 3 measures
expected unweighted spatial-supremum error, with worst-case difficulty indexed by the global
overlap envelope.

The estimator combines familiar polynomial approximation with a particular treatment-
design weighting rule. Local polynomial fitting approximates a smooth response within a neigh-
borhood [Fan and Gijbels, 1996]; series methods approximate conditional expectations in finite-
dimensional spaces, including polynomial and spline spaces [Newey, 1997]. Partitioning-based
series estimation develops this approach through locally supported bases [Cattaneo et al., 2020].
The construction in Definition 6 and Algorithm 2 fits polynomials on partition cubes, assigns
equal aggregate weight to the reference microcells, and selects its mesh through the treated-count
feasibility rule in Algorithm 1.

The causal estimand also determines the relevant comparison. Kennedy et al. [2024, Theo-
rems 1–2 and Remark 11] studies pointwise expected absolute error for the conditional average
treatment effect under strict overlap, with separate Hölder restrictions on the treatment effect,
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propensity, and control response. Its attainable rates depend on their relative smoothness and
on conditions controlling covariate-distribution estimation and the local fitting matrices. Our
target is a treatment-specific response curve, with smoothness imposed directly on that response
and information scarcity described by a global overlap tail. For functional estimation, Mou et al.
[2023, Theorems 1–3] derives local minimax mean-squared-error bounds for linear functionals
over convex symmetric regression classes, together with attaining procedures for reproducing
kernel Hilbert space classes under the stated noise, spectral, and sample-size conditions. That
experiment measures accuracy through a specified functional and its observational coverage. The
present minimax criterion evaluates recovery of the response throughout the covariate cube.

3 Setup and assumptions

Generic positive constants may change between displays; the model constants introduced below
remain fixed across laws and sample sizes. For a vector, ∥·∥∞ denotes the maximum absolute co-
ordinate, and for a function it denotes the supremum of its absolute value over its stated domain.
Multi-indices have nonnegative integer coordinates, with |α| denoting their sum. Observation
indices range from 1 to n, and a∨ b = max{a, b}. The notation ≲ denotes an inequality up to a
positive constant depending on the fixed model parameters, and ≍ denotes inequalities in both
directions. For comparisons uniform over the overlap range specified below, these constants are
independent of both the sample size and the overlap exponent.

3.1 Sample and target

Consider an observational causal model indexed by a probability law P . The covariate vector
X takes values in the covariate cube X , where X = [0, 1]d and d ≥ 1. The binary treatment
indicator A takes values in {0, 1}. Write Y (0) for the control potential outcome, Y (1) for
the treated potential outcome, and Y for the observed outcome. The observed triple Z is
Z = (X,A, Y ). When specifying the sampling law, P denotes the observed-data marginal of the
causal law, and PX denotes its covariate marginal.

The covariate density f is the density of X with respect to Lebesgue measure on X , and the
propensity e(x) is a measurable version of P (A = 1 | X = x). Our target is the treated causal
response µ1, the continuous Hölder representative of

µ1(x) = EP [Y (1) | X = x].

We write µ1,P when the indexing law needs to be explicit.
The sample and estimator convention uses the observed sample Dn, defined by Dn = (Zi)

n
i=1,

where Zi = (Xi, Ai, Yi). Every estimator is measurable with respect to this sample. Scalar-
valued estimators estimate the response at a specified covariate point; function-valued estima-
tors recover the response over X and are required to have measurable spatial-supremum loss.
Expectations of their losses refer to the observed-sample distribution.

Fix a smoothness order β > 1, a Hölder radius L with L > 0, and a treated-response bound
B with B > 0. Also fix a density lower bound cf with 0 < cf ≤ 1 and a global-tail constant C
with C ≥ 1. The overlap exponent ranges over the compact interval Γ, defined by

Γ = [γmin, γmax].

Its lower endpoint γmin and upper endpoint γmax satisfy 1 < γmin ≤ γmax < ∞. Throughout,
γ ∈ Γ, and n ≥ 1.
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3.2 Intrinsic cube smoothness

Smoothness is measured directly on the closed covariate cube. For the fixed smoothness order,
the derivative order m is m = ⌈β⌉−1. For a generic function g on X , Dαg denotes its coordinate
derivative, interpreted through continuous boundary traces as specified below. The intrinsic
cube Hölder ball Hβ(L) combines a uniform derivative bound with a modulus restriction on the
highest-order derivatives. We first state these two restrictions.

Assumption 1. [ass:holder-derivative-bound] (Uniform bound on derivatives)

max
|α|≤m

∥Dαg∥∞ ≤ L.

The uniform derivative bound controls the function itself and all coordinate derivatives
through order m, using a common radius. This standard Hölder-ball condition gives a common
scale for response levels and local polynomial coefficients [Dorn, 2026]. The corresponding
restriction on variation across covariate points is as follows.

Assumption 2. [ass:holder-modulus] (Hölder modulus of derivatives)

max
|α|=m

sup
x̸=x′

|Dαg(x)−Dαg(x′)|
∥x− x′∥β−m∞

≤ L.

The Hölder modulus condition bounds changes in the highest-order derivatives by the co-
variate distance raised to β −m. Together with the derivative bound, this standard restriction
controls local approximation error at smoothness order β [Dorn, 2026]. The next definition fixes
the boundary convention used throughout.

Definition 1. [def:holder] (Intrinsic cube Hölder ball) The intrinsic cube Hölder ball is

Hβ(L) := {g : X → R : g ∈ Cm(X ), g satisfies Assumptions 1and 2} , X = [0, 1]d, m = max{⌈β⌉−1, 0}.

Here d is a nonnegative integer and β, L ∈ R. The integer m is the derivative order, and the
top-order modulus has exponent β −m. The class Cm(X ) consists of functions whose classical
coordinate partial derivatives through order m on the interior of the cube admit unique contin-
uous traces on X . Every derivative Dαg, supremum, and difference quotient in the defining
restrictions uses these traces. At positive integer β, this convention uses Lipschitz derivatives of
order β − 1.

For the maintained domain β > 1, the derivative order in Definition 1 agrees with the order
fixed above. Its trace convention makes smoothness restrictions meaningful at boundary points
as well as in the interior.

3.3 Sampling and observational restrictions

The statistical experiment combines independent sampling with restrictions on covariate cover-
age, causal identification, treatment availability, and the treated response. We begin with the
sampling law.

Assumption 3. [ass:iid] (Independent and identically distributed observations) The observed
sample Dn consists of n independent observations with common law P , so that

Dn ∼ P⊗n.
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Independent and identically distributed sampling gives the product experiment P⊗n used
to evaluate estimation risk. It is a standard sampling condition for nonparametric regression
[Stone, 1982]. Covariate coverage is controlled separately.

Assumption 4. [ass:density] (Covariate density lower bound) The covariate density f sat-
isfies

cf ≤ f(x)

for Lebesgue-almost every x ∈ X .

The random-design density lower bound ensures that each measurable covariate region has
probability at least cf times its volume. This standard coverage condition supports response
recovery throughout the cube [Stone, 1982]. To connect that response to observed treated
outcomes, we impose consistency and conditional exchangeability.

Assumption 5. [ass:consistency] (Consistency of observed outcomes) The observed outcome
Y , binary treatment indicator A, and potential outcomes Y (0) and Y (1) satisfy

Y = AY (1) + (1−A)Y (0)

almost surely.

Consistency links each observed outcome to the potential outcome corresponding to the
realized treatment. It is the standard condition that gives the observed treatment groups their
potential-outcome interpretation [Kennedy et al., 2024]. The next condition makes treatment
assignment comparable within covariate strata.

Assumption 6. [ass:exchangeability] (Conditional exchangeability of treatment) The po-
tential outcomes Y (0) and Y (1) are jointly independent of the treatment indicator A conditional
on the covariate vector X:

(Y (0), Y (1)) ⊥ A | X.

Conditional exchangeability is the standard identification condition under which conditioning
on X removes dependence between treatment assignment and potential outcomes [Kennedy
et al., 2024]. Together with consistency, it identifies the treated causal response from the treated
conditional mean wherever the propensity is positive. Treatment availability is quantified by a
global tail restriction.

Assumption 7. [ass:global-tail] (Global propensity tail bound) The propensity e(X), eval-
uated at the covariate vector X, satisfies

P{e(X) ≤ t} ≤ Ctγ−1 for every t ∈ [0, 1].

The polynomial global propensity-tail bound controls the covariate probability assigned to
regions with low treatment probability, a standard overlap restriction in this setting [Dorn, 2026].
Since γ > 1, its value at t = 0 implies positive propensity almost surely under PX . Consequently,
consistency and exchangeability identify µ1(x) with EP [Y | A = 1, X = x] for PX -almost every
x. The smoothness convention selects a continuous representative over the entire cube.

We next control the magnitude and fluctuations of the treated conditional outcome distri-
bution.
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Assumption 8. [ass:bounded-potential-outcomes] (Treated response magnitude bound)
The observed outcome Y , binary treatment indicator A, and covariate vector X satisfy

ess sup
x∼PX

⎛⎝|EP [Y | A = 1, X = x]| ∨ sup
λ∈R\{0}

√︂
2 logEP

[︁
exp
{︁
λ
(︁
Y − EP [Y | A = 1, X]

)︁}︁
| A = 1, X = x

]︁
|λ|

⎞⎠ ≤ B.

The uniformly bounded treated conditional mean and conditional sub-Gaussian residual
condition supplies a common scale for response levels and sampling fluctuations [Dorn, 2026]. In
particular, the treated conditional mean has absolute value at most B, and the centered treated
residual has conditional moment-generating function bounded by exp(λ2B2/2). These bounds
hold essentially uniformly over the covariate distribution. The response curve also satisfies the
following smoothness restriction.

Assumption 9. [ass:holder-response] (Hölder smoothness of response) The treated causal
response µ1 belongs to the intrinsic cube Hölder ball Hβ(L):

µ1 ∈ Hβ(L).

Isotropic Hölder response smoothness imposes the same order β across covariate directions,
with the common derivative and modulus bounds specified in Definition 1 [Dorn, 2026]. It
supplies the regularity through which nearby treated observations inform the target response.
Combined with identification and the density lower bound, continuity extends the treated-mean
magnitude bound to |µ1(x)| ≤ B throughout X .

3.4 Law class and risk scales

We collect the observational restrictions into a fixed-constant class. The dimension, smoothness
order, and constants L,B, cf , C remain common across its members; γ indexes the overlap
restriction. The observational causal law class Pγ is defined as follows.

Definition 2. [def:model] (Observational causal law class Pγ) The class Pγ consists of obser-
vational causal laws P satisfying the following restrictions, with common fixed constants:

• (Covariate density.) The density f of the covariate vector X satisfies Assumption 4.

• (Consistency.) The observed outcome Y , binary treatment indicator A, and potential
outcomes Y (0) and Y (1) satisfy Assumption 5.

• (Exchangeability.) The potential outcomes and treatment satisfy Assumption 6.

• (Overlap.) The propensity e(X) satisfies Assumption 7.

• (Response bound.) The treated conditional outcome distribution satisfies Assumption 8.

• (Response smoothness.) The treated causal response µ1 satisfies Assumption 9.

For each member of Definition 2, the sample is drawn according to Assumption 3. Fix an
evaluation point x0 in the closed cube, including its boundary. We measure recovery through the
pointwise minimax risk Rpt(n, γ, x0) and the spatial-supremum minimax risk R∞(n, γ). Both
criteria use expected absolute error, with the latter evaluating the largest error across the cube
within each sample realization.
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Definition 3. [def:risks] (Minimax risks Rpt and R∞) The minimax expected absolute error
at x0 and the minimax expected spatial-supremum error are, respectively,

Rpt(n, γ, x0) = inf
T

sup
P∈Pγ

EP |T − µ1,P (x0)|

and

R∞(n, γ) = inf
T

sup
P∈Pγ

EP
[︃
sup
x∈X

|T (x)− µ1,P (x)|
]︃
.

Here µ1,P is the treated response under law P , and each infimum ranges over estimators mea-
surable with respect to the observed sample Dn. The first infimum uses scalar-valued estimators,
and the second uses function-valued estimators.

The order of supremum and expectation in Definition 3 makes the functional criterion sen-
sitive to the largest spatial error in each realized estimate. Its spatial supremum ranges over all
points of X , using the continuous response representative fixed above.

To express the subsequent risk comparisons, define the overlap-dependent effective dimension
Dγ , the oracle mesh scale hγ,n, and the response-recovery scale rγ,n by

Dγ =
dγ

γ − 1
, hγ,n = n−1/(2β+Dγ), rγ,n = hβγ,n = n−β/(2β+Dγ).

These deterministic scales depend on the sample size, smoothness order, dimension, and overlap
exponent. They satisfy

hβγ,n =
(︁
nh

Dγ
γ,n

)︁−1/2
,

which expresses the balance between a smoothness scale and an overlap-adjusted sampling scale.
The term “oracle” indicates that the mesh scale is indexed by γ; it provides the benchmark for
comparing risk and selecting a mesh from the observed treatment design.

4 Main results

The oracle scales introduced in the setup suggest selecting a resolution from the observed treat-
ment information. We implement this choice with local polynomial fits whose conditioning is
controlled by a fixed interpolation template. The construction uses the known smoothness order
β > 1, with polynomial degree m = ⌈β⌉ − 1, and selects a mesh through treated observation
counts.

4.1 Construction

The tensor nodes vℓ specify the locations around which the fitting observations are collected.
Their placement leaves room for small neighborhoods inside the reference cube.

Definition 4. [synth_1] (Tensor interpolation nodes) The tensor node vℓ ∈ Rd, for nonnegative
integers d,m and an index vector ℓ ∈ {0, . . . ,m}d, is defined by

(vℓ)i =
ℓi + 1

m+ 2
, i = 1, . . . , d.
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We use total-degree monomials indexed by Im to form the polynomial vector U . The node
count J determines the equal weights in the reference Gram matrix. The following construction
fixes both the polynomial basis and the neighborhoods used to fit it.

Definition 5. [synth_2] (Polynomial template and microcell width) Fix a dimension d ≥ 1
and a polynomial degree m ∈ N0. Let

Im := {α ∈ Nd0 : |α| ≤ m}, p := |Im|, U(z) := (zα)α∈Im , z ∈ [0, 1]d,

with the coordinates of U ordered lexicographically. For ℓ ∈ {0, . . . ,m}d, define

vℓ :=

(︃
ℓ1 + 1

m+ 2
, . . . ,

ℓd + 1

m+ 2

)︃
, J := (m+ 1)d,

and set

G0 :=
1

J

∑︂
ℓ∈{0,...,m}d

U(vℓ)U(vℓ)
⊤, λ0 := λmin(G0).

The template Lipschitz constant is

LU := sup
z,z′∈[0,1]d
z ̸=z′

∥U(z)U(z)⊤ − U(z′)U(z′)⊤∥op
∥z − z′∥∞

,

where ∥ · ∥op is the matrix operator norm induced by the Euclidean vector norm. This finite
constant gives the bound

∥U(z)U(z)⊤ − U(z′)U(z′)⊤∥op ≤ LU∥z − z′∥∞.

Define the microcell width and reference microcubes by

η := min

{︃
1

2(m+ 2)
,

λ0
1 + LU

}︃
, Vℓ := vℓ + [−η/2, η/2]d.

In particular, for z ∈ Vℓ, the bound entering the width rule is

∥U(z)U(z)⊤ − U(vℓ)U(vℓ)
⊤∥op ≤ LUη

2
≤ λ0

2
.

The reference Gram matrix G0 is positive definite because the tensor grid identifies every
polynomial in the chosen basis. Its least eigenvalue λ0 provides a deterministic conditioning
benchmark. The matrix Lipschitz constant LU controls the perturbation caused by moving
observations away from the nodes. Accordingly, the width η makes the reference microcubes Vℓ
small enough to preserve that benchmark; the conditioning argument is recorded in Lemma 4.

For the fitting formulas, we enumerate the tensor nodes by a single index from 1 to J . The
template notation under this enumeration is collected below.

Definition 6. [def:template] (Polynomial template G0 and microcubes Vℓ) The equally
weighted template Gram matrix G0 and its least eigenvalue λ0 are

G0 =
1

J

J∑︂
ℓ=1

U(vℓ)U(vℓ)
⊤, λ0 = λmin(G0),
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where U is the polynomial template vector, vℓ are its tensor nodes, and J is the number of nodes.
With m denoting the polynomial order and LU the constant entering the width rule, define the
microcube width

η = min

{︃
1

2(m+ 2)
,

λ0
1 + LU

}︃
.

The disjoint reference microcubes are

Vℓ = vℓ + [−η/2, η/2]d, ℓ = 1, . . . , J.

Each partition cube receives a scaled copy of this same template. We search over the finite
dyadic mesh collection Hn, with Qh denoting the partition at mesh h.

Definition 7. [synth_3] (Candidate dyadic meshes) For a sample size n ≥ 1, dimension d ≥ 1,
and smoothness parameter β > 1, define the finite candidate mesh collection

Hn :=

{︃
2−j : j ∈ N0, 0 ≤ j ≤

⌊︃
log2 n

2β + d

⌋︃}︃
.

For h ∈ Hn, let Qh be the dyadic partition of X = [0, 1]d into cubes of side length h. Each
coordinate interval is half-open, with the right endpoint 1 included in the last interval of that
coordinate. Write aQ for the lower-left corner of Q ∈ Qh.

The corner aQ supplies the translation for placing the reference template in a partition
cube. The resulting microcells EQℓ have treated observation counts NQℓ. We require each
count to reach the smoothness-dependent threshold h−2β. The feasible mesh set Fn collects the
resolutions meeting this requirement, and the selected width ˆ︁h is the finest feasible resolution,
with the exceptional-sample convention specified below.

Algorithm 1 (Count-feasible mesh ˆ︁h)
Given the candidate meshes Hn, the observed sample Dn = ((Xi, Ai, Yi))

n
i=1, the smoothness

parameter β, and the reference microcubes Vℓ, proceed as follows.

1. For each h ∈ Hn, form the cube partition Qh. For each partition cube Q, with corner aQ,
define its microcells and treated observation counts by

EQℓ = aQ + hVℓ, NQℓ =

n∑︂
i=1

1{Xi∈EQℓ, Ai=1}.

2. Define the set of feasible meshes by

Fn =

{︃
h ∈ Hn : min

Q∈Qh, 1≤ℓ≤J
NQℓ ≥ h−2β

}︃
,

where J is the number of reference microcubes.

3. Output the numerically smallest feasible mesh, with zero assigned when the feasible set is
empty: ˆ︁h =

{︄
minFn, Fn ̸= ∅,
0, Fn = ∅.
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Selection depends on the sampled covariates and treatment indicators. The threshold cali-
brates the amount of treatment information to the approximation scale hβ. At a feasible mesh,
each microcell receives the same total fitting weight, so the template geometry governs the
empirical matrix even when treated observations are distributed unevenly across microcells.

The empirical equal-cell Gram matrix ˆ︁GQ and coefficient estimate ˆ︁cQ make this weighting
explicit.

Definition 8. [synth_4] (Equal-cell local polynomial coefficients) Let Dn = ((Xi, Ai, Yi))
n
i=1

be the observed sample. Fix a feasible mesh h, a partition cube Q ∈ Qh with lower-left corner
aQ, the polynomial template vector U , and its J reference microcubes Vℓ. Define

EQℓ := aQ + hVℓ, NQℓ :=

n∑︂
i=1

1{Ai=1, Xi∈EQℓ}.

Feasibility means that NQℓ ≥ h−2β for every partition cube and template microcell, so these
counts are positive. The equal-cell empirical Gram matrix is

ˆ︁GQ :=
1

J

∑︂
ℓ

1

NQℓ

∑︂
1≤i≤n

Ai=1, Xi∈EQℓ

U

(︃
Xi − aQ

h

)︃
U

(︃
Xi − aQ

h

)︃⊤
.

Using the polynomial template and its microcell width, this matrix is invertible at every feasible
mesh. Define the equal-cell local polynomial coefficient estimate by

ˆ︁cQ := ˆ︁G−1
Q

1

J

∑︂
ℓ

1

NQℓ

∑︂
1≤i≤n

Ai=1, Xi∈EQℓ

U

(︃
Xi − aQ

h

)︃
Yi.

Thus each microcell receives weight 1/J , and the treated observations within that microcell receive
equal weights.

Invertibility follows from the deterministic template perturbation bound whenever the count
requirement is met. The fitted polynomial is evaluated throughout its partition cube, including
points outside the fitting microcells. Projection onto the response-bound interval completes the
response estimator ˆ︁µn and controls its magnitude on every sample realization.

Algorithm 2 (Clipped response estimator ˆ︁µn)
Given the selected mesh ˆ︁h, the polynomial template vector U , and the response bound B,

proceed as follows.

1. If ˆ︁h = 0, output ˆ︁µn(x) = 0 (x ∈ X ).

2. Otherwise, set
h = ˆ︁h.

For every Q ∈ Qh, compute the empirical equal-cell Gram matrix ˆ︁GQ and the equal-cell
polynomial coefficient estimate ˆ︁cQ.
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3. For x ∈ X , let Q be the unique half-open partition cube containing x, and let aQ be its
corner. Output

ˆ︁µn(x) = clip[−B,B]

{︄
U

(︃
x− aQ
h

)︃⊤ ˆ︁cQ}︄ , clip[−B,B](t) = max{−B,min{B, t}}.

4.2 Recovery guarantee

The count-selected estimator attains the overlap-dependent oracle rate uniformly over a compact
range of overlap exponents. A matching converse holds within the model’s bounded, two-valued
potential-outcome subclass.

Theorem 1. [thm:adaptive-minimax] (Adaptive minimax response recovery) Fix the model
parameters subject to the following conditions:

• (Dimension and smoothness.) d ∈ N, d > 0, and β > 1.

• (Response and smoothness bounds.) B > 0 and L > 0.

• (Overlap and density constants.) C ≥ 1 and 0 < cf ≤ 1.

• (Adaptation interval.) The real endpoints satisfy 1 < γmin < γmax, and the adaptation
interval is

Γ = [γmin, γmax].

Let X = [0, 1]d be the covariate cube, and let Pγ be the observational causal model of Definition 2,
with fixed parameters d, β,B, L,C, cf , γ, including the propensity-tail envelope in Assumption 7.
Define the effective dimension Dγ, oracle mesh hγ,n, and oracle response-recovery scale rγ,n, for
n ≥ 1, by

Dγ =
dγ

γ − 1
, hγ,n = n−1/(2β+Dγ), rγ,n = hβγ,n.

The count-selected equal-cell estimator ˆ︁µn of Algorithm 2 takes n, d, β,B and the observed
sample Dn as inputs. There exist K > 0 and n0 ∈ N such that, for every integer n ≥ max{n0, 1},
every γ ∈ Γ, and every P ∈ Pγ,

EP⊗n

[︃
sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|
]︃
≤ Krγ,n.

Here P⊗n is the sampling law of n independent observed triples (X,A, Y ), and µ1,P is the treated
causal response under P .

For every real γ > 1 and every x0 ∈ X , there exist finite constants 0 < cγ ≤ Kγ, possibly
depending on x0 and the fixed model parameters, such that, for every integer n ≥ 1,

cγrγ,n ≤ inf
T

sup
P∈Pγ

P admits a causal completion with
Y (0),Y (1)∈{0,B} a.s.

EP⊗n |T (Dn, x0)− µ1,P (x0)|

≤ Rpt(n, γ, x0) ≤ R∞(n, γ) ≤ Kγrγ,n.

The infimum ranges over sample-measurable estimators T ; the pointwise and expected supremum
minimax risks Rpt and R∞ are those of Definition 3.
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The rate reflects a balance between polynomial approximation and the treatment information
available at a given resolution. Smoothness supplies the approximation scale hβ, while the global
overlap tail determines the effective dimension Dγ . At the oracle mesh these scales satisfy

nh
Dγ
γ,n = h−2β

γ,n .

The count threshold implements this balance through the realized treatment design, and the
fixed template turns feasible counts into stable polynomial fits.

Adaptation in Theorem 1 concerns the overlap exponent at a known smoothness order.
For fixed d, β,B, L,C, cf and a fixed compact interval Γ ⊂ (1,∞) with distinct endpoints, one
estimator and common constants K,n0 provide the upper bound for every γ ∈ Γ. Its inputs
are the observed sample and n, d, β,B. Thus the overlap exponent is accommodated through
count selection, while β determines the polynomial degree, candidate resolutions, and feasibility
threshold.

The upper bound controls expected spatial-supremum error: the largest error over the closed
covariate cube is evaluated within each sample realization and then averaged over samples. This
criterion matches Definition 3 and covers boundary points as well as interior points. For each
fixed γ > 1, the converse establishes the same rate at every fixed evaluation point, already
among laws admitting potential outcomes in {0, B}. Consequently, both pointwise recovery and
recovery under expected spatial-supremum loss have minimax scale

rγ,n = n−β/(2β+Dγ).

The constants in the fixed-exponent comparison may depend on the evaluation point and fixed
model parameters, as specified in Theorem 1.

4.3 Statistical explanation

Two features of the construction account for the guarantee. First, equal-cell weighting separates
polynomial conditioning from the distribution of treated observations within a cube. Every
microcell contributes total weight 1/J , and every normalized fitting location remains near its
reference node. The empirical Gram matrix therefore stays close to the same positive-definite
template at every feasible resolution. Lemma 4 supplies this deterministic step, while Lemma 5
connects count feasibility to the oracle resolution.

Second, the global overlap restriction controls the spatial distribution of scarce treatment
information. To describe this distribution, fix a law P and a candidate mesh h. Let the
population treated microcell mass qQℓ and the weakest such mass in a partition cube qQ be

qQℓ = P{X ∈ EQℓ, A = 1}, qQ = min
1≤ℓ≤J

qQℓ.

Write q(k) for these weakest-cell masses arranged in ascending order, with k = 1, . . . , |Qh|. This
ordering records how treatment information improves as one moves beyond the least-informed
cubes.

The density lower bound in Assumption 4 assigns covariate probability to each microcell,
and the global tail envelope in Assumption 7 limits how much of that probability can carry very
small propensities. Their combination yields the ordered treatment-information bound

q(k) ≥ κΓh
Dγk1/(γ−1), Dγ =

dγ

γ − 1
,
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uniformly over the compact overlap range; this is Lemma 3. On the count-concentration event
of Lemma 5, the conditional variance proxy for every fitted coefficient in the cube of rank k is
bounded, up to a common constant, by

min
{︂ˆ︁h2β, n−1ˆ︁h−Dγk−1/(γ−1)

}︂
.

The first term is the feasibility cap; the second decreases with rank according to the ordered-
mass profile. Their equality marks the ranks at which the envelope leaves the common cap.
Applying the ordered maximal inequality across these ranks and comparing the selected mesh
with the oracle mesh gives

E
[︃
max
Q∈Qˆ︁h ∥ˆ︁cQ − E[ˆ︁cQ | (Xi, Ai)

n
i=1]∥∞

⃓⃓⃓⃓
(Xi, Ai)

n
i=1

]︃
≤ Kˆ︁hβ√︂1 + max{0, log(hγ,n/ˆ︁h)} ≤ K ′rγ,n.

Thus the few least-informed cubes are controlled by feasibility, while the improving ranks pay
progressively smaller stochastic scales. Deterministic template conditioning then transfers this
coefficient bound to expected spatial-supremum response error at the oracle rate. The appendix
proves the concentration event and the maximal inequality in full.

The appendix develops the corresponding probability bounds and the bounded testing ex-
periment. Their roles are complementary: the selected-mesh analysis establishes the estimator’s
recovery guarantee, and Lemma 6 supplies the bounded-response comparison underlying the
minimax converse.

5 Local treatment geometry and the Gaussian transfer

5.1 Global tail control and local treatment geometry

The recovery guarantee in Theorem 1 rests on global tail control and the equal-cell construc-
tion. To clarify the geometric scope of this guarantee, we compare the model with the local
anti-concentration condition ADorn

3 . This condition relates a neighborhood’s largest selected
propensity to the covariate probability assigned to propensities of comparable size. Its formula-
tion fixes both the family of laws and the pointwise propensity representatives.

Definition 9. [def:dorn-a3] (Local anti-concentration condition ADorn
3 ) The family-level con-

dition ADorn
3 (P, (eP )P∈P) is defined for a family and selected propensity versions satisfying:

• (Family.) P is a nonempty family of probability laws with common covariate cube S.

• (Versions.) For each P ∈ P, eP : S → [0, 1] is a fixed, pointwise-defined measurable
version of P (A = 1 | X = ·).

• (Overlap.) For each P ∈ P, eP (X) ∈ (0, 1) P -almost surely.

The condition holds when there exist constants ρ, ν > 0 and h0 > 0, common to the family, such
that, for every P ∈ P, every x0 ∈ S, and every 0 < h ≤ h0,

PP

⎛⎜⎝eP (X) ≥ ρ sup
x∈S

∥x−x0∥2≤h

eP (x)

⃓⃓⃓⃓
⃓⃓⃓ ∥X − x0∥2 ≤ h

⎞⎟⎠ > ν.

15



Here PP denotes probability under P , and the supremum is the pointwise supremum of the se-
lected version. Thus the condition is a property of the family together with its selected propensity
versions; its truth can depend on their values on PX-null sets. The covariate cube is S = [−1, 1]d

in Dorn’s source and S = X after affine transport. For a single displayed law and propensity,
ADorn
3 (P ) abbreviates the condition for the singleton family equipped with that selected version.

The common constants in Definition 9 require this comparison to persist across laws, loca-
tions, and sufficiently small neighborhoods. The pointwise supremum also makes the selected
representative part of the condition. By contrast, the global tail restriction in Assumption 7
controls the probability of small propensity values under the covariate distribution. A thin-strip
construction makes the distinction concrete: it combines a radial propensity component with
additional treatment probability concentrated in a narrowing strip.

Definition 10. [def:thin-strip] (Thin-strip law Pstrip) The observed-data law Pstrip is defined
by the following construction, under these conditions:

• (Dimension.) d ≥ 2.

• (Covariates.) X is uniform on X .

• (Strip exponent.) Choose a satisfying

1 < a < 1 +
d

γ − 1
.

Define the cube center, radial distance, and its continuous distribution function by

x◦ = (1/2, . . . , 1/2), R(x) = ∥x− x◦∥∞, FR(t) = P (R(X) ≤ t).

Define the strip and selected propensity by

S = {x ∈ X : |x2 − x◦2| ≤ |x1 − x◦1|a} , e⋆(x) = min

{︃
1, FR(R(x))

1/(γ−1) +
1

4
1S(x)

}︃
.

Given X, draw
A ∼ Bernoulli(e⋆(X)).

Set

p0 = min

{︃
1

4
,
L

4B

}︃
.

Draw Y (0) and Y (1) conditionally independently given X, each with conditional distribution
B Bernoulli(p0), and define

Y = AY (1) + (1−A)Y (0).

Then Pstrip is the law of (X,A, Y ).

The thin-strip law Pstrip of Definition 10 has constant potential-outcome means and bounded
outcomes. It therefore isolates the treatment geometry while keeping the response smooth. The
strip exponent makes the strip narrow relative to the surrounding neighborhood as its radius
decreases. Under the displayed exponent range, Proposition 1 establishes the coexistence of
global tail control and a vanishing normalized treated-design moment.
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Proposition 1. [prop:strict-enlargement] (Thin-strip enlargement and design degeneration)
Suppose the parameters satisfy:

• (Dimension and smoothness.) d ∈ N, d ≥ 2, and β > 1.

• (Model constants.) B > 0, L > 0, C ≥ 1, and 0 < cf ≤ 1.

• (Overlap and strip exponent.) γ > 1 and

1 < a < 1 +
d

γ − 1
.

For every such a, let Pstrip and its displayed selected propensity e⋆ be the construction in Defini-
tion 10, and let Pγ denote the model class with the fixed parameters (d, β,B, L,C, cf , γ). Then
Pstrip ∈ Pγ, and

Pstrip{e⋆(X) ≤ t} ≤ tγ−1, t ∈ [0, 1].

On the unit cube X = [0, 1]d, the numerical anti-concentration clause fails: there are no
ρ, ν, h0 > 0 such that, for every x0 ∈ X and every 0 < h ≤ h0,

Pstrip

{︃
e⋆(X) ≥ ρ sup x∈X

∥x−x0∥2≤h
e⋆(x), ∥X − x0∥2 ≤ h

}︃
Pstrip{∥X − x0∥2 ≤ h}

> ν.

This failure applies to the numerical clause allowing propensity values equal to one. Conse-
quently, the full singleton-family predicate ADorn

3 (Pstrip), evaluated using e⋆, also fails.
Moreover, writing x◦ = (1/2, . . . , 1/2), the normalized treated-design second moment in the

second coordinate satisfies

lim
h↓0

∫︂
{A=1, ∥X−x◦∥∞≤h}

(︃
X2 − 1/2

h

)︃2

dPstrip

Pstrip{A = 1, ∥X − x◦∥∞ ≤ h}
= 0.

In particular, Pγ contains a law whose full singleton-family Dorn predicate fails for the displayed
selected propensity e⋆.

The global tail inequality controls the prevalence of small propensities, while the displayed
moment records the shape of the treated design near the cube center. Its limit shows that, after
normalization by neighborhood width, treated observations concentrate increasingly close to the
strip’s central hyperplane. The local second-coordinate variation consequently degenerates even
though the law satisfies the global model restrictions. For dimensions at least two, Proposition 1
thus establishes a strict enlargement relative to imposing the selected-version predicate within
the causal class. The equal-cell estimator’s guarantee in Theorem 1 covers this geometry through
its template and count-feasibility conditions.

5.2 Transfer to fixed-constant Gaussian source envelopes

The geometric distinction also has a source-model consequence. Under the retained restrictions
in Dorn [2026, Section 2, Assumptions 1–2, pp. 3–7], affine transport maps each fixed-constant
Gaussian source envelope to the causal class used by Theorem 1. A common response bound
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controls the transported mean and noise scale, while fixed-cube smoothness completion supplies
a common full Hölder radius. Consequently, one transformed equal-cell estimator attains the ex-
pected spatial-supremum rate uniformly over the source envelope and the prescribed compact ex-
ponent range. The exact envelope, transport constants, exponent-specific Gaussian witness, and
family-richness qualifications are stated in Proposition 2 and proved in the source-comparison
appendix.

The transfer aligns the source restrictions with the components needed for response recovery.
Uniform covariates supply the density lower bound after transport, the propensity tail inequality
supplies global overlap control, and the Gaussian and treated-moment restrictions supply com-
mon response bounds. Fixed-cube smoothness completion converts the source’s top-derivative
seminorm restriction, together with a function bound, into the full Hölder radius used by the
estimator. The precise completion argument is given in Lemma 7.

The upper guarantee controls the expected spatial supremum over the entire unit cube, uni-
formly over the fixed-constant envelopes and the compact exponent range. This loss criterion is
stronger than the displayed essential-supremum probability criterion: it controls the magnitude
of the largest spatial error in expectation and yields the stated probability guarantee at every
positive tolerance. The same constants apply to each source subfamily satisfying the retained
restrictions because each such family lies within the corresponding envelope.

The Gaussian existence assertion has a separate quantifier structure. In dimensions at least
two, it supplies, for each overlap exponent, a source tuple satisfying the retained restrictions with
positive finite constants chosen for that exponent and with local anti-concentration failure for its
selected representative. These witnesses establish the geometric scope of the retained Gaussian
restrictions; the envelope-wide upper guarantee applies with the fixed constants specified at the
start of Proposition 2.

The converse statements likewise identify their comparison classes explicitly. A source family
with a common treated curve has zero minimax pointwise miss probability, whereas the full
causal class in Definition 3 admits the displayed positive expected absolute-error lower bound
at the oracle scale, supported by its two-valued potential-outcome subclass. Family richness
therefore determines the scope of a minimax converse, while the transferred upper guarantee
remains valid for every qualifying source subfamily. The technical source-family comparison is
developed in Lemma 8 and Proposition 3.

6 Discussion

The guarantees in Theorem 1 describe response recovery with known smoothness and adaptation
to overlap. The known smoothness parameter β determines the polynomial degree and the
approximation order used in constructing the estimator. Treatment counts then select a feasible
mesh through Algorithm 1. Thus response regularity supplies the approximation benchmark,
while the observed treatment design determines the spatial resolution.

The compact range for the overlap parameter γ, contained in (1,∞), specifies the domain
over which the risk constants are uniform. With the remaining model constants fixed, a single
estimator attains the corresponding oracle scale throughout that range. The pointwise and
expected spatial-supremum guarantees therefore share an overlap-dependent scale, including
the spatial-supremum guarantee without an additional logarithmic factor.

For comparison, the classical regular-design spatial-supremum benchmark includes a loga-
rithmic factor, with scale (log n/n)β/(2β+d) under its regular coverage conditions [Stone, 1982].
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The present theorem instead takes a worst case over the larger global-tail class at each fixed finite
γ, giving the pure power n−β/(2β+dγ/(γ−1)). The theorem supplies one estimator and common
risk constants on every prescribed compact interval of finite overlap exponents.

Equal-cell weighting connects the deterministic geometry in Definition 6 to the fitted poly-
nomials in Algorithm 2. Each microcell contributes the same total weight, so the conditioning
argument is governed by the template geometry, while differences in treatment counts govern
stochastic precision; Lemmas 3 and 4 give the two bounds.

Conditional sub-Gaussian residuals supply exponential control of fluctuations after condi-
tioning on the sampled covariates and treatment indicators. That control supports the upper-
bound argument and its Gaussian-envelope transfer in Proposition 2. Together, the response
smoothness, template geometry, and treatment-count information determine approximation,
conditioning, and stochastic error, respectively.

6.1 Limitations and future work

Joint adaptation would replace the known smoothness benchmark with a comparison across
response regularities as well as treatment-count-feasible resolutions. The following proposal
describes an architecture for that extension.

Remark 1. [def:joint-adaptation-handle] (Future work: joint adaptation in β and γ) A
proposed direction for future work is to construct a single response estimator with an adaptive-
risk envelope over compact rectangles of the smoothness parameter β and the overlap parameter
γ. The proposed architecture uses sample splitting to compare equal-cell fits across polynomial
degrees and treatment-count-feasible meshes, with the count selector controlling adaptation to
overlap and held-out Lepski inequalities controlling adaptation to smoothness. The sample split,
degree-and-mesh comparison rule, Lepski threshold, estimator, and envelope functional remain
to be specified; estimator existence and the corresponding risk bounds remain open.

The proposed split would allocate separate observations to fitting and comparison, while the
degree-and-mesh rule would compare candidates along both parameter axes. Lepski compar-
isons provide a natural perspective on smoothness selection [Lepski et al., 1997]; smoothness
adaptation under degenerate random design, studied by Gäıffas [2005a], supplies a related set-
ting in which to interpret the adaptation question. These comparisons motivate the proposal
rather than establish its risk envelope.

The absence of an additional spatial-supremum logarithm in the known-smoothness guar-
antee makes the cost of the proposed two-axis comparison particularly relevant. The question
concerns both attainability of the oracle scale and any unavoidable adaptation penalty.

Remark 2. [oeq:joint-adaptation] (Joint smoothness and overlap adaptation) For a com-
pact rectangle of smoothness and overlap parameters (β, γ) contained in (1,∞)2, can a procedure
adapting along both parameter axes produce a single estimator whose pointwise and expected
spatial-supremum risks attain the oracle scale for every pair in the rectangle? What logarithmic
penalty, if any, is minimax unavoidable?

Resolving Remark 2 requires specifying the procedure and establishing its risk bounds, to-
gether with an appropriate converse for any claimed unavoidable logarithmic price. The existing
common-class bounded-response converse and Gaussian-envelope upper transfer address distinct
comparison domains: the former supplies the minimax lower bound in Theorem 1, while the
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latter supplies the upper guarantee in Proposition 2. The transferred upper bound does not fur-
nish a matching converse for every Gaussian source subfamily. As Lemma 8 and Proposition 3
clarify, a lower-bound analysis must account for family richness. These distinctions also govern
how a future joint-adaptation result could characterize an unavoidable logarithmic penalty.

Appendices

A Identification and upper-bound proofs

The upper bound in Theorem 1 combines causal identification with control of approximation
error, conditional stochastic error, and exceptional samples. The auxiliary statements below
follow that order: identification fixes the population target, cube smoothness admits a controlled
global extension, the global overlap tail supplies an ordered information profile, and the template
and mesh bounds translate that profile into stable response estimation.

A.1 Identification of the continuous response

Under the causal conditions in Definition 2, the treated conditional mean identifies the causal
response almost everywhere. The density and smoothness restrictions then determine its contin-
uous representative throughout the covariate cube. The following statement records both levels
of identification.

Lemma 1. [lem:causal-identification] (Identification of the treated response) Let P ∈ Pγ
satisfy the parameter restrictions and causal model conditions of Definition 2, with γ > 1. Write
PX for its covariate marginal and X = [0, 1]d for the covariate cube. Then

PX{x : e(x) = 0} = 0, µ1(x) = EP [Y | A = 1, X = x] for PX-almost every x.

Moreover, every function g : Rd → R that is continuous on X and satisfies

g(x) = EP [Y | A = 1, X = x] for PX-almost every x

obeys
g(x) = µ1(x) for every x ∈ X .

Proof of Lemma 1. 1. Let Pc be the joint causal law on Rd × {0, 1} × R3:

Pc := L
(︁
X,A, Y (0), Y (1), Y

)︁
.

Its observed marginal is P , and its covariate marginal is PX . Define the joint conditioning
law and conditional probability kernels by

πX,A := LPc(X,A),

Kc
A|X(x) := LPc(A | X = x),

K1|X(x) := LPc(Y (1) | X = x),

Kc
Y |X,A(x, a) := LPc(Y | X = x,A = a),

Kc
1|X,A(x, a) := LPc(Y (1) | X = x,A = a),

x ∈ Rd, a ∈ {0, 1}.
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Choose measurable versions defined at every conditioning input, with arbitrary probability
values on exceptional conditioning sets.

By Assumption 5,
A = 1 =⇒ Y = Y (1) Pc-almost surely.

Conditioning this equality on (X,A) gives

a = 1 =⇒ Kc
Y |X,A(x, a) = Kc

1|X,A(x, a) πX,A-almost everywhere.

By Assumption 6, Y (1) and A are conditionally independent given X. Consequently,

Kc
1|X,A(x, a) = K1|X(x) πX,A-almost everywhere.

2. Applying Assumption 7 at t = 0, and using γ − 1 > 0, yields

0 ≤ PX{e ≤ 0} ≤ C 0γ−1 = 0.

Since {e = 0} ⊆ {e ≤ 0},
PX{e = 0} = 0.

To express positivity through the conditioning kernel, define

Ko
A|X(x) := LP (A | X = x), x ∈ Rd,

again as a measurable probability kernel defined everywhere. The observed marginal rela-
tion and the definition of the propensity give

Ko
A|X(x) = Kc

A|X(x), e(x) = Ko
A|X(x)({1}) ≥ 0 PX -almost everywhere.

Combining these identities with the null-set calculation proves

Kc
A|X(x)({1}) = e(x) > 0 PX -almost everywhere.

3. Disintegration of the joint conditioning law gives

πX,A(dx, da) = PX(dx)K
c
A|X(x, da).

We use the following consequence of this identity. For any predicate p : Rd × {0, 1} →
{true, false} holding πX,A-almost everywhere, disintegration implies

Kc
A|X(x){a : ¬p(x, a)} = 0 PX -almost everywhere.

At any such x with Kc
A|X(x)({1}) > 0, failure of p(x, 1) would imply

0 < Kc
A|X(x)({1}) ≤ Kc

A|X(x){a : ¬p(x, a)} = 0.

Thus p(x, 1) holds PX -almost everywhere. Applying this argument to the conjunction of
the two conditional-kernel identities above gives

Kc
Y |X,A(x, 1) = K1|X(x) PX -almost everywhere.
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Now define the observed outcome kernel and its treated slice by

Ko
Y |X,A(x, a) := LP (Y | X = x,A = a),

Ktr(x) := Ko
Y |X,A(x, 1),

x ∈ Rd, a ∈ {0, 1}.

The observed marginal relation gives

Ko
Y |X,A(x, a) = Kc

Y |X,A(x, a) πX,A-almost everywhere.

Applying the same positive-slice argument once more, we obtain

Ktr(x) = Kc
Y |X,A(x, 1) = K1|X(x) PX -almost everywhere.

4. Define the treated regression on all of Rd by

rtr(x) :=

∫︂
R
y Ktr(x, dy),

using value zero wherever the integrand is not integrable. By Assumption 8 and the kernel
equality just proved, for PX -almost every x,

|rtr(x)| ≤ B,

∫︂
R
eλ(y−rtr(x))K1|X(x, dy) ≤ eB

2λ2/2 for every λ ∈ R,

and each exponential integrand in this display is integrable.

The choices λ = 1 and λ = −1 control the absolute first moment. Indeed, for every y ∈ R,

1 + |y − rtr(x)| ≤ e|y−rtr(x)| ≤ ey−rtr(x) + e−(y−rtr(x)),

so
|y| ≤ |y − rtr(x)|+ |rtr(x)| ≤ ey−rtr(x) + e−(y−rtr(x)) + |rtr(x)|.

The right-hand side is integrable under K1|X(x). Integrating the inequality and using the
exponential bounds yields∫︂

R
|y|K1|X(x, dy) ≤

∫︂
R
ey−rtr(x)K1|X(x, dy) +

∫︂
R
e−(y−rtr(x))K1|X(x, dy) + |rtr(x)|

≤ 2eB
2/2 +B.

This bound is uniform on a set of full PX -measure. Disintegration therefore gives∫︂
|Y (1)| dPc =

∫︂
Rd

(︃∫︂
R
|y|K1|X(x, dy)

)︃
PX(dx) ≤ 2eB

2/2 +B <∞.

In particular, Y (1) is integrable under Pc.

5. Define

k1(x) :=

∫︂
R
y K1|X(x, dy), x ∈ Rd,
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with value zero wherever the integrand is not integrable. The conditional-distribution
formula for conditional expectation, together with the defining conditional-mean relation
for the treated causal response, gives

µ1(X) = EPc [Y (1) | σ(X)] = k1(X) Pc-almost surely.

The kernel integral k1 is measurable. Continuity of µ1 on X , supplied by Assumption 9
and Definition 1, and PX ≪ Leb |X supply a measurable representative of µ1 under PX .
Using these representatives, the covariate pushforward identity transfers the preceding
equality to

µ1(x) = k1(x) PX -almost everywhere.

The equality Ktr = K1|X then gives

µ1(x) = k1(x) = rtr(x) = EP [Y | A = 1, X = x] PX -almost everywhere.

6. It remains to establish the asserted equality for every point of the cube. Define the
restricted Lebesgue measure by

ν := Leb |X .
The parameter restrictions give cf > 0. Absolute continuity of PX with respect to ν and
Assumption 4 yield

PX = fν, f =
dPX
dν

≥ cf > 0 ν-almost everywhere.

Consequently,
ν{f = 0} = 0, ν ≪ fν = PX .

For completeness, if a Borel set E ⊆ Rd satisfies PX(E) = 0, then∫︂
E
f dν = PX(E) = 0.

Since f is nonnegative, this forces f = 0 ν-almost everywhere on E; its strict positivity
ν-almost everywhere gives ν(E) = 0.

Let g : Rd → R satisfy the continuity and almost-everywhere agreement required in the
statement. The identifying equality already established implies

g(x) = µ1(x) PX -almost everywhere,

and hence, by ν ≪ PX ,

g(x) = µ1(x) ν-almost everywhere.

Both functions are continuous on X . Thus

g(x) = µ1(x) for every x ∈ int(X ) :

a nonzero difference at an interior point would, by continuity, persist on an open ball
contained in the cube, whose positive Lebesgue measure contradicts the preceding almost-
everywhere equality. Finally,

int(X ) =
d∏︂
i=1

(0, 1) =
d∏︂
i=1

[0, 1] = X .

Continuity therefore extends the equality to every x ∈ X , as required.
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The pointwise and spatial-supremum losses in Definition 3 therefore concern a uniquely
identified continuous response, including at boundary points. This separates the identification
of the target from the statistical difficulty created by small treated probabilities.

A.2 Global extension of cube smoothness

The intrinsic smoothness convention in Definition 1 specifies coordinate derivatives through their
continuous boundary traces. For an integer derivative order m ≥ 0 and a top-derivative Hölder
exponent s ∈ (0, 1], the following statement supplies a global representative with controlled
Fréchet derivatives. In the response class, these orders are m = ⌈β⌉ − 1 and s = β −m.

Lemma 2. [lem:global-holder-extension] (Global Hölder extension bounds) Fix an integer
d ≥ 0, an integer m ≥ 0, and an exponent 0 < s ≤ 1. There exists a constant Kext > 0,
depending only on d, m, and s, with the following property. Let L ≥ 0 and let g : [−1, 1]d → R
satisfy:

• (Intrinsic smoothness.) The function g belongs to Cm([−1, 1]d) in the intrinsic closed-
cube sense of Definition 1, transported to [−1, 1]d. Its coordinate derivatives Dαg, for
|α| ≤ m, exist on the interior and admit continuous traces on the closed cube.

• (Derivative bounds.) With derivatives evaluated through their continuous traces,

sup
z∈[−1,1]d

|Dαg(z)| ≤ L for every |α| ≤ m.

• (Hölder continuity.) For every |α| = m and all z, z′ ∈ [−1, 1]d,

|Dαg(z)−Dαg(z′)| ≤ L∥z − z′∥s∞.

Then there exists gext ∈ Cm(Rd) such that

gext(z) = g(z) for every z ∈ [−1, 1]d,

sup
z∈Rd

∥Dkgext(z)∥op ≤ KextL for every 0 ≤ k ≤ m,

and
∥Dmgext(z)−Dmgext(z

′)∥op ≤ KextL∥z − z′∥s∞ for all z, z′ ∈ Rd.

Here Dk denotes the Fréchet derivative of order k, with order zero interpreted as the function
itself, and ∥·∥op denotes the operator norm of a k-linear form on Rd equipped with the supremum
norm ∥ · ∥∞.

Proof of Lemma 2. Write
C := [−1, 1]d.

All intrinsic derivatives below are evaluated through their continuous traces, as in Definition 1.

1. Order zero. Suppose m = 0. Define the coordinatewise retraction and the extension by

πC : Rd −→ C, (πC(z))i := max{−1,min{1, zi}}, gext(z) := g(πC(z)).
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Projection onto an interval is nonexpansive. Consequently,

πC(z) = z (z ∈ C), ∥πC(z)− πC(z
′)∥∞ ≤ ∥z − z′∥∞.

The hypotheses therefore give

|gext(z)| ≤ L, |gext(z)− gext(z
′)| ≤ L∥πC(z)− πC(z

′)∥s∞ ≤ L∥z − z′∥s∞.

Since s > 0, the last bound implies continuity. Thus Kext = 1 works in this case. The
same construction applies when d = 0, with the empty coordinate tuple interpreted as the
unique point of R0.

2. From coordinate bounds to multilinear bounds. Henceforth assume m > 0. Set

Kcoord := (d+ 1)m > 0.

For endpoints ℓ, b ∈ Rd satisfying ℓi < bi, define

B(ℓ, b) :=
d∏︂
i=1

[ℓi, bi].

For an intrinsic Cm response gin on this box, its full intrinsic derivative is the multilinear
form

Dk
Bgin(z)[ξ1, . . . , ξk] :=

d∑︂
i1,...,ik=1

(︁
∂i1 · · · ∂ikgin

)︁
(z)

k∏︂
ν=1

(ξν)iν , 0 ≤ k ≤ m.

At order zero this is gin(z); at positive order in dimension zero the sum is empty and the
form is zero.

To see the relevant norm estimate, define the coordinate basis by

(ei)j := 1{i=j}.

If a k-linear form Mcoord : (Rd)k → R satisfies

|Mcoord[ei1 , . . . , eik ]| ≤ Lcoord, Lcoord ≥ 0,

multilinearity gives

|Mcoord[ξ1, . . . , ξk]| ≤
d∑︂

i1,...,ik=1

Lcoord

k∏︂
ν=1

|(ξν)iν |

≤ dkLcoord

k∏︂
ν=1

∥ξν∥∞ ≤ KcoordLcoord

k∏︂
ν=1

∥ξν∥∞.

Here the order-zero sum has one term, including when d = 0. Applying this estimate to
the derivative and to the difference of two top derivatives shows that coordinate bounds
of radius Lin ≥ 0 imply

∥Dk
Bgin(z)∥op ≤ KcoordLin, 0 ≤ k ≤ m, z ∈ B,

and
∥Dm

B gin(z)−Dm
B gin(z

′)∥op ≤ KcoordLin∥z − z′∥s∞, z, z′ ∈ B.
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3. Affine transport between boxes. Consider two nondegenerate boxes

B = B(ℓ, b), B′ = B(ℓ′, b′).

Define their affine identification and its coordinate slopes by

λaff,i :=
b′i − ℓ′i
bi − ℓi

> 0, (ΦB→B′(z))i := ℓ′i + λaff,i(zi − ℓi).

This map carries B bijectively onto B′. Define

Kaff,jet := 1 +
d∑︂
i=1

λaff,i, Kaff,dist := 1 +
d∑︂
i=1

(︁
λaff,i + λ−1

aff,i

)︁
,

and
Kaff(B,B′) := Km

aff,jet

(︁
1 +Ks

aff,dist

)︁
> 0.

Coordinatewise subtraction yields

∥ΦB→B′(z)− ΦB→B′(z′)∥∞ ≤ Kaff,dist∥z − z′∥∞,

hence, because s > 0,

∥ΦB→B′(z)− ΦB→B′(z′)∥s∞ ≤ Ks
aff,dist∥z − z′∥s∞.

For a response gin with intrinsic radius Lin on B′, define

gaff := gin ◦ ΦB→B′ .

The affine chain rule, including continuous boundary traces, gives

Dαgaff(z) =

(︄
d∏︂
i=1

λαi
aff,i

)︄
(Dαgin)(ΦB→B′(z)).

Since Kaff,jet ≥ 1, for |α| ≤ m,

d∏︂
i=1

λαi
aff,i ≤ K

|α|
aff,jet ≤ Km

aff,jet.

It follows that
|Dαgaff(z)| ≤ Km

aff,jetLin ≤ Kaff(B,B′)Lin,

and, for |α| = m,

|Dαgaff(z)−Dαgaff(z
′)| ≤ Km

aff,jetLin∥ΦB→B′(z)− ΦB→B′(z′)∥s∞
≤ Kaff(B,B′)Lin∥z − z′∥s∞.

Composition with the affine map also preserves intrinsic Cm regularity. These formulas
establish the claimed radius factor over the whole closed box.
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4. Moment-matched reflection across a normalized face. Choose real coefficients aref,r, 1 ≤
r ≤ m+ 1, satisfying

m+1∑︂
r=1

aref,r(−r)k = 1, 0 ≤ k ≤ m.

Such coefficients exist: the matrix

(Vref)r,k+1 := (−r)k, 1 ≤ r ≤ m+ 1, 0 ≤ k ≤ m,

is a Vandermonde matrix at distinct nodes. Its determinant is nonzero, so the system

VT
ref(aref,1, . . . , aref,m+1)

T = (1, . . . , 1)T

has a solution depending only on m.

5. Regularity and bounds on a one-face collar. Fix a coordinate i, and define

C−
i :=

{︃
z : −1− 1

m+ 1
≤ zi ≤ 1, −1 ≤ zj ≤ 1 for j ̸= i

}︃
,

E−
i := C−

i ∩{z : zi ≤ −1}, E−,◦
i :=

{︃
z : −1− 1

m+ 1
< zi < −1, −1 < zj < 1 for j ̸= i

}︃
.

For each 1 ≤ r ≤ m+ 1, define an affine inward sample on all of Rd by

(Φref,i,r(z))j :=

{︄
−1 + r(−1− zi), j = i,

zj , j ̸= i.

If z ∈ E−,◦
i , then

0 < r(−1− zi) < 1,

so Φref,i,r(z) ∈ (−1, 1)d. The weak inequalities likewise show that the closed exterior slab
maps into C.
For an auxiliary response gin : Rd → R with intrinsic radius Lin on C, define

(Rigin)(z) :=

⎧⎪⎨⎪⎩
m+1∑︂
r=1

aref,rgin(Φref,i,r(z)), zi < −1,

gin(z), zi ≥ −1.

This defines the response on all of Rd, and it agrees with gin on C.
On the closed exterior slab, the finite sum is intrinsically Cm, by composition with the
affine samples. At zi = −1, every sample equals z, and the moment equation at k = 0
identifies that sum with the second branch. Moreover, for |α| ≤ m, the exterior derivative
trace at this face is

(DαRigin)ext(z) =

m+1∑︂
r=1

aref,r(−r)αiDαgin(z)

= Dαgin(z).
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Indeed, the affine chain rule gives the factors (−r)αi , and continuity of the original deriva-
tive traces gives the limit at the face. Coordinate expansion then identifies the full multi-
linear traces. This argument includes the edges and corners.

The two closed pieces therefore have matching derivatives through order m. They glue to
an intrinsic Cm response on C−

i : at a common face point, the derivative remainders on
both pieces use the same linear approximation and are o(∥ξ∥∞); on their union the same
remainder estimate holds. Applying this observation successively to the derivative fields,
and using continuity of the matching fields, establishes regularity through order m.

For the quantitative estimates, define the linear part of each sample by

(Λref,i,rξ)j :=

{︄
−rξi, j = i,

ξj , j ̸= i.

Then
∥Λref,i,r∥op ≤ r, ∥Φref,i,r(z)− Φref,i,r(z

′)∥∞ ≤ r∥z − z′∥∞.

On the open exterior slab, the chain rule gives

Dk(gin ◦ Φref,i,r)(z) = Dkgin(Φref,i,r(z)) ◦ Λ⊗k
ref,i,r.

Using the full intrinsic bounds from Item 2 at the inward samples yields

∥Dk(gin ◦ Φref,i,r)(z)∥op ≤ KcoordLinr
k ≤ Kcoordr

mLin,

and
∥Dm(gin ◦ Φref,i,r)(z)−Dm(gin ◦ Φref,i,r)(z

′)∥op
≤ KcoordLinr

m∥Φref,i,r(z)− Φref,i,r(z
′)∥s∞

≤ Kcoordr
mrsLin∥z − z′∥s∞.

Define

Kref,ext,D := 1 +

m+1∑︂
r=1

|aref,r|Kcoordr
m, Kref,ext,H := 1 +

m+1∑︂
r=1

|aref,r|Kcoordr
mrs.

Differentiating the finite reflection sum and applying the triangle inequality gives

∥DkRigin(z)∥op ≤ Kref,ext,DLin,

and
∥DmRigin(z)−DmRigin(z

′)∥op ≤ Kref,ext,HLin∥z − z′∥s∞
on the open exterior slab. Its closure is E−

i . Continuity of the within-collar derivatives
therefore extends the first bound to that closure, and successive limits in the two points
extend the second bound.

On C, agreement of the responses identifies their derivatives in the interior. Continuity
extends this identity to the closed cube:

Dk
C−
i
Rigin(z) = Dk

Cgin(z), z ∈ C, k ≤ m.
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Thus the corresponding full derivative and top-modulus bounds on the cube have coefficient
Kcoord.

For a pair z ∈ E−
i , z

′ ∈ C, choose

tface ∈ [0, 1], (1− tface)zi + tfacez
′
i = −1, zface := (1− tface)z + tfacez

′.

Existence follows from zi ≤ −1 ≤ z′i; if both coordinates equal −1, take tface = 0. The
other coordinates remain in [−1, 1], so

zface ∈ E−
i ∩ C, ∥z − zface∥∞ ≤ ∥z − z′∥∞, ∥zface − z′∥∞ ≤ ∥z − z′∥∞.

The two side estimates and the triangle inequality now give

∥Dm
C−
i
Rigin(z)−Dm

C−
i
Rigin(z

′)∥op

≤ Kref,ext,HLin∥z − zface∥s∞ +KcoordLin∥zface − z′∥s∞
≤ (Kref,ext,H +Kcoord)Lin∥z − z′∥s∞.

Pairs on the same side satisfy the same enlarged bound; reversing the points treats the
other crossing order. Evaluating on coordinate basis tuples converts these full-jet estimates
to coordinate estimates. Consequently, with

Kref,D := Kref,ext,D+Kcoord, Kref,H := Kref,ext,H+Kcoord, Kref := Kref,D+Kref,H ,

the reflected response has intrinsic Cm,s radius KrefLin on C−
i . All these constants are

positive and depend only on d,m, s.

6. A fixed larger box. For a nondegenerate box B = B(ℓ, b) and a coordinate i, define its
lower enlargement by

ℓ−j :=

⎧⎨⎩ℓi −
bi − ℓi

2(m+ 1)
, j = i,

ℓj , j ̸= i,
B− := B(ℓ−, b).

Normalize a response on B, reflect it, and transport it back:

gnorm := gin ◦ ΦC→B, glower := (Rignorm) ◦ ΦB−→C−
i
.

The chosen collar width gives the affine identity

ΦB−→C−
i
= ΦB→C on Rd.

Therefore
glower(z) = gin(z) (z ∈ B).

Items 3 and 5 give its radius factor

Klower(B, i) := Kaff(B−, C−
i )KrefKaff(C,B) > 0.

For the upper enlargement, define

b+j :=

⎧⎨⎩bi +
bi − ℓi

2(m+ 1)
, j = i,

bj , j ̸= i,
B+ := B(ℓ, b+).
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Apply the lower construction to the negated box and then negate back. This transport
preserves the radius, since

Dα(gin ◦ (−id))(z) = (−1)|α|Dαgin(−z), ∥(−z)− (−z′)∥∞ = ∥z − z′∥∞.

Thus the upper construction agrees on B and has factor

Kupper(B, i) := Klower(−B, i), −B := B(−b,−ℓ).

Applying the lower construction first and the upper construction to its enlarged box gives
agreement on the original box and factor

Ktwo(B, i) := Kupper(B−, i)Klower(B, i) > 0.

Iterate this two-face construction through coordinates 1, . . . , d. More precisely, define

ℓ(0) := (−1, . . . ,−1), b(0) := (1, . . . , 1), B(0) := C, K
(0)
neigh := 1.

At stage ν = 1, . . . , d, apply the lower enlargement in coordinate ν, followed by the upper
enlargement using the new lower endpoint, and denote the resulting box by B(ν). Define

K
(ν)
neigh := Ktwo(B(ν−1), ν)K

(ν−1)
neigh .

The lower and upper increments are positive. Previously enlarged coordinates remain
unchanged, and every intermediate box contains C. Induction consequently gives

ℓ
(d)
i < −1 < 1 < b

(d)
i (1 ≤ i ≤ d), K

(d)
neigh > 0.

Set
Bext := B(d), ℓext := ℓ(d), bext := b(d), Kneigh := K

(d)
neigh.

For every admissible g, L, the same induction produces a response gneigh satisfying

gneigh = g on C, gneigh ∈ Cm(Bext),

|Dαgneigh(z)| ≤ KneighL (|α| ≤ m, z ∈ Bext),

and

|Dαgneigh(z)−Dαgneigh(z
′)| ≤ KneighL∥z − z′∥s∞ (|α| = m, z, z′ ∈ Bext).

For definiteness, the starting ambient representative is

g(0)(z) :=

{︄
g(z), z ∈ C,
0, z /∈ C.

Subsequent representatives are defined everywhere by the displayed reflection and affine
formulas. When d = 0, the iteration is empty: Bext = R0 and Kneigh = 1. The final box
and radius factor depend only on d,m, s.
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7. A fixed smooth cutoff and its zero extension. Define

ρbox :=

⎧⎨⎩ min
1≤i≤d

min{−ℓext,i, bext,i}, d > 0,

2, d = 0,

and

ρin :=
1 + ρbox

2
, ρout :=

ρin + ρbox
2

.

The strict margins imply
1 < ρin < ρout < ρbox.

Choose a smooth bump χ : Rd → R with

χ(z) = 1 (∥z∥∞ ≤ ρin), suppχ ⊆ {z : ∥z∥∞ ≤ ρout},

where support denotes closed support. Smooth bump existence in a finite-dimensional
normed space supplies this choice. In particular,

χ = 1 on C, suppχ ⊂ B◦
ext,

with

B◦
ext :=

d∏︂
i=1

(ℓext,i, bext,i).

Compact support and continuity of the derivatives make the constant

Kχ := max

{︄
1, max

0≤k≤m+1
sup
z∈Rd

∥Dkχ(z)∥op

}︄
finite and positive.

For any response gin of intrinsic radius Lin ≥ 0 on Bext, define

(G gin)(z) :=

{︄
χ(z)gin(z), z ∈ Bext,

0, z /∈ Bext.

At an interior point this is locally a product of Cm functions. At every point outside the
open box, a neighborhood misses the closed support of χ, so the extension is locally zero.
Hence

G gin ∈ Cm(Rd), G gin = gin on C,

and
DkG gin(z) = 0 (z /∈ B◦

ext, 0 ≤ k ≤ m).

8. Uniform derivatives of the cutoff extension. We make the product estimate explicit. Define

Sk := {permutations of {1, . . . , k}}.

For an r-linear form M1 and a (k − r)-linear form M2, where 0 ≤ r ≤ k, define

Mk,r(M1,M2)[ξ1, . . . , ξk]

:=
1

k!

∑︂
σ∈Sk

M1[ξσ(1), . . . , ξσ(r)]M2[ξσ(r+1), . . . , ξσ(k)].
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At k = 0, the permutation set has one element and the expression is ordinary multiplica-
tion. Each summand is bounded by ∥M1∥op∥M2∥op

∏︁k
ν=1 ∥ξν∥∞, so

∥Mk,r(M1,M2)∥op ≤ ∥M1∥op∥M2∥op.

Repeated differentiation along a line gives the scalar Leibniz formula on repeated argu-
ments. Both sides below are symmetric multilinear forms, and polarization therefore gives
the full product identity

Dk(χgin)(z) =
k∑︂
r=0

(︃
k

r

)︃
Mk,r

(︁
Drχ(z),Dk−r

Bext
gin(z)

)︁
, z ∈ B◦

ext.

Thus Item 2 gives

∥DkG gin(z)∥op ≤
k∑︂
r=0

(︃
k

r

)︃
KχKcoordLin

= 2kKχKcoordLin ≤ 2mKχKcoordLin.

Outside the open box the derivative is zero. Consequently, defining

Kcut,D := KχKcoord2
m + 1 > 0,

we obtain the global bound

∥DkG gin(z)∥op ≤ Kcut,DLin, 0 ≤ k ≤ m, z ∈ Rd.

9. The global top-order modulus. For z, z′ in the open box, define

δ := ∥z − z′∥∞.

The box is convex. For k < m, the bound on the next full intrinsic derivative and the
mean-value inequality give

∥Dk
Bext

gin(z)−Dk
Bext

gin(z
′)∥op ≤ KcoordLinδ.

The uniform bounds also give a difference bound 2KcoordLin. For 0 ≤ δ ≤ 1, the condition
s ≤ 1 implies δ ≤ δs; for δ > 1, positivity of s implies 1 ≤ δs. Therefore

∥Dk
Bext

gin(z)−Dk
Bext

gin(z
′)∥op ≤ 2KcoordLinδ

s, k < m.

For k = m, Item 2 gives the sharper bound with coefficient KcoordLin, and hence the same
displayed bound with coefficient 2KcoordLin.

Likewise, the cutoff derivatives through order m+ 1 give, for 0 ≤ r ≤ m,

∥Drχ(z)−Drχ(z′)∥op ≤ Kχδ, ∥Drχ(z)−Drχ(z′)∥op ≤ 2Kχ.

The same two distance ranges yield

∥Drχ(z)−Drχ(z′)∥op ≤ 2Kχδ
s.
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Bilinearity of the pairings in Item 8 splits each product difference into a cutoff difference
times a response jet, and a cutoff jet times a response difference. Subtracting the two
product identities and applying their contraction bounds gives

∥DmG gin(z)−DmG gin(z
′)∥op

≤
m∑︂
r=0

(︃
m

r

)︃(︂
∥Drχ(z)−Drχ(z′)∥op∥Dm−r

Bext
gin(z)∥op

+ ∥Drχ(z′)∥op∥Dm−r
Bext

gin(z)−Dm−r
Bext

gin(z
′)∥op

)︂
≤

m∑︂
r=0

(︃
m

r

)︃
(2Kχδ

sKcoordLin +Kχ 2KcoordLinδ
s)

= 4KχKcoord2
mLinδ

s.

Define
Kcut,H := 4KχKcoord2

m + 1 > 0.

The open box is dense in the closed box, including in dimension zero. Since G gin is globally
Cm, its top derivative is continuous. Passing to limits in both points, using continuity of
the distance power for s > 0, gives

∥DmG gin(z)−DmG gin(z
′)∥op ≤ Kcut,HLin∥z − z′∥s∞, z, z′ ∈ Bext.

Now let z ∈ Bext and z
′ /∈ Bext. Some coordinate i satisfies z′i < ℓext,i or z

′
i > bext,i. Define

(zboundary)j :=

⎧⎪⎨⎪⎩
ℓext,i, j = i, z′i < ℓext,i,

bext,i, j = i, z′i > bext,i,

zj , j ̸= i.

Then
zboundary ∈ Bext \ B◦

ext, ∥z − zboundary∥∞ ≤ |zi − z′i| ≤ ∥z − z′∥∞.

Item 7 makes the top derivative zero at both z′ and zboundary. Hence

∥DmG gin(z)−DmG gin(z
′)∥op

= ∥DmG gin(z)−DmG gin(zboundary)∥op
≤ Kcut,HLin∥z − zboundary∥s∞ ≤ Kcut,HLin∥z − z′∥s∞.

Reversing the points treats the opposite crossing order. If both points lie outside the
closed box, both derivatives are zero. Together with the closed-box estimate, these cases
establish the displayed modulus for all z, z′ ∈ Rd. In dimension zero the outside cases are
empty.

10. Composition of the two radius factors. Define the fixed constants

Kcut := max{Kcut,D,Kcut,H}, Kext := KcutKneigh > 0.

The box, cutoff, and all constants depend only on d,m, s. For the given g, L, choose the
neighborhood response from Item 6 and set

Lin := KneighL ≥ 0, gext := G gneigh.
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Its agreement on the cube is

gext(z) = gneigh(z) = g(z), z ∈ C,

and Item 7 gives gext ∈ Cm(Rd). Items 8 and 9 give

∥Dkgext(z)∥op ≤ Kcut(KneighL) = KextL, 0 ≤ k ≤ m,

and

∥Dmgext(z)−Dmgext(z
′)∥op ≤ Kcut(KneighL)∥z − z′∥s∞ = KextL∥z − z′∥s∞.

Every estimate uses multiplication by nonnegative radii, so the construction and bounds
also apply when L = 0.

The extension preserves every value on the closed cube and converts the coordinate-derivative
restrictions into global operator-norm bounds. Its smoothness factor Kext depends on dimension
and smoothness order, uniformly over functions satisfying the displayed radius bound. This
supplies a controlled global representation of intrinsic cube smoothness while preserving the
response values relevant to approximation.

A.3 The ordered treated-mass profile

For a dyadic mesh h, let qQℓ denote the population treated probability of template microcell
EQℓ in partition cube Q. The quantity qQ is the smallest of these microcell probabilities within
Q, and q(k) is the kth smallest entry among the cube-level quantities qQ. Ties may be ordered
arbitrarily. These masses concern the scaled microcells of Definition 6, rather than the total
treated probability of each partition cube.

The global-tail restriction in Assumption 7 controls treated probability on every measurable
covariate region. Its implication for the ordered weakest-cell masses supplies the information
profile used in the stochastic analysis.

Lemma 3. [lem:ordered-mass] (Uniform ordered treated masses) Fix the model parameters
and an overlap interval satisfying

• (Parameter domain.) d ∈ N, d ≥ 1, β > 1, B > 0, L > 0, C ≥ 1, and 0 < cf ≤ 1.

• (Overlap range.) 1 < γmin < γmax, with Γ = [γmin, γmax].

There exists κΓ > 0, depending only on these fixed parameters and interval endpoints, such
that the following two bounds hold for every γ ∈ Γ and every causal law P ∈ Pγ satisfying
Definition 2.

For every measurable E ⊆ X = [0, 1]d, writing u = P (X ∈ E),

P (A = 1, X ∈ E) ≥ γ − 1

γ
C−1/(γ−1)uγ/(γ−1).

For each j ∈ N, set

h = 2−j , m = ⌈β⌉ − 1, Dγ =
dγ

γ − 1
.
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Let Qh be the dyadic cube partition of X , with |Qh| = (2j)d. Using the degree-m polynomial
template microcells EQℓ within each Q ∈ Qh, define their treated masses and each cube’s weakest
mass by

qQℓ = P (A = 1, X ∈ EQℓ), qQ = min
1≤ℓ≤J

qQℓ,

where J is the number of template microcells. Let q(k) be the kth entry of the list of these qQ’s

sorted in nondecreasing order. Then, for every integer 1 ≤ k ≤ (2j)d,

q(k) ≥ κΓh
Dγk1/(γ−1).

Proof of Lemma 3. 1. Uniform coefficient. Set

m := ⌈β⌉ − 1, atpl := cfη
d,

using the template of Definitions 4 to 6. Its polynomial coordinates and node set are

Im = {α ∈ Nd0 : |α| ≤ m}, U(z) = (zα)α∈Im , J = (m+ 1)d,

{vℓ : 1 ≤ ℓ ≤ J} =

{︄(︃
ιi + 1

m+ 2

)︃d
i=1

: ι ∈ {0, . . . ,m}d
}︄
.

We first establish positivity of the template width. Define

Bm :=

{︄
b ∈ RIm :

∑︂
α∈Im

b2α = 1

}︄
, πb(z) :=

∑︂
α∈Im

bαz
α (z ∈ Rd).

For b ∈ Bm, at least one coefficient is nonzero, and

πb ̸≡ 0, degzi πb ≤ m (1 ≤ i ≤ d).

The m + 1 node values in each coordinate are distinct. If πb vanished at every tensor
node, fixing the other coordinates at node values and applying the univariate root bound
would make it vanish identically in the first coordinate. Repeating this argument in each
coordinate would give πb ≡ 0. Thus

∃ ℓ ∈ {1, . . . , J} : πb(vℓ) ̸= 0, b⊤G0b =
1

J

J∑︂
ℓ=1

πb(vℓ)
2 > 0.

The set Bm is nonempty, since it contains the coefficient vector of the constant polynomial
1. It is closed and bounded: for every b ∈ Bm,

b2α ≤
∑︂
α′∈Im

b2α′ = 1 (α ∈ Im).

Consequently it is compact. The continuous quadratic form attains its minimum there,
and the Rayleigh characterization gives

λ0 = min
b∈Bm

b⊤G0b > 0.
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Every quotient defining LU is nonnegative; the indexing set contains distinct cube points
because d ≥ 1. Hence the width rule supplies

LU ≥ 0, 0 < η = min

{︃
1

2(m+ 2)
,

λ0
1 + LU

}︃
≤ 1

2(m+ 2)
, atpl > 0.

For γ′ ∈ Γ, define

ΦΓ(γ
′) :=

γ′ − 1

γ′
C−1/(γ′−1)a

γ′/(γ′−1)
tpl .

Since C ≥ 1, atpl > 0, and γ′ ≥ γmin > 1, this function is continuous and strictly positive
on the nonempty compact interval Γ. Therefore

κΓ := min
γ′∈Γ

ΦΓ(γ
′) > 0, κΓ ≤ γ − 1

γ
C−1/(γ−1)a

γ/(γ−1)
tpl (γ ∈ Γ).

This constant depends only on the fixed parameters and interval endpoints.

2. Setwise treated mass. Fix γ ∈ Γ and P ∈ Pγ , and write

ν := PX .

Then γ ≥ γmin > 1. Let E ⊆ X be measurable and set

u := ν(E), 0 ≤ u ≤ 1.

If u = 0, the claimed lower bound is zero, while the treated probability is nonnegative.
Suppose henceforth that u > 0, and define

sE :=
(︂ u
C

)︂1/(γ−1)
.

The inequalities 0 < u/C ≤ 1 and 1/(γ − 1) > 0 give

0 < sE ≤ 1.

Define the weak level-set mass function on all real thresholds by

FE(t) := ν
(︁
E ∩ {x : t ≤ e(x)}

)︁
, t ∈ R.

It is nonnegative and nonincreasing:

0 ≤ FE(t
′) ≤ FE(t) ≤ u (t ≤ t′).

As a version of the conditional treatment probability, the propensity satisfies

0 ≤ e(x) ≤ 1 for ν-almost every x.

Disintegration of the treatment probability therefore gives

P (A = 1, X ∈ E) =

∫︂
E
e(x) dν(x).
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Moreover,

e(x) =

∫︂ 1

0
1{t ≤ e(x)} dt for ν-almost every x.

Tonelli’s theorem yields the weak-level-set representation

P (A = 1, X ∈ E) =

∫︂ 1

0
FE(t) dt.

The propensity is integrable on E, and the bounded monotone level-set functions are
integrable on the threshold intervals used below.

For comparison, define

F>E (t) := ν
(︁
E ∩ {x : t < e(x)}

)︁
, t ∈ R.

For t ∈ [0, 1], Assumption 7 and monotonicity of measure give

ν
(︁
E ∩ {e ≤ t}

)︁
≤ ν({e ≤ t}) ≤ Ctγ−1.

The two threshold sets cover E, so subadditivity implies

u ≤ F>E (t) + ν
(︁
E ∩ {e ≤ t}

)︁
.

Since {e > t} ⊆ {e ≥ t}, it follows that

u− Ctγ−1 ≤ F>E (t) ≤ FE(t) (0 ≤ t ≤ 1).

Integrating over the cutoff interval gives∫︂ sE

0
(u− Ctγ−1) dt ≤

∫︂ sE

0
F>E (t) dt ≤

∫︂ sE

0
FE(t) dt.

The cutoff balances the tail envelope and set mass:

Csγ−1
E = C

(︂ u
C

)︂(1/(γ−1))(γ−1)
= u.

Also sγE = sγ−1
E sE . Thus direct integration gives∫︂ sE

0
(u− Ctγ−1) dt = usE − C

γ
sγE

=
γ − 1

γ
usE

=
γ − 1

γ
C−1/(γ−1)uγ/(γ−1).

Combining these bounds, using FE ≥ 0 and sE ≤ 1, proves

γ − 1

γ
C−1/(γ−1)uγ/(γ−1) ≤

∫︂ sE

0
FE(t) dt

≤
∫︂ 1

0
FE(t) dt

= P (A = 1, X ∈ E).
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3. A ranked union and its upper bound. Fix j ∈ N and an integer k in the stated range, and
set

h := 2−j > 0, Dγ :=
dγ

γ − 1
.

Use the dyadic partition Qh, whose coordinate intervals are half-open with the global right
boundary included. For each cube, write its lower corner and scaled microcells as

aQ :=

(︃
inf
x∈Q

xi

)︃d
i=1

, EQℓ := aQ + hVℓ (1 ≤ ℓ ≤ J).

Because the finite collection of microcell masses is nonempty, choose

ℓmin : Qh −→ {1, . . . , J}, qQ,ℓmin(Q) = qQ (Q ∈ Qh).

Define the threshold collection

Qh,≤k := {Q ∈ Qh : qQ ≤ q(k)}.

The first k entries of the sorted mass list are all at most q(k). Sorting preserves the
multiplicity of each mass, so

|Qh,≤k| ≥ k.

Choose a collection and define its selected union by

Qh,k ⊆ Qh,≤k, |Qh,k| = k, Ek :=
⋃︂

Q∈Qh,k

EQ,ℓmin(Q).

Subadditivity of the treated probability then gives

P (A = 1, X ∈ Ek) ≤
∑︂

Q∈Qh,k

qQ,ℓmin(Q)

=
∑︂

Q∈Qh,k

qQ

≤ kq(k).

4. The selected union’s lower bound. The node coordinates and width bound satisfy

1

m+ 2
≤ (vℓ)i ≤

m+ 1

m+ 2
,

η

2
≤ 1

4(m+ 2)
.

Hence, for every z ∈ Vℓ and every coordinate i,

0 < (vℓ)i −
η

2
≤ zi ≤ (vℓ)i +

η

2
< 1.

After scaling, every microcell lies strictly between its cube’s coordinate faces:

(aQ)i < xi < (aQ)i + h (x ∈ EQℓ, 1 ≤ i ≤ d).

In particular, EQℓ ⊆ Q ⊆ X . Distinct dyadic cubes have lower corners differing by at least
h in some coordinate. The strict bounds therefore imply

EQℓ ∩ EQ′ℓ′ = ∅ (Q ̸= Q′).
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More explicitly, each microcell is the rectangle

EQℓ =

d∏︂
i=1

[︂
(aQ)i + h

(︂
(vℓ)i −

η

2

)︂
, (aQ)i + h

(︂
(vℓ)i +

η

2

)︂]︂
.

Each coordinate interval has length ηh, so

Leb(EQℓ) = (ηh)d.

By Assumption 4, integration of the density over each microcell yields

ν(EQℓ) =

∫︂
EQℓ

f(x) dx ≥ cf Leb(EQℓ) = cf (ηh)
d.

The selected microcells are measurable and pairwise disjoint. Thus

ν(Ek) =
∑︂

Q∈Qh,k

ν(EQ,ℓmin(Q))

≥ k cf (ηh)
d.

The exponent γ/(γ− 1) and the setwise coefficient are positive. Applying monotonicity of
this power and the setwise estimate already established gives

γ − 1

γ
C−1/(γ−1)

[︁
k cf (ηh)

d
]︁γ/(γ−1)

≤ γ − 1

γ
C−1/(γ−1)ν(Ek)

γ/(γ−1) ≤ P (A = 1, X ∈ Ek).

5. Power identity and conclusion. The factorization and exponent identity are

cf (ηh)
d = atplh

d,
γ

γ − 1
= 1 +

1

γ − 1
.

Using multiplicativity of real powers on positive bases and k > 0, we obtain[︁
k cf (ηh)

d
]︁γ/(γ−1)

k
= a

γ/(γ−1)
tpl hdγ/(γ−1)kγ/(γ−1)−1

= a
γ/(γ−1)
tpl hDγk1/(γ−1).

Multiplying the uniform coefficient bound by the positive mesh and rank factors therefore
gives

κΓh
Dγk1/(γ−1) ≤

γ−1
γ C−1/(γ−1)

[︁
k cf (ηh)

d
]︁γ/(γ−1)

k
.

The lower and upper bounds on the same selected union give

γ − 1

γ
C−1/(γ−1)

[︁
k cf (ηh)

d
]︁γ/(γ−1) ≤ P (A = 1, X ∈ Ek) ≤ kq(k).

Dividing by k > 0 and combining the two inequalities proves

q(k) ≥ κΓh
Dγk1/(γ−1).

The choices of γ, P , j, and k were arbitrary in their stated ranges, so the bound holds
uniformly as claimed.
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The rank factor quantifies how information improves across the ordered cubes. At a fixed
mesh, the weakest treated mass grows at least polynomially with rank, so the corresponding
variance envelope decreases with rank. The constant κΓ is common to the stated compact
overlap range; this uniformity carries the mass comparison into the adaptive upper bound.

A.4 Deterministic conditioning of the template

Write U(x) for the vector of monomials of total degree at most m, with m = ⌈β⌉ − 1 in the
statistical application. The tensor nodes vℓ, reference microcubes Vℓ, and reference Gram matrix
G0 are those of Definition 6. Its least eigenvalue is denoted by λ0. The empirical matrix ˆ︁GQ
assigns equal weight to the microcells and averages within each cell over its treated observations.
The next statement gives the conditioning bound for every feasible sampled configuration.

Lemma 4. [lem:template-conditioning] (Uniform equal-cell Gram conditioning) Let d,m, n
be nonnegative integers, let β ∈ R, and let Dn = ((Xi, Ai, Yi))

n
i=1 be any sample with Xi ∈ Rd,

Ai ∈ {0, 1}, and Yi ∈ R. Write U(x) = (xα)|α|≤m for the vector of total-degree-m monomials.
For the polynomial template’s tensor nodes vℓ and reference microcubes Vℓ, indexed by ℓ ∈
{0, . . . ,m}d, define

J = (m+ 1)d, G0 =
1

J

∑︂
ℓ∈{0,...,m}d

U(vℓ)U(vℓ)
⊤, λ0 = inf

∥b∥2=1
b⊤G0b.

Here ∥b∥2 = (
∑︁

|α|≤m b
2
α)

1/2.

Let h = 2−j, with j a nonnegative integer, be a feasible candidate dyadic mesh: h ∈ Hn, the
candidate mesh collection, and

NQℓ ≥ h−2β for every Q ∈ Qh and ℓ ∈ {0, . . . ,m}d,

where Qh is the dyadic cube partition at mesh h. For a cube Q with corner aQ, the microcell
and its treated count are

EQℓ = aQ + hVℓ, NQℓ =
n∑︂
i=1

1{Ai = 1, Xi ∈ EQℓ}.

Define the equal-cell empirical Gram matrix by

ˆ︁GQ =
1

J

∑︂
ℓ∈{0,...,m}d

1

NQℓ

n∑︂
i=1

1{Ai = 1, Xi ∈ EQℓ}U
(︃
Xi − aQ

h

)︃
U

(︃
Xi − aQ

h

)︃⊤
.

Then λ0 > 0, and for every Q ∈ Qh,

λ0
2
∥b∥22 ≤ b⊤ ˆ︁GQb for every b = (bα)|α|≤m, det( ˆ︁GQ) ̸= 0, ∥ ˆ︁G−1

Q ∥op ≤ 2

λ0
,

where ∥M∥op = sup∥b∥2=1 ∥Mb∥2.

Proof of Lemma 4. 1. Fix Q ∈ Qh. Since h = 2−j > 0, feasibility gives

0 < h−2β ≤ NQℓ for every ℓ ∈ {0, . . . ,m}d.

Thus every microcell count is positive, and its reciprocal is well defined. We establish the
conditioning bounds using these positive counts.
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2. Define the coefficient and node index sets, and the polynomial associated with a coefficient
vector, by

Im = {α ∈ Nd0 : |α| ≤ m}, Tm = {0, . . . ,m}d, rb(z) =
∑︂
α∈Im

bαz
α (z ∈ Rd).

Expanding the definition of G0 yields

b⊤G0b =
1

J

∑︂
ℓ∈Tm

rb(vℓ)
2 ≥ 0.

The nodes in Definition 4 form the Cartesian product of the one-dimensional set

Snode =

{︃
a+ 1

m+ 2
: a = 0, . . . ,m

}︃
, |Snode| = m+ 1.

Each coordinate degree of rb is at most m. Consequently, vanishing at every tensor node
implies that rb is the zero polynomial. Indeed, fixing all but one coordinate at node values
gives a univariate polynomial withm+1 distinct roots and degree at mostm, so it vanishes
identically. Repeating this argument coordinate by coordinate extends the vanishing to
all of Rd. Hence[︁

rb(vℓ) = 0 for every ℓ ∈ Tm
]︁
=⇒ rb ≡ 0 =⇒ bα = 0 for every α ∈ Im.

For d = 0, both index sets have one element and rb is constant, so the same implication
follows directly. A unit coefficient vector has a nonzero coordinate; therefore at least one
summand is strictly positive, and

∥b∥2 = 1 =⇒ b⊤G0b > 0.

To obtain strict positivity of the infimum, define

Scoef =

{︄
b ∈ RIm :

∑︂
α∈Im

b2α = 1

}︄
, (bconst)α =

{︄
1, α = 0,

0, α ̸= 0.

The zero multi-index belongs to Im for every d,m, and ∥bconst∥2 = 1. Thus Scoef is
nonempty. It is closed, and each of its coordinates satisfies

|bα|2 ≤
∑︂
α′∈Im

b2α′ = 1,

so it is bounded and hence compact. The continuous quadratic form attains its minimum
there: for some bmin ∈ Scoef ,

λ0 = min
b∈Scoef

b⊤G0b = b⊤minG0bmin > 0.

3. Fix an arbitrary b ∈ RIm . Write the supremum norm, including its zero-dimensional
convention, as

∥z∥∞ = max
(︁
{0} ∪ {|za| : 1 ≤ a ≤ d}

)︁
.
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The template Lipschitz constant described in Definition 5 is

LU = sup
z,z′∈[0,1]d
z ̸=z′

∥U(z)U(z)⊤ − U(z′)U(z′)⊤∥op
∥z − z′∥∞

,

with value zero when the set of quotients is empty. For d ≥ 1, Definition 5 supplies its
finiteness; for d = 0, the cube is a singleton and the stated convention applies. Every
quotient is nonnegative, so LU ≥ 0.

By Definition 6, the width and microcubes satisfy

η = min

{︃
1

2(m+ 2)
,

λ0
1 + LU

}︃
> 0, Vℓ = vℓ + [−η/2, η/2]d.

In particular,

η

2
≤ 1

4(m+ 2)
≤ 1

m+ 2
,

1

m+ 2
≤ (vℓ)a ≤ 1− 1

m+ 2
.

The coordinate inequalities are vacuous when d = 0. They imply, for every z ∈ Vℓ,

vℓ, z ∈ [0, 1]d, ∥z − vℓ∥∞ ≤ η

2
.

Define the perturbation matrix and the coefficient-dependent error by

Mℓ(z) = U(vℓ)U(vℓ)
⊤ − U(z)U(z)⊤, εb = LU

η

2
∥b∥22.

If z = vℓ, the desired squared-evaluation inequality follows immediately from εb ≥ 0. If
z ̸= vℓ, the definition of LU and the preceding distance bound give

∥Mℓ(z)∥op
∥vℓ − z∥∞

≤ LU , ∥Mℓ(z)∥op ≤ LU∥vℓ − z∥∞ ≤ LU
η

2
.

For b = 0, the quadratic-form bound below is immediate. For b ̸= 0, define

bunit =
b

∥b∥2
, ∥bunit∥2 = 1.

The operator-norm definition and homogeneity give

∥Mℓ(z)b∥2 = ∥b∥2∥Mℓ(z)bunit∥2 ≤ ∥Mℓ(z)∥op∥b∥2.

Cauchy–Schwarz therefore yields

rb(vℓ)
2 − rb(z)

2 = b⊤Mℓ(z)b

≤ ∥b∥2∥Mℓ(z)b∥2
≤ ∥Mℓ(z)∥op∥b∥22 ≤ εb.

Combining the two cases for z, we obtain

rb(vℓ)
2 − εb ≤ rb(z)

2 (z ∈ Vℓ).
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4. Define the normalized observations and the treated index sets by

zQi =
Xi − aQ

h
(1 ≤ i ≤ n), IQℓ = {i ∈ {1, . . . , n} : Ai = 1, Xi ∈ EQℓ}.

Then |IQℓ| = NQℓ > 0. Since h > 0 and EQℓ = aQ + hVℓ, every i ∈ IQℓ satisfies zQi ∈ Vℓ.
Averaging the pointwise inequality within each cell gives

rb(vℓ)
2 − εb =

1

NQℓ

∑︂
i∈IQℓ

(︁
rb(vℓ)

2 − εb
)︁

≤ 1

NQℓ

∑︂
i∈IQℓ

rb(zQi)
2.

Expansion of the empirical Gram matrix, followed by equal averaging across the J > 0
cells, now gives

b⊤ ˆ︁GQb = 1

J

∑︂
ℓ∈Tm

1

NQℓ

∑︂
i∈IQℓ

rb(zQi)
2

≥ 1

J

∑︂
ℓ∈Tm

(︁
rb(vℓ)

2 − εb
)︁

= b⊤G0b− εb.

The last equality uses |Tm| = J , so the equally averaged error remains εb.

5. For b = 0, the template lower bound is an equality. For b ̸= 0, the unit vector defined
above and the defining infimum give

λ0 ≤ b⊤unitG0bunit, λ0∥b∥22 ≤ ∥b∥22b⊤unitG0bunit = b⊤G0b.

The width rule also implies

η ≤ λ0
1 + LU

, LUη ≤ η(1 + LU ) ≤ λ0.

Consequently,

εb = LU
η

2
∥b∥22 ≤

λ0
2
∥b∥22.

Combining these inequalities with the equal-cell transfer proves

b⊤ ˆ︁GQb ≥ b⊤G0b− εb ≥ λ0∥b∥22 −
λ0
2
∥b∥22 =

λ0
2
∥b∥22.

6. If det( ˆ︁GQ) = 0, there is a nonzero coefficient vector bker withˆ︁GQbker = 0, ∥bker∥2 > 0.

Applying the quadratic lower bound gives the contradiction

0 <
λ0
2
∥bker∥22 ≤ b⊤ker

ˆ︁GQbker = 0.

Thus det( ˆ︁GQ) ̸= 0.
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7. For an arbitrary input vector bin ∈ RIm , define

binv = ˆ︁G−1
Q bin.

Invertibility gives ˆ︁GQbinv = bin. The quadratic lower bound and Cauchy–Schwarz imply

λ0
2
∥binv∥22 ≤ b⊤inv ˆ︁GQbinv = b⊤invbin ≤ ∥binv∥2∥bin∥2.

If ∥binv∥2 = 0, the following bound is immediate; otherwise, divide by its positive norm
and then by λ0/2 > 0. In both cases,

∥ ˆ︁G−1
Q bin∥2 = ∥binv∥2 ≤

2

λ0
∥bin∥2.

The coefficient unit sphere is nonempty, as witnessed by bconst. Taking the supremum over
its vectors therefore gives

∥ ˆ︁G−1
Q ∥op = sup

∥bin∥2=1
∥ ˆ︁G−1

Q bin∥2 ≤
2

λ0
.

Since Q was arbitrary, all the asserted bounds hold throughout Qh.

Equal weighting preserves the reference template’s conditioning even when the treated counts
differ across microcells. The bound is deterministic once feasibility holds, and it controls the
amplification of both approximation residuals and outcome fluctuations in the fitted coefficients.
Its geometric requirement is supplied by the occupied template microcells and their prescribed
widths.

A.5 Selected-mesh concentration and maximal error

Let Dn = ((Xi, Ai, Yi))
n
i=1 be the observed sample. Conditional expectations below condition

on the sampled design (Xi, Ai)
n
i=1, comprising the covariates and treatment indicators. Under

this conditioning, the selected mesh of Algorithm 1 is fixed. The coefficient vector ˆ︁cQ is the
equal-cell polynomial fit used in Algorithm 2; centering it by its conditional expectation isolates
the stochastic coefficient error.

The oracle mesh is hγ,n = n−1/(2β+Dγ), and the oracle response-recovery scale is rγ,n = hβγ,n.
The sample event En below controls both selection and the comparison of empirical counts with
population treated masses. For the accompanying maximal inequality, Z1, . . . , ZN denotes a
generic family of centered real variables under a probability law µ. The positive quantities a
and b specify a common scale cap and an ordered decay scale, respectively.

Lemma 5. [lem:selected-mesh] (Selected mesh and coefficient envelope) Fix the dimension
d, smoothness parameter β, model constants B,L,C, cf , and adaptation endpoints γmin, γmax,
satisfying

• (Dimension and smoothness.) d ∈ N, d ≥ 1, and β > 1.

• (Model constants.) B > 0, L > 0, C ≥ 1, and 0 < cf ≤ 1.
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• (Adaptation interval.) 1 < γmin < γmax, with

Γ = [γmin, γmax].

There exist constants K,K ′ > 0 and n0 ∈ N such that the following holds uniformly for every
n ≥ n0, γ ∈ Γ, and observed law P ∈ Pγ, with the displayed fixed model constants. Let the sample
have the iid law P⊗n specified in Assumption 3, and use the mesh selector of Algorithm 1. Write

m = ⌈β⌉ − 1, hγ,n = n−1/(2β+Dγ),

where Dγ is the effective dimension governing the model’s overlap-dependent rate, and let rγ,n
denote its oracle response-recovery risk scale.

For each partition cube Q and template microcell EQℓ, define the population treated mass,
its empirical count, and the weakest treated microcell mass by

qQℓ = P{A = 1, X ∈ EQℓ}, NQℓ =
n∑︂
i=1

1{Ai = 1, Xi ∈ EQℓ}, qQ = min
ℓ
qQℓ.

There is a measurable sample event En such that

P⊗n(Ecn) ≤ n−2.

For every sample in En, the selected mesh satisfies

0 < ˆ︁h ≤ Khγ,n, NQℓ ≥
nqQℓ
5

for every Q ∈ Qˆ︁h and every ℓ.

Order the selected cubes by increasing qQ, with ranks starting at 1. Conditional on the
sampled design (Xi, Ai)

n
i=1, evaluate all coefficient estimators at the selected mesh of the given

sample. For the cube of rank k, every monomial coefficient indexed by a multiindex α of total
degree at most m, and every t ∈ R,

E[exp{t (ˆ︁cQ,α − E[ˆ︁cQ,α | (Xi, Ai)
n
i=1])} | (Xi, Ai)

n
i=1]

≤ exp

{︃
Kt2

2
min

(︂ˆ︁h2β, n−1ˆ︁h−Dγk−1/(γ−1)
)︂}︃

.

These conditional exponential moments are integrable for every coefficient and every t, and the
maximum coefficient-vector error is conditionally integrable. With ∥ · ∥∞ denoting the maximum
absolute coordinate over those monomial indices, its conditional expectation satisfies

E
[︃
max
Q∈Qˆ︁h ∥ˆ︁cQ − E[ˆ︁cQ | (Xi, Ai)

n
i=1]∥∞

⃓⃓⃓⃓
(Xi, Ai)

n
i=1

]︃
≤ Kˆ︁hβ√︂1 + max{0, log(hγ,n/ˆ︁h)} ≤ K ′rγ,n.

Moreover, for every exponent α > 0, there exists Kα > 0 such that the following maximal
inequality holds. Let µ be a probability law on a measurable space, let N ∈ N, and let Z1, . . . , ZN
be real random variables satisfying

• (Scales.) a > 0 and b > 0.
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• (Exponential integrability.) For every 1 ≤ k ≤ N and t ∈ R, exp(tZk) is integrable
under µ.

• (Moment envelope.) For every 1 ≤ k ≤ N and t ∈ R,

Eµ[exp(tZk)] ≤ exp

{︃
t2

2
min(a2, b2k−α)

}︃
.

Then

Eµ
[︁
max

(︁
{0} ∪ {|Zk| : 1 ≤ k ≤ N}

)︁]︁
≤ Kαa

√︂
1 + max

{︁
0, log

(︁
(b/a)2/α

)︁}︁
.

Proof of Lemma 5. Throughout the proof, write

m = ⌈β⌉ − 1, Im = {α ∈ Nd0 : |α| ≤ m}, pcoef = |Im|, J = (m+ 1)d,

and use the template width η and least eigenvalue λ0 from Definition 6. Also write

Dγ =
dγ

γ − 1
, rγ,n = hβγ,n, log+(u) = max{0, log u} (u > 0).

1. Membership in Pγ , as specified by Definition 2, supplies the treated response bound in
Assumption 8. In particular, with

yP (x) = EP [Y | A = 1, X = x],

the treated conditional law satisfies, for PX -almost every x,

|yP (x)| ≤ B, EP
[︂
et(Y−yP (x)) | A = 1, X = x

]︂
≤ eB

2t2/2 (t ∈ R),

and every displayed exponential moment is integrable. These are the outcome properties
used below.

2. We first construct the uniform count bound. Define the positive mass coefficient

cmass(γ) =
γ − 1

γ
C−1/(γ−1)(cfη

d)γ/(γ−1), κ∗ = min
γ∈Γ

cmass(γ) > 0.

The minimum exists and is positive because the displayed function is continuous and
positive on the compact interval Γ. Every template microcell at mesh h has volume ηdhd.
Consequently, Assumption 4 and the setwise bound in Lemma 3 give

qQℓ ≥ cmass(γ)h
Dγ ≥ κ∗h

Dγ .

Choose a fixed enlargement Amesh ≥ 1 such that

4 ≤ κ∗A
2β+Dγmax
mesh .

Such a choice exists because 2β +Dγmax > 0. Since

Dγ = d+
d

γ − 1
,

46



the effective dimension decreases with γ, and hence

4 ≤ κ∗A
2β+Dγ

mesh (γ ∈ Γ).

The candidate collection in Definition 7 has largest dyadic index

jmax,n =

⌊︃
log2 n

2β + d

⌋︃
.

The floor inequality yields
2−jmax,n ≤ 2n−1/(2β+d).

Moreover,

hγmax,n ≤ hγ,n ≤ hγmin,n,
1

2β + d
− 1

2β +Dγmax

> 0.

The positive power in the last display tends to infinity when applied to n. Thus, for all
sufficiently large n,

2−jmax,n ≤ Ameshhγmax,n ≤ Ameshhγ,n, Ameshhγ,n ≤ Ameshhγmin,n ≤ 1.

Rounding upward within the finite dyadic collection therefore gives a candidate ho satis-
fying

Ameshhγ,n ≤ ho ≤ 2Ameshhγ,n.

Indeed, successive candidate widths differ by a factor of two; the smallest candidate width
at least Ameshhγ,n satisfies these inequalities, including when either endpoint is itself a
candidate.

For the simultaneous concentration budget, define

Mcount,n = J

jmax,n∑︂
j=0

2jd, sn = log
(︁
2(Mcount,n + 1)n2

)︁
.

Here 2jd counts the partition cubes and J counts the microcells within each cube. Since
2β + d ≥ 1,

2jmax,n ≤ n, jmax,n ≤ 2jmax,n ≤ n,

and therefore
Mcount,n ≤ (jmax,n + 1)(2jmax,n)dJ ≤ (n+ 1)ndJ.

For n ≥ 2, this implies

2(Mcount,n + 1)n2 ≤ 8(J + 1)nd+3, sn ≤ (d+ 3) logn+ log(8(J + 1)).

To make the count threshold dominate this budget, set

Ubudget = 24(d+3), Vbudget = 24 log(8(J+1)), δcount =
2β

2β +Dγmin

> 0, cbudget = (2Amesh)
−2β > 0.

The elementary bound

log n ≤ 2

δcount
nδcount/2
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and divergence of the positive powers allow one common starting sample size for which

Ubudget log n ≤
cbudget

2
nδcount , Vbudget ≤

cbudget
2

nδcount .

Together with the endpoint and candidate bounds, these give

24sn ≤ Ubudget log n+ Vbudget

≤ (2Ameshhγmin,n)
−2β

≤ (2Ameshhγ,n)
−2β ≤ h−2β

o .

Fix ncount ≥ 2 large enough that all these bounds hold uniformly for γ ∈ Γ.

Finally, the oracle balance identity is

nh
2β+Dγ
γ,n = 1.

Thus every microcell at ho satisfies

nqQℓh
2β
o ≥ nκ∗h

2β+Dγ
o

≥ κ∗A
2β+Dγ

mesh nh
2β+Dγ
γ,n ≥ 4,

or equivalently nqQℓ ≥ 4h−2β
o .

3. Under Assumption 3, a treated microcell count is a sum of independent Bernoulli indi-
cators. Each indicator has mean qQℓ, its centered absolute value is at most one, and its
variance is qQℓ(1−qQℓ) ≤ qQℓ. The Bernstein bound for these bounded centered summands
gives, for every u > 0,

P⊗n{|NQℓ − nqQℓ| ≥ u} ≤ 2 exp

{︃
− u2

2(2nqQℓ + u)

}︃
.

For u = nqQℓ/2 + 4sn, the numerical inequality

2sn (2nqQℓ + u) ≤ u2

follows by expanding both sides. Hence

P⊗n
{︂
|NQℓ − nqQℓ| ≥

nqQℓ
2

+ 4sn

}︂
≤ 2e−sn .

Define

Ecount
n =

⋂︂
h∈Hn

⋂︂
Q∈Qh

J⋂︂
ℓ=1

{︂
|NQℓ − nqQℓ| <

nqQℓ
2

+ 4sn

}︂
.

This finite intersection is measurable. The union bound gives

P⊗n(︁(Ecount
n )c

)︁
≤ 2Mcount,ne

−sn =
Mcount,n

Mcount,n + 1
n−2 ≤ n−2.

On this event, the candidate from the preceding step satisfies

NQℓ ≥
nqQℓ
2

− 4sn ≥ 2h−2β
o − 4sn ≥ h−2β

o .

48



It is therefore feasible. The selector in Algorithm 1 then gives

0 < ˆ︁h ≤ ho ≤ 2Ameshhγ,n.

At the selected mesh, feasibility and the budget imply

NQℓ ≥ ˆ︁h−2β ≥ h−2β
o ≥ 24sn.

Using the upper deviation inequality first gives

nqQℓ ≥
2

3
(NQℓ − 4sn) ≥

5

9
NQℓ ≥

40

3
sn.

The lower deviation inequality now yields

NQℓ ≥
nqQℓ
2

− 4sn ≥
nqQℓ
5

.

These arguments apply to every partition cube, with the boundary convention of Defini-
tion 7.

4. We next obtain the actual conditional coefficient bound. Define the sampled design and
its conditional sample law by

Gn = σ((Xi, Ai)
n
i=1), νω = L(Dn | (Xi, Ai)

n
i=1 = (Xi(ω), Ai(ω))

n
i=1) .

Under the iid product law, disintegration coordinate by coordinate gives

Lνω((Yi)ni=1) =

n⨂︂
i=1

LP (Y | X = Xi(ω), A = Ai(ω))

for almost every ω. To see the product structure, conditional probabilities of response rect-
angles factor into the product of the coordinate conditional probabilities; these rectangles
determine the conditional response law.

For such a design, define the treated residuals on a conditional sample ξ by

εωi (ξ) =

{︄
Yi(ξ)− yP (Xi(ω)), Ai(ω) = 1,

0, Ai(ω) = 0.

They are independent under νω, and the treated conditional bound from the first step,
together with the zero residual in the second case, gives

Eνωεωi = 0, Eνωetε
ω
i ≤ eB

2t2/2 (t ∈ R),

with integrable exponential moments.

Fix a feasible candidate h, a cube Q ∈ Qh, and α ∈ Im. Define

xiQ =
Xi(ω)− aQ

h
, wiQα =

1

J

J∑︂
ℓ=1

1{Ai(ω) = 1, Xi(ω) ∈ EQℓ}
NQℓ(ω)

[ ˆ︁GQ(ω)−1U(xiQ)]α.
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The equal-cell formula in Definition 8 is understood with 0−1 = 0, and with the zero matrix
assigned as the inverse of a singular Gram matrix. On the feasible meshes considered here,
Lemma 4 supplies the ordinary inverse and

∥ ˆ︁G−1
Q ∥op ≤ 2

λ0
, λ0 > 0.

The conditional sample has the same design as ω almost surely. Expanding the coefficient
formula therefore gives

ˆ︁cQ,α(ξ) = n∑︂
i=1

wiQα1{Ai(ω) = 1}yP (Xi(ω)) +
n∑︂
i=1

wiQαε
ω
i (ξ).

The residuals are integrable and have mean zero, so integration proves

Eνωˆ︁cQ,α =

n∑︂
i=1

wiQα1{Ai(ω) = 1}yP (Xi(ω)).

In particular, defining

ZωQ,α = ˆ︁cQ,α − Eνωˆ︁cQ,α, ZωQ = (ZωQ,α)α∈Im ,

we have the conditional identity and moment bound

ZωQ,α =
n∑︂
i=1

wiQαε
ω
i , Eνωe

tZω
Q,α =

n∏︂
i=1

EνωetwiQαε
ω
i ≤ exp

{︄
B2t2

2

n∑︂
i=1

w2
iQα

}︄
.

Independence and coordinate exponential integrability also show that every exponential
moment in this display is integrable.

The normalized covariates appearing in a microcell lie in [0, 1]d. Since every coordinate of
U has absolute value at most one there,

∥U(xiQ)∥2 ≤
√
pcoef .

Consequently, if

Rrow =
2
√
pcoef
Jλ0

,

then ⃓⃓⃓⃓
1

J
[ ˆ︁G−1

Q U(xiQ)]α

⃓⃓⃓⃓
≤ Rrow

for observations counted in a microcell. Applying (
∑︁J

ℓ=1 zℓ)
2 ≤ J

∑︁J
ℓ=1 z

2
ℓ to the cell

contributions to each weight, and then summing over the observations, gives

n∑︂
i=1

w2
iQα ≤ J

J∑︂
ℓ=1

∑︂
i:Ai=1
Xi∈EQℓ

R2
row

N2
Qℓ

= JR2
row

J∑︂
ℓ=1

N−1
Qℓ .
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For the mass comparison, define, at the fixed mesh,

SQ = {Q′ ∈ Qh : qQ′ ≤ qQ}, ρQ = |SQ| ≥ 1,

and select weakest microcells by

ℓ∗(Q
′) ∈ argmin

1≤ℓ≤J
qQ′ℓ, UQ =

⋃︂
Q′∈SQ

EQ′,ℓ∗(Q′).

The selected microcells in different cubes are disjoint. Their union has covariate mass
at least ρQcfη

dhd, whereas its treated mass is at most ρQqQ. The setwise inequality of
Lemma 3 thus gives

ρQqQ ≥ γ − 1

γ
C−1/(γ−1)(ρQcfη

dhd)γ/(γ−1).

Dividing by ρQ > 0 and collecting powers yields the explicit mass-rank bound

qQ ≥ cmass(γ)h
Dγρ

1/(γ−1)
Q .

At a feasible mesh satisfying the count lower bound from the preceding step, each inverse
count consequently satisfies

N−1
Qℓ ≤ min

⎧⎨⎩h2β, 5

ncmass(γ)hDγρ
1/(γ−1)
Q

⎫⎬⎭ .

Define the fixed template factor

Acoef = B2J2R2
row =

4B2pcoef
λ20

.

The conditional coefficient bound is therefore

Eνωe
tZω

Q,α ≤ exp

⎡⎣Acoeft
2

2
min

⎧⎨⎩h2β, 5

ncmass(γ)hDγρ
1/(γ−1)
Q

⎫⎬⎭
⎤⎦ .

Choose a measurable full-measure set Econd
n on which the conditional identities, exponential

integrability, and bounds just established hold simultaneously for all feasible candidate
indices and coefficient coordinates. Define

En = Ecount
n ∩ Econd

n , P⊗n(Econd
n ) = 1.

Intersecting with this full-measure set preserves the failure bound:

P⊗n(Ecn) ≤ n−2.

All subsequent conditional assertions hold for every ω ∈ En, at the selected mesh of that
sample.
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5. We normalize the two variance scales uniformly. Define

Fmass = max{1, 5/κ∗}.

For x ≥ 0, y > 0, and c ≥ κ∗, we have

5

cy
≤ Fmassy

−1, min{x, 5/(cy)} ≤ Fmassmin{x, y−1}.

For the second inequality, if x ≤ y−1, the left side is at most x ≤ Fmassx; if x > y−1, it is at
most 5/(cy) ≤ Fmassy

−1. Applying this with the displayed mass coefficient and collecting
inverse powers gives

Acoef min

⎧⎨⎩ˆ︁h2β, 5

ncmass(γ)ˆ︁hDγρ
1/(γ−1)
Q

⎫⎬⎭
≤ AcoefFmassmin

{︂ˆ︁h2β, n−1ˆ︁h−Dγρ
−1/(γ−1)
Q

}︂
.

Set
Kcount = max{2Amesh, AcoefFmass}+ 1 > 0.

The selected mesh and conditional moments thus obey

0 < ˆ︁h ≤ Kcounthγ,n, Eνωe
tZω

Q,α ≤ exp

{︃
Kcountt

2

2
min

(︂ˆ︁h2β, n−1ˆ︁h−Dγρ
−1/(γ−1)
Q

)︂}︃
.

If the cubes are enumerated in nondecreasing mass order, the first k cubes all belong to
SQ(k)

. Hence

ρQ(k)
≥ k, ρ

−1/(γ−1)
Q(k)

≤ k−1/(γ−1).

This converts the displayed bound to the rank-k envelope, including ties.

6. We establish the scalar maximal estimate used to control the coefficient vectors. Begin
with a clipped Gaussian integral. For an integer Rcut ≥ 1 and a scale a > 0, define

sclip =
√︁
1 + logRcut, rclip = asclip, gpre(u) = min

{︂
1, 2Rcute

−u2/(2a2)
}︂
.

We have s2clip ≥ 1 and log(2Rcut) ≤ s2clip. For u ≤ 4rclip,

gpre(u) ≤ 1 ≤ e4−u/rclip .

For u > 4rclip, put
xclip = u/rclip > 4.

The nonnegativity of
(s2clip − 1)(x2clip/2− 1)

and the elementary quadratic inequality 1− x2clip/2 ≤ 4− xclip give

s2clip − s2clipx
2
clip/2 ≤ 4− xclip.

Therefore
gpre(u) ≤ exp

{︁
log(2Rcut)− s2clipx

2
clip/2

}︁
≤ e4−u/rclip .

Integrating this exponential majorant proves∫︂ ∞

0
gpre(u) du ≤ e4a

√︁
1 + logRcut.
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7. Fix any exponent αord > 0. For an integer N ≥ 1, retain Rcut ≥ 1 and define the clipped
suffix envelope

gsuf(u) = min

⎧⎪⎪⎨⎪⎪⎩1,
∑︂

1≤k≤N
k≥Rcut

2 exp

[︃
− u2

2a2(Rcut/k)αord

]︃⎫⎪⎪⎬⎪⎪⎭ .

Partition its indices into dyadic blocks by

Lj = 2jRcut, Bj = {k : 1 ≤ k ≤ N, Lj ≤ k < 2Lj}, j ∈ N0,

and define

gj(u) = min

⎧⎨⎩1,
∑︂
k∈Bj

2 exp

[︃
− u2

2a2(Rcut/k)αord

]︃⎫⎬⎭ .

Each block has at most Lj indices, and within it

a2(Rcut/k)
αord ≤ a2(Rcut/Lj)

αord .

The preceding clipped Gaussian calculation, at scale a(Rcut/Lj)
αord/2, consequently gives∫︂ ∞

0
gj(u) du ≤ e4a 2−jαord/2

√︂
1 + log(2jRcut).

Since log 2 ≤ 1 and logRcut ≥ 0,√︂
1 + log(2jRcut) ≤ (j + 1)

√︁
1 + logRcut.

Define

qgeom = e−αord log 2/2 ∈ (0, 1), Dgeom(αord) = 1 +
∞∑︂
j=0

(j + 1)qjgeom <∞.

Convergence follows from the geometric series and its linearly weighted series.

The dyadic blocks partition the suffix. For nonnegative summands, clipping a sum at one
is bounded by the sum of the individually clipped block sums. Only finitely many blocks
meet {1, . . . , N}, so integration gives∫︂ ∞

0
gsuf(u) du ≤

N∑︂
j=0

∫︂ ∞

0
gj(u) du

≤ e4a
√︁

1 + logRcut

N∑︂
j=0

(j + 1)qjgeom

≤ e4Dgeom(αord)a
√︁
1 + logRcut.

The finite Gaussian sums and their clipped versions are integrable, so all these integrations
are legitimate.
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8. Now let ν be a probability law, let a, b > 0, and let Z1, . . . , ZN have the exponential
integrability and moment envelope with exponent αord. Define

WN = max
(︁
{0} ∪ {|Zk| : 1 ≤ k ≤ N}

)︁
.

For N = 0, this definition gives WN = 0, and the maximal inequality follows immediately.
Suppose N ≥ 1, and define

vk = min{a2, b2k−αord} > 0, τtail(u) = min

{︄
1,

N∑︂
k=1

2e−u
2/(2vk)

}︄
.

Exponential Markov bounds for Zk and −Zk, optimized at u/vk, give

ν{|Zk| > u} ≤ 2e−u
2/(2vk) (u ≥ 0).

The finite union bound, together with the probability bound by one, therefore yields

ν{WN > u} ≤ τtail(u).

Exponential moments at 1 and −1 imply integrability of every |Zk|, and hence of WN .
The layer-cake identity gives

EνWN =

∫︂ ∞

0
ν{WN > u} du ≤

∫︂ ∞

0
τtail(u) du.

To bound the last integral, set

Rratio = (b/a)2/αord > 0, Rcut = ⌈Rratio⌉ ≥ 1.

Then

Rratio ≤ Rcut ≤ 2max{1, Rratio}, 1 + logRcut ≤ 2(1 + log+(Rratio)).

The latter bound follows by taking logarithms of the preceding inequality, using
logmax{1, Rratio} = log+(Rratio) and log 2 ≤ 1. It implies√︁

1 + logRcut ≤ 2
√︂
1 + log+(Rratio).

Furthermore,

Rαord
ratio = (b/a)2, b2 ≤ a2Rαord

cut , vk ≤ a2(Rcut/k)
αord .

Split the sum defining τtail at k < Rcut and k ≥ Rcut. The prefix has at most Rcut terms,
each with variance at most a2. The suffix has the preceding decaying variance bound.
Since

min{1, x+ y} ≤ min{1, x}+min{1, y} (x, y ≥ 0),

we obtain
τtail(u) ≤ gpre(u) + gsuf(u).

The two integral estimates prove

EνWN ≤ Ksc(αord)a
√︂

1 + log+((b/a)
2/αord),

where the positive constant may be taken as

Ksc(αord) = 2e4
(︁
1 +Dgeom(αord)

)︁
.
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9. To obtain a constant uniform over the adaptation interval, define

αmin =
1

γmax − 1
> 0, αmax =

1

γmin − 1
, Rexp =

αmax

αmin
≥ 1.

Taking reciprocals of positive denominators shows

αmin ≤ 1

γ − 1
≤ αmax (γ ∈ Γ).

For any αord ∈ [αmin, αmax] and k ≥ 1,

k−αord ≤ k−αmin .

Thus the scalar estimate at αmin applies to the envelope with exponent αord. Its logarithmic
factor satisfies

1 + log+((b/a)
2/αmin) ≤ Rexp

(︁
1 + log+((b/a)

2/αord)
)︁
.

Indeed, if log(b/a) ≥ 0, use
2

αmin
≤ Rexp

2

αord
;

if log(b/a) < 0, both positive-part logarithms vanish and the inequality is 1 ≤ Rexp. Taking
square roots establishes a uniform scalar constant

MΓ = Ksc(αmin)
√︁
Rexp > 0.

For a finite nonempty family of vectors with coordinates in Im, the pointwise inequality is

max
Q

∥ZQ∥∞ ≤
∑︂
α∈Im

max
Q

|ZQ,α|.

Coordinate exponential integrability implies integrability of these finite maxima and of the
vector maximum. For example,

|ZQ,α| ≤ eZQ,α + e−ZQ,α ,

and each finite maximum is bounded by the sum of the corresponding absolute values. Ap-
plying the uniform scalar estimate coordinatewise and integrating the pointwise inequality
gives

Eν max
Q

∥ZQ∥∞ ≤ pcoefMΓa
√︂
1 + log+((b/a)

2/αord).

10. The preceding vector estimate applies to mass-ranked cube envelopes. Enumerate the
cubes in nondecreasing qQ, breaking ties by any fixed ordering of the finite cube family.
This enumeration is a bijection, so

max
Q

∥ZQ∥∞ = max
1≤k≤|Qh|

∥ZQ(k)
∥∞.

As established above, ρQ(k)
≥ k. For any nonnegative variance factor y,

min{x, yρ−αord
Q(k)

} ≤ min{x, yk−αord}.
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Therefore an envelope with variance proxyKcountmin{x, yρ−αord
Q } has the ordered envelope

required by the vector estimate whenever

a2 = Kcountx, b2 = Kcounty.

The cube family is nonempty at every dyadic mesh, so the vector estimate applies through-
out the selected-mesh argument.

11. We now fix the final constants. Define

EΓ = max{1, 2β(γmax − 1) + dγmax},

K = max
{︂
Kcount, pcoefMΓ

√︁
Kcount

√︁
EΓ

}︂
+ 1, K ′ = Kmax{1,Kβ}, n0 = ncount.

These constants are positive and depend only on the fixed parameters and interval end-
points.

Fix n ≥ n0, γ ∈ Γ, P ∈ Pγ , and ω ∈ En. Conditional on its sampled design, keep ˆ︁h = ˆ︁h(ω)
fixed and define the scales

asel =
√︁
Kcount

ˆ︁hβ, bsel =
√︁
Kcount n

−1/2ˆ︁h−Dγ/2, αsel =
1

γ − 1
.

All three are positive, and

a2sel = Kcount
ˆ︁h2β, b2sel = Kcountn

−1ˆ︁h−Dγ , αsel ∈ [αmin, αmax].

Applying the ranked vector estimate under νω gives

Eνω max
Q∈Qˆ︁h ∥Z

ω
Q∥∞ ≤ pcoefMΓasel

√︂
1 + log+

(︁
(bsel/asel)2/αsel

)︁
.

The same exponential integrability supplies integrability of the maximum on the left.

12. The oracle definition and 2β +Dγ > 0 imply

n−1/2 = h
β+Dγ/2
γ,n .

After cancelling
√
Kcount, this gives

bsel
asel

=

(︃
hγ,nˆ︁h

)︃β+Dγ/2

.

Define the resulting logarithmic exponent by

esel =

(︃
β +

Dγ

2

)︃
2

αsel
= 2β(γ − 1) + dγ.

Its reciprocal dependence cancels, and

0 ≤ esel ≤ 2β(γmax − 1) + dγmax ≤ EΓ.

For a positive ratio u and an exponent ζexp ≥ 0,

1 + log+(u
ζexp) ≤ max{1, ζexp}(1 + log+(u)).
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If log u ≥ 0, this follows from 1 + ζexp log u ≤ max{1, ζexp}(1 + log u). If log u < 0, both
positive parts vanish and the assertion is 1 ≤ max{1, ζexp}. Applying these two cases to
the oracle ratio proves√︂

1 + log+
(︁
(bsel/asel)2/αsel

)︁
≤
√︁
EΓ

√︂
1 + log+(hγ,n/

ˆ︁h).
13. Combining the preceding estimates and the definition of K yields

Eνω max
Q∈Qˆ︁h ∥Z

ω
Q∥∞ ≤ pcoefMΓ

√︁
Kcount

√︁
EΓ
ˆ︁hβ√︂1 + log+(hγ,n/

ˆ︁h)
≤ Kˆ︁hβ√︂1 + log+(hγ,n/

ˆ︁h).
Since K ≥ Kcount, the mesh bound also becomes

0 < ˆ︁h ≤ Khγ,n.

The variance proxies are nonnegative, so increasing Kcount to K in the conditional expo-
nential bound preserves that inequality. Together with the rank comparison, this gives
precisely

Eνωe
tZω

Q(k),α ≤ exp

{︃
Kt2

2
min

(︂ˆ︁h2β, n−1ˆ︁h−Dγk−1/(γ−1)
)︂}︃

.

The count bound and all exponential integrability assertions are retained on the same
event En.

14. For the deterministic comparison with the oracle rate, define

smesh =
ˆ︁h
hγ,n

, 0 < smesh ≤ K.

If smesh ≤ 1, then
0 ≤ log(1/smesh) ≤ 1/smesh − 1,

and consequently √︂
1 + log+(1/smesh) ≤

√︁
1/smesh ≤ 1/smesh.

Since β > 1,

sβmesh ≤ smesh, sβmesh

√︂
1 + log+(1/smesh) ≤ 1.

If smesh > 1, the positive-part logarithm vanishes, and

sβmesh

√︂
1 + log+(1/smesh) = sβmesh ≤ Kβ.

The two cases give

ˆ︁hβ√︂1 + log+(hγ,n/
ˆ︁h) = hβγ,ns

β
mesh

√︂
1 + log+(1/smesh)

≤ max{1,Kβ}rγ,n.

Multiplying by K proves the asserted bound with K ′ = Kmax{1,Kβ}.
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15. Finally, for the additional maximal assertion, take ν = µ and αord = α > 0 in the scalar
calculation above, and set

Kα = Ksc(α) > 0.

Its hypotheses are exactly the stated exponential integrability and moment envelope. Thus,
including the case N = 0,

Eµmax
(︁
{0} ∪ {|Zk| : 1 ≤ k ≤ N}

)︁
≤ Kαa

√︂
1 + max{0, log((b/a)2/α)}.

This completes all assertions.

The two parts of the coefficient envelope have distinct statistical roles. Count feasibility caps
every coefficient’s stochastic scale at a constant times ˆ︁hβ. The population-mass comparison and
Lemma 3 additionally supply the rank-dependent scale n−1/2ˆ︁h−Dγ/2k−1/(2(γ−1)). The ordered
maximal inequality combines these two controls. Its logarithm measures the number of ranks
at which the common cap is relevant, through the scale ratio (b/a)2/α.

For the coefficient application, the decay exponent is 1/(γ − 1), and, apart from fixed mul-
tiplicative constants, the two scales are

a = ˆ︁hβ, b = n−1/2ˆ︁h−Dγ/2.

Their ratio is governed by the selected mesh relative to the oracle mesh. Thus the conditional

maximum is controlled at the statistical scale ˆ︁hβ√︂1 + max{0, log(hγ,n/ˆ︁h)}. The final inequality
in Lemma 5 places this expression at the oracle scale even for finer selected meshes. In this
application, the decay exponent ranges over[︃

1

γmax − 1
,

1

γmin − 1

]︃
,

and the lemma supplies common constants K,K ′ and a common threshold n0 over the stated
overlap interval. The fixed number of polynomial coordinates is included in those constants.

A.6 The three components of the upper bound

The approximation component uses the intrinsic Hölder regularity in Definition 1 and Assump-
tion 9 at degreem = ⌈β⌉−1. The deterministic inverse-Gram bound in Lemma 4 keeps the fitted
conditional mean stable relative to its local polynomial approximation. On En, the selected-mesh
comparison in Lemma 5 places the resulting mesh-dependent approximation error at the oracle
response-recovery scale.

The conditional stochastic component is controlled by the coefficient maximum in Lemma 5.
On normalized partition cubes, polynomial evaluation transfers this coefficient control to spatial-
supremum control, with constants determined by the fixed dimension and degree. Conditioning
on the sampled design accommodates the count-based mesh selection while retaining the ordered
information profile.

Finally, the clipping rule in Algorithm 2 and the response bound in Definition 2 bound the
loss on exceptional samples by 2B. Consequently, the exceptional-sample contribution is at
most 2Bn−2. These three controls furnish the uniform spatial-supremum upper guarantee in
Theorem 1; the pointwise upper guarantee follows from the same spatial-supremum control.

58



B Bounded testing experiment and geometry proofs

B.1 The bounded testing construction

The minimax converse in Theorem 1 is supported by a pair of causal laws with two-valued
potential outcomes. The construction places a smooth response perturbation around the evalu-
ation point and uses a common radial propensity to control the treatment information available
there. Its radial distribution accounts for intersection with the covariate cube, so the experiment
accommodates evaluation points on faces and corners as well as in the interior. The following
definition specifies both the observed laws and their causal completions.

Definition 11. [def:bounded-lower-pair] (Bounded radial testing pair) The bounded testing
construction is the measure-valued family Pj,h on observations (X,A, Y ), indexed by j ∈ {0, 1}
and n ∈ N, with parameters d ∈ N, β,B,L, γ ∈ R, x0 ∈ Rd, and constants a, c > 0. Set

X := [0, 1]d, h := chγ,n, θ0 := min{1/4, L/(4B)},

where hγ,n is the oracle mesh for the smoothness and overlap parameters. Define the radial
distance, cube-truncated radial function, and common propensity by

R(x) := ∥x−x0∥∞, FR(t) :=
d∏︂
i=1

max{0,min{1, x0i+t}−max{0, x0i−t}}, e0(x) := FR(R(x))
1/(γ−1).

For x0 ∈ X and t ≥ 0, FR(t) is the probability of R(X) ≤ t under uniform covariates. Define
the smooth product bump and treated success parameters by

ψ(z) :=
d∏︂
i=1

{︄
exp{1− (1− z2i )

−1}, |zi| < 1,

0, |zi| ≥ 1,
p0,h(x) := θ0, p1,h(x) := θ0+ah

βψ((x−x0)/h).

The totalized construction uses the positive-part weights

w0(p) := max{1− p, 0}, w1(p) := max{p, 0}.

For each covariate x, take the product of the three two-point measures with weights

value 0 value 1

A w0(e0(x)) w1(e0(x))
Y (0)/B w0(θ0) w1(θ0)
Y (1)/B w0(pj,h(x)) w1(pj,h(x))

where the potential-outcome measures place their masses at 0 and B, respectively. Integrate this
product measure against Lebesgue measure restricted to X , and let Pj,h be its image under

(X,A, Y (0), Y (1)) ↦−→
(︁
X,A,AY (1) + (1−A)Y (0)

)︁
.

The admissible domain consists exactly of the constants a, c > 0 for which

e0(x), p0,h(x), p1,h(x) ∈ [0, 1]

for every n ≥ 1 and every x ∈ X , with h = chγ,n. On this domain, Pj,h is the observed law
obtained from uniform X and conditionally mutually independent A, Y (0), Y (1) given X, with

A | X ∼ Bernoulli(e0(X)), Y (0) | X ∼ B Bernoulli(θ0), Y (1) | X ∼ B Bernoulli(pj,h(X)), Y = AY (1)+(1−A)Y (0).

For fixed admissible a, c, define the sample-size-indexed collection

Ppair := {(P0,h, P1,h) : n ≥ 1, h = chγ,n}.
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The positive-part weights in Definition 11 specify a common measure-family construction
across parameter values. On the admissible domain, each conditional two-point measure has
total mass one and the construction yields the displayed Bernoulli probability laws. The sample-
size-indexed collection Ppair uses fixed amplitude and mesh constants; sample size changes the
perturbation through the oracle mesh.

Admissibility supplies the probability interpretation, while membership in the model of Def-
inition 2 additionally requires the response and overlap restrictions. The next result makes
these requirements compatible with small statistical information and separation of the chosen
response representatives at the evaluation point.

Lemma 6. [lem:bounded-lower-pair] (Bounded testing pair guarantees) Suppose that:

• (Dimension and exponents.) d ∈ N, d > 0, β > 1, and γ > 1.

• (Response constants.) B > 0 and L > 0.

• (Model constants.) C ≥ 1 and 0 < cf ≤ 1.

• (Evaluation point.) x0 ∈ [0, 1]d.

There exist constants a, c, c0 > 0, fixed across sample sizes, such that, for every integer n ≥ 1,
with h = chγ,n, where hγ,n is the oracle mesh, the construction in Definition 11 satisfies

e0(x), p0,h(x), p1,h(x) ∈ [0, 1] for every x ∈ [0, 1]d.

Both observed laws P0,h and P1,h belong to Pγ, the model class with parameters d, β,B, L,C, cf , γ.
Under each of their constructed causal completions,

Y (0), Y (1) ∈ {0, B} almost surely.

Moreover, P0,h ≪ P1,h, the log likelihood ratio log(dP0,h/dP1,h) is integrable under P0,h, and

n KL(P0,h, P1,h) ≤
1

8
.

For the chosen Hölder response representatives µ1,P0,h
and µ1,P1,h

associated with their model-
class memberships, ⃓⃓

µ1,P1,h
(x0)− µ1,P0,h

(x0)
⃓⃓
≥ c0rγ,n, rγ,n = hβγ,n,

where rγ,n is the oracle response-recovery risk scale.

Proof of Lemma 6. 1. We first obtain a Hölder radius for the scaled bump that is uniform in
its scale and center. Set

m := max{⌈β⌉ − 1, 0}, σβ := β −m ∈ (0, 1].

For each derivative order κ ∈ N, write

Jκ(z) := dκψ(z), z ∈ Rd, J0(z) = ψ(z),

where dκ denotes the κ-th Fréchet derivative, with the operator norm induced by the
supremum norm.
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The coordinate factors defining ψ are smooth across their endpoints: their derivatives from
inside (−1, 1) vanish at the endpoints because the exponential factor decays faster than
every inverse power of the distance to the endpoint. Consequently,

ψ ∈ C∞(Rd), suppψ ⊆ [−1, 1]d.

Every Jκ is continuous and compactly supported. Thus the constants

Mψ,κ := sup
z∈Rd

∥Jκ(z)∥, κ ∈ N,

are finite and nonnegative. Define

Mψ,∗ := max{Mψ,m,Mψ,m+1}, Mψ,mod := 2Mψ,∗.

The derivative bound of order m+ 1, applied along a line segment, gives

∥Jm(z)− Jm(z
′)∥ ≤Mψ,∗∥z − z′∥∞.

If ∥z − z′∥∞ ≤ 1, then

∥Jm(z)− Jm(z
′)∥ ≤Mψ,∗∥z − z′∥σβ∞ ≤Mψ,mod∥z − z′∥σβ∞ .

If ∥z − z′∥∞ > 1, then

∥Jm(z)− Jm(z
′)∥ ≤ 2Mψ,∗ ≤Mψ,mod∥z − z′∥σβ∞ .

These two cases include σβ = 1.

For 0 < h ≤ 1, define the scaled bump by

ψh(x) := hβψ((x− x0)/h), x ∈ Rd.

Translation and dilation give, for 0 ≤ κ ≤ m,

dκψh(x) = hβh−κJκ((x− x0)/h),

and hence
∥dκψh(x)∥ ≤ hβ−κMψ,κ ≤Mψ,κ.

For the top derivative, the preceding modulus bound yields

∥dmψh(x)− dmψh(x
′)∥ ≤ hβ−mMψ,mod

(︃
∥x− x′∥∞

h

)︃σβ
=Mψ,mod∥x− x′∥σβ∞ ,

since β −m = σβ. Set

Aψ := max

{︄
1, max

{︄
m∑︂
κ=0

Mψ,κ,Mψ,mod

}︄}︄
> 0.

Coordinate derivatives are evaluations of these multilinear derivatives on coordinate unit
vectors, so their magnitudes and differences are bounded by the corresponding operator
norms. Restricting the ambient smooth functions to the cube supplies their continuous
boundary traces. Therefore, with the convention of Definition 1,

ψh|X ∈ Hβ(Aψ) for every 0 < h ≤ 1, X = [0, 1]d.
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2. Using the baseline probability from Definition 11, choose

θ0 := min

{︃
1

4
,
L

4B

}︃
, a := min

{︃
θ0
2
,

L

4BAψ

}︃
.

Since B,L,Aψ > 0,

0 < θ0 ≤
1

4
, 0 < a ≤ θ0.

Define the effective dimension and entropy coefficient by

Dγ :=
dγ

γ − 1
, τKL := 2β +Dγ , KKL :=

2

θ0
2Dγ .

Here Dγ > 0, KKL > 0, and τKL ≥ 1. Choose

c :=
1

8(KKLa2 + 1)
, c0 := Bacβ.

Then 0 < c ≤ 1 and c0 > 0. Because c ≤ 1 and τKL ≥ 1,

cτKL ≤ c,

so

KKLa
2cτKL ≤ KKLa

2c =
KKLa

2

8(KKLa2 + 1)
≤ 1

8
.

All these constants are fixed independently of n.

3. Fix an integer n ≥ 1. The oracle mesh and the selected bump scale are

hγ,n := n−1/τKL , h := chγ,n.

Since n ≥ 1, τKL > 0, and 0 < c ≤ 1,

0 < hγ,n ≤ 1, 0 < h ≤ 1.

Use R,FR, e0, ψ, pj,h and Pj,h as defined in Definition 11. Every factor defining FR lies in
[0, 1], and the exponent 1/(γ − 1) is positive. Thus

0 ≤ FR(R(x)) ≤ 1, 0 ≤ e0(x) ≤ 1, x ∈ Rd.

For each coordinate factor of ψ, the exponent is nonpositive when the coordinate has
absolute value less than one, and the factor is zero otherwise. Hence

0 ≤ ψ(z) ≤ 1, z ∈ Rd.

Together with hβ ≤ 1, this gives

0 ≤ ahβψ((x− x0)/h) ≤ a

and therefore

0 < θ0 ≤ pj,h(x) ≤ θ0 + a ≤ 2θ0 ≤
1

2
, j ∈ {0, 1}, x ∈ Rd.
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In particular, a, c lie in the admissible domain of Definition 11, simultaneously for every
n ≥ 1.

Write the constructed completion laws as˜︁Pj,h := L(X,A, Y (0), Y (1)), j ∈ {0, 1},

where the joint law is the product-kernel construction in Definition 11. The cube has
Lebesgue volume

vol(X ) =
d∏︂
i=1

(1− 0) = 1.

The admissible weights sum to one in each two-point factor. The kernels are measurable,
so integrating them over the cube gives probability laws ˜︁Pj,h, whose observed images are
Pj,h.

4. Define the displayed treated-response curves by

µj,h(x) := Bpj,h(x), x ∈ Rd, j ∈ {0, 1}.

The choices of θ0 and a give

|Bθ0| = Bθ0 ≤
L

4
, |Ba|Aψ = BaAψ ≤ L

4
,

and consequently
|Bθ0|+ |Ba|Aψ ≤ L.

For the baseline curve, all positive-order derivatives vanish and

∥µ0,h∥∞ = Bθ0 ≤ L.

For the perturbed curve,
µ1,h(x) = Bθ0 +Baψh(x).

For every multi-index α with |α| ≤ m,

Dαµ1,h(x) =

{︄
Bθ0 +Baψh(x), |α| = 0,

BaDαψh(x), |α| > 0.

The bounds from the first step imply

∥Dαµ1,h∥∞ ≤ |Bθ0|+ |Ba|Aψ ≤ L.

For |α| = m, the constant term cancels in the difference, giving

|Dαµ1,h(x)−Dαµ1,h(x
′)| ≤ |Ba|Aψ∥x− x′∥σβ∞ ≤ L∥x− x′∥σβ∞ .

Their ambient smoothness supplies the required boundary traces. It follows from Defini-
tion 1 that

µ0,h, µ1,h ∈ Hβ(L).

The treated potential-outcome marginal of the conditional product kernel isB Bernoulli(pj,h(x)).
Thus, under the constructed completion,

E ˜︁Pj,h
[Y (1) | X = x] = (1− pj,h(x)) 0 + pj,h(x)B = µj,h(x)

for Lebesgue-almost every x ∈ X . This establishes the response smoothness requirement
in Assumption 9.
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5. We next establish the propensity tail bound. For every r ≥ 0, the intersection of the radial
sublevel set with the cube is

{x : R(x) ≤ r} ∩ X =

d∏︂
i=1

[max{0, x0i − r},min{1, x0i + r}] .

Since x0 ∈ X , these intervals are nonempty. Their product volume gives

P{R(X) ≤ r} = FR(r)

under uniform X. The displayed formula for FR is continuous, and the nested sublevel
sets show that it is nondecreasing on [0,∞). Also,

FR(0) = 0, FR(1) = 1.

The first identity uses d > 0; the second follows because every coordinate interval at radius
one is [0, 1].

For utail ∈ [0, 1), define

R(utail) := {r ∈ [0,∞) : FR(r) ≤ utail}, rsup(utail) := supR(utail).

The set contains zero, is closed by continuity, and is bounded above by one because FR(r) ≥
FR(1) = 1 for r ≥ 1. Its supremum therefore belongs to the set. Consequently,

P{FR(R(X)) ≤ utail} ≤ P{R(X) ≤ rsup(utail)}
= FR(rsup(utail)) ≤ utail.

For utail = 1, the same upper bound follows from total probability one.

For t ∈ [0, 1], raising e0(x) ≤ t to the positive power γ − 1 gives

{x : e0(x) ≤ t} ⊆ {x : FR(R(x)) ≤ tγ−1}.

Since tγ−1 ∈ [0, 1], the preceding bound yields

P{e0(X) ≤ t} ≤ tγ−1 ≤ Ctγ−1.

At t = 0, this shows
P{e0(X) = 0} = 0.

Together with e0 ≥ 0, it follows that e0(X) > 0 almost surely.

6. We verify the remaining model requirements for the constructed completions. Their co-
variate marginal is uniform on the cube, so

f(x) = 1 ≥ cf for Lebesgue-almost every x ∈ X .

The conditional product kernel has the factorization

L ˜︁Pj,h

(︁
(Y (0), Y (1)), A | X = x

)︁
= (B Bernoulli(θ0)⊗B Bernoulli(pj,h(x)))⊗ Bernoulli(e0(x)).
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Thus (Y (0), Y (1)) ⊥ A | X, and

P ˜︁Pj,h
{A = 1 | X = x} = e0(x)

almost everywhere. The observation map enforces

Y = AY (1) + (1−A)Y (0) ˜︁Pj,h-almost surely.

The endpoint-supported potential-outcome kernels and this observation map imply 0 ≤
Y ≤ B almost surely. To apply this support bound to the treated conditional distribution,
define

νj,x := LPj,h
(Y | X = x,A = 1).

Disintegrating the support statement first over X and then over A, and using e0(X) > 0
almost surely, gives

νj,x([0, B]) = 1 for Lebesgue-almost every x ∈ X .

For such x, put

yj,x :=

∫︂
y νj,x(dy).

Integrating the support bounds gives

0 ≤ yj,x ≤ B.

The bounded-variable sub-Gaussian moment bound gives, for every λ ∈ R,∫︂
exp{λ(y − yj,x)} νj,x(dy) ≤ exp

{︃
B2λ2

8

}︃
≤ exp

{︃
B2λ2

2

}︃
.

The exponential is integrable because y ∈ [0, B] almost surely. These bounds establish
Assumption 8. The density, consistency, exchangeability, propensity-tail, and smoothness
properties proved above establish the other requirements of Definition 2. Therefore, with
these exact completion witnesses and response curves,

P0,h, P1,h ∈ Pγ .

7. For completeness, the two potential-outcome factors at every covariate point assign total
mass one to {0, B}. Integrating their product over the cube therefore gives

˜︁Pj,h{Y (0) ∈ {0, B}, Y (1) ∈ {0, B}} =

∫︂
X
1 dx = 1, j ∈ {0, 1}.

This is the required endpoint support under each constructed completion.

8. We now bound the entropy of the conditional observation laws. For x ∈ Rd, define

pBer,x := p0,h(x), qBer,x := p1,h(x).

Both parameters lie in (0, 1), and

θ0 ≤ qBer,x ≤ 1

2
, qBer,x(1− qBer,x) ≥

θ0
2
.
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Applying log v ≤ v − 1, for v > 0, to each likelihood-ratio term gives

KL(Bernoulli(pBer,x),Bernoulli(qBer,x))

= pBer,x log
pBer,x

qBer,x
+ (1− pBer,x) log

1− pBer,x

1− qBer,x

≤ pBer,x

(︃
pBer,x

qBer,x
− 1

)︃
+ (1− pBer,x)

(︃
1− pBer,x

1− qBer,x
− 1

)︃
=

(pBer,x − qBer,x)
2

qBer,x(1− qBer,x)

≤ 2

θ0
(pBer,x − qBer,x)

2.

Also,
0 ≤ p1,h(x)− p0,h(x) = ahβψ((x− x0)/h) ≤ ahβ.

Define the laws of the treatment and binary selected outcome by

Vj,x := (1− e0(x)) δ0 ⊗ Bernoulli(θ0) + e0(x) δ1 ⊗ Bernoulli(pj,h(x)),

on {0, 1}2. Their scaled and recorded versions are

Wj,x :=
(︁
(bA, bY ) ↦→ (bA, BbY )

)︁
#
Vj,x, Qj,x :=

(︁
(bA, y) ↦→ (x, bA, y)

)︁
#
Wj,x.

Here the first map has domain {0, 1}2, the second has domain {0, 1} × R, and # denotes
image measure. The product construction shows that Qj,x is the conditional observation
law at covariate x.

The control parameters agree, so the control contribution to entropy is zero. The treated
contribution satisfies the preceding quadratic bound. Conditioning on the binary treatment
therefore gives

KL(V0,x,V1,x) = (1− e0(x))KL(Bernoulli(θ0),Bernoulli(θ0))

+ e0(x)KL(Bernoulli(p0,h(x)),Bernoulli(p1,h(x)))

≤ 2

θ0
(ahβ)2e0(x).

Applying entropy contraction first to recording the covariate and then to scaling the binary
outcome yields

KL(Q0,x,Q1,x) ≤ KL(W0,x,W1,x) ≤ KL(V0,x,V1,x) ≤
2

θ0
(ahβ)2e0(x).

In particular, the conditional entropies are finite.

9. Define the open bump box by

Eh := {x ∈ Rd : |xi − x0i| < h for every i = 1, . . . , d}.

Outside Eh, at least one coordinate factor of the bump is zero. Hence

p0,h(x) = p1,h(x), Q0,x = Q1,x, x /∈ Eh.
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For every r ≥ 0, each truncated coordinate interval has length at most 2r, so

FR(r) ≤ (2r)d.

For x ∈ Eh, we have R(x) ≤ h, and thus

e0(x) = FR(R(x))
1/(γ−1) ≤

(︁
(2R(x))d

)︁1/(γ−1) ≤
(︁
(2h)d

)︁1/(γ−1)
.

Moreover,
vol(Eh ∩ X ) ≤ P{R(X) ≤ h} = FR(h) ≤ (2h)d.

Both observed laws are obtained by integrating Qj,x against the same uniform covariate
law, and each conditional law records its covariate x in the first coordinate. The entropy
disintegration identity therefore gives

KL(P0,h, P1,h) =

∫︂
X
KL(Q0,x,Q1,x) dx.

On Eh, apply the conditional entropy and propensity bounds; on its complement, the
integrand is zero. Consequently,

KL(P0,h, P1,h) ≤
2

θ0
(ahβ)2

(︁
(2h)d

)︁1/(γ−1)
vol(Eh ∩ X )

≤ 2

θ0
(ahβ)2

(︁
(2h)d

)︁1/(γ−1)
(2h)d

=
2

θ0
2Dγa2h2β+Dγ = KKLa

2hτKL .

The last equality uses
d

γ − 1
+ d = Dγ .

The finite entropy bound supplies both

P0,h ≪ P1,h,

∫︂ ⃓⃓⃓⃓
log

dP0,h

dP1,h

⃓⃓⃓⃓
dP0,h <∞.

Finally, the oracle mesh satisfies

hτKL
γ,n = n−1, nhτKL = n(chγ,n)

τKL = cτKL .

The fixed calibration from the second step therefore gives

nKL(P0,h, P1,h) ≤ KKLa
2cτKL ≤ 1

8
.

10. It remains to identify the chosen response representatives at x0. The constructed member-
ships have the continuous Hölder representatives µj,h = Bpj,h. By Lemma 1, both these
representatives and the chosen representatives associated with the same observed laws
agree almost everywhere with the treated conditional regression. Its pointwise uniqueness
conclusion gives

µ1,Pj,h
(x) = µj,h(x) = Bpj,h(x), x ∈ X , j ∈ {0, 1}.
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This includes boundary points of the cube.

Every coordinate factor of ψ equals one at zero, so

ψ(0) = 1, p1,h(x0)− p0,h(x0) = ahβ.

Writing
rγ,n := hβγ,n,

we conclude that ⃓⃓
µ1,P1,h

(x0)− µ1,P0,h
(x0)

⃓⃓
=
⃓⃓⃓
Ba(chγ,n)

β
⃓⃓⃓

= Bacβrγ,n = c0rγ,n.

The positivity of B, a, c justifies the second equality. Since n ≥ 1 was arbitrary, the fixed
constants a, c, c0 satisfy all the stated requirements.

Lemma 6 supplies the three components of the testing comparison: two laws within the fixed-
constant model, a bound on their relative entropy, and response separation at the oracle scale.
Here KL denotes Kullback–Leibler relative entropy. The absolute-continuity and integrability
clauses support the information comparison for independent samples, whose laws are P⊗n

0,h and

P⊗n
1,h . The chosen Hölder representatives specify the pointwise targets, including their values on

the cube boundary.
The lower guarantee in Theorem 1 uses this pair through the two-point testing principle [Tsy-

bakov, 2009, Section 2.2]. The information bound and target separation provide the comparison
for expected absolute error within the subclass admitting potential outcomes in {0, B}. The
risk ordering in Theorem 1 then places the same oracle scale below the pointwise and expected
spatial-supremum minimax risks of Definition 3.

The quantifiers of the construction preserve the pointwise scope of the converse. For each
fixed γ > 1 and each fixed x0 in the closed cube, the constants are chosen once and apply
to every integer n ≥ 1. Their permitted dependence on the evaluation point and fixed model
parameters matches Theorem 1. Cube truncation in Definition 11 and the intrinsic smoothness
convention in Definition 1 keep boundary evaluation within this same comparison.

B.2 The thin-strip geometry

The geometry assertions in Proposition 1 concern the strip law of Definition 10. That construc-
tion uses the cube center and a radial-plus-strip propensity; its strip exponent is the parameter
specified there, separately from the amplitude constant in the testing pair. Constant potential-
outcome means keep response smoothness fixed while the propensity determines the local treated
design.

The model-membership and tail clauses of Proposition 1 place this law within the global-tail
causal class. Its remaining clauses describe two distinct aspects of local geometry. The anti-
concentration statement concerns the displayed selected propensity and the pointwise supre-
mum over Euclidean neighborhoods, as specified in Definition 9. The numerical clause has a
counterexample even when propensity values equal to one are permitted. This establishes the
selected-version failure underlying the strict enlargement within the causal class.
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The second-moment clause instead concerns treatment-weighted variation in supremum-
norm neighborhoods of the cube center. Its denominator is the probability of both treatment
and neighborhood membership, so the ratio measures the conditional second moment of the
second coordinate after normalization by neighborhood width. The zero limit in Proposition 1
records degeneration of that coordinate’s local treated variation under the stated strip-exponent
range.

These conclusions have complementary roles. The selected-version statement establishes the
comparison with the local anti-concentration predicate, while the normalized moment describes
the shape of the treated distribution itself. Together with model membership and the global tail
inequality, they characterize the treatment geometry covered by Theorem 1.

C Source-model transfer and comparison scope

The retained source restrictions fix a nonempty family P, common class constants, and se-
lected regression and propensity representatives before stating a uniform recovery guarantee.
Under Dorn [2026, Section 2, Assumptions 1–2, author PDF pp. 3–7], each member has uniform
covariates on [−1, 1]d and a selected measurable propensity satisfying

eP (X) = P (A = 1 | X) ∈ (0, 1) P -almost surely.

Writing µP for the selected treated regression, the common constants q > 3, M,σmin, C > 0,
and finite overlap exponent γ0 > 1 satisfy

EP [|Y |q | X,A = 1] ≤M q, VarP (µP (X)) ≤M, VarP (Y | X,A) ≥ σ2min,

with conditional inequalities holding almost surely, and

P{eP (X) ≤ t} ≤ Ctγ0−1 (t ∈ [0, 1]).

Conditional outcomes in both treatment arms are Gaussian with their selected regression means
and common variance σ2min. Both regression curves belong to ΣD(β, L0), the source smoothness
class with common β, L0 > 0.

The source smoothness convention uses derivative order

m = max{k ∈ Z : k < β} = ⌈β⌉ − 1

and bounds the (β − m)-Hölder seminorm of derivatives of order m by L0, using Euclidean
distance. For the intrinsic cube interpretation used in Proposition 2, interior derivatives through
order m have continuous traces on the closed cube. The source upper comparison additionally
imposes the family-level local condition in Definition 9, with common positive constants and
the selected pointwise propensity representatives, as in Dorn [2026, Section 2, Assumption 3,
author PDF pp. 6–7]. These restrictions distinguish the retained source envelope from the fixed
families to which the published upper comparison applies.

C.1 Fixed-cube smoothness completion

For the transfer in Proposition 2, the treated-moment restriction supplies the function bound
that complements the source seminorm. The full response class in Definition 1 also controls
the function and all lower derivatives. The following completion statement connects these two
smoothness descriptions for the paper’s range β > 1.
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Lemma 7. [lem:fixed-cube-holder-completion] (Hölder completion under affine scaling)
Fix an integer d ≥ 1 and a real number β > 1, and set m = ⌈β⌉ − 1. There exists a constant
Kd,β > 0, depending only on d and β, such that the following holds for every M0, L0 ∈ R and
u : Rd → R satisfying:

• (Nonnegative bounds.) M0 ≥ 0 and L0 ≥ 0.

• (Intrinsic regularity.) u ∈ Cm([−1, 1]d), with interior derivatives through order m
admitting continuous traces on the closed cube.

• (Top derivative modulus.) For every multi-index α with |α| = m and every x, y ∈
[−1, 1]d, the coordinate derivatives, interpreted through their continuous boundary traces,
satisfy

|Dαu(x)−Dαu(y)| ≤ L0

(︄
d∑︂
i=1

(xi − yi)
2

)︄(β−m)/2

.

• (Response bound.) |u(x)| ≤M0 for every x ∈ [−1, 1]d.

For the affine transport
T (x) = 2x− 1, x ∈ [0, 1]d,

the transported function satisfies

u ◦ T ∈ Hβ(Kd,β(M0 + L0))

on [0, 1]d, with the intrinsic Hölder ball defined in Definition 1.

Proof of Lemma 7. 1. Parameters and derivative notation. Set

s := β −m, C := [−1, 1]d, C ◦ := (−1, 1)d, U := [0, 1]d.

Since m = ⌈β⌉ − 1 and β > 1,

m ≥ 1, m < β ≤ m+ 1, 0 < s ≤ 1.

For each integer j ≥ 0, define the set of ordered coordinate indices and the associated derivative
by

Ij := {1, . . . , d}{1,...,j}, ∂jιw := ∂ι(1) · · · ∂ι(j)w, ι ∈ Ij .

Here I0 contains the empty index and ∂0ιw = w. On a closed cube, these derivatives use their
continuous interior traces. Symmetry of the interior derivatives identifies an ordered derivative
with the multi-index derivative having the same coordinate multiplicities; continuity preserves
this identity on the boundary.

2. Completion on the source cube. We first derive a constant K0 > 0, depending only
on d,m, s, with the following property. For arbitrary

uaux : Rd → R, Maux, Laux ∈ [0,∞),

suppose that
uaux ∈ Cm(C ), |uaux(x)| ≤Maux (x ∈ C ),
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and
|∂mι uaux(x)− ∂mι uaux(y)| ≤ Laux∥x− y∥s∞ (ι ∈ Im, x, y ∈ C ).

The desired completion estimates are

|∂jι uaux(x)| ≤ K0(Maux + Laux) (0 ≤ j ≤ m, ι ∈ Ij , x ∈ C )

and
|∂mι uaux(x)− ∂mι uaux(y)| ≤ K0(Maux + Laux)∥x− y∥s∞.

To obtain the interpolation estimate used in this completion, first consider a function whose
ordinary coordinate derivatives on C satisfy the displayed top-order modulus. Multilinearity
gives, for a direction vector v ∈ Rd,

Dmuaux(x)[v, . . . , v] =
∑︂
ι∈Im

(︄
m∏︂
a=1

vι(a)

)︄
∂mι uaux(x).

Consequently,
|Dmuaux(x)[v, . . . , v]−Dmuaux(y)[v, . . . , v]|

≤ dmLaux∥x− y∥s∞∥v∥m∞
≤ (d+ 1)mLaux∥x− y∥s∞∥v∥m∞.

Define
Cdiag := (d+ 1)m, φx,y(r) := uaux

(︁
x+ r(y − x)

)︁
, r ∈ R,

for x ∈ C ◦ and y ∈ C . The segment lies in C , and its points with 0 ≤ r < 1 lie in C ◦. The
chain rule therefore gives

φ(k)
x,y(r) = Dkuaux

(︁
x+ r(y − x)

)︁
[y − x, . . . , y − x], 0 ≤ k ≤ m, 0 ≤ r < 1.

Using the diagonal estimate and

∥x+ r(y − x)− x− r′(y − x)∥∞ = |r − r′|∥y − x∥∞,

we obtain

|φ(m)
x,y (r)− φ(m)

x,y (r
′)| ≤ CdiagLaux∥y − x∥m+s

∞ |r − r′|s, r, r′ ∈ [0, 1).

Taylor’s Lagrange remainder of degree m− 1, applied on [0, 1], supplies ξ ∈ (0, 1) such that

φx,y(1)−
m−1∑︂
k=0

φ
(k)
x,y(0)

k!
=
φ
(m)
x,y (ξ)

m!
.

After subtracting the degree-m term,

φx,y(1)−
m∑︂
k=0

φ
(k)
x,y(0)

k!
=
φ
(m)
x,y (ξ)− φ

(m)
x,y (0)

m!
.

Since ξs ≤ 1 and m! ≥ 1, this proves⃓⃓⃓⃓
⃓uaux(y)−

m∑︂
k=0

1

k!
Dkuaux(x)[y − x, . . . , y − x]

⃓⃓⃓⃓
⃓ ≤ CdiagLaux∥y − x∥m+s

∞ .
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We next bound this Taylor polynomial on a fixed tensor grid. Define

νj :=
j

m+ 1
(0 ≤ j ≤ m), A := {0, . . . ,m}d, zb := (νb1 , . . . , νbd) (b ∈ A ).

Every zb belongs to C . Compactness supplies a finite number Dcube ≥ 0 satisfying

∥y − x∥∞ ≤ Dcube (x, y ∈ C ).

Set
κcube := max{1, Dcube}, Cgrid := 1 + Cdiagκ

m+s
cube .

For the Taylor polynomial

px(z) :=
m∑︂
k=0

1

k!
Dkuaux(x)[z − x, . . . , z − x], z ∈ Rd,

the response bound and remainder estimate yield

|px(zb)| ≤ |uaux(zb)|+ |uaux(zb)− px(zb)|
≤Maux + CdiagLauxκ

m+s
cube

≤ Cgrid(Maux + Laux).

Here is the polynomial estimate that converts these grid bounds into derivative bounds.
Define the univariate Lagrange polynomials, their coefficients, and the tensor weights by

Λj(t) :=
∏︂

0≤q≤m
q ̸=j

t− νq
νj − νq

, ωkj := [tk]Λj(t), Wab :=
d∏︂
i=1

ωaibi ,

where 0 ≤ k, j ≤ m and a, b ∈ A . For any polynomial paux of degree at most m in each
coordinate, define

ca(paux) := [za]paux(z), za :=

d∏︂
i=1

zaii .

Univariate Lagrange interpolation, applied to each monomial, gives

m∑︂
j=0

ωkjν
q
j =

{︄
1, k = q,

0, k ̸= q,
0 ≤ k, q ≤ m.

Taking products over the coordinates and then expanding paux proves the coefficient recovery
identity

ca(paux) =
∑︂
b∈A

Wabpaux(zb).

The weights admit a uniform bound. Define the coefficient one-norm of a univariate poly-
nomial by

∥puni∥coef,1 :=
∑︂
k≥0

|[tk]puni(t)|.
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The coefficient convolution formula and the triangle inequality imply

∥puniquni∥coef,1 ≤ ∥puni∥coef,1∥quni∥coef,1.

Since 0 ≤ νq ≤ 1, each numerator factor has coefficient one-norm at most 2. Splitting the
denominator factors below and above j gives⃓⃓⃓⃓

⃓⃓⃓⃓ ∏︂
0≤q≤m
q ̸=j

(νj − νq)

⃓⃓⃓⃓
⃓⃓⃓⃓ = j!(m− j)!

(m+ 1)m
.

Thus
m∑︂
k=0

|ωkj | = ∥Λj∥coef,1 ≤
2m(m+ 1)m

j!(m− j)!
.

The binomial identity and the elementary binomial coefficient bounds give

m∑︂
j=0

1

j!(m− j)!
=

2m

m!
,

(m+ 1)m

m!
≤
(︃
2m

m

)︃
≤ 22m = 4m.

Consequently,
m∑︂
k=0

m∑︂
j=0

|ωkj | ≤ 4m
(m+ 1)m

m!
≤ 24m ≤ 24m+4.

Define
Ccoef := (24m+4)d.

Factoring the finite tensor sums now yields

∑︂
a∈A

∑︂
b∈A

|Wab| =

⎛⎝ m∑︂
k=0

m∑︂
j=0

|ωkj |

⎞⎠d

≤ Ccoef .

Hence, whenever Bpol ≥ 0 and |paux(zb)| ≤ Bpol for every b ∈ A ,

|ca(paux)| ≤
∑︂
b∈A

|Wab||paux(zb)| ≤ CcoefBpol.

For each a ∈ A , the monomial z ↦→ za is smooth. Continuity of its iterated differentials on
the compact cube, followed by a maximum over the finitely many a and 0 ≤ j ≤ m, supplies
Mmon ≥ 0 such that

∥Dj(z ↦→ za)(x)∥op,∞ ≤Mmon (a ∈ A , 0 ≤ j ≤ m, x ∈ C ).

Each coordinate unit vector has supremum norm 1, so

|∂jι (z ↦→ za)(x)| ≤Mmon.

Define
Cpol := (m+ 1)dCcoef(Mmon + 1).
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Differentiating the finite expansion paux(z) =
∑︁

a∈A ca(paux)z
a therefore gives

|∂jι paux(x)| ≤
∑︂
a∈A

|ca(paux)||∂jι (z ↦→ za)(x)|

≤ (m+ 1)dCcoefBpolMmon

≤ CpolBpol,

for 0 ≤ j ≤ m, ι ∈ Ij , and x ∈ C .
The polynomial px has total degree at most m, as is also seen from its coordinate expansion

px(z) =
m∑︂
k=0

1

k!

∑︂
ι∈Ik

∂kι uaux(x)
k∏︂
a=1

(zι(a) − xι(a)).

Its derivatives at the expansion point agree with those of uaux. Indeed, a homogeneous term of
degree k < j has zero j-th derivative; a term of degree k > j retains a vanishing factor at x;
and for k = j, symmetry of the differential produces j! identical contributions, cancelling 1/j!.
Thus

∂jι px(x) = ∂jι uaux(x), 0 ≤ j ≤ m.

Set
Kint := CpolCgrid > 0.

Combining the grid bound, polynomial derivative bound, and derivative agreement proves

|∂jι uaux(x)| ≤ Kint(Maux + Laux) (x ∈ C ◦)

under the ordinary-derivative modulus used above.
To apply this estimate to intrinsic cube derivatives, define the inward contractions

uaux,t(z) := uaux(tz), z ∈ Rd, 0 < t < 1.

For every z ∈ C , tz ∈ C ◦. The chain rule on this interior region gives

uaux,t ∈ Cm(C ), |uaux,t(z)| ≤Maux, ∂jι uaux,t(z) = tj∂jι uaux(tz).

The assumed intrinsic top-order modulus implies

|∂mι uaux,t(x)− ∂mι uaux,t(y)|
≤ tmLaux∥tx− ty∥s∞
= tmtsLaux∥x− y∥s∞ ≤ Laux∥x− y∥s∞,

because tm ≤ 1 and ts ≤ 1. The preceding interpolation estimate therefore applies to uaux,t,
yielding

|tj∂jι uaux(tx)| ≤ Kint(Maux + Laux) (x ∈ C ◦, 0 < t < 1).

Continuity of the derivative traces allows t ↑ 1, giving

|∂jι uaux(x)| ≤ Kint(Maux + Laux) (x ∈ C ◦).

Since C ◦ = C , the same continuity extends this bound to every x ∈ C .
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Finally, define
K0 := Kint + 1 > 0.

Nonnegativity of the bounds gives

Kint(Maux + Laux) ≤ K0(Maux + Laux), Laux ≤ K0(Maux + Laux).

These inequalities prove both completion estimates stated at the beginning of this step, together
with the original Cm regularity.

3. Affine transport of a completed radius. Define

K1 := 2m+1 > 0.

Suppose that a function uaux ∈ Cm(C ) has derivative and top-order modulus bounds of radius
ρ ≥ 0:

|∂jι uaux(x)| ≤ ρ, |∂mι uaux(x)− ∂mι uaux(y)| ≤ ρ∥x− y∥s∞.

The affine map T (x) = 2x−1maps U into C . Composition preserves the intrinsic Cm regularity,
and the chain rule gives

∂jι (uaux ◦ T )(x) = 2j∂jι uaux(T (x)), x ∈ U , 0 ≤ j ≤ m.

This identity holds on the interior and extends to the boundary by the continuous traces. Hence

|∂jι (uaux ◦ T )(x)| ≤ 2jρ ≤ K1ρ.

Moreover,
∥T (x)− T (y)∥∞ = 2∥x− y∥∞, 2s ≤ 2,

so
|∂mι (uaux ◦ T )(x)− ∂mι (uaux ◦ T )(y)|

≤ 2mρ∥T (x)− T (y)∥s∞
= 2m2sρ∥x− y∥s∞
≤ K1ρ∥x− y∥s∞.

Thus affine transport multiplies the completed radius by at most K1.
4. Conversion of the given modulus. Choose

Cnorm := (
√
d)s > 0, Kd,β := K1K0(Cnorm + 1) > 0.

These constants depend only on d and β. For any ι ∈ Im, define its coordinate multiplicities
by

αi := #{a ∈ {1, . . . ,m} : ι(a) = i}, i = 1, . . . , d.

Then

|α| =
d∑︂
i=1

αi = m, ∂mι u = Dαu.

The hypothesis therefore bounds every ordered top derivative. For x, y ∈ C ,

d∑︂
i=1

(xi − yi)
2 ≤ d∥x− y∥2∞,

(︄
d∑︂
i=1

(xi − yi)
2

)︄1/2

≤
√
d ∥x− y∥∞.
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Since s > 0, raising the latter inequality to the power s gives(︄
d∑︂
i=1

(xi − yi)
2

)︄s/2
≤ Cnorm∥x− y∥s∞.

Multiplication by L0 ≥ 0 now yields

|∂mι u(x)− ∂mι u(y)| ≤ CnormL0∥x− y∥s∞.

5. Completion and transport for u. Define the source radius

ρ0 := K0(M0 + CnormL0) ≥ 0.

The source-cube completion estimates apply with the response boundM0 and modulus constant
CnormL0. They give

u ∈ Cm(C ), |∂jι u(x)| ≤ ρ0 (0 ≤ j ≤ m, ι ∈ Ij , x ∈ C ),

and
|∂mι u(x)− ∂mι u(y)| ≤ ρ0∥x− y∥s∞.

Applying the affine transport estimate with radius ρ0 proves

u ◦ T ∈ Cm(U ), |∂jι (u ◦ T )(x)| ≤ K1ρ0,

and
|∂mι (u ◦ T )(x)− ∂mι (u ◦ T )(y)| ≤ K1ρ0∥x− y∥s∞.

6. Calibration of the final radius. The nonnegative bounds imply

(Cnorm + 1)(M0 + L0)− (M0 + CnormL0)

= CnormM0 + L0 ≥ 0.

Multiplying by K1K0 > 0 gives

K1ρ0 = K1K0(M0 + CnormL0) ≤ Kd,β(M0 + L0).

Consequently,
max
|α|≤m

∥Dα(u ◦ T )∥∞ ≤ Kd,β(M0 + L0),

and, for every |α| = m and x, y ∈ U ,

|Dα(u ◦ T )(x)−Dα(u ◦ T )(y)| ≤ Kd,β(M0 + L0)∥x− y∥β−m∞ .

Together with the transported intrinsic Cm regularity, these are precisely the restrictions in
Assumptions 1 and 2. By Definition 1,

u ◦ T ∈ Hβ(Kd,β(M0 + L0)) .

All estimates include zero values of either bound, and the argument uses 0 < s ≤ 1, including
s = 1.
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Proposition 2. [prop:dorn-a3-free-corollary] (Transfer of Dorn source families)1 Fix pa-
rameters satisfying:

• (Dimension and smoothness.) d ∈ N, d ≥ 1, and β > 1.

• (Source constants.) q > 3 and M,σmin, C, L0 > 0.

• (Adaptation range.) 1 < γmin < γmax, with

Γ = [γmin, γmax].

For each γ ∈ Γ, let Dγ be the maximal envelope of source-law tuples consisting of an observed
law P , treated and control mean functions, and a selected propensity eP , satisfying the following
retained restrictions from Dorn [2026, Section 2, Assumptions 1–2, pp. 3–7]: X is uniform on
[−1, 1]d; the selected propensity belongs to (0, 1) almost surely; conditional on X,A, the outcome
is Gaussian with variance σ2min; both conditional mean functions belong to ΣD(β, L0); and

EP [|Y |q | X,A = 1] ≤M q, VarP (µP (X)) ≤M, VarP (Y | X,A) ≥ σ2min,

P{eP (X) ≤ t} ≤ Ctγ−1 (0 ≤ t ≤ 1).

Here µP is the selected treated mean. The source class ΣD(β, L0) consists of functions in
Cm([−1, 1]d), with continuous boundary traces of their derivatives, whose derivatives of order

m = max{k ∈ Z : k < β}

have (β −m)-Hölder seminorm at most L0, using the source’s convention.
Let T , the affine transport from the unit cube to the source cube, and the common response

bound B∗ be
T (x) = 2x− 1, B∗ = max{M,σmin}.

Define the common transported Hölder radius and the interpolation constant by

L∗ = sup
u∈ΣD(β,L0)

sup
x∈[−1,1]d

|u(x)|≤M

∥u ◦ T∥Hβ ,

Cd,β = sup
M ′>0, L′

0>0

u∈ΣD(β,L′
0)

sup
x∈[−1,1]d

|u(x)|≤M ′

∥u ◦ T∥Hβ

M ′ + L′
0

.

The functional ∥·∥Hβ is the full Hölder-radius functional on [0, 1]d, including the function, lower
derivatives, and top-derivative modulus. Then

0 < Cd,β <∞, 0 < L∗ ≤ Cd,β(M + L0) <∞.

Every member of Dγ, after replacing X by T−1(X), belongs to the global-tail causal class Pγ
with constants

B = B∗, L = L∗, C = C, cf = 1.

In particular, its transported observed law admits a consistency-and-exchangeability causal com-
pletion with these constants.
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Let ˆ︁µn be the equal-cell estimator of Algorithm 2, with smoothness β and response bound B∗,
applied to n independent transported observations. Write rγ,n, the oracle risk scale, as

rγ,n = n−β/(2β+dγ/(γ−1)) (n ≥ 1).

There exist K > 0 and n0 ∈ N such that, for every n ≥ n0, every γ ∈ Γ, and every source tuple
in Dγ,

EP⊗n

[︄
sup

x∈[0,1]d
|ˆ︁µn(x)− µP (T (x))|

]︄
≤ Krγ,n.

Every source family P satisfying the cited Assumptions 1–2 with the fixed displayed constants is
nonempty and contained in Dγ. The same K,n0 therefore satisfy

sup
P∈P

EP⊗n

[︄
sup

x∈[0,1]d
|ˆ︁µn(x)− µP (T (x))|

]︄
≤ Krγ,n (n ≥ n0).

For every ε > 0, there exist c(ε) > 0 and n0 ∈ N such that, simultaneously for all n ≥ n0,
γ ∈ Γ, and source tuples in Dγ,

P⊗n
{︂⃦⃦ˆ︁µn ◦ T−1 − µP

⃦⃦
L∞(P )

> c(ε)rγ,n

}︂
≤ ε.

Here the norm is the essential supremum under the source covariate law, and the estimator is
computed from the transported sample.

If d ≥ 2, then for each γ ∈ Γ there exist positive finite constants C ′,M ′, σ′min, L
′
0 and a

source tuple with uniform covariates, Gaussian conditional outcomes, and a selected pointwise
propensity representative satisfying all the retained restrictions with these constants, for which
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,

where the family-level condition is defined in Definition 9. The constants in this existence as-
sertion are selected separately for each γ.

For any nonempty family P of source-law tuples sharing a common treated regression curve
µ◦, meaning

µP (x) = µ◦(x) (P ∈ P, x ∈ Rd),
the minimax pointwise miss-probability value at any evaluation point x0, sample size n ∈ N, and
positive threshold cr, with c, r > 0, equals zero.

Finally, for every γ > 1 and every x0 ∈ [0, 1]d, there exists cγ > 0 such that

cγrγ,n ≤ Rpt(n, γ, x0) (n ≥ 1),

where Rpt is the pointwise minimax expected absolute-error risk of Definition 3 over the causal
class with constants B∗, L∗,max{C, 1}, and cf = 1. The displayed lower bound is first established
for the two-valued potential-outcome subclass risk; monotonicity under class inclusion transfers
it to Rpt. The constant cγ may depend on the evaluation point and the fixed parameters.

The completion constant depends on dimension and smoothness alone. Consequently, a
common function bound and a common top-derivative modulus yield a common full Hölder
radius after affine transport. Applied to the treated regression curves in Proposition 2, this
statement supplies the finite radius needed by the equal-cell estimator. The continuous boundary
traces make the completion applicable on the entire closed cube, including its faces and corners.

1Formalization scope. This result uses the cited conclusion [Dorn, 2026] (Section 2 Setting and Notation,
Assumptions 1–2; author PDF pages 3–7). The cited source proof is not formalized here: Lean verifies its use and
all remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not certified.
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C.2 Source loss and the fixed-family criterion

For the source comparisons, the regression target is µP (x) = EP [Y | X = x,A = 1], with the
selected version understood. Let Dn denote the sample of n independent observed triples, whose
sampling law is P⊗n. For a regression estimator ˆ︁µn, the source loss is

∥ˆ︁µn − µP ∥L∞(P ) = ess sup
x∼PX

|ˆ︁µn(Dn, x)− µP (x)|.

Thus the essential supremum is taken under the source covariate marginal. For a fixed finite
overlap exponent γ0 > 1, write

r∗µ,n = n−β/(2β+dγ0/(γ0−1)) (n ≥ 1)

for the source comparison scale. The fixed-family probability criterion bounds the probability
that the source loss exceeds c(ε)r∗µ,n, where c(ε) is a positive threshold constant allowed to
depend on the fixed setup.

A pointwise minimax miss probability also depends on which regression curves the family
contains. The next statement records the common-curve obstruction once; later comparisons
invoke it by reference.

Lemma 8. [lem:arbitrary-family-lower-obstruction] (Known regression minimax
obstruction) Fix parameters satisfying

• (Dimension.) d ∈ N and d ≥ 1.

• (Smoothness.) β > 0 and L0 > 0.

• (Overlap.) γ ∈ R and γ > 1.

Let P be any nonempty source family equipped with selected treated and control regression func-
tions and propensity representatives. Suppose its selected treated regression µP is the same known
function µ◦ : Rd → R throughout the family:

µP (x) = µ◦(x) for every P ∈ P and every x ∈ Rd.

For a sample size n ∈ N, let Dn denote the observed sample and P⊗n its product sampling law.
Then, for every evaluation point x0 ∈ Rd, every n ∈ N, and every c, rn > 0, where rn is an
arbitrary positive comparison scale,

inf
T measurable

sup
P∈P

P⊗n {|T (Dn)− µP (x0)| > crn} = 0.

The infimum ranges over all measurable real-valued sample estimators T , and the minimax value
is taken in the extended nonnegative reals.

In particular, consider the singleton family whose observed law has mutually independent
coordinates

X ∼ Unif([−1, 1]d), A ∼ Bernoulli(1/2), Y ∼ N(0, 1),

with selected treated and control regression functions identically zero and selected propensity
eP (x) = 1/2. There exist common constants q > 3, M > 0, and C > 0 for which this law
satisfies all of the following:
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• (Selected propensity.) The selected propensity is a measurable version of the conditional
treatment probability and lies in (0, 1) almost surely.

• (Moment and variance bounds.) The treated conditional absolute q-moment is inte-
grable and satisfies

EP [|Y |q | X = x,A = 1] ≤M q for PX-almost every x, EP
[︂
(µP (X)− EP [µP (X)])2

]︂
≤M.

• (Source smoothness.) Both selected regression functions belong to the source top-
derivative seminorm class ΣD(β, L0) specified in Proposition 2.

• (Global overlap.) The selected propensity satisfies

PX{eP (X) ≤ t} ≤ Ctγ−1 for every t ∈ [0, 1].

• (Conditional Gaussian outcomes.) For PX-almost every x, the conditional outcome
distribution in each treatment arm is Gaussian with its selected regression mean and vari-
ance one.

• (Common local anti-concentration.) The singleton satisfies
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with the local ball-ratio inequalities and common positive constants specified in Definition 9.

At the cube center x0 = 0, for every n ∈ N and every c, rn > 0, this singleton’s displayed minimax
miss probability equals zero.

Proof of Lemma 8. 1. Fix the family, evaluation point, sample size, and positive constants
in the first assertion. Define the constant estimator

Tknown(Dn) := µ◦(x0).

It is measurable for every n, including n = 0. For every P ∈ P and every sample,

|Tknown(Dn)− µP (x0)| = |µ◦(x0)− µ◦(x0)| = 0.

Since crn > 0, its miss event is empty. Consequently, in the extended nonnegative reals,

0 ≤ inf
T measurable

sup
P∈P

P⊗n{|T (Dn)− µP (x0)| > crn} ≤ sup
P∈P

P⊗n(∅) = 0.

This proves the first assertion.

2. For the explicit witness, define the cube and component measures by

S := [−1, 1]d, λd := Lebesgue measure on Rd,

ΠX := 2−dλd ↾S , ΠA := Bernoulli(1/2), ΠY := N(0, 1), P ◦ := ΠX⊗(ΠA⊗ΠY ).

The cube-volume formula gives

λd(S) =
d∏︂
i=1

2 = 2d, ΠX(Rd) = 2−d2d = 1.
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Also,

ΠA({0, 1}) =
1

2
+

1

2
= 1, ΠY (R) = 1.

Thus P ◦ is a probability law with the independent coordinates specified in the statement.
Its covariate marginal is

P ◦
X = ΠX .

Select the treated regression, control regression, and propensity, respectively, as

µP ◦(x) := 0, µ0,P ◦(x) := 0, eP ◦(x) :=
1

2
(x ∈ Rd).

3. The Gaussian fourth absolute moment is finite. Define

Mmom := max

{︃
1,

⃓⃓⃓⃓∫︂
R
|y|4ΠY (dy)

⃓⃓⃓⃓}︃
.

Then

1 ≤Mmom,

∫︂
R
|y|4ΠY (dy) ≤

⃓⃓⃓⃓∫︂
R
|y|4ΠY (dy)

⃓⃓⃓⃓
≤Mmom.

Monotonicity of powers in the exponent for a base at least one yields

Mmom =M1
mom ≤M4

mom.

Hence ∫︂
R
|y|4ΠY (dy) ≤M4

mom.

Choose the common constants

q := 4, M :=Mmom, C := 2γ−1.

They satisfy q > 3, M > 0, and C > 0.

4. We verify the remaining model restrictions with these constants. The product law gives

LP ◦(X,A) = ΠX ⊗ΠA.

This is the joint law obtained from ΠX and the constant conditional distribution ΠA.
Uniqueness of conditional distributions therefore gives

LP ◦(A | X = x) = ΠA, P ◦(A = 1 | X = x) =
1

2
for P ◦

X -almost every x.

Thus the selected propensity is a measurable version, with

0 < eP ◦(x) =
1

2
< 1 (x ∈ Rd).

Similarly, reassociating the product law gives

LP ◦((X,A), Y ) = (ΠX ⊗ΠA)⊗ΠY .
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Uniqueness of conditional distributions identifies the conditional outcome law with ΠY for
(ΠX ⊗ ΠA)-almost every (x, a). Fubini’s theorem gives this identity for ΠA-almost every
a, for ΠX -almost every x. Since

ΠA({0}) = ΠA({1}) =
1

2
> 0,

both arms satisfy, simultaneously,

LP ◦(Y | X = x,A = a) = ΠY (a ∈ {0, 1}), P ◦
X -almost everywhere.

In particular, the treated conditional absolute fourth moment is integrable and

EP ◦
[︁
|Y |4 | X = x,A = 1

]︁
=

∫︂
R
|y|4ΠY (dy) ≤M4 for P ◦

X -almost every x.

The regression variance satisfies∫︂
Rd

(︃
µP ◦(x)−

∫︂
Rd

µP ◦(y)P ◦
X(dy)

)︃2

P ◦
X(dx) = 0 ≤M.

Both selected regressions have continuous derivatives of every order, and for every multi-
index α and every x, y ∈ S,

DαµP ◦(x) = Dαµ0,P ◦(x) = 0,

|DαµP ◦(x)−DαµP ◦(y)| = |Dαµ0,P ◦(x)−Dαµ0,P ◦(y)| = 0.

Their continuous boundary traces are also zero. Every defining top-derivative difference
therefore vanishes, while its prescribed modulus bound is nonnegative. Thus

µP ◦ , µ0,P ◦ ∈ ΣD(β, L0).

For the global overlap bound, fix t ∈ [0, 1]. If t ≥ 1/2, monotonicity of the power with
positive exponent γ − 1 gives

(1/2)γ−1 ≤ tγ−1, 2γ−1(1/2)γ−1 = 1.

The propensity event is then the whole covariate space, so

P ◦
X{eP ◦(X) ≤ t} = 1 ≤ 2γ−1tγ−1 = Ctγ−1.

If t < 1/2, that event is empty, and

P ◦
X{eP ◦(X) ≤ t} = 0 ≤ Ctγ−1.

Finally, the conditional outcome identities already established give Gaussian distributions
in both arms with their selected zero means and variance one:

LP ◦(Y | X = x,A = 1) = N(µP ◦(x), 1), LP ◦(Y | X = x,A = 0) = N(µ0,P ◦(x), 1)

for P ◦
X -almost every x.
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5. Define the selected singleton family and common local constants by

P◦ := {P ◦}, ρ := 1, ν :=
1

2
, h0 := 1.

The family is nonempty, its selected propensity has the required properties, and

P ◦
X(S) = 2−dλd(S) = 1.

We verify the local ratio in Definition 9. For x0 ∈ S and h > 0, define

Bh(x0) :=

{︄
x ∈ Rd :

d∑︂
i=1

(xi − x0,i)
2 ≤ h2

}︄
, Oh(x0) :=

{︄
x ∈ Rd :

d∑︂
i=1

(xi − x0,i)
2 < h2

}︄
.

Since x0 ∈ Bh(x0)∩S, this intersection is nonempty, and the constant selected propensity
has supremum

sup
x∈Bh(x0)∩S

eP ◦(x) =
1

2
.

The denominator in the local ratio is positive, including when x0 lies on the cube boundary.
Indeed, the coordinatewise closure identity

(−1, 1) = [−1, 1]

and the finite-product closure and interior identities give

S ⊆ int(S).

The set Oh(x0) is open and contains x0, because 0 < h2. It therefore meets int(S). Their
intersection is a nonempty open set, so its Lebesgue measure is positive. Since

Oh(x0) ∩ int(S) ⊆ Bh(x0) ∩ S,

we obtain
0 < λd(Oh(x0) ∩ int(S)) ≤ λd(Bh(x0) ∩ S) .

Consequently,
0 < P ◦

X(Bh(x0)) = 2−dλd(Bh(x0) ∩ S) ≤ 1.

Because the propensity is identically 1/2 on all of Rd,{︄
x : eP ◦(x) ≥ ρ sup

y∈Bh(x0)∩S
eP ◦(y)

}︄
∩ Bh(x0) = Bh(x0).

Thus, for every x0 ∈ S and 0 < h ≤ h0,

P ◦
X

(︂{︂
x : eP ◦(x) ≥ ρ supy∈Bh(x0)∩S eP ◦(y)

}︂
∩ Bh(x0)

)︂
P ◦
X(Bh(x0))

= 1 >
1

2
= ν.

This proves
ADorn
3

(︁
P◦, (eP )P∈P◦
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.
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6. The singleton has the common known treated regression

µP (x) = 0 (P ∈ P◦, x ∈ Rd).

Applying the constant-estimator argument above with this regression and x0 = 0 gives,
for every n ∈ N and every c, rn > 0,

inf
T measurable

sup
P∈P◦

P⊗n {|T (Dn)− µP (0)| > crn} = 0.

The decision underlying Lemma 8 is the constant sample estimator T (Dn) = µ◦(x0). Its
pointwise error is identically zero throughout the family:

|T (Dn)− µP (x0)| = 0 (P ∈ P).

The Gaussian singleton shows that the obstruction is compatible with the source moment,
smoothness, overlap, and local anti-concentration restrictions.

C.3 The source upper comparison

The cited upper comparison concerns an estimator selected for an already fixed family and its
common constants. Its probability bound is uniform over members of that family, with the
comparison scale determined by the family’s fixed overlap exponent. The following proposition
retains that quantifier order; its common-regression clause is the application of Lemma 8 needed
to delimit the converse scope.

Proposition 3. [lem:dorn-rate-scope] (Fixed-family regression rate scope)2 Fix an inte-
ger d ≥ 1, constants β, L0,M, σ, C > 0, and q > 3. For every fixed finite γ0 > 1, consider
a nonempty source family P of observed-data laws, equipped with selected treated and control
regression curves and selected propensity representatives (eP )P∈P. Suppose that:

• (Design and propensity.) Under every P ∈ P, X is uniform on [−1, 1]d, and the
selected measurable representative satisfies

eP (X) = P (A = 1 | X) ∈ (0, 1) P -almost surely.

• (Moment and variance.) Writing µP for the selected treated regression curve, every
member satisfies

EP [|Y |q | X,A = 1] ≤M q, VarP (µP (X)) ≤M, VarP (Y | X,A) ≥ σ2,

with the conditional inequalities holding almost surely in each applicable arm.

• (Gaussian regression and smoothness.) Almost surely with respect to the covariate
marginal, the conditional outcome distributions in the treated and control arms are Gaus-
sian with their respective selected regression means and common variance σ2. Both selected
regression curves belong to the source seminorm class ΣD(β, L0): their derivatives of order

m = max{k ∈ Z : k < β}

satisfy Dorn’s Hölder-seminorm bound L0, with exponent β −m.
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• (Global overlap tail.) For every P ∈ P and t ∈ [0, 1],

P{eP (X) ≤ t} ≤ Ctγ0−1.

• (Family-level local condition.) On the original cube [−1, 1]d, the selected propensity
representatives satisfy
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as defined in Definition 9, including its common positive constants ρ, ν, h0 and uniform
local-ball mass-ratio inequality.

Define the fixed-setup comparison scale by

r∗µ,n := n−β/(2β+dγ0/(γ0−1)).

There exists a regression estimator ˆ︁µn(Dn, x), where Dn is the sample of n independent obser-
vations, selected after the family, its common constants, and its propensity representatives have
been fixed, such that its dependence on the sample is measurable for every n and x. For every
sample size n, member P ∈ P, and real threshold R, the event{︁

∥ˆ︁µn − µP ∥L∞(P ) > max{Rr∗µ,n, 0}
}︁

is measurable, where the norm is the essential supremum with respect to the covariate marginal
of P . For every ε > 0, there exists a finite constant c(ε) > 0 such that

lim sup
n→∞

sup
P∈P

P⊗n{︁∥ˆ︁µn − µP ∥L∞(P ) > c(ε)r∗µ,n
}︁
≤ ε,

where P⊗n is the product sampling law. The estimator and c(ε) may depend on the fixed setup.
This upper comparison is the assertion of Dorn [2026, Section 2, Assumptions 1–3, Theorem
1(ii)].

For every γ0 > 1, the following two pointwise conclusions also hold. First, let P be any
nonempty source family whose selected treated regression curves equal a common known function
µ◦ at every point:

µP (x) = µ◦(x) (P ∈ P, x ∈ Rd).
For every evaluation point x0 ∈ Rd, sample size n, and constants c, r > 0, its extended nonneg-
ative minimax miss risk is

inf
T sample-measurable

sup
P∈P

P⊗n{|T (Dn)− µP (x0)| > cr} = 0.

Here the infimum ranges over all measurable real-valued functions of the sample.
Second, there exist constants q′ > 3 and M ′, C ′ > 0 for which the singleton Gaussian exper-

iment
X ∼ Unif([−1, 1]d), A ∼ Bernoulli(1/2), Y ∼ N(0, 1),

with X,A, Y mutually independent and selected treated mean, control mean, and propensity
respectively 0, 0, 1/2, satisfies the displayed design, propensity, moment, variance, Gaussian,
smoothness, and global-tail conditions with parameter tuple

(β, q′,M ′, 1, C ′, L0, γ0),

and satisfies the family-level condition of Definition 9 on the original cube. For this singleton,
at x0 = 0, every sample size n and every c, r > 0 satisfy

inf
T sample-measurable

P⊗n{|T (Dn)| > cr} = 0.
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The source upper assertion in Proposition 3 is the fixed-setup, uniform-in-P probability
guarantee of Dorn [2026, Theorem 1(ii), author PDF p. 12; proof of Theorem 1, pp. 27–28].
Its displayed scale has no logarithmic factor. The estimator, threshold constant, and overlap
exponent remain indexed by the fixed setup, while sample measurability and exceedance-event
measurability give the displayed probabilities their ordinary sampling interpretation.

The common-regression clauses give the model-family qualification relevant to the pointwise
lower attribution printed in Dorn [2026, Theorem 1(i), author PDF p. 12]. The positive pointwise
converse in Proposition 2 instead concerns the full causal class of Definition 3, with expected
absolute-error loss; its lower bound is supported by the two-valued potential-outcome subclass
in Definition 11 and Lemma 6.

C.4 The affine transfer

The transfer component of Proposition 2 uses the retained source restrictions from Dorn [2026,
Section 2, Assumptions 1–2, author PDF pp. 3–7]. The maximal envelopes Dγ and the constants
B∗, L∗ are defined in that statement. Their role is to place every qualifying source tuple within
one response-recovery class after transporting covariates by T−1, where T (x) = 2x− 1.

The ingredients have distinct mathematical functions. Uniform source covariates become
uniform covariates on the unit cube, supplying density constant cf = 1. The retained propensity
tail controls global overlap at the same exponent. The treated-moment and Gaussian restrictions
supply the common response bound B∗ = max{M,σmin}, and Lemma 7 supplies the finite full
Hölder radius L∗. The causal-completion clause of Proposition 2 then identifies the transported
observed laws as members of the model in Definition 2.

With this membership established, the equal-cell estimator of Algorithm 2 has the expected
spatial-supremum guarantee stated in Proposition 2, uniformly over the fixed-constant envelopes
and the compact overlap range. At γ = γ0, its oracle scale rγ,n equals the source scale r∗µ,n.
The accompanying essential-supremum probability bound supplies a comparison in the source
loss criterion, with constants common to those envelopes and that exponent range. Every
qualifying source subfamily inherits the envelope guarantee through the containment asserted
in Proposition 2.

C.5 The Gaussian strictness construction

The Gaussian existence component of Proposition 2 concerns the geometric scope of the retained
restrictions. For each overlap exponent in the stated range and dimension d ≥ 2, it supplies
a source tuple with uniform covariates, Gaussian conditional outcomes, smooth means, and
the required moment and global-tail bounds, together with failure of the selected-version local
predicate in Definition 9. Its positive finite constants are selected separately for each exponent.

This quantifier structure distinguishes the existence construction from the upper guarantee
over a prescribed fixed-constant envelope. The construction establishes that the retained Gaus-
sian restrictions accommodate the selected-propensity geometry described by the corollary. The
affine-transfer component supplies recovery guarantees for each envelope with its displayed com-
mon constants, while Proposition 3 supplies the preprint comparator for fixed families satisfying

2Formalization scope. This result uses the cited conclusion [Dorn, 2026] (Section 2 Notation and Setting,
Assumptions 1–3, and Theorem 1 (author PDF pp. 3–7 and 12); Lemma 11 (p. 23); Lemma 13 (p. 24); proof
of Theorem 1 (pp. 27–28); Section 5 Conclusion (p. 28)). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.
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the additional local condition. Together, these components identify the smoothness completion,
family scope, and treatment geometry underlying Proposition 2.

D Verification note

The theorem and lemma environments carrying declaration links are machine-checked in Lean
4.33.0 (compiler commit d8b18978322de05a8f3dba51ef03cf5461676c17) against mathlib
revision db584cd6d46c92f209a44c0f1c829460d327499d and the adjacent Causalean library.
The Lean sources are under CausalSmith/Stat/STAT WeakoverlapUnisolventRate Research;
the bundle’s lean snippets.json and formal layer.json record the complete object-to-
declaration map. The verification record identifies repository revision d07574d7eb0a903c2a049c6ae28702de46193ec0;
this is distinct from the Lean compiler commit and the mathlib revision above. The emitted
paper checksum is recorded separately in meta.json.

The checked results include causal identification, ordered treated-cell masses, template condi-
tioning, and mesh selection in Lemmas 1 and 3 to 5; the bounded testing experiment in Lemma 6;
and the adaptive minimax conclusion in Theorem 1. They also include the treatment-geometry
and Gaussian-transfer conclusions in Propositions 1 and 2, together with smoothness comple-
tion, the family-richness obstruction, and the source comparison scope in Lemmas 7 and 8
and Proposition 3. The synthesized notation environments and explanatory transitions are
presentation-level material. The joint-adaptation entries in Remarks 1 and 2 describe future
work and assert no proved risk bound.

These checks certify deductions under the stated assumptions. Response recovery uses the
sampling, causal, density, global-tail, outcome, and smoothness restrictions defining Definition 2,
with the fixed constants and compact overlap range specified in Theorem 1. The geometry and
transfer conclusions retain their stated dimension restrictions, selected propensity versions, and
source-family conditions. External-source transcriptions and generated theorem-local depen-
dency footnotes delimit the trust boundary for cited inputs: the checked deductions use the
recorded source conclusions under their recorded assumptions, while the source proofs of those
conclusions remain external. The consolidated account here complements those local disclosures.

E Proofs of the main results

Proof of Theorem 1. 1. Uniform local approximation. We first establish the estimator bound
uniformly over the prescribed adaptation interval. Set

m := ⌈β⌉ − 1, s := β −m, Apoly := {α ∈ Nd0 : |α| ≤ m}, pcoef := |Apoly|.

Then 0 < s ≤ 1 and pcoef > 0. By the identification and uniqueness conclusions of Lemma 1,
every Hölder response witnessing membership of P in Pγ agrees with µ1,P throughout X .

Here is the local approximation bound used below, including at cube boundaries. Define the
affine map and transported response by

Taff(x) := 2x− 1 (x ∈ Rd), gaff(z) := µ1,P

(︃
z + 1

2

)︃
(z ∈ [−1, 1]d).

Repeated coordinate differentiation of the affine composition gives, for every multiindex α with
|α| ≤ m,

Dαgaff(z) = 2−|α|Dαµ1,P

(︃
z + 1

2

)︃
, z ∈ [−1, 1]d.
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The chain rule proves this identity in the interior, and continuity of the derivative traces extends
it to the boundary. Thus Assumption 1 gives

sup
z∈[−1,1]d

|Dαgaff(z)| ≤ 2−|α|L ≤ L.

For |α| = m and z, z′ ∈ [−1, 1]d, the identity and Assumption 2 give

|Dαgaff(z)−Dαgaff(z
′)| = 2−m

⃓⃓⃓⃓
Dαµ1,P

(︃
z + 1

2

)︃
−Dαµ1,P

(︃
z′ + 1

2

)︃⃓⃓⃓⃓
≤ 2−mL

⃦⃦⃦⃦
z − z′

2

⃦⃦⃦⃦s
∞

≤ L∥z − z′∥s∞.

Affine composition also preserves the continuous derivative traces through order m. Conse-
quently, defining

Kaff := 1,

we obtain intrinsic Hölder radius KaffL for gaff on [−1, 1]d. Lemma 2, applied with derivative
order m, exponent s, and radius KaffL, supplies a constant Kext > 0 and a function gext ∈
Cm(Rd) satisfying

gext(z) = gaff(z) (z ∈ [−1, 1]d),

max
0≤kder≤m

sup
z∈Rd

∥Dkdergext(z)∥op ≤ KextKaffL,

and
∥Dmgext(z)−Dmgext(z

′)∥op ≤ KextKaffL∥z − z′∥s∞ (z, z′ ∈ Rd).

Here Dkder denotes the Fréchet derivative of the indicated order, with order zero interpreted as
the function itself.

For a partition cube Q of mesh 0 < h ≤ 1, define

ϑQ,α :=
(2h)|α|

α!
Dαgext(Taff(aQ)), α ∈ Apoly,

and

ΠQ(x) := U

(︃
x− aQ
h

)︃⊤
ϑQ, x ∈ Q.

We derive the remainder bound along the expansion segment. Since β > 1, we have m ≥ 1. For
x ∈ Q, define

zQ,0 := Taff(aQ), vQ,x := 2(x− aQ), φQ,x(tseg) := gext(zQ,0 + tsegvQ,x) (tseg ∈ R).

The chain rule gives

φ
(kder)
Q,x (tseg) = Dkdergext(zQ,0 + tsegvQ,x)[vQ,x, . . . , vQ,x⏞ ⏟⏟ ⏞

kder arguments

], 0 ≤ kder ≤ m, tseg ∈ R,

with order zero interpreted as the function value. Expanding the symmetric derivatives in
coordinate directions and using the definition of ϑQ yields

m∑︂
kder=0

φ
(kder)
Q,x (0)

kder!
=

∑︂
α∈Apoly

Dαgext(zQ,0)

α!

d∏︂
i=1

(vQ,x,i)
αi = ΠQ(x), φQ,x(1) = µ1,P (x).
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Taylor’s theorem with the order-m Lagrange remainder gives a point satisfying

∃ tQ,x ∈ (0, 1) : φQ,x(1)−
m−1∑︂
kder=0

φ
(kder)
Q,x (0)

kder!
=
φ
(m)
Q,x(tQ,x)

m!
.

Choose such a point and define the degree-m remainder by

RTaylor,Q,x := µ1,P (x)−ΠQ(x)

=
φ
(m)
Q,x(tQ,x)− φ

(m)
Q,x(0)

m!

=
1

m!
(Dmgext(zQ,0 + tQ,xvQ,x)−Dmgext(zQ,0)) [vQ,x, . . . , vQ,x⏞ ⏟⏟ ⏞

m arguments

].

The displayed Hölder modulus for the extended function therefore implies

|RTaylor,Q,x| ≤
KextKaffL

m!
∥tQ,xvQ,x∥s∞∥vQ,x∥m∞

=
KextKaffL

m!
tsQ,x∥vQ,x∥m+s

∞

≤ KextKaffL

m!
∥vQ,x∥β∞,

since 0 < tQ,x < 1, s > 0, and m+ s = β. This bound also applies when vQ,x = 0. Define

CTaylor :=
1

m!
≥ 0.

Because ∥vQ,x∥∞ ≤ 2h, we obtain, uniformly in the expansion centre,

|µ1,P (x)−ΠQ(x)| =

⃓⃓⃓⃓
⃓gext

(︃
Taff(aQ) + 2h

x− aQ
h

)︃
− U

(︃
x− aQ
h

)︃⊤
ϑQ

⃓⃓⃓⃓
⃓

≤ CTaylorKextKaffL(2h)
β = CbiasLh

β,

where
Cbias := CTaylorKextKaff2

β.

The normalized coordinates belong to [0, 1]d, and the affine image of x belongs to [−1, 1]d, which
justify the equality and the approximation. This construction also covers integer β, for which
s = 1.

2. Conditional bias and supremum loss. Apply Lemma 5. Denote its uniform mesh and
coefficient constants by Kmesh,Kcoef > 0, and its sample-size threshold by nenv. Enlarge these
constants and the threshold as required by the constructions below, taking nenv ≥ 2. Define

n0 := max{nenv, 1}, Gn := σ((Xi, Ai)
n
i=1).

For n ≥ n0, γ ∈ Γ, and P ∈ Pγ , choose the simultaneous treated-count event underlying the
mesh and coefficient bounds as follows. For all candidate microcells, define

qQℓ := P{A = 1, X ∈ EQℓ}, h ∈ Hn, Q ∈ Qh, 1 ≤ ℓ ≤ J,
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Mcount,n :=
∑︂
h∈Hn

J |Qh|, scount,n := log
(︁
2(Mcount,n + 1)n2

)︁
> 0,

and take

En :=
⋂︂
h∈Hn

⋂︂
Q∈Qh

J⋂︂
ℓ=1

{︂
|NQℓ − nqQℓ| <

nqQℓ
2

+ 4scount,n

}︂
.

The Bernstein bound for each treated count and the finite union bound give

P⊗n(Ecn) ≤ 2Mcount,ne
−scount,n

=
Mcount,n

Mcount,n + 1
n−2 ≤ n−2.

We establish the selected-mesh and treated-count bounds on this particular intersection. Let η
be the reference microcube width in Definition 6. Each microcell at mesh h has volume (ηh)d,
so Assumption 4 and the measurable-set bound in Lemma 3 give

P (X ∈ EQℓ) ≥ cf (ηh)
d,

qQℓ ≥
γ − 1

γ
C−1/(γ−1)

(︁
cf (ηh)

d
)︁γ/(γ−1)

= κcell(γ)h
Dγ ,

where

κcell(γ) :=
γ − 1

γ
C−1/(γ−1)(cfη

d)γ/(γ−1), κcell,Γ := min
γ′∈Γ

κcell(γ
′) > 0.

The positivity of the minimum follows from continuity and positivity of the displayed coefficient
on the compact interval Γ. Choose a fixed enlargement constant satisfying

Aor ≥ 1, 4 ≤ κcell,ΓA
2β+Dγmax
or .

Such a choice exists because 2β +Dγmax > 0. Since

Dγ = d+
d

γ − 1
, Dγmax ≤ Dγ ≤ Dγmin , hγmax,n ≤ hγ,n ≤ hγmin,n,

we have
4 ≤ κcell,ΓA

2β+Dγ
or (γ ∈ Γ).

The candidate collection in Definition 7 has largest index

jcand,n :=

⌊︃
log2 n

2β + d

⌋︃
, Hn = {2−j : 0 ≤ j ≤ jcand,n}.

The floor inequality gives
2−jcand,n ≤ 2n−1/(2β+d).

Because d > 0 and γmax > 1,

Dγmax > d,
2n−1/(2β+d)

Aorhγmax,n
=

2

Aor
n−1/(2β+d)+1/(2β+Dγmax ) −→ 0, Aorhγmin,n −→ 0.

After enlarging nenv, these relations ensure, uniformly over γ ∈ Γ, that

2−jcand,n ≤ Aorhγ,n ≤ 1.
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Define an oracle candidate by

jor(n, γ) := max{j ∈ {0, . . . , jcand,n} : 2−j ≥ Aorhγ,n}, hor,n,γ := 2−jor(n,γ).

The set defining the maximum contains zero. If its maximum is smaller than jcand,n, the next
dyadic width is smaller than Aorhγ,n; if the maximum equals jcand,n, the preceding lower bound
on the finest width forces equality with the target width. Thus

hor,n,γ ∈ Hn, Aorhγ,n ≤ hor,n,γ ≤ 2Aorhγ,n.

We next verify the logarithmic budget. The template and dyadic partition have

J = (m+ 1)d, |Q2−j | = 2jd, Mcount,n = J

jcand,n∑︂
j=0

2jd.

Since 2β + d ≥ 1, the definition of jcand,n gives

jcand,n ≤ 2jcand,n ≤ n, Mcount,n ≤ (n+ 1)ndJ.

For n ≥ 2, using n+ 1 ≤ 2n and nd+1 ≥ 1, we obtain

2(Mcount,n + 1)n2 ≤ 8(J + 1)nd+3, scount,n ≤ (d+ 3) logn+ log(8(J + 1)).

Define

Ucount := 24(d+ 3), Vcount := 24 log(8(J + 1)), ρbudget :=
2β

2β +Dγmin

> 0.

The elementary bound

log n ≤ 2

ρbudget
nρbudget/2

and divergence of positive powers allow a further uniform enlargement of nenv such that

2Ucount
2

ρbudget
≤ (2Aor)

−2βnρbudget/2, 2Vcount ≤ (2Aor)
−2βnρbudget .

Consequently,
24scount,n ≤ Ucount log n+ Vcount

≤ (2Aor)
−2βnρbudget = (2Aorhγmin,n)

−2β

≤ (2Aorhγ,n)
−2β ≤ h−2β

or,n,γ .

The population-mass bound also gives, for every microcell of this oracle candidate,

nqQℓ ≥ nκcell,Γh
Dγ
or,n,γ

= κcell,Γnh
2β+Dγ
or,n,γ h−2β

or,n,γ

≥ κcell,ΓA
2β+Dγ
or h−2β

or,n,γ ≥ 4h−2β
or,n,γ ,

where nh
2β+Dγ
γ,n = 1.
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On En, the defining deviation inequality therefore yields, at the oracle candidate,

NQℓ >
nqQℓ
2

− 4scount,n ≥ 2h−2β
or,n,γ − 4scount,n ≥ h−2β

or,n,γ .

Thus this candidate is feasible. The smallest-feasible-mesh rule of Algorithm 1 gives

0 < ˆ︁h ≤ hor,n,γ ≤ 2Aorhγ,n, 24scount,n ≤ h−2β
or,n,γ ≤ ˆ︁h−2β.

For a microcell of the selected mesh, feasibility and the same deviation inequality imply

NQℓ ≥ ˆ︁h−2β ≥ 24scount,n,
nqQℓ
2

< NQℓ + 4scount,n ≤ 7

6
NQℓ.

In particular,

NQℓ ≥
nqQℓ
5

(Q ∈ Qˆ︁h, 1 ≤ ℓ ≤ J).

Taking Kmesh ≥ 2Aor, we have established on the displayed count intersection that

0 < ˆ︁h ≤ Kmeshhγ,n, NQℓ ≥
nqQℓ
5

.

Every count in the defining finite intersection is measurable with respect to Gn, and every
population mass is fixed under P . Hence En ∈ Gn. Conditioning therefore fixes the sampled
design, the selected mesh, its treated counts, and membership in En.

First, the response bound holds everywhere on the cube. Define

gclip(x) := clip[−B,B](µ1,P (x)), x ∈ X .

The conditional-mean bound in Assumption 8 and identification give

gclip(x) = µ1,P (x) = EP [Y | A = 1, X = x] for PX -almost every x.

Both functions are continuous on the cube. The uniqueness conclusion of Lemma 1 therefore
gives

gclip(x) = µ1,P (x), |µ1,P (x)| ≤ B (x ∈ X ).

On En, set
h := ˆ︁h, c̄Q := E[ˆ︁cQ | Gn], Q ∈ Qh.

At each fixed design, this conditional expectation evaluates the coefficients at that design’s
selected mesh. Feasibility gives positive treated counts. For each treated observation used in
the fit on Q, define

Ui,Q := U

(︃
Xi − aQ

h

)︃
, Rres,i,Q := µ1,P (Xi)− U⊤

i,QϑQ.

The local polynomial approximation gives

|Rres,i,Q| ≤ CbiasLh
β.

Identification and the equal-cell normal equations yield, almost surely,

c̄Q − ϑQ = ˆ︁G−1
Q

1

J

J∑︂
ℓ=1

1

NQℓ

∑︂
i:Ai=1
Xi∈EQℓ

Ui,QRres,i,Q.
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Every monomial coordinate has absolute value at most one on the normalized cube, so

∥Ui,Q∥2 ≤
√
pcoef .

Consequently, Lemma 4 implies

∥c̄Q − ϑQ∥∞ ≤ ∥c̄Q − ϑQ∥2 ≤
2
√
pcoef

λ0
CbiasLh

β.

Define the fixed constants

Kinv :=
2
√
pcoef
λ0

, Kbias := pcoefKinvCbiasL+ CbiasL.

For the selected design, define the maximum coefficient fluctuation by

Scoef := max
Q∈Qh

∥ˆ︁cQ − c̄Q∥∞.

This maximum uses the selected mesh fixed by the conditioning design. Since

|U(z)⊤(ˆ︁cQ − ϑQ)| ≤ pcoef
(︁
Scoef +KinvCbiasLh

β
)︁
, z ∈ [0, 1]d,

and clipping contracts distance to every value in [−B,B], we obtain

sup
x∈X

|ˆ︁µn(x)− µ1,P (x)| ≤ pcoefScoef +Kbiash
β.

We derive the conditional coefficient envelope on this same count event. For the selected design,
define

qQ := min
1≤ℓ≤J

qQℓ, ργ :=
1

γ − 1
,

and order the selected cubes so that

{Q(k) : 1 ≤ k ≤ h−d} = Qh, q(k) := qQ(k)
, q(1) ≤ · · · ≤ q(h−d).

Here h−d = |Qh| ≥ 1. The ordered-mass conclusion of Lemma 3 supplies a fixed constant
satisfying

κΓ > 0, q(k) ≥ κΓh
Dγkργ (1 ≤ k ≤ h−d).

Define the treated residuals and coefficient weights by

ϵtr,i := 1{Ai=1}
(︁
Yi − µ1,P (Xi)

)︁
,

wfit,i,Q,α :=
1

J

J∑︂
ℓ=1

1{Ai=1, Xi∈EQℓ}

NQℓ

(︁ ˆ︁G−1
Q Ui,Q

)︁
α
, α ∈ Apoly.

These weights are evaluated only at the positive feasible mesh on En, where every denominator
is positive. Conditional on Gn, the residuals are independent by iid sampling, and identification
together with Assumption 8 gives, almost surely,

E[ϵtr,i | Gn] = 0, E[etϵtr,i | Gn] ≤ eB
2t2/2 (t ∈ R).
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For an untreated observation the residual is zero. The equal-cell coefficient formula consequently
gives

ˆ︁cQ,α − c̄Q,α =
n∑︂
i=1

wfit,i,Q,αϵtr,i.

The inverse bound in Lemma 4 and ∥Ui,Q∥2 ≤
√
pcoef imply⃓⃓⃓⃓

1

J
( ˆ︁G−1

Q Ui,Q)α

⃓⃓⃓⃓
≤ Kinv

J
.

Cauchy–Schwarz over the J microcells, followed by summation over their treated observations,
gives

n∑︂
i=1

w2
fit,i,Q,α ≤ J

(︃
Kinv

J

)︃2 J∑︂
ℓ=1

1

NQℓ

≤ K2
inv min

(︃
h2β,

5

nqQ

)︃
.

The last line uses both NQℓ ≥ h−2β and the established bound NQℓ ≥ nqQℓ/5. Multiplying the
conditional exponential moments of the independent weighted residuals yields

E
[︂
et(ˆ︁cQ,α−c̄Q,α)

⃓⃓⃓
Gn
]︂
≤ exp

{︄
B2t2

2

n∑︂
i=1

w2
fit,i,Q,α

}︄
.

Define
Kmgf := B2K2

inv max{1, 5/κΓ} > 0.

The ordered-mass bound and min{u, cv} ≤ max{1, c}min{u, v} for nonnegative u, v, c now give

E
[︂
e
t(ˆ︁cQ(k),α

−c̄Q(k),α
)
⃓⃓⃓
Gn
]︂
≤ exp

{︃
Kmgft

2

2
min

(︂
h2β, n−1h−Dγk−ργ

)︂}︃
.

All these exponential moments are finite; their two-sided finiteness also gives conditional inte-
grability of the finite coefficient maxima.

To apply the maximal inequality in Lemma 5 with a constant uniform in γ, define

ρmin :=
1

γmax − 1
, ρmax :=

1

γmin − 1
, Rmax :=

ρmax

ρmin
,

amax :=
√︁
Kmgf h

β, bmax :=
√︁
Kmgf n

−1/2h−Dγ/2.

Then

0 < ρmin ≤ ργ ≤ ρmax, Rmax ≥ 1, a2max = Kmgfh
2β, b2max = Kmgfn

−1h−Dγ .

Since k−ργ ≤ k−ρmin for k ≥ 1, the same moment bound satisfies the maximal inequality at the
fixed exponent ρmin. Let Kmin,max > 0 be its constant, and define

Mmax := Kmin,max

√︁
Rmax.

The logarithmic factors satisfy

1 + max
{︂
0, log

(︂
(bmax/amax)

2/ρmin

)︂}︂
≤ Rmax

[︂
1 + max

{︂
0, log

(︂
(bmax/amax)

2/ργ
)︂}︂]︂

.
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Indeed, when bmax/amax ≥ 1, expand the logarithms and use ργ ≤ ρmax; when this ratio is
smaller than one, both positive-part logarithms vanish. Applying the scalar maximal inequality
to each coefficient and using

Scoef ≤
∑︂

α∈Apoly

max
Q∈Qh

|ˆ︁cQ,α − c̄Q,α|,

we obtain

E[Scoef | Gn] ≤ pcoefMmaxamax

√︂
1 + max

{︁
0, log

(︁
(bmax/amax)2/ργ

)︁}︁
.

The oracle-mesh identity gives

n−1/2 = h
β+Dγ/2
γ,n ,

bmax

amax
=

(︃
hγ,n
h

)︃β+Dγ/2

.

Define
ζlog,γ := 2β(γ − 1) + dγ, ζlog,Γ := max{1, 2β(γmax − 1) + dγmax}.

Then
log
(︂
(bmax/amax)

2/ργ
)︂
= ζlog,γ log(hγ,n/h), 0 < ζlog,γ ≤ ζlog,Γ,

and hence

E[Scoef | Gn] ≤ pcoefMmax

√︁
Kmgfζlog,Γ h

β
√︂
1 + max{0, log(hγ,n/h)}.

To absorb the remaining logarithm, define

zmesh := h/hγ,n, 0 < zmesh ≤ Kmesh.

If zmesh ≤ 1, then

log(1/zmesh) ≤ 1/zmesh − 1,
√︁
1 + log(1/zmesh) ≤ 1/zmesh, zβmesh ≤ zmesh,

so their product is at most one. If zmesh > 1, the positive-part logarithm vanishes and zβmesh ≤
Kβ

mesh. Thus

hβ
√︂
1 + max{0, log(hγ,n/h)} ≤ max{1,Kβ

mesh}rγ,n.

Choose the initially enlarged coefficient constant to satisfy

Kcoef ≥ pcoefMmax

√︁
Kmgfζlog,Γmax{1,Kβ

mesh}.

We have therefore established, almost surely on the explicitly chosen count event,

E[Scoef | Gn] ≤ Kcoefrγ,n on En.

Also,
hβ ≤ Kβ

meshrγ,n ≤ max{1,Kβ
mesh}rγ,n.

Thus, defining
Kcond := pcoefKcoef +Kbiasmax{1,Kβ

mesh}+ 1,
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we have Kcond > 0 and

E
[︃
sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|
⃓⃓⃓⃓
Gn
]︃
≤ Kcondrγ,n almost surely on En.

The finite mesh selection and polynomial fits are measurable, and the conditional integrability
needed here is supplied by Lemma 5.

3. Uniform expected risk. For every sample, including samples with ˆ︁h = 0, the estimator in
Algorithm 2 takes values in [−B,B]. Define, on the entire sample space,

Zloss := sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|, Floss := E[Zloss | Gn].

The preceding response bound gives

0 ≤ Zloss ≤ 2B, 0 ≤ Floss ≤ 2B.

The supremum loss is measurable and bounded. The tower property and the bounds on the
event and its complement therefore give

EP⊗nZloss = EP⊗nFloss

≤ Kcondrγ,nP
⊗n(En) + 2BP⊗n(Ecn)

≤ Kcondrγ,n + 2Bn−2.

For every n ≥ 1, β > 0, and γ > 1,

Dγ ≥ 0, 2β +Dγ > 0,
β

2β +Dγ
≤ 1,

so monotonicity of powers with base n ≥ 1 gives

n−2 ≤ n−β/(2β+Dγ) = rγ,n.

Set
K := Kcond + 2B.

Then K > 0, and

EP⊗n

[︃
sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|
]︃
≤ Krγ,n

uniformly for n ≥ n0, γ ∈ Γ, and P ∈ Pγ . The count rule and clipped fit in Algorithms 1 and 2
use the stated inputs n, d, β,B,Dn.

4. The bounded-subclass lower bound. Fix γ > 1 and x0 ∈ X . Define the subclass and its
pointwise minimax risk by

P{0,B}
γ := {P ∈ Pγ : P admits a causal completion with Y (0), Y (1) ∈ {0, B} almost surely} ,

Rbd(n, γ, x0) := inf
T

sup
P∈P{0,B}

γ

EP⊗n |T (Dn, x0)− µ1,P (x0)|.

The infimum is over sample-measurable scalar estimators.
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Apply Lemma 6. It supplies fixed a, c, c0 > 0 such that, for every n ≥ 1, the pair from
Definition 11, with

h := chγ,n,

belongs to P{0,B}
γ and satisfies

P0,h ≪ P1,h, log
dP0,h

dP1,h
∈ L1(P0,h), n KL(P0,h, P1,h) ≤

1

8
.

Define
Pj,n := P⊗n

j,h , τj,n := µ1,Pj,h
(x0) (j ∈ {0, 1}), δn := c0rγ,n.

The separation supplied by Lemma 6 is

0 < δn ≤ |τ1,n − τ0,n|.

For an arbitrary sample-measurable estimator T , define its clipped version by

Tclip(Dn) := clip[−B,B]

(︁
T (Dn, x0)

)︁
.

The response bound established above gives, for j ∈ {0, 1},

|τj,n| ≤ B, |Tclip − τj,n| ≤ |T (Dn, x0)− τj,n|, |Tclip − τj,n| ≤ 2B.

Thus the clipped losses are integrable under both sample laws.
Product entropy tensorization and Pinsker’s inequality give

KL(P0,n,P1,n) ≤ n KL(P0,h, P1,h) ≤
1

8
≤ 1

2
,

∥P0,n − P1,n∥TV ≤
√︃

KL(P0,n,P1,n)

2
≤ 1

2
.

Define the two large-error events by

Aj,n :=

{︃
Dn : |Tclip(Dn)− τj,n| ≥

δn
2

}︃
, j ∈ {0, 1}.

The triangle inequality and target separation imply

Ac
0,n ⊆ A1,n.

Hence
P0,n(A0,n) + P1,n(A1,n) ≥ 1− ∥P0,n − P1,n∥TV,

max
j∈{0,1}

Pj,n(Aj,n) ≥
1−

√︁
KL(P0,n,P1,n)/2

2
≥ 1

4
.

For each j, integration over Aj,n yields

EPj,n |Tclip − τj,n| ≥
δn
2
Pj,n(Aj,n).
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Combining the two inequalities and the clipping contraction gives

max
j∈{0,1}

EPj,n |T (Dn, x0)− τj,n| ≥ max
j∈{0,1}

EPj,n |Tclip − τj,n|

≥ δn
8

=
c0
8
rγ,n.

Both laws belong to the restricted subclass. Taking the infimum over T , and defining

cγ :=
c0
8
> 0,

proves
cγrγ,n ≤ Rbd(n, γ, x0) (n ≥ 1).

5. Constants for all positive sample sizes. For the fixed γ, define a local adaptation interval
by

γlo :=
γ + 1

2
, γhi := γ + 1.

Since γ > 1,
1 < γlo < γhi, γ ∈ [γlo, γhi].

Applying the uniform estimator bound to this interval supplies Kloc > 0 and nloc ∈ N such that

sup
P∈Pγ

EP⊗n

[︃
sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|
]︃
≤ Klocrγ,n (n ≥ max{nloc, 1}).

Define

Nγ := max{nloc, 1}, qsmall := N−2
γ , Ksmall :=

2B

qsmall
,

Kγ := max{cγ ,max{Kloc,Ksmall}}.

These constants are finite, qsmall > 0, Ksmall > 0, and

0 < cγ ≤ Kγ , Kloc ≤ Kγ , Ksmall ≤ Kγ .

Fix n ≥ 1. If n ≥ nloc, the measurable estimator ˆ︁µn is an admissible witness in the supremum
minimax infimum, so

R∞(n, γ) ≤ sup
P∈Pγ

EP⊗n

[︃
sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|
]︃
≤ Klocrγ,n ≤ Kγrγ,n.

If n < nloc, then 1 ≤ n ≤ Nγ . Monotonicity of the inverse square and n−2 ≤ rγ,n give

qsmall = N−2
γ ≤ n−2 ≤ rγ,n.

Therefore
2B = Ksmallqsmall ≤ Ksmallrγ,n ≤ Kγrγ,n.

The same clipped estimator has loss at most 2B for every sample, so

R∞(n, γ) ≤ sup
P∈Pγ

EP⊗n

[︃
sup
x∈X

|ˆ︁µn(x)− µ1,P (x)|
]︃
≤ 2B ≤ Kγrγ,n.
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Thus the upper bound holds for every n ≥ 1.
6. Comparison of the risks. The inclusion

P{0,B}
γ ⊆ Pγ

implies, for each scalar estimator T ,

sup
P∈P{0,B}

γ

EP⊗n |T (Dn, x0)− µ1,P (x0)| ≤ sup
P∈Pγ

EP⊗n |T (Dn, x0)− µ1,P (x0)|.

Taking infima over the same estimators gives

Rbd(n, γ, x0) ≤ Rpt(n, γ, x0).

For any admissible function-valued estimator T , define its evaluation by

Tx0(Dn) := T (Dn)(x0).

This is a measurable scalar estimator, and x0 ∈ X gives

|Tx0(Dn)− µ1,P (x0)| ≤ sup
x∈X

|T (Dn)(x)− µ1,P (x)|.

Taking expectations, worst-case risks, and then the infimum over function-valued estimators
yields

Rpt(n, γ, x0) ≤ R∞(n, γ).

Combining the bounded-subclass lower bound, the upper bound for every positive sample size,
and these comparisons proves

cγrγ,n ≤ Rbd(n, γ, x0) ≤ Rpt(n, γ, x0) ≤ R∞(n, γ) ≤ Kγrγ,n, n ≥ 1.

Proof of Proposition 1. Fix an admissible strip exponent a, and use the construction and selected
propensity in Definition 10 throughout.

1. Let the completed-data law and its treated response be

Pcomp := L(X,A, Y (0), Y (1), Y ), µ1(x) := Bp0, x ∈ X .

The construction gives

0 < p0 = min

{︃
1

4
,
L

4B

}︃
≤ 1

4
, Bp0 ≤ B

L

4B
=
L

4
.

The radial term and strip increment are nonnegative, and truncation at one therefore gives

0 ≤ e⋆(x) ≤ 1, x ∈ X .

Thus all conditional Bernoulli distributions are probability distributions. Integrating their
product against the uniform covariate distribution shows that Pcomp and its observed-data
marginal Pstrip are probability laws, with

(Pcomp)X = (Pstrip)X = Lebd ↾X .
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The conditional distribution of Y (1) is the constant scaled Bernoulli distribution, so

EPcomp [Y (1) | X] = (1− p0) 0 + p0B = Bp0 = µ1(X) almost surely.

For the derivative order m in Definition 1, the constant function satisfies

max
|α|≤m

∥Dαµ1∥∞ = Bp0 ≤
L

4
≤ L, max

|α|=m
sup
x̸=x′

|Dαµ1(x)−Dαµ1(x
′)|

∥x− x′∥β−m∞
= 0.

Its derivatives have continuous boundary traces. Hence

µ1 ∈ Hβ(L),

as defined in Definition 1, and it supplies the response required by Assumption 9.

2. We verify the remaining restrictions in Definition 2. The uniform marginal gives

Pstrip(X ∈ X ) = 1, f(x) = 1 ≥ cf for Lebesgue-almost every x ∈ X ,

which supplies Assumption 4. The completed construction gives

Y = AY (1) + (1−A)Y (0) almost surely,

and, for almost every x ∈ X ,

L
(︁
(Y (0), Y (1)), A | X = x

)︁
= L

(︁
Y (0), Y (1) | X = x

)︁
⊗ Bernoulli(e⋆(x)).

These identities verify Assumptions 5 and 6, and the treatment marginal gives

Pcomp(A = 1 | X = x) = e⋆(x) for almost every x.

For the overlap calculation, define the radial propensity and radial exponent by

qrad(x) := FR(R(x))
1/(γ−1), x ∈ X , δstrip :=

d

γ − 1
> 0.

The centered cube of radius r has side length 2r, whence

FR(r) = (2r)d, 0 ≤ r ≤ 1

2
.

In particular 0 ≤ qrad(x) ≤ 1, so the nonnegative strip increment gives

qrad(x) ≤ e⋆(x), {x ∈ X : e⋆(x) ≤ t} ⊆ {x ∈ X : FR(R(x)) ≤ tγ−1}.

To bound the last event over its whole range, for 0 ≤ τcdf < 1 define

rcdf(τcdf) :=
τ
1/d
cdf

2
.

Then 0 ≤ rcdf(τcdf) ≤ 1/2, and monotonicity of the d-th power on nonnegative reals gives

{x ∈ X : FR(R(x)) ≤ τcdf} ⊆ {x ∈ X : R(x) ≤ rcdf(τcdf)}.
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Consequently,

Pstrip{FR(R(X)) ≤ τcdf} ≤
(︁
2rcdf(τcdf)

)︁d
= τcdf .

This includes τcdf = 0; at τcdf = 1, the same upper bound follows from total probability
one. Taking τcdf = tγ−1 therefore yields

Pstrip{e⋆(X) ≤ t} ≤ tγ−1 ≤ Ctγ−1, 0 ≤ t ≤ 1.

This verifies Assumption 7. At t = 0, the sharp bound and nonnegativity of e⋆ also give

Pstrip{e⋆(X) = 0} = 0, e⋆(X) > 0 almost surely.

The equal-arm product construction identifies the treated conditional distribution wher-
ever treatment has positive conditional probability:

LPstrip(Y | A = 1, X = x) = L
(︁
B Bernoulli(p0)

)︁
, EPstrip [Y | A = 1, X = x] = Bp0

for PX -almost every x. Its support is contained in [0, B]. The bounded-range exponential-
moment inequality, followed by enlargement of its exponent, gives

EPstrip [exp{λ(Y −Bp0)} | A = 1, X = x] ≤ exp

{︃
B2λ2

8

}︃
≤ exp

{︃
B2λ2

2

}︃
, λ ∈ R.

Also |Bp0| ≤ B. For every λ ̸= 0, it follows that√︂
2 logEPstrip [exp{λ(Y −Bp0)} | A = 1, X = x]

|λ|
≤ B.

The centered exponential moment is at least one by Jensen’s inequality, so the square
root is well defined. These estimates supply Assumption 8. Together with the smoothness
already established and the stated parameter conditions, they prove

Pstrip ∈ Pγ .

The uniform covariate marginal also supplies the asserted sharp bound

Pstrip{e⋆(X) ≤ t} ≤ tγ−1, t ∈ [0, 1].

3. Fix arbitrary ρ, ν, h0 > 0. For h > 0, define the centered Euclidean ball and local propen-
sity supremum by

Bh := {x ∈ Rd : ∥x− x◦∥2 ≤ h}, Mloc(h) := sup
x∈Bh∩X

e⋆(x).

For 0 < h ≤ 1/2, every coordinate displacement in Bh has magnitude at most h. On
S ∩ Bh, the strip inequality further gives

|x2 − 1/2| ≤ |x1 − 1/2|a ≤ ha.

Thus this intersection is contained in a rectangular box with second-coordinate side length
2ha and all other side lengths 2h. Uniformity implies

Pstrip(X ∈ S ∩ Bh) ≤ (2ha)(2h)d−1.
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For the denominator, the centered box with every coordinate displacement at most h/d
lies in X and in Bh, since

d∑︂
i=1

(xi − 1/2)2 ≤ d(h/d)2 =
h2

d
≤ h2.

Its volume therefore supplies

Pstrip(X ∈ Bh) ≥ (2h/d)d > 0.

Dividing these bounds yields

Pstrip(X ∈ S ∩ Bh)
Pstrip(X ∈ Bh)

≤ (2ha)(2h)d−1

(2h/d)d
= ddha−1.

Because a− 1 > 0 and δstrip > 0,

ddha−1 −→ 0, (2h)δstrip −→ 0 as h ↓ 0.

Choose h satisfying

0 < h < min{h0, 1/2}, ddha−1 < ν, (2h)δstrip < ρ/4.

The center belongs to S, and its radial term is zero. Hence

e⋆(x
◦) =

1

4
, Mloc(h) ≥

1

4
.

For x ∈ Bh \ S, the propensity equals its radial component and R(x) ≤ h, giving

e⋆(x) = qrad(x) ≤ (2h)δstrip < ρ/4 ≤ ρMloc(h).

Therefore
{x ∈ Bh : e⋆(x) ≥ ρMloc(h)} ⊆ S ∩ Bh,

and
Pstrip{e⋆(X) ≥ ρMloc(h), X ∈ Bh}

Pstrip(X ∈ Bh)
≤ ddha−1 < ν.

This contradicts the numerical clause for the proposed triple. Since the triple was arbitrary,
the numerical anti-concentration clause fails. The argument uses the pointwise bound
e⋆ ≤ 1, so it applies with propensity values equal to one admitted.

4. The full singleton-family condition in Definition 9 entails its numerical clause with the
same constants ρ, ν, h0. Thus the preceding contradiction gives

¬ADorn
3 (Pstrip)

for the selected propensity e⋆.
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5. For the design limit, define, for every h > 0,

Qctr,h := {x ∈ Rd : R(x) ≤ h},

Dstrip(h) := Pstrip{A = 1, X ∈ Qctr,h},

Nstrip(h) :=

∫︂
{A=1, X∈Qctr,h}

(︃
X2 − 1/2

h

)︃2

dPstrip,

Tstrip(h) :=
Nstrip(h)

Dstrip(h)
.

For this definition, a quotient with zero denominator is assigned value zero.

Introduce the positive constants and envelope

bstrip :=
1

2(4d)a+d−1
, crad := 2d+δstrip , cstrip := 2d,

Gstrip(h) :=
cradh

d+δstrip + cstriph
d+3a−3

bstriphd+a−1
, h > 0.

Factoring powers of h gives

Gstrip(h) =
crad
bstrip

h1+δstrip−a +
cstrip
bstrip

h2a−2.

The strip-exponent restrictions give

1 + δstrip − a > 0, 2a− 2 > 0,

so both powers tend to zero and

Gstrip(h) −→ 0 as h ↓ 0.

6. We bound the moment by this envelope. Suppose 0 < h ≤ 1/2. On Qctr,h, the normalized
second-coordinate square is at most one. If x ∈ S∩Qctr,h, the strip inequality and e⋆(x) ≤ 1
give (︃

x2 − 1/2

h

)︃2

e⋆(x) ≤
(︃
ha

h

)︃2

.

If x ∈ Qctr,h \ S, the radial bound gives(︃
x2 − 1/2

h

)︃2

e⋆(x) ≤ e⋆(x) ≤ (2h)δstrip .

Combining these two cases and integrating,∫︂
Qctr,h

(︃
x2 − 1/2

h

)︃2

e⋆(x) dx

≤ (2h)δstripPstrip(X ∈ Qctr,h) +

(︃
ha

h

)︃2

Pstrip(X ∈ S ∩Qctr,h).
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Here Qctr,h ⊆ X , and its volume is (2h)d. The same rectangular enclosure used above
bounds the strip intersection, so∫︂

Qctr,h

(︃
x2 − 1/2

h

)︃2

e⋆(x) dx

≤ (2h)δstrip(2h)d +

(︃
ha

h

)︃2

(2ha)(2h)d−1

= cradh
d+δstrip + cstriph

d+3a−3.

For the treated-mass lower bound, define

rcore(h) :=
h

4d
,

Kh :=
{︂
x ∈ Rd : |x2 − 1/2| ≤ rcore(h)

a, rcore(h) ≤ xi − 1/2 ≤ 2rcore(h) for every i ̸= 2
}︂
.

Since 0 < rcore(h) ≤ 1/8 and a > 1,

rcore(h)
a ≤ rcore(h).

The coordinate bounds place Kh in X , and they imply

|x2 − 1/2| ≤ rcore(h)
a ≤ |x1 − 1/2|a,

∥x− x◦∥22 ≤ d
(︁
2rcore(h)

)︁2
=
h2

4d
≤ h2.

Thus
Kh ⊆ S ∩ Bh ⊆ S ∩Qctr,h.

Its second-coordinate side length is 2rcore(h)
a, and each other side length is rcore(h). Since

e⋆ ≥ 1/4 on S, ∫︂
Qctr,h

e⋆(x) dx ≥
∫︂
Bh∩X

e⋆(x) dx

≥ 1

4

(︁
2rcore(h)

a
)︁
rcore(h)

d−1

= bstriph
d+a−1 > 0.

Finally, conditioning on X and using Pstrip(A = 1 | X) = e⋆(X) gives the numerator and
denominator identities

Nstrip(h) =

∫︂
Qctr,h

(︃
x2 − 1/2

h

)︃2

e⋆(x) dx, Dstrip(h) =

∫︂
Qctr,h

e⋆(x) dx.

All integrands are nonnegative. Dividing the numerator upper bound by the positive
denominator lower bound therefore yields

0 ≤ Tstrip(h) ≤ Gstrip(h), 0 < h ≤ 1/2.

The squeeze theorem proves
lim
h↓0

Tstrip(h) = 0,

which is exactly the asserted normalized treated-design limit.
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7. The law Pstrip itself supplies the final existence claim: it belongs to Pγ , and its full
singleton-family Dorn predicate fails for e⋆.

Proof of Proposition 2. 1. The source mean is bounded throughout the cube. Fix γ ∈ Γ and
a source tuple in Dγ . Write

XD := X, PD
X := LP (XD) = 2−d Leb

⃓⃓
[−1,1]d

, µ1,P := µP ,

and let µ0,P be its selected control mean. Continuity of µP on the compact source cube
gives ∫︂

|µP (z)|PD
X (dz) <∞.

For PD
X -almost every z, the treated conditional distribution is N(µP (z), σ

2
min). Its mean

identity, the absolute-integral inequality, and Jensen’s inequality give

|µP (z)| ≤
∫︂

|y|N(µP (z), σ
2
min)(dy),

and

|µP (z)|q ≤
(︃∫︂

|y|N(µP (z), σ
2
min)(dy)

)︃q
≤
∫︂

|y|qN(µP (z), σ
2
min)(dy) ≤M q.

Since q > 0 and M > 0, this implies |µP | ≤M almost everywhere.

To extend this inequality to the boundary as well, define

vP (z) := max{|µP (z)| −M, 0}, z ∈ Rd.

The function vP is continuous on the source cube and vanishes Lebesgue-almost everywhere
there. Moreover,

[−1, 1]d = int([−1, 1]d).

Continuity first forces vP to vanish on the interior, since a positive value would give a
neighborhood of positive Lebesgue measure on which it remains positive. Taking limits
from the interior then gives

vP (z) = 0, |µP (z)| ≤M (z ∈ [−1, 1]d).

2. Completion and comparison of the common radii. By Lemma 7, there is a constant Kd,β >
0 such that, for every nonnegative amplitude boundM ′, nonnegative seminorm bound L′

0,
and function satisfying the corresponding source regularity and bounds,

u ◦ T ∈ Hβ
(︁
Kd,β(M

′ + L′
0)
)︁
.

For a function admitting a nonnegative Hölder radius, write its set of admissible radii as

Lβ(g) := {Ladm ∈ [0,∞) : g ∈ Hβ(Ladm)}, ∥g∥Hβ = inf Lβ(g).

Consequently,
∥u ◦ T∥Hβ ≤ Kd,β(M

′ + L′
0).
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In particular, the two suprema in the proposition are bounded above:

Cd,β ≤ Kd,β, L∗ ≤ Kd,β(M + L0).

Every admissible radius bounds the function itself. Taking the infimum of those bounds
gives

|g(x)| ≤ ∥g∥Hβ , x ∈ [0, 1]d.

Constant functions satisfy the source seminorm restriction because their derivative differ-
ences vanish. Applying the preceding inequality to the constant functions 1 and M , which
admit radii by the completion result, yields

1 ≤ ∥1∥Hβ , M ≤ ∥M∥Hβ .

The constant function 1, with amplitude and seminorm bounds both equal to 1, is admis-
sible in the definition of Cd,β. The constant function M is admissible in the definition of
L∗. Hence

0 <
1

2
≤ Cd,β ≤ Kd,β <∞, 0 < M ≤ L∗.

Finally, every function contributing to L∗ also contributes, after normalization, to Cd,β:

∥u ◦ T∥Hβ

M + L0
≤ Cd,β.

Taking the supremum over these functions proves

0 < L∗ ≤ Cd,β(M + L0) <∞.

3. Gaussian source witnesses for the local-condition assertion. Suppose d ≥ 2, and fix γ ∈ Γ.
Then γ > 1. Choose

δstrip :=
d

γ − 1
> 0, a := 1 +

δstrip
2

,

so that

1 < a < 1 +
d

γ − 1
.

For the fixed moment exponent, set

Iq :=

∫︂
|y|qN(0, 1)(dy), M ′ := max{1, |Iq|}, C ′ :=

(︁
(3/4)γ−1

)︁−1
, σ′min := 1, L′

0 := 1.

Gaussian moments are finite, so M ′ is positive and finite. Since M ′ ≥ 1 and q > 1,

Iq ≤ |Iq| ≤M ′ ≤ (M ′)q.

All four chosen source constants are positive and finite.

Use the center, radial function, strip, and propensity from Definition 10. For the ambient
arguments needed below, the same coordinate formulas are

x◦ = (1/2, . . . , 1/2), R(x) = ∥x− x◦∥∞ (x ∈ Rd),
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FR(t) =

{︄
0, t < 0,

min{1, (2t)d}, t ≥ 0,
˜︁S := {x ∈ Rd : |x2 − 1/2| ≤ |x1 − 1/2|a}.

Here ˜︁S ∩ [0, 1]d = S. Define the capped propensity on all of Rd by

ecap(x) := min

{︃
3

4
, min

{︃
1, FR(R(x))

1/(γ−1) +
1

4
1˜︁S(x)

}︃}︃
.

Thus, on the unit cube,
ecap(x) = min{3/4, e⋆(x)}.

Construct random variables with conditional product distribution

Xstrip ∼ Unif([0, 1]d),

L(Astrip, Ystrip(0), Ystrip(1) | Xstrip = x) = Bernoulli(ecap(x))⊗N(0, 1)⊗N(0, 1).

Set
Ystrip := AstripYstrip(1) + (1−Astrip)Ystrip(0), XD

G := T (Xstrip),

PG := L(XD
G , Astrip, Ystrip), µ1,G(z) = µ0,G(z) := 0, eG(z) := ecap(T

−1z) (z ∈ Rd).

These measurable product kernels define a probability law. The affine change of variables
and the conditional product distribution give

XD
G ∼ Unif([−1, 1]d), eG(X

D
G) = PG(Astrip = 1 | XD

G),

and
Ystrip | XD

G , Astrip = b ∼ N(0, 1), b ∈ {0, 1}.

Since the radial term is positive away from x◦, a set of full covariate probability,

0 < eG(X
D
G) ≤ 3

4
< 1 almost surely.

The zero means satisfy the source smoothness restriction, and

VarPG
(µ1,G(X

D
G)) = 0 ≤M ′, VarPG

(Ystrip | XD
G , Astrip) = 1 = (σ′min)

2.

Together with the bound on Iq, these establish the moment, variance, Gaussian, and
smoothness restrictions.

The uniform-covariate propensity bound in Proposition 1 supplies

Pr{e⋆(Xstrip) ≤ t} ≤ tγ−1, 0 ≤ t ≤ 1.

For 0 ≤ t < 3/4, capping leaves this sublevel event unchanged. Since C ′ ≥ 1,

Pr{ecap(Xstrip) ≤ t} ≤ tγ−1 ≤ C ′tγ−1.

For 3/4 ≤ t ≤ 1, monotonicity of the positive power gives

Pr{ecap(Xstrip) ≤ t} ≤ 1 = C ′(3/4)γ−1 ≤ C ′tγ−1.
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The affine transport therefore yields

PG{eG(XD
G) ≤ t} ≤ C ′tγ−1, 0 ≤ t ≤ 1.

Thus the tuple satisfies every retained source restriction with the chosen constants.

It remains to establish the failure of the numerical clause in Definition 9 for this capped
representative. Define the closed centered Euclidean ball by

Bh := {x ∈ Rd : ∥x− x◦∥2 ≤ h}, h > 0.

For 0 < h ≤ 1/2, the ball lies in the unit cube. On S ∩ Bh, the second coordinate has
width at most 2ha, and each other coordinate has width at most 2h. Conversely,

d∏︂
i=1

[1/2− h/d, 1/2 + h/d] ⊆ Bh,

because the squared Euclidean distance of any point in this box is at most d(h/d)2 ≤ h2.
These box bounds give

Pr{Xstrip ∈ S ∩ Bh} ≤ (2ha)(2h)d−1,

Pr{Xstrip ∈ Bh} ≥ (2h/d)d > 0,

and hence
Pr{Xstrip ∈ S ∩ Bh}
Pr{Xstrip ∈ Bh}

≤ (2ha)(2h)d−1

(2h/d)d
= ddha−1.

Consider any proposed constants ρ, ν, h0 > 0, and set

ρcap := min{ρ, 2} > 0.

Both ha−1 and ((2h)d)1/(γ−1) tend to zero as h ↓ 0. Choose h with

0 < h ≤ min{h0, 1/2}, ddha−1 ≤ ν, ((2h)d)1/(γ−1) <
ρcap
4
.

For every x ∈ Bh, R(x) ≤ h, so

FR(R(x))
1/(γ−1) ≤ ((2h)d)1/(γ−1) <

ρcap
4

≤ 1

2
.

Consequently,

e⋆(x) ≤ FR(R(x))
1/(γ−1) +

1

4
<

3

4
, ecap(x) = e⋆(x) (x ∈ Bh).

At the center the propensity equals 1/4, giving the pointwise bound

ecap(x
◦) =

1

4
, sup

x∈Bh∩[0,1]d
ecap(x) ≥

1

4
.

For x ∈ Bh \ S, the strip term vanishes, and

ecap(x) = FR(R(x))
1/(γ−1) <

ρ

4
.
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It follows that {︄
x ∈ Bh : ecap(x) ≥ ρ sup

x′∈Bh∩[0,1]d
ecap(x

′)

}︄
⊆ S ∩ Bh.

The resulting local mass ratio is therefore at most ddha−1 ≤ ν, contradicting the required
strict inequality.

Finally, the affine identities

∥T (x)− T (x◦)∥2 = 2∥x− x◦∥2, T (x◦) = 0, eG(T (x)) = ecap(x)

preserve the pointwise suprema and the numerator and denominator probabilities in these
ratios. A source-cube local condition with radius bound h0 would thus give a unit-cube
condition with radius bound h0/2, which the preceding argument contradicts. Hence

¬ADorn
3

(︁
{PG}, (eG)

)︁
.

The construction selects its constants separately for the chosen γ.

4. Transport and causal completion of each source tuple. Return to an arbitrary tuple in Dγ ,
with γ ∈ Γ. Define globally measurable versions by

µmeas
b,P (z) :=

{︄
µb,P (z), z ∈ [−1, 1]d,

0, z /∈ [−1, 1]d,
b ∈ {0, 1}, z ∈ Rd,

eclP (z) := max{0,min{1, eP (z)}}, z ∈ Rd.
Continuity on the closed source cube makes the mean extensions measurable. The clamped
propensity is measurable and takes values in [0, 1]. Since the source covariate is supported
on the cube and the selected propensity lies in (0, 1) almost surely,

µmeas
b,P = µb,P , eclP = eP PD

X -almost everywhere.

Construct a completion law ΠP by retaining covariate marginal PD
X and using the condi-

tional product distribution

LΠP
(A, Y (0), Y (1) | XD = z) = Bernoulli(eclP (z))⊗N(µmeas

0,P (z), σ2min)⊗N(µmeas
1,P (z), σ2min),

with
Y := AY (1) + (1−A)Y (0).

All factors are probability kernels, so this defines a probability law.

To identify its observed marginal, take any bounded measurable function

φ : Rd × {0, 1} × R −→ R.

Conditioning first on the covariate and treatment and then on the covariate alone gives∫︂
φdP =

∫︂ [︄
(1− eclP (z))

∫︂
φ(z, 0, y)N(µmeas

0,P (z), σ2min)(dy)

+ eclP (z)

∫︂
φ(z, 1, y)N(µmeas

1,P (z), σ2min)(dy)

]︄
PD
X (dz)

= EΠP
φ(XD, A, Y ).
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Here the selected propensity and both Gaussian arm kernels identify the two conditional
distributions. Thus

LΠP
(XD, A, Y ) = P.

Define the transported covariate, completion, and observed law by

XT := T−1(XD),

ΠTP := LΠP
(XT , A, Y (0), Y (1), Y ), QP := LP (T−1(XD), A, Y ).

The observed marginal of ΠTP is exactly QP . The source tail inequality at t = 1 also gives

1 = P{eP (XD) ≤ 1} ≤ C.

Together with B∗ > 0, L∗ > 0, and γ > 1, this verifies the required parameter domain.

The affine change of variables has Jacobian 2d, and hence

XT ∼ Unif([0, 1]d), fQP
(x) = 1 Lebesgue-almost everywhere on [0, 1]d.

The transported selected propensity is

eTP (x) := eP (T (x)), x ∈ Rd,

and satisfies

QP {eTP (XT ) ≤ t} = P{eP (XD) ≤ t} ≤ Ctγ−1, 0 ≤ t ≤ 1.

The treated conditional kernel under QP is N(µP (T (x)), σ
2
min) almost everywhere. The

displayed bound |µP (z)| ≤M on the source cube gives

|µP (T (x))| ≤M ≤ B∗, x ∈ [0, 1]d.

Translation of a Gaussian by its mean produces a centered Gaussian. Its moment-
generating function therefore gives, for every λ ∈ R,

EQP

[︁
exp{λ(Y − µP (T (X

T )))} | XT , A = 1
]︁
= exp

(︃
λ2σ2min

2

)︃
≤ exp

(︃
λ2B2

∗
2

)︃
.

These inequalities verify Assumption 8.

The treated potential outcome is integrable, by integrability of the source mean and the
Gaussian residual. Its Gaussian conditional distribution yields

EΠP
[Y (1) | XD] = µmeas

1,P (XD).

Since T is a measurable bijection with measurable inverse, conditioning on XT gives

EΠT
P
[Y (1) | XT ] = µmeas

1,P (T (XT )) = µP (T (X
T )) almost surely.

We next verify smoothness at the precise radius L∗. Completion supplies at least one
admissible radius for µP ◦ T , and its defining supremum gives

∥µP ◦ T∥Hβ ≤ L∗.
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For completeness, the infimum defining the full radius is attained whenever its admissible-
radius set is nonempty. Indeed, regularity follows from any one admissible radius, and
every derivative bound satisfies

|Dαg(x)| ≤ inf Lβ(g) = ∥g∥Hβ , |α| ≤ m.

For distinct x, x′, every admissible radius bounds the quotient, so

|Dαg(x)−Dαg(x′)|
∥x− x′∥β−m∞

≤ inf Lβ(g) = ∥g∥Hβ , |α| = m.

For x = x′, both sides of the corresponding modulus inequality have zero left-hand side
and zero distance factor; it follows directly from any admissible radius. Thus

g ∈ Hβ(∥g∥Hβ ).

Increasing a radius preserves its defining inequalities. Applying this to the transported
response proves

µP ◦ T ∈ Hβ(L∗).

The measurable mean extension agrees with the selected source mean throughout the
source cube, so its transported version agrees with µP ◦ T throughout the unit cube.
Their intrinsic derivative traces and modulus restrictions therefore coincide. Since XT is
supported there, this also preserves the conditional-mean identity.

Finally, the product construction and its affine transport give

Y = AY (1) + (1−A)Y (0) almost surely, (Y (0), Y (1)) ⊥ A | XT .

These are Assumptions 5 and 6. Together with the density, tail, response-bound, and
smoothness calculations, they verify every restriction in Definition 2. Consequently,

QP ∈ Pγ with (B,L,C, cf ) = (B∗, L∗, C, 1),

with the exhibited causal completion ΠTP .

5. A common expected-supremum bound. Define the enlarged tail constant by

Cup := max{C, 1}.

Increasing the tail constant preserves the tail restriction, since

Ctγ−1 ≤ Cupt
γ−1, 0 ≤ t ≤ 1.

Thus every transported tuple belongs to the model with parameters (d, β,B∗, L∗, Cup, 1).
These parameters satisfy the hypotheses of Theorem 1.

To state the sampling identity explicitly, define, for n ∈ N,

Ωn := (Rd × {0, 1} × R)n,

Tn
(︁
(zi, ai, yi)

n
i=1

)︁
:= (T−1zi, ai, yi)

n
i=1, Tn : Ωn → Ωn.
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For n = 0, this is the identity on the singleton empty sample. For every source tuple,
define the transported-sample loss by

Zn,P (ω) := sup
x∈[0,1]d

|ˆ︁µn(ω, x)− µP (T (x))|, ω ∈ Ωn,

where ˆ︁µn is the estimator of Algorithm 2 with parameters β,B∗.

By Lemma 1, the continuous treated response associated with QP agrees throughout the
cube with the response of the displayed completion:

µ1,QP
(x) = µP (T (x)), x ∈ [0, 1]d.

Hence the estimator risk supplied by Theorem 1 is exactly

EQ⊗n
P
Zn,P = EP⊗n

[︁
Zn,P (Tn(Dn))

]︁
.

That result supplies K > 0 and a common integer n0 ≥ 1 such that

EQ⊗n
P
Zn,P ≤ Krγ,n, n ≥ n0, γ ∈ Γ, P ∈ Dγ .

The constants are common because the model parameters and adaptation interval are
fixed.

6. Restriction to source families. The source setting permits an arbitrary nonempty fam-
ily whose members satisfy the retained restrictions with common constants [Dorn, 2026,
Section 2, Assumptions 1–2, pp. 3–7]. Therefore every such family satisfies

P ̸= ∅, P ⊆ Dγ .

Taking the supremum of the preceding memberwise estimate over this family gives, with
the same K,n0,

sup
P∈P

EP⊗n

[︁
Zn,P (Tn(Dn))

]︁
≤ Krγ,n, n ≥ n0.

This is the asserted family expected-supremum bound.

7. The probability bound on the source cube. Fix ε > 0, and choose

c(ε) :=
K

ε
> 0, n0,ε := max{n0, 1}.

For every n ≥ n0,ε, the oracle scale is positive:

rγ,n = n−β/(2β+dγ/(γ−1)) > 0.

For each partition cell Q at each fixed dyadic mesh, choose a countable subset dense in
the relative topology:

DQ ⊆ Q, DQ
Q
= Q.

On a sample with positive selected mesh, the fitted function restricted to each selected cell
is a clipped polynomial. Together with continuity of the transported response, this gives

sup
x∈Q

|ˆ︁µn(ω, x)− µP (T (x))| = sup
x∈DQ

|ˆ︁µn(ω, x)− µP (T (x))|, Q ∈ Qˆ︁h(ω).

112



For each fixed mesh and cell, the fitted value at a fixed point is sample-measurable, so the
right-hand side is a countable supremum of measurable functions. Taking the maximum
over the finitely many cells preserves measurability. The mesh selector is measurable and
takes values in a countable set of dyadic meshes together with zero, so selecting among
these measurable losses also preserves measurability. On the zero-mesh branch,

Zn,P (ω) = sup
x∈[0,1]d

|µP (T (x))|, ˆ︁h(ω) = 0,

which is deterministic. Thus Zn,P is measurable.

For every transported sample ω and every source-cube point z,⃓⃓ˆ︁µn(ω, T−1z)− µP (z)
⃓⃓
=
⃓⃓ˆ︁µn(ω, T−1z)− µP (T (T

−1z))
⃓⃓
≤ Zn,P (ω).

The source covariate law is supported on that cube, so

∥ˆ︁µn(ω, ·) ◦ T−1 − µP ∥L∞(P ) ≤ Zn,P (ω).

Markov’s inequality and the common expectation bound now give

Q⊗n
P

{︁
∥ˆ︁µn ◦ T−1 − µP ∥L∞(P ) > c(ε)rγ,n

}︁
≤ Q⊗n

P {Zn,P > c(ε)rγ,n} ≤
EQ⊗n

P
Zn,P

(K/ε)rγ,n
≤ ε.

The sampling identity for Tn expresses the same probability under P⊗n when the estimator
is computed from the transported sample. Every bound is simultaneous over γ ∈ Γ and
source tuples in Dγ .

8. Families with a common regression curve. Let P be the stated nonempty family with
common treated curve µ◦. For any n ∈ N and evaluation point x0, define the constant
sample estimator ˆ︁θknown,n(ω) := µ◦(x0), ω ∈ Ωn.

It is measurable, including when n = 0. For every family member and every sample,

|ˆ︁θknown,n(ω)− µP (x0)| = 0.

Since cr > 0, its miss event is empty. Consequently,

0 ≤ infˆ︁θ:Ωn→Rˆ︁θ measurable

sup
P∈P

P⊗n{|ˆ︁θ − µP (x0)| > cr}

≤ sup
P∈P

P⊗n{|ˆ︁θknown,n − µP (x0)| > cr} = 0.

This proves the asserted equality in the extended nonnegative reals.

9. The causal-class pointwise lower bound. Apply the pointwise lower conclusion, supported
by the two-valued potential-outcome subclass, of Theorem 1 with the fixed parameters

(B,L,C, cf ) = (B∗, L∗, Cup, 1).
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Their required positivity and range conditions were established above. Distinguish the
restricted pointwise risk by defining

Rbd
pt (n, γ, x0) := infˆ︁θ sample-measurable

sup
P∈Pγ

P admits a causal completion with
Y (0),Y (1)∈{0,B∗} a.s.

EP⊗n

⃓⃓⃓ˆ︁θ(Dn)− µ1,P (x0)
⃓⃓⃓
.

For every γ > 1 and every x0 ∈ [0, 1]d, the cited conclusion supplies cγ > 0 such that

cγrγ,n ≤ Rbd
pt (n, γ, x0) ≤ Rpt(n, γ, x0), n ≥ 1.

The second inequality follows because the restricted laws form a subset of the full causal
class in Definition 3: for each measurable estimator, restriction decreases the worst-case
risk, and taking the infimum preserves this inequality. This gives the final assertion.

Proof of Proposition 3. 1. Fix a finite γ0 > 1, the source familyP, its common constants, and
its selected propensity representatives. The design, moment, variance, Gaussian, smooth-
ness, and global-tail hypotheses give Dorn’s Assumption 2, including the restrictions re-
tained from Assumption 1. The family-level condition in Definition 9 gives Assumption 3
on the original cube.

Dorn’s fixed-setup upper comparison [Dorn, 2026, Section 2, Assumptions 1–3, Theorem
1(ii)] therefore supplies an estimator ˆ︁µn, measurable as a function of the sample for every
n and x, with comparison scale

r∗µ,n = n−β/(2β+dγ0/(γ0−1)) (n ≥ 1), r∗µ,0 = 0.

Its admissibility also gives measurability, for every n, P ∈ P, and R ∈ R, of{︁
∥ˆ︁µn − µP ∥L∞(P ) > max{Rr∗µ,n, 0}

}︁
.

For every ε > 0, the cited comparison supplies a finite c(ε) > 0 such that

lim sup
n→∞

sup
P∈P

P⊗n{︁∥ˆ︁µn − µP ∥L∞(P ) > c(ε)r∗µ,n
}︁
≤ ε.

The setup was fixed before selecting the estimator and threshold constant, so both may
depend on that setup. This proves the upper comparison.

2. Fix γ0 > 1. The hypotheses d ≥ 1, β > 0, and L0 > 0 permit application of Lemma 8. Its
known-regression conclusion gives, for every nonempty family with selected treated curves
equal pointwise to µ◦, every evaluation point x0, every sample size n, and every c, r > 0,

inf
T sample-measurable

sup
P∈P

P⊗n{|T (Dn)− µP (x0)| > cr} = 0,

with the minimax value taken in the extended nonnegative reals.

The singleton conclusion of the same result supplies q′ > 3 and M ′, C ′ > 0 for the inde-
pendent experiment displayed in the statement. It supplies the uniform design, selected
propensity 1/2, moment and regression-variance bounds, zero treated and control curves
with the required source smoothness, global-tail bound, Gaussian conditional outcomes,
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and the family-level condition of Definition 9. The conditional Gaussian distributions have
variance one, hence

VarP (Y | X,A) = 1 = σ2 P -almost surely, σ = 1.

Thus the conditional-variance restriction also holds for the asserted parameter tuple. Fi-
nally, the singleton conclusion at x0 = 0 gives

inf
T sample-measurable

P⊗n{|T (Dn)| > cr} = 0 (n ∈ N, c, r > 0).

These are the two pointwise conclusions.
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Stéphane Gäıffas. Convergence rates for pointwise curve estimation with a degenerate design.
Mathematical Methods of Statistics, 14(1):1–27, 2005b. URL https://arxiv.org/abs/math/

0410354.
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