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Abstract

This paper characterizes the minimax value of outcome annotation in a finite-alphabet
causal experiment. A sample of n complete records (X, 4,Y) is augmented by m additional
records (X, A) from the same population, where X takes d known values, A and Y are
binary, and occupied covariate cells satisfy overlap at level e. For the average treatment
effect under consistency and conditional exchangeability, the minimax mean-squared risk
R.(n,m,d) satisfies, uniformly over the unrestricted cellwise model,

2
R.(n,m,d) =, min{l,lJr d 5 }
n  (n+m)2log”(en)

The rate separates outcome information from treatment—covariate marginal information:
the n~! term is the labeled-outcome contribution, while the alphabet-dependent term is
governed by the combined n + m treatment—covariate records. The upper bound is at-
tained by a fully specified hybrid estimator that uses polynomial correction in light cells
and stabilized inverse counts in heavy cells. The lower bound uses common-marginal pri-
ors whose induced treatment—covariate tables have the same distribution across hypotheses,
so the auxiliary sample is aligned with the marginal-information component. The char-
acterization yields exact consistency, parametric-rate, strict-improvement, binary-alphabet,
inverse-count-baseline, and known-marginal-limit consequences for the annotation experi-
ment.

1 Introduction

Chart-reviewed outcomes are often the scarce resource in observational causal studies, while
baseline covariates and treatment assignments are available for many more units. This pa-
per studies the resulting allocation problem in a finite-alphabet causal model. There are n
outcome-labeled records (X, A,Y’) and m additional outcome-unlabeled records (X, A), drawn
independently from the same population. The covariate X takes values in a known alphabet
of size d, treatment and outcome are binary, and every occupied covariate cell satisfies over-
lap at level e. Under the usual potential-outcome consistency and conditional-exchangeability
conditions, the target is the finite-alphabet average treatment effect 7(P) in Definition 8.
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The main result gives the finite-sample minimax frontier for this annotation experiment. For
every 0 < € < 1/2, Theorem 4 proves that the minimax mean-squared risk in Definition 11 obeys

R d) < minq 1 1 i

e(n, m, ) e mMIN { s E + (77, i m)2 logQ(en) }

foralln > 1, m > 0, and d > 2. The rate has two resources. Outcome marks enter through the
n~! term. Treatment-covariate frequencies enter through the second term, where the relevant
sample size is the pooled marginal-information size n+m. Thus the theorem gives a quantitative
rule for how additional treatment—covariate records change the attainable accuracy of average-
treatment-effect estimation in the unrestricted finite-cell model.

The upper bound is constructive. The estimator in Algorithm 1 splits the labeled sample
into outcome, pilot, and factorial pools, splits the auxiliary sample into pilot and factorial
pools, and then combines the treatment—covariate records for marginal estimation. Cells with
small pilot counts use a Chebyshev polynomial correction and a factorial-moment lift, following
the polynomial-approximation ideas used in sharp discrete functional estimation [Jiao et al.,
2015, Wu and Yang, 2016] and the rare-cell perspective developed in sample amplification and
unseen-species prediction [Valiant and Valiant, 2017, Orlitsky et al., 2016]. Cells with larger pilot
counts use stabilized inverse-count weights. Theorem 2 shows that this total, finitely calibrated
estimator attains the frontier rate uniformly over the model class.

The matching lower bound uses a common-marginal construction. Theorem 3 supplies priors
whose induced random treatment—covariate marginal Py 4, the full 2d-cell table, has the same
distribution across the two hypotheses, while the outcome regressions shift the target. This aligns
the converse with the two-sample annotation design: auxiliary observations reveal the same
random marginal object under both branches, and the remaining testing difficulty produces the
label floor and the rare-cell approximation term. A separate parametric label floor in Lemma 22
supplies the n~! component.

The frontier connects several familiar regimes. At m = 0, the rate becomes min{1,n~! +
d?/(n*log?(en))}. This refines the bracket of Zeng et al. [2026, Theorems 1-2 and the discussion
following Theorem 2]: their plug-in upper bound d?/n?+1/n holds over the unrestricted binary-
outcome, discrete-covariate overlap class, while their minimax lower bound d?/{n?log®n} +1/n
is stated for d < nlogn; they leave closing the logarithmic gap by a polynomial estimator as
future work. The present result supplies that construction and, with auxiliary records, replaces
the marginal-information sample size n by n + m. With fixed n and d, Theorem 5 shows that
Rc(n,m,d) converges as m — oo to the known-marginal risk in Definition 15, whose order is
n~! by Theorem 1. For sequences, Theorem 4 states that consistency is equivalent to d,,/{(n +
my)log(en)} — 0, and that parametric risk is equivalent to d,, = O((n + my,)log(en)/y/n).
The same theorem gives the exact criterion under which auxiliary treatment—covariate records
improve the asymptotic order relative to the labeled-only endpoint.

The paper contributes to causal estimation under potential outcomes [Rubin, 1974, Rosen-
baum and Rubin, 1983, Imbens and Rubin, 2015], semiparametric and doubly robust average-
treatment-effect estimation [Robins et al., 1994, Hahn, 1998, Hirano et al., 2003, Bang and
Robins, 2005, Farrell, 2015, Athey et al., 2018, Chernozhukov et al., 2018, Kennedy, 2016],
and auxiliary-data methods for causal and distributional estimation, including semi-supervised
treatment-effect, surrogate-outcome, missing-outcome, regression, and quantile settings [Cheng
et al., 2021, Chakrabortty et al., 2019, Chakrabortty and Dai, 2024, Chakrabortty et al., 2022,
Kallus and Mao, 2025, Anniwaer and Zhang, 2025, Xu et al., 2025]. Those literatures char-
acterize identification, regular asymptotics, efficiency, and gains from structure or auxiliary



measurements. The present analysis gives a finite-alphabet minimax benchmark for the binary-
treatment, binary-outcome chart-review design under independent random outcome labeling,
occupied-cell overlap, and unrestricted cellwise propensities and outcome regressions.

The appendix records supporting details for the displayed mathematical layer. The paper
proceeds as follows. Section 2 positions the result within causal inference, semi-supervised es-
timation, and non-smooth discrete functional estimation. Section 3 defines the finite-alphabet
annotation experiment, the causal target, and minimax risk. Section 4 states the frontier theo-
rem, the known-marginal benchmark, and the common-marginal converse. Section 5 gives the
algorithmic construction behind the upper bound. Section 6 discusses the resulting regimes,
the inverse-count baseline, the binary-alphabet specialization, and future directions. Sections A
to C collect the upper-bound ingredients, common-marginal lower bounds, known-marginal limit,
verification note, and proofs.

2 Related work

This paper studies a two-sample semi-supervised discrete causal experiment: a complete
outcome-labeled sample of size n is augmented by an outcome-unlabeled treatment-covariate
sample of size m on a finite covariate alphabet of size d. In that experiment, the target is the
average treatment effect under the usual potential-outcomes interpretation, while the statistical
difficulty is governed by how outcome labels and treatment-covariate cell information are split
across the two samples. The contribution is therefore most closely connected to five literatures:
identification in potential-outcomes models, semiparametric efficiency for average treatment
effects with missing or observed outcomes, high-dimensional causal inference under structure,
semi-supervised treatment-effect estimation, and minimax estimation of non-smooth discrete
functionals.

The identification framework follows the potential-outcomes tradition of Rubin [1974] and
the propensity-score formulation of Rosenbaum and Rubin [1983]; see also Imbens and Rubin
[2015] for a systematic account. In that tradition, consistency and conditional exchangeability
connect observed outcome regressions to the causal estimand. The present analysis specializes
this framework to a finite covariate space and asks how accurately the resulting discrete average
treatment effect can be estimated when additional observations reveal treatment and covariates
but omit the outcome.

A large semiparametric literature characterizes regular estimation of average treatment ef-
fects under missingness, inverse weighting, augmentation, and doubly robust structure. Classical
efficiency calculations include Robins et al. [1994], Hahn [1998], and Hirano et al. [2003], with
augmented and robust estimation developed further by Bang and Robins [2005]. Modern high-
dimensional versions combine orthogonal scores with flexible first-stage learning, as in Farrell
[2015], Athey et al. [2018], and Chernozhukov et al. [2018]; Kennedy [2016] gives a broad review
of semiparametric causal estimation. Those results identify regular-asymptotic regimes in which
nuisance estimation error can be controlled through smoothness, sparsity, sample splitting, or
orthogonality. Here the object is the finite-alphabet minimax risk in an unrestricted discrete
model, where rare treatment-covariate cells create a non-smooth estimation problem.

Work on high-dimensional and structured semi-supervised inference provides a complemen-
tary perspective. Zhang et al. [2019], Chakrabortty and Cai [2018], and Deng et al. [2024]
develop semi-supervised methods for means and regression targets in high-dimensional settings.
Related robustness and prediction-assisted ideas appear in Angelopoulos et al. [2023]. These



Work Auxiliary information =~ Regime and target Guarantee

Zeng et al. [2026] none discrete covariates; supervised minimax
ATE bracket
Hou et al. [2025] partially annotated structured  nuisance root-n inference and effi-
treatment and re- models; ATE ciency
sponse
Kato [2025] unlabeled covariates two-sample Riesz efficiency characterization
model; treatment ef-
fects
This paper unlabeled (X,A) unrestricted finite exact finite-sample mini-
records cells; ATE max order in n,m,d

Table 1: Closest comparisons by auxiliary information, structural regime, target, and inferential
guarantee.

papers show how auxiliary samples and predictive structure can improve estimation in rich co-
variate spaces. The present setting uses the finite alphabet itself as the primitive statistical
object and characterizes the risk uniformly over the unrestricted cell-level causal model.

A related auxiliary-data literature studies how unlabeled samples, missing-outcome struc-
ture, transfer information, regression targets, quantile targets, and surrogate outcomes improve
estimation. Cheng et al. [2021], Hou et al. [2025, Sections 2-4], Kato [2025, Sections 3-5],
Chakrabortty and Dai [2024], Anniwaer and Zhang [2025], and Xu et al. [2025] develop semi-
supervised, transfer-style, or regular-asymptotic causal estimators, while Chakrabortty et al.
[2019], Chakrabortty et al. [2022], and Kallus and Mao [2025] analyze missing-outcome, quan-
tile, and surrogate-outcome settings. Hou, Mukherjee, and Cai establish root-n inference and
efficiency for partially annotated treatment and response under structured nuisance estimation;
Kato studies a two-sample unlabeled-covariate design through generalized Riesz regression and
characterizes its efficiency bound. The present paper instead takes an unrestricted finite-cell
model and asks for the global finite-sample minimax risk, including rare-cell regimes where
regular asymptotics need not apply.

The discrete nature of the model also connects the analysis to minimax estimation of non-
smooth functionals of distributions. For entropy, support-size, and related functionals, Jiao et al.
[2015] and Wu and Yang [2016] show that polynomial approximation helps determine sharp
rates, while Valiant and Valiant [2017] and Orlitsky et al. [2016] develop sample-amplification
and unseen-species perspectives on rare cells. The average treatment effect in the annotation
experiment has an analogous cell-wise difficulty: estimating outcome means requires labeled ob-
servations, while estimating the treatment-covariate weights benefits from the larger treatment-
covariate sample. The resulting minimax rate reflects that interaction between labeled outcome
information and auxiliary marginal information.

The most direct benchmark is Zeng et al. [2026, Theorems 1-2 and the discussion following
Theorem 2|, who study the same unrestricted binary-outcome, discrete-covariate overlap class
with only complete records. Their plug-in upper bound holds for all d, whereas their minimax
lower bound is stated for d < nlogn; the two differ by a logarithmic factor in the alphabet-
dependent term. The present paper closes that gap at the supervised endpoint and extends the
problem to separate outcome-labeled and outcome-unlabeled samples. Table 1 summarizes the
sampling design, structural regime, target, and guarantee for the nearest comparisons.



3 Model and experiment

Throughout the paper, z indexes a finite covariate cell, a € {0, 1} indexes a treatment arm, and
sums over cells run over the known alphabet [d] = {1,...,d}. Generic constants may depend on
the overlap level € when this dependence is indicated, while sample-size dependence is displayed
explicitly. Norms and asymptotic notation are used in their standard finite-dimensional sense,
and all probability laws below live on finite measurable spaces unless stated otherwise.

The statistical object is an observed record with a finite covariate, a binary treatment, and a
binary outcome. Writing X for the covariate, A for treatment, and Y for the observed outcome,
the complete record takes values in the following finite space.

Definition 1. [synth_11] (Complete observed-record space) For each natural number d, define
the complete observed-record space by

Obs(d) = [d] x {0,1} x {0,1}.

An element of Obs(d) is a triple (X,A,Y), where X € [d] is the finite-alphabet covariate,
A € {0,1} is the binary treatment indicator, and Y € {0, 1} is the binary observed outcome.

Let P denote a probability law on this observed record space. For a cell x, the covariate
mass p, records how much population probability lies in that cell.

Definition 2. [synth_16] (Covariate cell mass) For an observed-data law P on [d] x {0,1}?
and a covariate value x € [d|, define the covariate cell mass

Dz = Z Z P(X=z,A=aY =y).
a€{0,1} ye{0,1}

We also write s, for the treatment-covariate mass in arm a. The treatment propensity e, is
the conditional treatment probability in the cell, with the finite-space convention made explicit
next.

Definition 3. [synth_10] (Cell treatment propensity) For an observed-data law P on [d] x
{0,1}% and a covariate cell x € [d], define the treatment propensity e, by

ZyE{O,l} P(X =, A= 1,Y = y)
ZaG{O,l} Zye{o,1} P(X=z,A=aY =y)

The ratio is interpreted with the usual totalized real division convention, so it is 0 when the
denominator s 0.

er 1=

Assumption 1. [ass:overlap| (Occupied-cell overlap) For every covariate cell x € [d] with
cell mass py > 0, the propensity score satisfies

e<ey,<1-—ce

The occupied-cell overlap condition in Assumption 1 is the standard strong-overlap restric-
tion on cells that occur with positive probability [Zeng et al., 2026]. It keeps both treatment
arms represented wherever the covariate distribution places mass and therefore gives the outcome
regressions in the ATE functional a common observed-data interpretation.

The experiment combines complete outcome-labeled records with additional treatment-
covariate records. We first record the sampling law for the labeled observations and then define
the marginal law governing the auxiliary observations.



Assumption 2. [ass:labeled-iid]| (Labeled sampling) The labeled sample is distributed as
Ly, ~ PE".

The labeled sampling condition in Assumption 2 is the standard independent and identically
distributed sampling condition for complete records [Zeng et al., 2026]. These observations
supply the outcome information used to learn the arm-specific regressions.

Definition 4. [synth_14] (Treatment-covariate marginal) For any d and any observed-data
law P on [d] x {0,1}2, the treatment-covariate marginal Px 4 is the probability mass function on
[d] x {0,1} obtained by pushing P forward under the projection (x,a,y) — (x,a):

Pxa=Po((z,a,y) — (:L‘,a))_l.

The marginal Px 4 records the 2d treatment-covariate cell probabilities while integrating out
the outcome. The auxiliary sample U,, is drawn from this same population marginal.

Assumption 3. [ass:auxiliary-iid| (Auxiliary sampling) The auziliary sample is distributed
as
Uy ~ PV

Assumption 3 is the standard same-population outcome-unlabeled sampling condition
[Chakrabortty and Dai, 2024]. It lets the auxiliary records refine information about the
treatment-covariate distribution relevant for weighting cell-level outcome contrasts.

Assumption 4. [ass:sample-independence] (Sample independence) The labeled and auxiliary
samples are independent:
Ly AL Un,.

The independent two-sample design in Assumption 4 is standard in semisupervised
treatment-effect settings with separate labeled and outcome-unlabeled samples [Chakrabortty
and Dai, 2024]. Under this design, the product experiment separates outcome information from
additional marginal information.

The causal interpretation uses a finite potential-outcome overlay on the same observed-data
law. Let Y (a) denote the binary potential outcome under arm a; the following assumptions con-
nect the observed-data functional to the causal average treatment effect in the usual potential-
outcome framework [Rubin, 1974, Imbens and Rubin, 2015].

Assumption 5. [ass:consistency| (Potential-outcome consistency) The observed binary out-
come equals the potential outcome under the realized treatment:

Y =Y (A)
almost surely.

Assumption 5 is the standard consistency condition [Zeng et al., 2026]. It identifies the
observed outcome within each treatment arm with the corresponding potential outcome.

Assumption 6. [ass:conditional-exchangeability| (Conditional exchangeability) The po-
tential outcomes are conditionally independent of treatment given the finite covariate:

(Y(0),Y(1)) 1L A | X.



Assumption 6 is the standard conditional exchangeability condition [Zeng et al., 2026]. To-
gether with Assumptions 1 and 5, it gives the observed conditional means their usual causal
meaning within each finite covariate cell [Rosenbaum and Rubin, 1983, Imbens and Rubin,
2015].

More explicitly, let @ be a full-data law for (X, A,Y(0),Y (1)), and let P be its observed-data
pushforward under

(CC, a, yo, yl) — (Q?, a, ya)'

Consistency and conditional exchangeability imply, for every occupied cell z and arm a,
Eg{Y(a) | X =2} =EQ{Y(a) | X =2, A=a} =Ep{Y | X =2, A =a}.

Overlap makes the last conditional mean identified in every occupied cell. Therefore

d
Eo{Y(1) - Y(0)} =Y p [Ep{Y | X =2,A=1} —Ep{Y | X = 2,4 =0}],

r=1

which is exactly the observed-data functional defined below. Thus the minimax analysis is over
observed laws P, while the causal interpretation is supplied by any compatible full-data law Q
satisfying these assumptions.

We now collect the finite-space probability notation, the model class, and the target func-
tional used in the risk analysis.

Definition 5. [synth_13] (Probability laws on a measurable space) For a measurable space Z,
let Prob(Z) denote the set of all probability measures on Z. For the finite spaces used below,
including [d] x {0,1}2 and [d] x {0,1}, the measurable structure is the full power set.

Definition 6. [def:model-class] (Model class Mg.) For an overlap constant € and alphabet
size d, define

Mge = {P € Prob([d] x {0, 1}%):d>2, 0<e<1/2, P satisfies Assumption 1}.

Thus M, is the class of observed-data laws on the finite alphabet satisfying occupied-cell
overlap at level e. All suprema in the main risk statements range over this unrestricted cell-level
model.

For each arm and cell, the outcome regression ., is the conditional success probability
computed from the observed law.

Definition 7. [synth_17] (Outcome regression) For a law P on [d] x {0,1}2, a treatment arm
a € {0,1}, and a covariate cell x € [d], define

P(X=z,A=aY =1)
Zye{ojl}P(sz,A:az,Y:y)‘

Paz(P) :=

The quotient is interpreted as total real division, $o pa.(P) = 0 when the treatment—covariate
cell mass 3 cro13 P(X = 2,A = a,Y =y) is zero. In particular, p1.(P) and pos(P) are
obtained by taking a =1 and a = 0, respectively.



Definition 8. [def:ate-functional]| (Average treatment effect functional) For a finite al-
phabet size d and an observed-data law P on [d] x {0,1}2, define the average treatment effect

functional by
d

7(P) =) pa(P)(p12(P) = poa(P)).
=1
Here p,(P) is the covariate cell mass at x, and pq.(P) is the binary outcome regression in
treatment arm a and covariate cell x, totalized by division in the arm cell.

The functional 7(P) averages the within-cell treated-control contrast using the population
covariate distribution. Under the potential-outcome conditions above, it is the finite-alphabet
causal average treatment effect.

Finally, the annotation experiment and minimax risk formalize the statistical problem stud-
ied in the rest of the paper.

Definition 9. [def:annotation-experiment] (Annotation experiment &, ,,, 4.) Define the an-
notation experiment by

Epmdie = {P®” ®PYY P EMye, n21, m>0, d>2}.

The product law corresponds to n independent complete outcome-labeled records and m indepen-
dent additional outcome-unlabeled treatment-covariate records, with independence between the
two samples.

Definition 9 defines &, 1, 4.¢, the experiment in which outcome labels and treatment-covariate
information enter through separate independent samples. This formulation makes the amount
of outcome information and the amount of marginal information explicit.

The realized data live on the corresponding product sample space.

Definition 10. [synth_18] (Joint sample space) For natural numbers n,m,d, the joint sample
space s
Sample(n, m,d) = ([n] — [d] x {0,1} x {0,1}) x ([m] — [d] x {0,1}).

Equivalently, an element consists of n complete records (X, A,Y) and m outcome-unlabeled
records (X, A).

Definition 11. [def:minimax-risk] (Minimax risk R.(n,m,d)) Define the minimaz mean-
squared Tisk by
. 2
Re(na m, d) = Te%lfm,d quMpd’E EP@MX)P?XL [(T - T(P)) ] 3
where Ty, m.q 15 the class of estimators measurable with respect to the labeled sample and auziliary
sample.

The risk R¢(n, m,d) measures the best possible uniform mean-squared accuracy for estimat-
ing the ATE functional in Definition 8 under the experiment in Definition 9. The estimator class
Tn,m,d contains all measurable procedures based on the two samples, so the minimax risk isolates
the statistical difficulty created by finite cells, overlap, and the split between outcome-labeled
and outcome-unlabeled information.



4 Main minimax results

The minimax analysis separates two sources of information in the annotation experiment. Out-
come marks contribute through the n complete records, while treatment—covariate frequencies
contribute through the combined table information carried by the n labeled records and the
m auxiliary records. The resulting rate uses the total marginal-information size N and the
labeled-sample logarithmic scale.

Definition 12. [def:frontier-rate-handle] (Frontier rate r.(n,m,d)) Put
N =n+m, £, = log(en).

The unequal-information annotation-frontier rate is

. 1 &
re(n,m,d) = mln{l, - + NQK%} i

The rate r¢(n,m,d) has two components. The term 1/n is the labeled-outcome contribu-
tion. The term d?/(N2¢2) is the discrete marginal-estimation contribution, where the alphabet
dimension is compared with the amount of treatment—covariate information available from both
samples.

The upper construction and the converse both use finite calibration devices. For the estima-
tor, the calibration fixes dyadic overlap, polynomial degree, light-cell scale, and the data splits
used below.

Definition 13. [synth_7] (Finite calibration scales for the mixed estimator) Set
1
256

For 0 < € < 1/2, let j. be the least integer j > 1 such that 277 < ¢, and define the dyadic overlap
certificate

A, = 7056, c®

é(e) = 277,
Then 0 < €(e) < € < 2€é(e). Let H, be the least positive integer H satisfying
H 24
H>4, T >15+=,  HOH) 2672,  HEHe) > 24,
c

Forn > 1, put
hn =1+ [logyn], L(n) = max{2, |c’hy]}.

Forn > 24 and m > 0, define

— M
My = |n/3], ny = {n 5 OJ, ny =n— My —np,
my = |m/2], my=m —mp, My, =n, +my, My =ny +my,
and M M
tp=—L,  t==L
8 8
The light-cell scale and pilot-count threshold are
H.L t,B
B(n,m,e) = _fi(n), ko(n,m, €) = tpB(n,m, €) '
min(t,, t) 4

For n < 24, the calibration predicate using these quantities is declared false.



The lower-bound argument compares two randomized laws through their induced distribution
over the treatment—covariate table. The following notation records that marginal distribution
for a branch prior.

Definition 14. [synth_12] (Induced law of the treatment—covariate marginal) Let b € {0,1}
and let IT, be a probability measure on Mgy.. If P ~ 11, define

EHb(PXA) = (P — PXA)#Hb-
Thus, for every measurable set B C Prob([d] x {0,1}),
EHb(PXA)(B) = Hb{P S Md,e : Pxa € B}.

Equivalently, L1, (Px ) is the distribution of the full 2d-cell treatment—covariate marginal table
induced when the complete-data law P is drawn from II,.

A useful benchmark gives the target risk when the treatment—covariate marginal is observed
exactly. In that experiment, procedures may use the labeled sample together with the exact
Px 4 table.

Definition 15. [def :known-marginal-risk] (Known-marginal minimax risk) For nonnegative
integers n and d and a real overlap parameter €, the known-marginal minimazx risk is

Rown(n )= inf  sup / (T(Ln, Pxa) — 7(P))* dP®".
TETEOY™ PeM,,.

Here Mg ¢ is the model class in Definition 6, T(P) is the average treatment effect functional in
Definition 8, and ’7;1‘,20‘”“ s the class of measurable estimators T based on the labeled sample
together with the exact treatment-covariate table Px o, with T(Ly, Pxa) € [—1, 1] for every input.

Here ’7;11‘30‘”“ is the estimator class for the known-marginal problem, and RX"*""(n, d) records
the corresponding minimax mean-squared error.

Theorem 1. [thm:known-marginal-boundary| (Known marginal boundary) Suppose the over-
lap constant e satisfies 0 < € < 1/2. For the known-marginal minimaz risk RV (n, d) defined
in Definition 15, there exist real constants c. and C. with 0 < c. < C¢ such that, for every

n,d e N withn>1 and d > 2,
Ce < glmown(y, gy < Ce.
n n
The benchmark establishes the labeled-sample boundary when the full marginal table is avail-
able. Once Px 4 is known, the remaining uniform risk is of order 1/n, so additional treatment—
covariate observations move the original annotation problem toward this labeled-outcome scale.
The upper bound uses an explicit hybrid estimator. Its calibration first fixes a binary-length
scale and a clipping map for the final statistic. The long Contexrt item in the next generated
definition records formal dependencies and may be skipped on a first reading. Also, the type
Tnm,d in the estimator display denotes precisely the map from the two sample spaces to R
displayed immediately below it.

Definition 16. [synth_8| (Binary length b,,)

10



e (Context.) Work under Definitions 1 to 15 and 17 to 30, Assumptions 1 to 6, Algo-
rithm 1, Theorems 1 to 7, and Lemmas 1 to 29.

e (Integer.) Let n > 1 be an integer.
Define
bp := 1+ [logy n].
Equivalently, in the notation of Definition 13, by, = hy,.
Definition 17. [synth_3] (Clipping to the unit interval) For z € R, define

clipj_1 11(#) = max{—1, min{1, 2} }.
Equivalently, clipi_y y)(2) is the Buclidean projection of z onto the interval [-1,1].

The estimator itself combines a light-cell polynomial correction with a heavy-cell inverse-
count correction. The construction is total: outside its finite calibration region it returns zero,
and inside that region it averages a clipped Poisson-prefix statistic. For orientation before the
full display, if

Wa,L(SO) 51) = Z Ca ro,rlsoosql’
0,71

then its factorial lift at intensity ¢ is

(Ko)r (K
WaL KOaKl anrorl(m

0,71

The complete definition and its moment identity appear in Definition 24.

Algorithm 1 (Mixed estimator definition)

For n,m,d € N and a real overlap constant ¢, define
ﬁfz,d : 7;L,m,d
as the following map from

([d] x {0,1} x {0,1})" x ([d] x {0,1})™

to R. Put u
MOZ\‘n/ng np_\‘n_QOJa nf:n_MO_n
mP:Un/zL mf:m_mpﬂ MP:nP+mP7 Mf:nf+mfv
and M M I
0 P f
YT T g 8

Let b, denote the binary-length calibration quantity used here, and set
L = L(n), B = B(n,m,e), ko = ko(n,m,¢€),
with € = €(e), Ax = 7056, and ¢® = 1/256. The calibration predicate C¢(n,m) holds exactly

when all of the following finite inequalities hold:

11



(Sample size.) 24 < n.

(Block proportions.)

1 U 1 1 tp 3 1 t 3 1 t
7 S - <o 5 S < o5 35 S < 250 7S <3
327" n— 24 32 " n+m — 32 32 " n+m ~ 32 37 1y
e (Degree and scale.)
cby,
<L, 8<t,B, L<tB
2
e (Polynomial size.)
LA <n, LA <n
e (Tail calibration.)
B, £\
15L + 12b, < 2= 4 n'? < (1 + et> , 12b,, < éB.
P

If Cc(n, m) fails, set

If Cc(n, m) holds, set

Mo Mp
Afln;,’; a(Ln, Un) Z Z Z Pr{Poi(u) = ro} Pr{Poi(t,) = 7} Pr{Poi(t) = ¢} (L, Um;T0,7p,Tf),

ro=07p=07;=0

where

(L, UmiTo,Tp,Tp) = clipi_q Z Zy
z€|[d]
For each z € [d], let J, be the pilot-prefix count in cell z, let S,; be the outcome-block prefix
count with covariate x, treatment a, and outcome 1, and let K,; be the factorial-pool prefix
count with covariate x and treatment a. Then

TwlLa:_iwﬂLz, Jx§k07

Sla: KOx+K1z+1 SOJ: KOz+K1x+1
Ple 202 TRl T2 20z 2o TRe T2 < T
U Ki:+1 U Ko: +1

Here Wa’ L,z is the factorial lift, at degree L, scale B, and intensity ¢, of the light-cell polynomial
weight

S+ s
Wa,r(s0,51) = 0 LG (sa/B),
where
1—TL(1—22’) HL(Z) 1—EL(Z)
Hi(z)=——Fm— Bl)=——, Gly)=— "7,
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with polynomial continuation at zero.

The statistic ?TILH;;L‘ 4 uses labeled outcomes through the S,; counts and uses the larger
treatmentfcovariatépbol through the pilot and factorial counts. Light cells receive the poly-
nomial correction familiar from discrete functional estimation [Jiao et al., 2015, Wu and Yang,
2016], while heavy cells use direct inverse-count weighting.

Theorem 2. [thm:uniform-mixed-upper| (Uniform mixed upper bound) Fiz an overlap con-
stant € with 0 < € < 1/2. There exists a constant C. > 0 such that, for everyn > 1, m >0, and
d > 2, the total computable hybrid estimator ﬁ?;’;d of Algorithm 1 satisfies

~mi 2
PguMpd,e EP@"@P;?ZL [{ng’d B T(P)} :| S C€ TE(”? m’ d)’

where T(P) is the average treatment effect functional in Definition 8, and re(n,m,d) is the
annotation-frontier rate in Definition 12.

The upper bound establishes that the displayed rate is attainable uniformly over the model
class. Its form reflects the experiment: increasing m improves the marginal-frequency term
through N = n 4+ m, while the labeled-outcome term remains governed by n. Here total com-
putable means that the displayed finite sums define an everywhere-defined statistic, including at
calibration failure; implementation-oriented scope is discussed in Section 6.

The matching converse is organized through priors with a common induced marginal. In the
rare-cell regime, the construction below generates a shared random treatment—covariate table
and perturbs the treated outcome regression across two branches.

Definition 18. [synth_22] (Common-marginal finite-atom construction) Fiz 0 <e < 1/2, an
integer L > 2, scales B > 0 and a > 0, and write
1— 2e

h=—7, I =a/k,B.

Let o be a finite signed measure on I with total variation one, let h = do/d|o|, and define a
probability law v on {0} U T by

a a

dp) = ~lolidp) weD.  vioh =1~ [ S ol(an)

For an integer k < d — 1, the finite-atom construction has atom-generator law

[ =y
onw = (p1,...,pk). Given w, form k rare cells and one reservoir cell. For each rare cell with
p; > 0, set
5
si = e(pi + a), €= —,
bi

put po; = 0, and set the treated outcome regression in branch b € {0,1} to

® _ 1+ (2b—1)h(p;)
Ky = B .

13



At atoms with p; = 0, assign the same legal propensity and outcome values in both branches.
The reservoir has raw mass

p«(w) =1 = kE,[p],

propensity 1/2, and outcome regressions equal to zero. Alphabet cells not used by the k rare cells
or the reservoir have mass zero.

The raw total mass is i

S(w) = pu(w) + > ps
i=1
The branch law Py(w) is obtained by dividing every raw cell mass by S(w) and keeping the
propensities and outcome regressions just specified. The corresponding raw target is

k
m(w) =3 pipl),
=1

so the normalized target value of the generated law is ry(w)/S(w). The branch priors are the
pushforwards
I,=ToPR !, be{0,1}.

Thus the two branches use the same generated rare-cell masses, reservoir mass, propensities,
normalization factor, and treatment—covariate table, while differing only in the branch sign of
the treated rare-cell outcome regressions.

The finite-atom construction makes the shared marginal table explicit: the branches draw the
same rare-cell masses and propensities, then separate the targets through outcome regressions.
The common-marginal handle chooses between this rare-cell recipe and a parametric point-mass
regime according to the comparison in the following definition.

Definition 19. [def:common-marginal-prior-handle] (Common-marginal prior handle) Fix
n,m,d € N, e € R, and a calibration consisting of constants

C€7 Cé)? b07 b67 Ve> C?a Ce, Cd

with all eight constants positive and c. < 1/4. A common-marginal prior handle at (n,m,d)
consists of integers L, k, real numbers B, a, and a calibrated recipe supplying two induced priors,
denoted Tlo(H) and Iy (H), on laws on [d] x {0,1}2, subject to

boL B

L: [Cflog(enﬂ, B: n+m7 a = L2 9

and
k=min{d—1,|c(n+m)L]|}.

The recipe uses the finite-atom construction exactly when

1 d? - Ce
min —.
" (n +m)2log(en)? n
For a handle H and a branch b € {0,1}, the common-marginal prior is the branch-indezed
measure



The two branches Ilp, II; are calibrated so that the auxiliary sample sees the same random
marginal table under both hypotheses. Hence the distinguishing information in the lower-bound
experiment must pass through the labeled outcomes.

Theorem 3. [thm:common-marginal-converse| (Common marginal converse) Let ¢, the over-
lap parameter, satisfy 0 < € < 1/2. Then there exist a constant c. > 0 and a collection
of e-dependent calibration constants as in Definition 19 such that, for every n,m,d € N with
n>1,m2>0, and d > 2, the regime-dependent handle in Definition 19 supplies priors Iy and
11 satisfying

Ly (Pxa) = L, (Px )

and
Ce Te(n7 m7 d) S Re(n7 m7 d)7

where re(n,m,d) is the frontier rate in Definition 12 and Re¢(n,m,d) is the minimax risk in
Definition 11.

The converse gives the complementary half of the sample-size separation. Matching the
induced Px 4 law across the two priors makes the auxiliary records contribute through the
marginal-frequency side of the construction; outcome-marked observations remain the resource
that controls the 1/n component.

Combining the attainable estimator with the common-marginal converse yields the sharp
risk statement and its sequence consequences.

Theorem 4. [thm:sharp-annotation-frontier| (Sharp annotation frontier) For every over-
lap parameter e satisfying 0 < e < 1/2, there exist constants c. and C., depending only on e,
with

0<ece <C

such that the following assertions hold.
e (Finite-sample bracket.) For everyn >1, m >0, and d > 2,
CeTe (na m? d) S RE (na m? d) S Cﬁr6 (na m7 d)a

where, with N =n +m and £, = log(en),

re(n,m,d) = minq 1 l—i-i
€ ) ) - 7n N2,€% *

e (Unannotated endpoint.) For every n > 1 and every d > 0,

1 2
re(n,0,d) = min{l, 1, d} .

n  n2log?(en)
e (Known-marginal limit.) For every fited n > 1 and d > 2,

lim Rc(n,m,d) = R (n, d).

m— 00
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o (Sequence regimes.) For any sequences (mp)n>1 and (dp)p>1 of nonnegative integers
satisfying dy, > 2 for every n > 1, set Ny, = n + my, and £, = log(en). Then

Re(n,mp,dy,) -0 <=

and

if and only if both

and
dn/(Nntn)

min{1,d,/(nt,)} -0

Theorem 4 characterizes the minimax risk up to constants depending only on the overlap
parameter €. In its generated statement, the phrase unannotated endpoint means m = 0, namely
the labeled-only endpoint with no auxiliary outcome-unlabeled records. The consistency thresh-
old compares the alphabet size with N, /¢,; the parametric-rate threshold allows d,, to grow
as Ny,ln/+/n; and the strict-improvement criterion identifies when auxiliary treatment—covariate
records improve on that labeled-only endpoint. The theorem therefore gives a theoretical sample-
size frontier for the two sources of information; its conservative calibrated witness is not an
operational allocation rule.

The known-marginal bullet in Theorem 4 is a summary pointer. The following formally pri-
mary statement records that limiting link with the known-treatment—covariate-marginal bench-
mark experiment and gives the exact large-m endpoint for fixed labeled sample size and alphabet
size.

Theorem 5. [thm:known-marginal-limit| (Known marginal limit) Fiz an overlap parameter
€, a labeled sample size n, and a finite covariate alphabet size d. Suppose

e (Overlap.) 0 < e <1/2.
e (Labeled size.) n > 1.
e (Alphabet size.) d > 2.

Then the minimaz mean-squared risk Re(n,m,d) from Definition 11 converges, as the auxiliary
sample size m — oo, to the known-marginal minimaz risk R (n, d) from Definition 15:

lim Rc(n,m,d) = R (n,d).

m—r0o0

The limit is the formal version of the marginal-information interpretation. As the auxiliary
sample grows with n and d fixed, the treatment—covariate table is learned to the known-marginal
benchmark, and the risk converges to the n~! boundary in Theorem 1.
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5 The hybrid estimator

This section gives an algorithmic reading of the estimator used in Algorithm 1. The construction
separates three statistical roles that are intertwined in the target functional: the labeled records
supply outcome marks, the combined treatment—covariate records estimate marginal cell fre-
quencies, and the calibration chooses when a cell is treated by polynomial extrapolation rather
than by direct inverse-count weighting.

The first step is deterministic sample splitting. The labeled sample is divided into an outcome
block of size My, a pilot contribution of size n,, and a factorial contribution of size ny. The
auxiliary sample is divided into pilot and factorial contributions of sizes m,, and my. Pooling the
corresponding labeled and auxiliary treatment—covariate records gives pilot and factorial pools of
sizes M, and M. This split makes the outcome counts independent of the treatment-covariate
counts used to choose and evaluate the weights, matching the independence structure required
by the risk analysis.

The finite calibration in Algorithm 1 then fixes the polynomial degree L, the light-cell scale B,
and the pilot threshold ky. The predicate C.(n,m) is a computable list of inequalities involving
these quantities, the dyadic overlap certificate €, and the prefix intensities u,t,,t. When the
predicate holds, the selected scales keep the polynomial coefficients and Poisson tails within the
finite-sample ranges used by the upper-bound argument. When it fails, the estimator is defined
by the zero rule, which keeps the procedure total for every admissible n, m,d.

The estimator uses Poisson-prefix derandomization to express an independent-Poisson statis-
tic as a deterministic function of the fixed samples. For each triple of prefix lengths (ro,rp,r¢),
the rule keeps the first ry observations in the outcome block, the first 7, observations in the
pilot pool, and the first ry observations in the factorial pool, then averages the resulting clipped
statistic against the three Poisson probabilities. This finite sum is the conditional expectation of
the randomized prefix statistic, so the implemented estimator remains an ordinary measurable
statistic of the observed data.

For each covariate cell z, the statistic forms three counts. The pilot count J, decides the
regime. The outcome counts Si, and Sy, count labeled successes in the two treatment arms
within the outcome prefix. The factorial counts K7, and Ky, count treatment—covariate ob-
servations in the factorial prefix. Thus outcome information enters only through the success
counts, while the larger annotated and unannotated treatment—covariate pool enters through J,
and K.

Cells with J, < kg use the light-cell polynomial weight. The Chebyshev component 77, defines
Hi,, its continuation Ep,, and the correction polynomial Gy, giving the weight polynomial W, j,
in Algorithm 1. Its factorial lift /Wa, L,z Teplaces monomials in the unknown cell probabilities
by falling-factorial count statistics. This applies the polynomial-approximation strategy used
in sharp discrete functional estimation [Jiao et al., 2015, Wu and Yang, 2016] to the inverse
propensity-type weights needed for the average treatment effect, with the rare-cell organization
motivated by sample-amplification and unseen-species perspectives [Valiant and Valiant, 2017,
Orlitsky et al., 2016].

Cells with J; > kg use the heavy-cell inverse-count rule. In those cells, the factorial prefix
supplies enough treatment—covariate mass for the ratios (Ko, + K1, + 1)/(Kqz + 1) to act as
stabilized inverse-count weights. The added ones keep the weights finite at every realized count
configuration, while the pilot threshold routes cells with limited marginal information to the
polynomial branch.

Finally, Algorithm 1 sums the cell contributions and applies clipi_; ;;- The clipping matches
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the natural range of the average treatment effect functional and controls exceptional prefix real-
izations without changing the structure of the light- and heavy-cell rules. The resulting statistic,
?7?;,’1‘ 4+ 1s therefore a fully specified finite-sample estimator built from deterministic splitting, cal-
ibrated polynomial extrapolation, inverse-count stabilization, and bounded aggregation.

Theorem 2 is the performance guarantee attached to this construction. Under the overlap
model and product-sample experiment stated earlier, the calibrated estimator attains the rate
in Definition 12 uniformly over the model class. The two pieces of the rate correspond to the
two resources used by the algorithm: labeled outcomes determine the 1/n component, while
treatment—covariate counts from both samples determine the marginal-frequency component
through n + m.

Proof roadmap. Poissonization first makes the outcome, pilot, and factorial counts indepen-
dent. The light-cell argument uses Chebyshev approximation and unbiased factorial moments;
the heavy-cell argument uses the exact stabilized inverse-count mean and moment bounds. Pi-
lot tails control routing errors, and summing the cellwise bias and variance bounds yields the
Poissonized risk. Prefix conditioning then transfers that bound to the fixed samples. For the
converse, moment-matched common-marginal priors keep the auxiliary table indistinguishable
while separating the ATE, and a separate binary submodel supplies the 1/n label floor. The
dependency map at the start of Section A links these ideas to the detailed certificates.

6 Interpretation and extensions

The main minimax theorem yields three interpretable sequence consequences. In the notation of
Definition 12, the risk is consistent precisely along sequences for which the labeled sample grows
and the treatment—covariate information is sufficiently rich relative to the alphabet size. The first
component, 1/n, is the irreducible cost of observing binary outcomes; the second component,
d?/{(n +m)?¢2}, is the cost of learning enough about the treatment—covariate distribution to
stabilize the inverse-probability structure of Definition 8. Thus the auxiliary sample improves
risk through the marginal table rather than through direct outcome information.

The parametric regime is the portion of the experiment in which the marginal-frequency
component is of order 1/n or smaller. There the sharp rate in Theorem 4 matches the labeled-
outcome benchmark up to constants depending only on the overlap constant. In that range,
the hybrid estimator of Algorithm 1 uses the auxiliary treatment—covariate records to make the
nuisance marginal problem small enough that the remaining mean-squared error is governed by
outcome sampling.

A complementary regime is where annotation yields strict improvement over the supervised
endpoint. With m = 0, the marginal table is learned only from the labeled sample, and the sec-
ond term in Definition 12 is d?/(n?¢2). Adding outcome-unlabeled treatment-covariate records
replaces n by n+m in that component. Consequently, when the alphabet is large enough for the
marginal-frequency term to matter and the auxiliary sample makes n + m substantially larger
than n, Theorem 4 gives a quantitative risk reduction inside the same overlap model and target
functional. This is the sense in which outcome annotation has value here: it converts unlabeled
treatment—covariate information into a sharper stabilized estimate of the average treatment
effect.

The hybrid rule in Algorithm 1 is calibrated to attain the logarithmic rate in Definition 12.
A simpler comparison is obtained by using inverse-count stabilization everywhere, without the
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light-cell polynomial correction. The next definition records this baseline in the same sample-
splitting and Poisson-prefix format, so that the comparison isolates the role of the polynomial
branch. Every quotient in this definition uses totalized real division: when u = 0, division by u
evaluates to zero. Consequently the clipped prefix statistic remains defined for n = 1,2, where
M() =u =0.

Definition 20. [synth_5] (Poisson-prefix inverse-count estimator) Forn > 1, m > 0, and

d> 2, put

n — MO
2

My = |n/3], ny = L J, ng =mn—My—np, my = |m/2], my = m—my,

and uw = My/8. Given a labeled sample L,, and an auziliary sample Uy,, define ?icrfgeﬁx(ro, re) =

0 when 1o > My or ry > ny+my. For 0 < rg < My and 0 < ry < ny + my, let Saz(10) be
the number of records among the first ro labeled observations with (X, A,Y) = (z,a,1). Let
Koz(ry) be the number of records with (X, A) = (x,a) in the factorial prefiz formed from the
last ny labeled records and the last my auxiliary records, taking the first vy records of that pooled
factorial block in its fixed order. Define

?IC,preﬁX(T r ) — clip_ i { Slx(TO) KO:v(rf) + Klz(rf) +1 . SOw(TO) K0$<Tf) + le(rf) + 1}
mmd SO e A Kig(ry) +1 u Kou(ry) +1

The statistic in Definition 20 uses the outcome prefix to estimate treated and control success
masses and the factorial prefix to form stabilized inverse-count weights. The added ones make
the expression finite in every cell and for every realized prefix length. Averaging over the Poisson
prefix lengths derandomizes the construction while preserving the same count structure.

Theorem 6. [thm:inverse-count-baseline| (Inverse-count baseline bound) Fiz an overlap
constant € with 0 < e < 1/2. Then there is a constant C. > 0 such that, for every n > 1,
m >0, and d > 2, the clipped derandomized inverse-count estimator defined for each sample

Z = (Ln,Un) by

My npt+my
Cna(Z) =" 3" P{Poi(My/8) = ro}P{Poi((ny +my)/8) = s} Taly ™ (Z;r0,7)
ro=0 77=0

is measurable. Here My = |n/3], n, = [(n — My)/2|, ny = n— My —ny,, my, = |m/2], and

my = m —m,, are the block sizes from Algorithm 1, and TTILCT;LleeﬁX(Z; r0,7f) is the sample-and-
prefix-count statistic of Definition 20.
Moreover,

1 d?
Bponopes [(F%a (P} < Comin {114 £ 1
P:u/\/lpd@ P® ®P§?A {Tn,m,d T( )} > Cemin n+(n+m)2

Here Mg, is the overlap class in Definition 6, 7(P) is the average treatment effect functional
in Definition 8, and the expectation is under the annotation experiment of Definition 9. Conse-
quently, for the minimaz risk in Definition 11,

1 d?
< i -t .
Rc(n,m,d) < Ccmin {1, - + (n+m)2}
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Theorem 6 shows that direct inverse-count stabilization already converts auxiliary treatment—
covariate observations into a risk bound with the same two-resource form as the sharp theorem:
a labeled-outcome term and a marginal-frequency term. Its marginal term is d?/(n + m)?,
whereas Theorem 4 attains the logarithmically improved d?/{(n 4+ m)?¢2} rate through the
calibrated light-cell polynomial component. The comparison identifies the gain supplied by the
hybrid construction in sparse cells while keeping the same model, target, and product-sample
experiment.

The general rate also has a simple specialization at the smallest nontrivial alphabet size.
When the covariate alphabet is binary, the marginal-frequency component is uniformly absorbed
into the labeled-outcome scale.

Theorem 7. [prop:binary-alphabet-parametric-rate| (Binary parametric rate) Let 0 <
€ < 1/2. For the minimaz risk Rc.(n,m,d) defined in Definition 11, at binary alphabet size d = 2
there exist constants c.,Ce € R with 0 < ¢, < C, such that, for every integer n > 1 and every
integer m > 0,

C
% < Re(n,m,2) < =<
n n

Theorem 7 gives the exact order of the minimax risk for d = 2: the experiment is parametric
for every auxiliary sample size. The upper bound follows the same scale as the labeled-outcome
term in the main theorem, while the lower bound records that binary outcomes still require order
1/n mean-squared error uniformly over the overlap class. Thus, in the binary-alphabet case,
auxiliary treatment—covariate records fit naturally into the constant factor rather than changing
the rate.

The result complements semisupervised causal and surrogate-outcome analyses in which
auxiliary observations improve estimation through nuisance-function, design-distribution, or
surrogate-response learning [Cheng et al., 2021, Chakrabortty and Dai, 2024, Kallus and Mao,
2025]. Here the finite-alphabet structure makes that role explicit in minimax form: unlabeled
treatment—covariate records sharpen the marginal component of the risk, and the sharp theorem
characterizes exactly when that sharpening changes the rate.

Limitations and future work. The analysis treats independent random outcome labeling
from a shared population, binary treatment and outcome, a known finite covariate alphabet,
occupied-cell overlap, and unrestricted cellwise nuisance functions. These conditions define a
transparent discrete benchmark in which the value of outcome annotation can be character-
ized exactly. The constants in the explicit calibration are deliberately proof-oriented rather
than implementation-oriented: for example, already at degree L = 2, the stronger displayed
polynomial-size condition L570562" < n requires n on the order of 1.6 x 10'7. Thus the theorem
establishes a finite-sample minimax rate and an explicit witness, but it does not recommend this
conservative calibration as a practical estimator at ordinary sample sizes. Natural extensions
include sharper implementable tuning, continuous or growing covariate representations, multi-
valued treatments or outcomes, adaptive annotation designs, and structural restrictions on the
cellwise outcome regressions or propensity scores.
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Appendices

A Upper-bound ingredients

This appendix collects the analytic ingredients used by the upper bounds in Theorem 2 and
by the inverse-count comparison in Theorem 6. The statements are organized around the two
treatment—covariate masses that enter the estimators, the all-heavy inverse-count calculation, the
polynomial certificate for light cells, and the fixed-sample transfer that connects the Poissonized
construction to the annotation experiment.

The proof dependency map is as follows. The inverse-count moment lemmas feed the heavy-
cell analysis; Definition 24 and Lemmas 5 and 16 feed the light-cell analysis; the calibrated mean
and second-moment bounds combine in Lemma 13; and Lemma 14 converts that Poissonized
bound into Theorem 2. Section B independently supplies the common-marginal converse, after
which the upper and lower bounds meet in Theorem 4. This map is the shortest reading path
through the detailed certificates below.

The inverse-count analysis uses one scalar inequality to insert the marginal treatment—
covariate intensity into the variance calculation. It is stated first because the later cellwise
bounds apply it separately to each covariate cell and treatment arm.

Lemma 1. [lem:poisson-inverse-marginal-energy-scalar| (Marginal energy insertion)
Let u,p,w, €, Ao, A1, q0,q1,72,0,72,1,74,0,74,1 € R. Suppose that

(Basic scales.) u>0,p>0,0<e<1, and w > 0.

(Outcome masses.) 0 < gy <p and 0 < ¢; <p.

(Marginal intensities.) For each a € {0,1}, ew < A\, < w.

(Second-moment rates.) ro0,m21 > 0, (14 Xg)?r20 <8, and (1 + A1)?*r21 < 8.

(Fourth-moment rates.) 140,741 > 0, (14 Xo)*rao < 96, and (14 A\i)*ry; < 96.

Put
Conar = 862 + 96(6_2 + 6_3).
Then
_ _ _ _ _ 2Cmar
A{(@re™ +a1) Qo A0 a1+ (gou ™ 405720 o { (d0u ™ +a0) M+A)rao+(au™ +ai)raa } < (pu'+p%) 750

Proof of Lemma 1. 1. First derive the scalar bidirectional energy bound. The lower and
upper intensity bounds, together with 0 < € <1 and w > 0, imply

0 < Ao, 0 < A,
and, for the denominator attached to Aq,
c(l+w)=€e+ew <1+ A, T+w<el(1+N), w< e N1+ Np).
Using also A\g < w, we have

IT+wh<(14+ww< 6_2(1 + )\1)2,
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and hence
Ao 82

< .
14+X)?2 " 14w

Aorg,1 <8
Similarly,
(1+w))\1)\0 S 6_2(1+)\1)4, (1+w))\1)\% S 6_3(1+)\1)4,
so the fourth-moment rate gives

96(e 2 +€7?)
(N + A3 < ——
1(Xo + Ag)rar < T+ w
Combining these two estimates yields

Cmar

1+w’

AM(Ao + A3)raq + Aoraq <

The same calculation with the roles of 0 and 1 interchanged gives

Cmar

Xo(A1 + A2 A < .
0(A1 + A])rao + Airap < T+ w

Therefore

2Cmar
14w’

{Al(/\o + )\(2))7“471 + )\07“2,1} + {)\0()\1 + )\%)T470 + )\17“270} <

. Define the three real quantities
m=gou +ay,  m=qul g, mp=pulph
Since u > 0, we have v~ > 0. For each displayed outcome mass,
mp—m0=@—q)(u ' +p+49)>0, n-m=p-a)u+p+aq)>0,

because 0 < qg,q1 < p. Thus
no < Np, m < Np, np 2> 0.

. All coefficients multiplying 7o and n; below are nonnegative, by the nonnegativity of the
intensities, the moment rates, and A\, + A2. Hence the comparison from the previous step
gives

A{m o+ N)raq + nor2,0 b + Ao{mo(A1 + M)rao + mrea )

< [{)\1()\0 + )\%)T471 + )\07‘2,1} + {)\0()\1 + )\%)7‘470 + )\1’/"270}:| .

Applying the scalar bidirectional bound from Step 1 and using 7, > 0, we obtain

~ ~ ~ ~ - 9
M{(@u 46 Ao+ ) ra1+(qou™ +63)r2,0 FHAo{ (0w +a3) M +A])rao+(qiu +ai)ran } < (pu™'+p?)

O
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Lemma 1 converts arm-level inverse-count moment bounds into a covariate-cell contribution
controlled by the total marginal scale w. The overlap inequalities in the statement match the
occupied-cell overlap structure of Mg, while the final display has the form needed to sum over
cells.

We next isolate the cell-level notation used throughout the appendix. The treatment—
covariate mass records how often an arm appears in a covariate cell, while the outcome-marked
mass records the same cell together with a successful binary outcome.

Definition 21. [synth_2] (Cell arm mass) For a law P on [d] x {0,1}2, a covariate cell x € [d],
and a treatment arm a € {0,1}, define the treatment-covariate cell mass

Saz = Z P X =z,A=aY =y).
ye{0,1}

The mass s, is the denominator scale for inverse treatment-cell weights. Under the overlap
model in Definition 6, occupied covariate cells have both arm masses controlled by the same
covariate mass, so inverse-count weights can be calibrated uniformly over the model class.

Definition 22. [synth_1] (Outcome-marked cell mass) For an observed-data law P on the
finite record space [d] x {0,1} x {0,1}, define the outcome-marked cell mass qqy for x € [d] and
ac{0,1} by

oz = P(X =2, A=a,Y =1).

Equivalently, quqe is the probability mass assigned by P to the complete atom (z,a,1).

The outcome-marked mass q,, supplies the numerator scale. Combining ¢,, with an in-
verse estimate of s, gives a cellwise contribution to the average treatment effect functional in
Definition 8.

The simplest upper-bound component treats every cell as sufficiently observed and uses
inverse counts throughout. This statistic is useful both as a baseline and as the heavy-cell part
of the hybrid estimator.

Lemma 2. [lem:poisson-inverse-count-risk]| (Poisson inverse-count risk) Fiz an overlap
constant € with 0 < € < 1/2. There is a constant C = C¢ > 0 such that, for every d, every
u,t > 0, and every observed-data law P € Mg, as in Definition 6, the following holds.

In the independent Poisson count experiment with independent counts

Saz ~ Poi(uqqz), Kz ~ Poi(tsay), a € {0,1}, z € [d],

define

d
ZH:Z %KOI+K1I+1_%KOI+K1£E+1
U K +1 u Ko +1

r=1
Writing 7(P) for the average treatment effect functional in Definition 8,
!EPZH — 7(P)| < Cmin{1,d/t}, Varp(ZH) < C (v +t71).
Proof of Lemma 2. Fix 0 < e < 1/2. Put

Cout == 14 101 4 872, Cmar = 8¢ 24+ 96(e 72 4 €73),
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Chias = 2max{1, (66)71}, Ce := Chias + Cout + 4Cmar + 1.

These constants are positive. We prove the two asserted inequalities with C' = C.. Fix d,
u,t >0, and P € Mgy. For each cell write

Pz = Z Z P(z,a,y), Sazx ‘= Z P(z,a,y), az = P(7,a,1).

ae{0,1} ye{0,1} ye{0,1}

Thus >, 0z = 1, Guz < Saz < Pz, and Zx o 9az < 1. By Definition 6, the overlap condition gives
Pz < Saz < Pz, ac {Oa 1}

1. For a € {0,1}, let a denote the opposite arm and define the scalar arm mean

|:Sa:v KO:J: + le + 1:|
Mar = F _—

U K. +1

Independence of the Poisson coordinates and linearity of expectation give

EPZH = Z(mlx — mox).

x

Indeed, after expanding the summand defining Z, each term is integrable by the poly-
nomial growth bound

Sax KO:(: + le +1
U Ko +1

1 <7,

where T is the total count over all displayed Poisson coordinates, and all polynomial
moments of the finite product Poisson law are finite. The product structure then reduces
the expectation to the one-cell arm mean above.

2. For a Poisson variable J with mean A > 0,

1 {(1—ek)/x, A >0,

E—  —
J+1 1, A=0.

Define the arm outcome regression by

llag = an/saxa Saz > 07
7 o, Sax = 0.

Then que = Sazftar for all cells and arms, including zero-mass arms, and 0 < g, < 1.
Using E(Squz/u) = qqz and the preceding identity with A = ¢s,,, one obtains the continuous
formula

Moz = Pxllax — (px - Sax)#axe_tsm-

Since 0 < faz < 1, Py — Saz < Pa, and Sqz > €py,

‘ma:v - p;t,ulaac‘ S pxeietpz-
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Consequently, using Definition 8,

’EPZH - T(P)‘ < Qpre_Etp’”.
X
For every z > 0, ze~%* < (eet) !, while }__ p, = 1. Hence

d
|EpZ" — 7(P)| < 2min {1, } :
eet

Writing £ = d/t, the elementary inequality
2min{1,¢/(ee)} < 2max{1, (ee) '} min{1,£} = cpias min{1,d/t}

gives

|EpzZ" — 7(P)| < Ccmin{1,d/t}.

. We next bound the variance. For a full count array w, let A2 F(w) be the change in F'
after adding one to S, and let AX F(w) be the change after adding one to K,,. The
finite-product Poisson add-one Poincare inequality gives, for F = Z9,

Varp(Z2™) < " uqaa B{(A5,Z2")*} + ) " tsa E{(AK 2},
x,a x,a
The square-integrability hypotheses required for this inequality follow from the same poly-
nomial growth estimate used above, applied also to the add-one increments.

. For the outcome-count increments,

K-
AL ZH = tu! (1 il 1) ,
ar

where the sign is irrelevant after squaring. If A\ = ts,, and v = tsg,, then ev < A. For
independent J ~ Poi(\) and V' ~ Poi(v), set

1 1
R S B
E J+1

The Poisson reciprocal bounds give
A <1, (14 X)?ry <8, r >0, ry > 0.

Moreover EV = v and EV? < v 4 2. Thus product-measure factorization gives

Vv 2
FE <1+m> S 1+2VT1+(V+V2)T2.

The overlap comparison ev < \, together with e > 0, implies v < e "' X. Hence
2ur; < 2\ < 2671,

and, using ro < 8(1 + \)72,

A
vro S 86_1m S 86_1, 1/27’2 < 86_2



Consequently

V 2
E <1 + J+1> < 14106 4+ 872 = cout.

Multiplying by the rate uq,; and summing yields

ZUQQwE{(AngH)Q} S Coutui1 ZQacc S Coutuil-
x,a

T,a
. It remains to control the marginal-count increments. In one fixed cell, write
Oaz = tSaz, Oy := tpg,

and, for f(ax ~ Poi(f,;), write

1 1
Ma = E—— - .
(Koo + 1)(Kao +2))?

M2,a ‘= g —
T (K +1)2

The reciprocal estimates are
M2.a >0, (1 + Ham)2772,a <8, N4,a >0, (1 + Ham)4774,a < 96.

For a full count array w, define

Cron(w) = Saz(w) Kz (w) rean () 1= Saz(w) 1
o Tu (Kap(w) F 1) (Kez(w) +2)° T w Kap(w) + 17
The add-one formulas for K, are
A{;ZH = —{cr1, +rcos }, Aé;ZH = Crog +rcig -

The two displayed components are nonnegative. Hence
K oH K H
Clag < ’Aaxz ’7 ICaz < ’AazZ |7

so the component squares are integrable because the add-one increment is square-
integrable. Applying (r + s)? < 2(r? + s?) to the preceding decomposition gives, for each
a?

E{(AE,Z")?) <2(BEa?, +Erci,).

Product-measure factorization gives

Saz \ 2 Saz \ 2
Ecrix =F <:z> 7747aEK§Z,, Ercix =F <Z$> M2,a-

The Poisson second-moment bounds are

S 2
E (ZI) < anu_l + qga:a Eng < Opr + 9(2155

Combining the last three displays yields

E{(A%Z")*} < 2 [(qasu™" + 42) (Baw + 02:)000 + (dazt™" + @ )112a] -
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Since qq, < pr and u > 0,
QaaW "+ @oy < pau”t + P2

The hypotheses of Lemma 1 hold after identifying its generic cell mass and total intensity
with
P = Dz, w = O,

with its arm rates equal to 0., 01, its marked masses equal to qo:, g1z, and its four
reciprocal moments equal to (7)2,0,72,1,74,0,74,1). These arm rates are simply ts,,, which
are nonnegative because t > 0 and sq; > 0. Alsop, >0, u > 0,0 < e <1, and O, > 0;
the outcome masses satisfy 0 < qqz < pg; overlap gives €0, < 0,,, while sy, < p, gives
Our < ©,; and the displayed reciprocal estimates give the required second- and fourth-
moment rate conditions. Therefore Lemma 1 yields

elz{(QIwuil + Q%x)(GOx + 9%1)774,1 + (q0xu71 + qu)ﬁzo}
+ 000 { (qoat ™ + @8y) (O12 + 07 )40 + (qrow™" + qiy)m21 }

2¢c
< —1 2 mar )
< (pzu +pz)1 "o,

Multiplying the add-one-square bounds by their Poisson rates 8,, = tsq;, summing over
a, and using the preceding display gives the cell estimate

—1 2
u "+

N tsa E{(AKZ)?) < depa H.
- +tpa

. Summing the preceding display over x,

+
E tSamE{<A£{xZH } < 4Cmar § pa:l i tp px
o

Since 1 + tp, > 1 and pyu—' >0,
1 2 2
LA A
1+tp, 1+tp,

Thus 9
Ztsaa:E{(AfmZH)2} < 4cmar Z <p:r:u_1 + p$> .
z,a

— 1+tpg

The first sum is «~!. For the second, since t > 0 and p, > 0,

Pi  _Px
1+tp, — t’
and hence
Pg 41
1+ tpm Zp
Thus

D tsar B{(ALZT)?} < dear(u™t 7).
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7. Combining the Poisson Poincare bound with the outcome and marginal energy estimates,
Varp(ZH) < coutu”t + 4cmar(u_1 + t_l).
Since u™! <u '+t and C. = chias + Cout + 4Cmar + 1,
Varp(ZH) < Co(u™ +t71).
Together with the bias bound from Step 2, this proves the claim.

O

Lemma 2 separates the two costs of the all-heavy construction: the bias is governed by the
number of cells relative to the treatment—covariate intensity, and the variance is governed by
the outcome and count intensities. This is the parametric inverse-count behavior that becomes
effective once the pilot stage classifies a cell as heavy.

To use this calculation with sampled prefixes, the Poisson record experiment is identified
with the independent count experiment. The next two statements record the count law for two
independent prefixes and then name the prefix distribution used by the inverse-count transfer.

Lemma 3. [lem:poisson-prefix-count-law| (Poisson prefix count law) Let P be a probability
law on [d] x {0,1}2, and let u,t > 0. Write

Gaz = P(z,0a,1), Saz = P(z,a,0) + P(x,a,1).

Under the prefix law that independently draws an outcome-marked prefix with Poi(u) records
from P and a treatment—covariate prefix with Poi(t) records from the marginal Px 4, define

Saz = #{outcome-marked prefix records equal to (x,a,1)}, Ko = #{treatment—covariate prefix records equc

Then the pushforward of the prefiz law under the map sending the two prefizes to the array
(Sazs Kaz)ze(d), acfo,1} 18 the product measure

® ® {Poi(uqqz) @ Poi(tsqes)} -

z€[d] a€{0,1}
Equivalently, the coordinates are mutually independent, with
Saz ~ Poi(uqaz), Koz ~ Poi(tse)
for every x € [d] and a € {0,1}.

Proof of Lemma 3. Let Qops = [d] x {0,1}? and Quux = [d] x {0,1}. For a finite prefix ¢ =
(#21,...,2r) in a finite space Q, write

He(z) = #{i: 2z = 2}, z € (L.

The elementary Poisson splitting identity says that if R ~ Poi(\) and, conditionally on R,
21,...,2zp are i.i.d. with law v on 2, then

(He(2))ze0 ~ @) Poi(Av{z}).

zeQ
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Indeed, for any nonnegative integers (7).cq, with re = >, 75,

Pr{H¢(z) =r, Vz} = e AT ! H v{z}" = He—/\l’{z}m'

re! T[, 72! 7,

Applied to the outcome-marked prefix with intensity u and the treatment—covariate prefix with
intensity ¢, and using the independence of the two prefixes, this gives

(H™)se0,, ~ @) Poi(wP{z}),  (Hi™ueou ~ @) Poi(tPxa{w}),

2€EQobs WENaux

z

with the two histogram arrays independent. Mapping the first histogram to
E(HObS)(x, a) = HObS(:c, a, 1)

selects one coordinate for each (z,a). Since the selected observed coordinates are distinct, and
the auxiliary histogram is independent of the observed histogram, the array

(E(HObS)(J}, a)’ ];Iaux<_1'7 CI,))xe[d]7 ac{0,1}

has law

X X {Poi(uP{(z,a,1)}) @ Poi(tPxa{(z,a)})}.

z€[d] a€{0,1}

This array is exactly (Suz, Kaz)zqe. In the degenerate case [d] = @, the same display is the
empty product measure on the one-point array space.
It remains to identify the two singleton masses in the displayed product. By the definition

of Gazx,
P{(z,a,1)} = P(z,a,1) = qqz-

Hence the first Poisson intensity is uqqg-
For the auxiliary marginal, Py 4 is the pushforward of P under (z,a,y) — (x,a). Therefore

PxA{(.%‘,a)} = Z P(:z,my) = P(.I,G,O) + P(LL’,CL, 1) = Sax-
yE{O,l}

Thus the second Poisson intensity is tsq,. Since u,t > 0, these products are the corresponding
nonnegative Poisson parameters, and substituting the two identities into the preceding product

law yields
® ® {Poi(ugqes) @ Poi(tses)} -

z€[d] a€{0,1}

The product representation is equivalent to mutual independence of all coordinates and to the
stated marginal laws for every x and a. O

Definition 23. [synth_19] (Poisson-prefix law) For P € Mg, and intensities u,t > 0, let
]P’I;Zlit denote the following probability law. Draw two prefix lengths independently,

Ry ~ Poi(u), Ry ~ Poi(t).
Conditional on (Ro, Ry) = (ro,7¢), draw an outcome prefix

((X4,A,Y7))i0 ~ PEr0
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and, independently, a factorial treatment—covariate prefix
> AW Qr
(X5, 45))L1 ~ Py

Thus the two prefizes are independent, the outcome prefix has complete-record sampling law P,
and the factorial prefix has treatment—covariate sampling law Px 4. Under ngf’t, the associated
counts

Ro Ry
SM:Zl{Xi:x,AZ-:a,Yizl}, Kax:Z].{XjZJZ,Aj:CL}
=1 7=1

are independent across the two prefives, with
Saz ~ Poi(uqqz), Koy ~ Poi(tsgy).

Lemma 3 and Definition 23 justify applying the count-risk calculation directly to Poisson
prefixes of the original records. The prefix representation is convenient for derandomization
because every admissible prefix length is a finite statistic of the fixed sample pools.

Lemma 4. [lem:inverse-count-poisson-prefix-transfer| (Poisson prefix transfer) Let
n,m,d be nonnegative integers, let € € R, and let P € Mg, as in Definition 6. Define

My = |n/3], ny = |(n— Mo)/2], ng=n— My —np, my=m—|m/2|,

and set u = My/8 and t = (ny +my)/8. Let 7.C . be the clipped derandomized inverse-count

n,m,d

estimator obtained by averaging, over 0 < rg < My and 0 < vy < ny + my, the finite-prefiz
inverse-count output with weights

Pr{Poi(u) = ro} Pr{Poi(t) = r¢}.

Let ?}ﬁ’pref be the clipped inverse-count statistic computed from two independent Poisson prefizes:
an outcome-marked prefiz with law induced by P and length Poi(u), and a treatment—covariate
prefiz with law Px 4o and length Poi(t). Then, for the annotation experiment in Definition 9 and

the ATE functional 7(P) in Definition 8,

Epongpen [(?,g?myd ~ T(P))ﬂ < Eppes [(aﬁ%mef - T(P))z} 4 [Pr{Poi(u) > Mo}+Pr{Poi(t) > ns+my}|.

P,u,t

Proof of Lemma 4. Put
My :=ny+my, mp = |m/2].

All lists below use the empty-list convention when one of the displayed lengths is zero.

1. For finite prefixes wp of outcome-marked observations and wy of treatment—covariate ob-
servations, write

@, (wo,wy) := the clipped finite-prefix inverse-count output at scale u
so that, by clipping,

-1 < ®y(wo,wy) <1 for every (wo,wy).
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Also,

d d
|T(P)|: Szpz|ﬂlx_NOz| §2p$:17
x=1 r=1

using Definition 8, the fact that P is a probability law in Definition 6, and pq, € [0, 1],
with the standard zero-mass-cell convention.

d
pr (M1e — Hoz)
=1

For fixed pools 0 = (01, ...,0n,) and v = (v1,...,vp,), define the capped prefix value

Qu PR I ) )ty VT ) S M ) S M )
C(Oa Vv, To, Tf) = ((01 ? 0) (Ul ! f)) "0 .O Tf !
0, otherwise.
Let Ry ~ Poi(u) and Ry ~ Poi(t) be independent, and set
Ru,t(oa V) = E[C(O7 v, R07 Rf)] :

If (O, V) ~ pP®&Mo ®P§£‘Jf , Jensen’s inequality for the conditional expectation over (Ry, Ry)
gives
E[(Ru,t(O,V) - T(P))Q] < E[(C(O,V, Ro, Ry) — T(P))Q} .

On the event Qg = {Ro < Mo, Ry < My}, the selected prefixes have the same law as the
independent Poisson prefixes restricted to their lengths fitting in the two pools. Hence

E[(C—7(P)*1a, ) < Epper (@ —7(P))*].
On Q,, the capped value is 0, and the interval bound above gives
(0—7r(P)*<(1—(-1)? =4
The union bound gives
Pr(Q§;) < Pr{Poi(u) > Mo} + Pr{Poi(t) > My}.
Combining these displays,
E[(Ru,t(O,V) — T(P)ﬂ < By [(<I>u - T(P))z} +4 [Pr{Poi(u) > Mo} +Pr{Poi(t) > Mf}].

. For a full sample z = ((O1,...,0y), V1,..., Vi), with O; = (X;, 4;,Y;) and V; € [d] x
{0, 1}, define the fixed-pool projection

U(z) = ((01,...,0M0), ((Xatytmy 415 Aty 31)s - s Xy An), Vi 11, - .,vm)).

For every z,
7Ic (2) = Rus(¥(2)).

n,m,d )

Indeed, expanding R, gives

> Pr{Poi(u) = ro} Pr{Poi(t) = rf}C(¥(2),ro,7y),

r0,7 >0

and the terms with ro > My or ry > M} are zero, leaving exactly the finite average over
0 <rg < Myand 0 <7y < My in the derandomized inverse-count estimator.

31



3. Under the annotation experiment in Definition 9,
M
W (P @ PEY) = PEYo o PR,

The first component selects the first My labeled records. The second component concate-
nates the treatment-covariate projections of the final n; labeled records with the final m
auxiliary records; independence of the original product samples and the definition of Px 4
give the displayed product law. Therefore the change of variables formula yields

R 2
EP@H@P;?TA? [(Té?m,d - T(P)) }

2
= EP®MO®P®Mf {(R%t — T(P)) ] .

Measurability is immediate because all sample spaces involved are finite products and the
statistic is clipped.

4. Applying the transfer bound from the first step to the fixed-pool risk in the last display
gives

Epengpen | (G = 7(P))’]

< Bt [(cbu - T(P))g] + 4[Pr{Poi(u) > Mo} + Pr{Poi(t) > Mf}].

P,u,t

£ . . ~IC f
Under P, the random value @, is precisely 7, ;7"

claimed inequality.

,and My = ny +my. This is the

O]

Lemma 4 converts the Poisson-prefix risk into a fixed-sample inverse-count estimator, with
the excess risk controlled by the two prefix-overflow probabilities. This is the transfer step
behind the inverse-count comparison in Theorem 6.

For light cells, the hybrid estimator replaces reciprocal weights by polynomial weights. The
next definition records the factorial-moment lift used to turn the polynomial into an unbiased
Poisson statistic, following the same polynomial-estimation principle used in discrete functional
estimation [Jiao et al., 2015, Wu and Yang, 2016, Valiant and Valiant, 2017, Orlitsky et al.,
2016].

Definition 24. [synth_4| (Factorial lift of the light-cell polynomial) Fiz a € {0,1}, an integer
L > 2, and constants B,t > 0. Let

80+51
Wa,r(50,51) =

§ T0 JT1
GL Sa/B Ca,ro,r150 515

70,7120

where G, is the Chebyshev correction polynomial and only finitely many coefficients cqror, are
nonzero. For integer counts Ko, K1 > 0, define the factorial lift

= (Ko)ro (K1)
War (Ko, K1) = D Carori=— g
70,710

with (k) = k(k—1)---(k—r+1) and (k)o = 1. Thus each monomial of W, 1, is replaced by
the corresponding unbiased Poisson factorial-moment statistic.
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The lift in Definition 24 is tailored to independent Poisson counts: each falling factorial has
expectation equal to the corresponding power of the intensity. The remaining task is to control
the polynomial and the second moment of its lift uniformly over the light-cell range.

Lemma 5. [lem:chebyshev-factorial-certificate| (Chebyshev factorial certificate) There
is a universal constant A > 1 such that, for every integer L > 2, the polynomial continuations

Ep(z) = Hr(2)/z,  Gr(z) ={1 - EL(2)}/2
satisfy the following properties:
e (Degree.) The polynomial G, has degree at most L — 2.

e (Chebyshev certificate.) For every z € |0, 1],
0< Er(z) <1, 2Gr(2) + EL(z) =1,

and, whenever z > 0,
Er(z) < (L*2)~ %

e (Factorial-lift moment.) For every a € {0,1} and every t, B, sg, s1 € R with
t >0, B >0, so > 0, s1 >0, L <tB,

if Ko ~ Poi(tsg) and K1 ~ Poi(ts1) are independent, then the factorial lift Wa,L satisfies

= So + S1 2k
E[WG,L(KO,KQ?} < AL (1 + B>

Moreover, if sg + s1 < B, then

E[WG,L(KO,KQ?} < AL,

Proof of Lemma 5. Choose A = 7056, so A > 1.
1. Fix an integer L > 2. Write

Qr(z) =Tr(1-22), Hp(z) = 1_262[;(2), Ep(z) = Hp(2)/z, Gr(z) ={1-EL(2)}/=.
Since T7, has degree L and 1 — 2z has degree at most 1,
deg@Qr < L.
Multiplication by the scalar (2L%)~! does not increase degree, and subtraction from 1 gives
deg Hy, < deg(1 — Qr) < max{0,degQr} < L.

Because Ep, is the quotient of Hy by z, its degree is at most L — 1. Hence

deg(l — Er) < max{0,deg E} < L —1,
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using L > 2. Dividing once more by z gives
degGp < L —2.
2. By Lemma 16, for every z € [0, 1],
0<Er(z) <1, 2Gr(z) + Erp(z) =1,
and, for z > 0,

1
EL(Z) < E

These are exactly the Chebyshev-certificate assertions.

3. It remains to check the moment assertions with the same constant. Let a € {0,1}, t > 0,
B > 0, sg,s1 > 0, and L < tB, and let Ky ~ Poi(tsg) and K; ~ Poi(ts;) be independent.
Applying Lemma 16 with p = sq + s1 gives

% so+ s1\ 2"
E[Wa,L(KO,KQﬂ < 7056L <1 + OBl> .

If in addition sg 4+ s1 < B, the same calibration yields
E[/V[ZLL(KO, Kl)ﬂ < 7056L.

Since A = 7056, these are the two required factorial-lift moment bounds. O

Lemma 5 provides the approximation identity and moment growth bound needed for the
light-cell part of the hybrid statistic. The identity zG1(z) + E(2) = 1 expresses the reciprocal-
weight correction, and the displayed decay of Ej quantifies the approximation error at positive
mass. The factorial-lift moment bound then keeps the variance compatible with the polynomial
degree used in Algorithm 1.

The hybrid mean analysis separates the deterministic light-cell approximation error from the
pilot-classification error on heavy cells. The next statements give the corresponding cell-summed
bounds and the envelope calculation that puts them on the target rate scale.

Lemma 6. [lem:calibrated-envelope-absorption| (Calibrated envelope absorption) Let
€ >0 and Cy > 0. There is a constant C > 0, depending on € and Cy, such that the following
holds.

e (Sample sizes.) n,m,d are integers withn > 1, m >0, and d > 2.
e (Calibration.) The finite calibration predicate Cc(n,m) from Algorithm 1 holds.

o (Estimator scales.) With the block sizes and scales from Algorithm 1,
My = |n/3], ny, = [(n— My)/2], ny =n— My —np, my=m— |m/2],
and
u= My/8, t=(ng+my)/8, L = L(n), B = B(n,m,e), A, = T7056.

Let N =n+m and £, =log(en), as in Definition 12.
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Then

in{1,dB} 8dB% 4 2dB 2 1 a2
4AL % B2 -1, 4-1 2 o Aan—2y (242 -12) 1 .
*{ ” +dB? p+Co (u™" +t )+62L4+6t+ n" o\ gz T on <C n+N2£%

Proof of Lemma 6. 1. Let H, be the calibration constant appearing in Algorithm 1, viewed
as a real number, and set

8192H25122 128 64H.512\ 2
KE(C’O):4096He5122+4096H62512+64Co+7; <> 4792,

+—+414+2
€ €

We take
C =1+ K (Cp).

Since € > 0, Cy > 0, and H, > 0, every displayed summand in K.(Cp) is nonnegative
except for none, and hence C' > 0.

2. Fix n,m,d € N with n > 1, d > 2, and Cc(n,m). Write
N =n+m, £, =log(en), A= AL, n=n"12
where L = L(n), and define the comparison scale

1 N d?
n  N22°

(11

All quantities in the displayed inequalities below are understood as real numbers. The
sample-size assumptions give

Moreover,
ly, =log(en) =1+logn > 1,

because n > 1. From L > 2 in Algorithm 1, L > 0, and A = Af > 0. The calibration
inequalities also give u > 0, t, > 0, t > 0, and B > 0: indeed u/n > 1/32, t,/N > 1/32,
t/N >1/32, and 8 <t,B.

3. The block-proportion part of Cc(n, m) supplies

n N

— < — < t.

32 — 32 —
The scale definition B = H.L/min{t,,t}, together with

u,

o0 S tpa a0 S t?
32 32

gives

_ H.L < 32H.L

© min{t,,t} ~ N
The same calculation with the upper block bounds ¢, < 3N /32 and ¢ < 3N/32 yields the
full auxiliary estimate

32H.L <B< 32H.L
3N -  — N
Only the upper bound is used below.
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4. Let b, be the binary-length calibration quantity from Algorithm 1. The logarithmic esti-
mate gives

Uy < by.
The degree calibration inequality is
C bn S L, CO — i’
2 256
so b, < 512L. Therefore
£, < 512L.

The polynomial-size condition L6A2" < n gives
(LPALY2 = L5 A%E < .

Finally, since n > 1,

OSn:n_Hgi.
n

5. Put
0 =1IL3A=13AL.
From ©2 < n, the elementary inequality (z — y)? > 0, applied with

e=2,  y=
_na y_Ngna

6d _1[reV (d | 11, &\ _
Nnb, — 2 n NY, —2\n  N22)

Also, from /¢, < 512L and positivity of £, L,

gives

2o (1

2
sz 152
L~ ¢, Lz2—- 2
6. The reciprocal block bounds are
e e ®
n n

because u > n/32 and t > N/32 > n/32. Hence

1
C()(uil + til) < 640057

and ]
414n < 414—.
n

Since 1/n < E, these estimates combine to

4 128
Co(u ™t +t71) + — +dldn < (6400 +—+ 414> 2.
€ €
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10.

The two core normalized products obey

Od Od 5122 , Od )
< — 12 <512
NnL2 — Nn 62 S5 Nnt, g 2’
where the middle step uses £, > 1, and
Od Od 512 Od =
< — = <512 <512—
N2L — N2 ¢, =9 Nnén_5 2’
where N > n is used in the second inequality.
The first light-envelope term satisfies
1,dB dB d(32H.L/N d
gamindl dB} A== < 4 A2B2HL/N) 4006 H Od _  (1096H,5122)=
u n/32 NnL? 2’

The second light-envelope term satisfies

d
= 4096 H? ]\(;)2 7 < < (4096 H?512) =

M\ [1]

4AdB? < 4Ad <32H€L )
N
Adding the two bounds and using Z > 0 gives

u

in{1,dB
1A {mm{} n dB?} < (4096 H,512% + 4096 H>512)=.

. Since d > 1,

d < d>.

Consequently,

8dB> _ 8d (32H.L\® _8192H? d
el ~ @A\ N ) T & NLY

Using 1/L? < 5122/¢2 and d < d?,

d 512242
N2[2 = N222°

Because d?/(N%{2) < Z, we obtain

8dB? _ 8192H2512% _
2Lt — €2 =

For the squared bias term,

2dB < ﬁ32HL 64H€i < 64H.512 d
€e[2 ~el2 N e NL— € NY,'

Both sides are nonnegative, so squaring gives

2dB 2< 64H.512\% a2 _ (64H512 2
el? ) — € N222 — €
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Also 0 <79 <1/n <1, hence
36
(6m)% = 367> < 36n < —.
n

The inequality (z + y)? < 222 + 212, applied to

2dB
T = 6?’ Yy= 6777

therefore yields

2dB 2 64H.512\°
4 6n) <2(———=) +72;E.
eL? €
11. Combining the light-envelope, reciprocal, variance-polynomial, and squared-bias estimates
gives

min{1,dB} ) . ... 8B* 4 2dB 2
4A —=2— 1 4B?}\ + C t — +414 ~ 46
{ ” + }+ o(u™ + )+ g o H A+ (e +6n

< K (Cy) E.
Since 0 < E and K (Cp) < C, the right-hand side is at most C'=. Substituting back

1 d?

A:AL — 12 (—
* ) 77 n n+N2€%’

with N =n + m and ¢, = log(en) from Definition 12, is precisely the asserted inequality.
O
Lemma 7 compares the light polynomial contribution with the inverse-count contribution

on cells whose covariate mass is at most B. The bound has a Chebyshev approximation term

and a factorial-pool intensity term, matching the light-branch mean terms that later enter the
calibrated envelope.

Lemma 7. [lem:hybrid-light-branch-mean-bound] (Light branch mean bound) Let P €

Mge be a law in the finite model class of Definition 6. Let u,t,B > 0 and let L > 2 be an
integer. For each x € [d], write

pr = P(X =1x), oz = P(X =2, A=0a,Y =1), Sqz = P(X =2,A = a).
For each x € [d], let Soz, S1z, Koz, K12 be independent Poisson counts with
Saz ~ Poi(uqqy), Kz ~ Poi(tsas), a € {0,1}.

Using the light factorial-lift weights and heavy inverse-count weights from Algorithm 1, set

o Slx

—~ — —u  Soxesp
Px - TWLL’Z‘ - WO7L7J;, Hm - TWL w W

u
where the light weights use degree L, scale B, and intensity t. Then
8dB* 4
e2L4 et

> (®P,-EH,)’ <

T:pe <B
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Proof of Lemma 7. Let
Oz = pz(p1z — poz), by == EP,, hy == EH,,

where pg, = P(Y = 1| X = 2,A = a), with the usual harmless value when s,, = 0. Let
Sp = {z € [d] : p» < B}. The cell masses are nonnegative and »_ (ypz = 1, since P is a
probability law. We prove the bound by first controlling each summand and then summing over
SB.

Step 1. Fix x € Sp. The light-branch expectation equals

ECL‘ = QIx&GL(Slx/B) - QOI&GL(SOm/B)-
B B
To verify the first equality, write the light polynomial as

T0o 7’1
Wa,L (20, 21) E Ca,rg,r1%0 #1 -
T0,T1

The factorial lift in Definition 24 is

2 : KDJ: ro(le)r
aL:c - Cam 7"1tr0—+r1

70,71
Independence and the Poisson factorial-moment identity E[(Kaz)r] = (tSaz)" therefore give
IEWLL Lae = Wa,r(S0z, S1z). Independently, E(S,z/u) = gqz, which proves the displayed formula
for £,. The light Chebyshev estimate then gives

2B

|0, — 0, < I

Indeed p, < B, Spz + S12 = Pz, and Assumption 1 gives s, > ep, for each arm a whenever
pe > 0. If p, = 0, then sg. = s12 = qox = q1z = 0, so the displayed bound is immediate. If
pz > 0, the shifted Chebyshev certificate in Lemma 5, together with the definitions of Ej, and
Gr, in Algorithm 1, gives, for z, = s4./B € [0,1],

0 < FEr(z) < 1 —2,GL(24) = EL(z4).

L2z,

Writing quz = Sazflaz, the light-branch error becomes a linear combination of the two terms
PettacErL(5az/B). Since 0 < pige < 1 and sS4 > €ps, each arm contributes at most B/(eL?),
giving the stated two-arm bound.

Step 2. The heavy inverse-count branch satisfies

|he — 0] < 2py exp(—etpy).

Write uoyt, := u for the outcome-block intensity. For each arm a € {0, 1}, set

L E|:Sax KOJ: +K1w + 1:|
. Uout Kax+ 1

Since the outcome pool is independent of the factorial pool and ES,; = toutQaz,

KOx + Klz + 1:|

= Qoz E
nax an |: Kax + 1
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The armwise inverse-count expectation formula in Lemma 8, applied to the independent factorial
counts, gives
Nax = Pxtax — (px - Saa:),ufaw EXP(—tSa:c)-

Consequently
Naz — Pettaz] = (Pe — Saz)taz €XP(—tSaz) < Pz exp(—etp,),

because 0 < py — Saz < Pz, 0 < g < 1, and occupied-cell overlap gives sq, > €py; when p, = 0,
both sides vanish. Since

hy — 0, = (771:Jc - pz#lz) - (7702 _px,UOx)a

the triangle inequality gives the displayed heavy-branch bound.
Step 3. Combining the two preceding bounds,
8B?

(L — hgg)2 < a7 + 8p3 exp(—2etp,).

To see this, write
by —hy = by —0z) — (hy — 0y)

and use (r — )% < 2r? + 2s? with |r| < 2B/(eL?) and |s| < 2p, exp(—etpy).
Step 4. For every x,

2 Dz
—2¢t < .
Py eXp(=2etps) < 2eet

Indeed,
pi exp(—2etp,) = pa{ps exp(—(2¢)tp,)}.

The elementary envelope z exp(—atz) < (aet)™!, applied with z = p, and a = 2¢, gives

1
—(2€)tp,) < .
Pz exp(—(2¢) p’”)—2eet

Multiplying by the nonnegative factor p, gives the displayed bound. The envelope itself follows
from e (atz) < exp(atz), multiplied by exp(—atz), and then divided by the positive number
aet.

Step 5. Summing the pointwise bound over Sp gives

8 B2 P
—h) < = r L
> -n s 3 {5 e

TESR z€Sp

Since |Sp| < dand ) cq, Do < D ieq Pr =1,

8d B2 8

0, —hy)? < _

gs:( ) < e2L4 + 2eet
z€Sp

Finally 1 < e, so 8/(2¢eet) < 4/(et). Substituting ¢, = EP, and h, = EH, yields

8dB? N 4
24  et’

> (EP,—EH,)” <
T pe<B

as claimed. n
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The comparison in Lemma 7 is anchored by an exact arm-level identity for the heavy inverse-
count mean. The identity expresses the inverse-count arm contribution as the desired cell term
plus an exponentially damped residual.

Lemma 8. [lem:poisson-inverse-arm-mean-formula] (Inverse-count arm mean) Let P be
an observed-data law on [d] x {0,1}2, let x € [d], and let a € {0,1}. Write p, for the covariate-
cell mass, sqz for the treatment-covariate cell mass, quz for the outcome-marked mass, and
laz = Qaz/Sax for the totalized outcome regression. If u >0 and t > 0, and if Kup ~ Poi(tsgy)
and Ki_q 4 ~ Poi(tsi_q4) are independent, then

q Ky,
u;fi E |:1 + j_x:| = Pzltax — (pm - Sa:p)ﬂax eXp(_tSax)-

Proof of Lemma 8. 1. Put a := 1 — a and write
Ay = uqqy, O4 = tsqz, Oz == tsaz-

The cell probabilities are nonnegative, so sq; > 0, sg: > 0, and gu > 0. Since u,t > 0, the
nonnegative rates above are the real values of the corresponding Poisson intensities. Also,

Saz t+ Sax = Dz,

because the two treatment arms partition the covariate cell x.
2. Define

K; . ;
Qa = E|:1 + I{aacaj’lj| ) Kax ~ P01(9a)7 K&x ~ POI(@ZJ’

with the two counts independent. The product-Poisson identity used for this expectation is
Oufla = Ou + O (1 — e ).
Indeed, for r(k) := (k+1)71,
Q=1+ /vr(k:) d(Poi(0,) ® Poi(0a)) (k, v).
Fubini factorizes the cross term as

/vr(k) d(Poi(0,) ® Poi(05)) = </r(k)dPoi(®a)(k‘)) (/UdPOi(@a)(v)> .

The Poisson first moment gives
/ v dPoi(03)(v) = On,

and the shifted reciprocal identity gives

1 ) _ _o,
@a/k/‘—}—]_ dPOl(@a)(k) =1 e .

Multiplying the displayed formula for 2, by ©, yields the claimed identity.
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3. Substituting ©q = tSqz, Oz = Saz, and saz = Pz — Sqa, the preceding display becomes
(tsal’)Qa = 1Sqq + t(px - Sax) (1 - e—tsaz)'

Because t > 0, cancellation of ¢ gives

SazQa = Sgz + (pm - Sax)(l - e—tsax)‘
Multiplying by pq, and rearranging,

—tSax

(Sax,ua:r)Qa = Pzlax — (pm - saz)ﬂaxe

4. Finally,
Qaxz = SazxMax-
This is immediate from pgy = Gaz/Saz When sqp # 0. When s, = 0, the bound 0 < ¢4 < Saq,
obtained by summing the nonnegative outcome masses in the arm cell, gives g, = 0, and

the same identity holds under the totalized division convention. Hence, since the normalized
outcome count has mean g,

K5 _
QazE[l + I(axaj-l:| = (samﬂaz)Qa = Pzltax — (pm - Saw)uaxe tsam’

as claimed. O

Lemma 8 supplies the cellwise bias formula used when the heavy branch is compared with
the target ATE contribution. The exponential factor is controlled by the treatment—covariate
intensity, so the identity connects the heavy branch to the same marginal scale that appears in
Lemma 2.

A second auxiliary bound controls the event that a truly heavy cell is nevertheless routed to
the light polynomial branch. It combines the pilot probability of such a routing event with the
polynomial second moment under the factorial-pool law.

Lemma 9. [lem:heavy-light-second-moment-sum| (Heavy light second moment) Let d be
a finite alphabet size, let P be an observed-data law on [d] x {0,1}2, and let n,m be integers.
Suppose that:

e (Positive overlap parameter.) The overlap parameter satisfies € > 0.
e (Sample size.) The labeled sample size satisfies n > 1.
e (Calibration.) The finite calibration predicate Cc(n,m) from Algorithm 1 holds.

Set

_ My

u=— b=t t=—h

L = L(n), B = B(n,m,e), ko = ko(n,m,e€),
with these quantities defined as in Algorithm 1. For each x € [d], let

Ty = P{Jx S k‘o},
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where, conditionally on P, the pilot counts have independent components Jop ~ Poi(tpsey), a €
{0,1}. Let py be the product law under which the outcome and factorial counts are independent

with
Saz ~ Poi(uqqy), K ~ Poi(tsa,), a € {0,1},

and define the light polynomial cell contribution

Slac I SOJ:

P, = 7W1,L,x - Wo,L.2

u
where the factorial lift is taken at degree L, scale B, and intensity t. Then

> mE, [P7] <1320
T:pge>B

Proof of Lemma 9. Let
Heavyp = {z € [d] : p, > B},  ps, =Pp{X =2z}

The quantities u, t,,t, L, B, kg are those fixed in Algorithm 1. For each z, put

_ Sy~ Sow —~ 2
S = / |: = W 1,Lx — = W O,L,:c:| d,u;c
u u

Thus the left-hand side is erHeaVyB Ty
1. The cell masses satisfy
0<p;<1 foreveryxz € [d], przl.

z€[d]

Hence, for the finite set Heavyp,

> m <, oopi< Y p <l

r€Heavy g r€Heavy g r€Heavy g

The calibration predicate gives u,t,,t,B > 0, L > 2, L < tB, and 1/32 < u/n.

n>1,

1 1
u > > —, u - < 32.
= =35 <
Heavyp = &, where the sums are zero.

gl=

These inequalities also cover the cas

@

2. Fix x € Heavyp, and define
_ b=
Yo = B

Because B > 0 and p, > B, y, > 1. Also p, = By,. The pilot count is
Jx = JOx + JlIv Ja;t ~ POi(tpSa:v)a
with independent arms and so, + S1; = pg. Since kg = [t,B/4] and t,B > 0,

t,B  ty,p
ko < 22 < PPz
0="y 4
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The standard Poisson lower-tail bound therefore gives

t
Ty =P{J, < ko} < eXp<— pf) :
For the light-polynomial second moment, Lemma 16 supplies the factorial-lift bound
— 2L
E[W2,.| <Ak (1+ %) . ae{0,1}.

Writing ¢u = Pp{X = 2, A = a,Y = 1}, independence of S, and the factorial counts
gives

i) | = (% ) ]

u a,L,x - u L a,Lx| -
Since 0 < Gaz < Pz, and using (r — s)? < 272 + 252,

— D P\ 2L
= <a(Bat) k(1)

E

Consequently,

- P tpD,
T2 < 4 (f —|—p:20> Af(l —i—ym)QL exp(— p4x> .

. The definition B = H.L/min(tp,t), together with positivity of t,,t, gives

H.L < t,B.

t H.L
exp(—pfz> < exp<—€4 yw) .

The numerical choice of H, in Algorithm 1 includes

Therefore

24  H,
154+ —=< —.
c® 4

Using log A, < 13, log(1 + y,) < g, and g, > 1,

H.L H.L
log | AX(1 + y.)* exp (—4%)} = Llog A, + 2Llog(1 + y,) — 1 Yo
HL
< 15Ly, — eYz
< _24Ly$'
CO

Thus

t 241
AL (1+ ya)* exp (— pf) < exp<— Cf”) :

The calibration predicate also gives ¢°b,,/2 < L, where b, = 1 + [logyn]|. Since y, > 1,

2L,
12p, < Z=2Y=

CO
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Finally b,, dominates logn for n > 1, so
exp(—12b,) < n~ 12
Combining the last three displays yields
AL (1 +y2)*" eXp(—%) <n '
Substituting this into the bound from the previous step gives, for every x € Heavyp,
Tey < 4 (% —I—pi) n12.

4. Summing the preceding cellwise inequality over x € Heavyp,

- zeH Pz .
E Tem, <4 | =BT E pi n~12
u
r€Heavy g r€Heavy g

By the bounds from the first step,

Zze Heavy Pz

<ut<32 2 <.
L D D =

rcHeavypg

Therefore
> mE. <432+ 1) P =132n7 12

r€Heavy g

This is the claimed bound.

O]

Lemma 9 makes the heavy-cell misclassification contribution negligible on the calibrated
scale. Its summand contains both the pilot routing probability and the light-branch second
moment, so it is the variance-side counterpart of the heavy-branch mean control.

Lemma 10 controls the contribution from heavy cells near the pilot decision boundary. The
product factor m,n, records that only disagreement between the light and heavy branches mat-
ters, and the calibrated split in Algorithm 1 makes the summed contribution polynomially small
in the labeled sample size.

Lemma 10. [lem:hybrid-heavy-branch-mean-bound] (Heavy branch mean bound) Let d be
a finite alphabet size, let € > 0, and let P € Mg, as in Definition 6. Let n > 1 and m > 0 be
integers. Assume:

o (Calibration.) The hybrid-estimator calibration predicate Cc(n, m) in Algorithm 1 holds.
e (Block intensities.) With My,n,,ng,my, mys as in Algorithm 1, set

u:%, tp:”pgmp’ t:”f‘;mf'
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o (Cell laws.) For each x € [d], let iy be the product law under which the outcome-block
success counts Sqp are independent Poi(uqqy) variables and the factorial-pool counts Ky
are independent Poi(tsq,) variables, for a € {0,1}.

Let L = L(n), B = B(n,m,e¢), and kg = ko(n,m,€) be the degree, light-cell scale, and pilot
threshold from Algorithm 1. For each x € [d], let

e = P{J, < ko}, ne = P{Jz > ko},

where Jy = Jog + Jiz has independent components Jup ~ Poi(tySas). Let Py be the light poly-
nomial cell contribution and H, the heavy inverse-count cell contribution from Algorithm 1,
evaluated under p,. Then

S e (B, P — By Hy)? < 2820712,
z€[d]: px>B
Proof of Lemma 10. Let
H={x€ld:p, > B}, EL=E, P, EM —E, H,.

The calibration inequalities give v > 0, ¢, > 0, ¢t > 0, and B > 0. Also 0 < p, <1 for every z,
and ) p, =1, hence
> pe <1

z€H
Fix x € ‘H. We first establish the calibrated pilot-tail estimate

T < n~12.

For a € {0,1}, write s4, for the treatment-covariate mass in arm a, so p, = Sg; + S12- Under
the pilot law, J, = Jy, + J1, has Poisson mean

)\ac = tp(s():c + Sl:c) = tppx7

because the two pilot-arm counts are independent Poisson variables. The definition of kg gives
ko < t,B/4, and x € H gives B < p,. Since t, > 0,

tppy )\:Jc
ko < Pz _ 22
0< 7y 4

For a Poisson variable with mean A, the following lower-tail estimate applies whenever the
cutoff is below one quarter of the mean:

P{J, < ko} < exp{—As/4}.

Indeed, for every a > 0, Markov’s inequality applied to e=®/=

gives
P{J, < ko} <exp{Az(e”*—1)+ ako}.

If kg = 0, this is e < e~ /4 If ky > 1, take o = log(\y/ko). With ¢, = ko/A, < 1/4, the
exponent becomes
Ae{—14 G — Celog Go} < =2 /4,
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since z — zlogz < 1/4 + (log4)/4 < 3/4 on 0 < z < 1/4. Therefore
mp = P{Jy < ko} < exp{—tpp./4}.

Let h, = 1+ [logyn] be the binary-length calibration quantity in Algorithm 1. The tail
calibration inequality

t,B
15L + 12h,, < pT,
together with p, > B, yields
t
me > 12h,,.

Thus
me < exp{—12h,} < n 1%

where the last inequality follows from n > 1 and h,, > logn.
The heavy inverse-count mean satisfies

|EF| < 3p,.

To prove this, first write

O = pz(p1z — foz),
where, for a € {0, 1}, gqz is the outcome-marked mass, s, is the treatment-covariate mass, and
the arm outcome regression is characterized by

Gax = SaxMax, 0 < plaz < 1.
For the arm-specific inverse-count means set

I7 Sa:t KOJ:+K1x+1
H = -
ot “‘”[u Ko +1

)

] , a € {0,1}.
By the definition of the heavy cell contribution,
Ef =T, , —Ho,.
We next compute each arm mean. Since S,, is independent of (Ko, K1) and ES,; = uqay,

Kor + K1 + 1:|

Hyr = qu E
a,x = Gax I: Kop + 1
For the chosen arm a, the fraction inside the expectation is

KOz+K1$+1 — 14+ Kl—a,m
Ky +1 Ko +1°

where 1 — a denotes the opposite arm. Therefore Lemma 8, applied with this arm and its
opposite arm, gives the exact identity

Ha,x = Pzlax — (px - Sax)ﬂa:c eXP{—tSax}-

Since x € H, the cell is occupied. Hence P € Mg, and Definition 6 and Assumption 1 give, for
both arms,
€pz < Saz < Pz-
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Using this, 0 < pgr <1, and t > 0, the exact identity yields the armwise envelope

|Ha,ac - px,uax| = ‘_(pac - Saac),uax eXP{—tSaa:H
- (pa: - Sa.t),uaz eXp{_tSa:c}
< pyexp{—etp;}.

The first equality uses the displayed mean formula, the second uses nonnegativity of every factor,
and the last step uses p, — Sqz < pr and exp{—tsq,} < exp{—etp,}. Hence

|Ef - ex’ = ‘(ﬁl,x - px,ulx) - (Fo,x - pa:HO:c)}
< ’FI,LU - pxﬂlx’ + ’FO,LU - pxﬂOx’
< 2p, exp{—etp, }.

Since 0 < p, <1 and p14, pox € [0, 1],
02| < pa-

Also, because € > 0, t > 0, and p, > 0,
exp{—etp,} < 1.

Thus
B < |EF —0,| + 04| < 2ps + pe = 3pa.

Now n, <1, m, > 0, and 0, > 0. Using
(Ey — E;')* < 2(Bp)” +2(B;)?
and the preceding heavy-mean bound,
(EL)? < 9p2 < 9pa,
where the last inequality uses 0 < p, < 1. Hence

Wxnx(Ea% - Ef)2 < Wx(E£ - Ef)2
< 2m,(EX)? + 2m,(EX)?
< 21, (EL)? + 18p,n~12.
Summing this pointwise estimate over x € H gives
Z Tene(EL — EH)2 < 2 Z T (EX)? + 180712 Z Da-
z€EH z€EH r€EH

It remains to bound the first sum. For each z, nonnegativity of variance under u, gives
(Ex)? <E,, [P].
Consequently,

S m (B < 30w E [P

zeH z€eEH
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The heavy-light second-moment bound in Lemma 9, applied with the same values of
u,tp,t, L, B, ko, gives

> maEy, [P2] < 1320712

TEH

Combining the last two displays with > 4, pe <1,

D mene(EE — EF)? < 21320712 4180712 = 2820712,
z€EH

This is the desired bound. O

The preceding local estimates are assembled into separate variance and mean-bias bounds
for the full Poisson hybrid statistic. These two summaries expose exactly which terms enter the
final rate calculation.

Lemma 11. [lem:calibrated-hybrid-variance-bound] (Hybrid variance bound) Let €, the
overlap parameter, satisfy 0 < € < 1/2. There is a constant Cyay > 0, depending only on €, such
that the following holds. Let n,m,d be integers and let P be an observed-data law on [d] x {0,1}2.
Assume:

e (Sample size.) n > 1.

e (Model class.) P € M., as in Definition 6.

e (Calibration.) The finite calibration predicate Cc(n,m) in Algorithm 1 holds.
Let

My = |n/3], np = |(n—Mp)/2], ng = n—Mo—ny, my = |m/2], my = m—my,

and set
u= My/8, tp = (np +my)/8, t:(nf—i-mf)/&

Let L = L(n), B = B(n,m,e€), ko = ko(n,m,e¢), and A, = 7056 be the degree, scale, pilot
threshold, and factorial-moment constant from Algorithm 1. Under the independent Poisson
count law in which, independently over x € [d] and a € {0, 1},

Saz ~ Poi(uqqz), Jag ~ Poi(tpsaz), Koy ~ Poi(tsey),

let
Z = (1{Jos + Jiz < ko}Ps + 1{Jos + J1z > ko} Hy) ,
z€(d]

where P, and H, are the light-cell polynomial and heavy inverse-count cell contributions specified
in Algorithm 1. Then

8dB% 4

min{1,dB} —12
_— — +414 .
€24 * et * "

u

Var(Z) < 4Af { + dBQ} + Cyar (ufl + til) +
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Proof of Lemma 11. Choose Cy,y to be the positive constant supplied, at the present overlap
parameter €, by Lemma 2. Fix n,m,d and P satisfying the hypotheses. Write

pr = P(X = 1), oz = P(X =2, A=a,Y =1), Sqz = P(X =z, A = a),

and let J, = Joz + J1z- The calibration predicate in Algorithm 1 gives

u >0, tp >0, t >0, B >0, L>2, L <tB.
For each x € [d], let Q. be the product law of the outcome and factorial counts

Saw ~ Poi(uqaz),  Kax ~ Poi(tses),  a€{0,1},
with all four variables independent. Define
Ao = P{J; < ko}, O, =P{J, > ko} =1— ),
and, under Q,,
P, =Eq,P,, H,=FEqH, VI =Varg, (P), VE = Varg, (H,).

The probabilities satisfy 0 < A, 60, < 1.

1. Since the pilot counts are independent of the outcome and factorial counts, the selected
cell is a two-branch mixture. For each cell,

Var(1{J, < ko} Py + 1{J, > ko} H,) = A\ V.E 4 0,V + X\.0,(P, — H,)?.

The cells are independent under the product Poisson law, so the variance of the sum is
the sum of the cell variances:

z€[d]

2. Bound the light-branch variance part by splitting the cells at the scale B. Put
Lightg = {z € [d] : p, < B}, Heavyp = {z € [d] : p, > B}.

For z € Lightg, Ay <1 and

The factorial-lift second-moment estimate in Lemma 16, together with (r —s)? < 2r2+42s?
gives

Eq.P? <44l (%4 p2),  welLight.
U
Indeed, for each arm a, the light factorial weight has second moment at most AL, while

(%)

E

Qax 2 Pz 2
w ez =7 TP
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Summing over Lightg and using

Z pr < min{l,dB}, Z pz, < dB?,
x€lLightp z€lLightp

yields

in{1,dB
S VP <44l {mm{’d} + dBQ} .
z€Lightp u

On the complementary cells, Lemma 9 gives

> MEgP? <1320

rEHeavyp

Consequently,

in{1,dB

Y AV <4al {mm{ B} | dBQ} +132n712,
u

z€[d]

. For the heavy-branch variance part, Lemma 2 applied to the all-heavy statistic gives

Var Z H, | <Cuar (uil + til) .
z€[d]

Independence across cells gives

Var| > H, | =) V[,

z€[d] z€[d]

and since 0 < 6, <1,
>0V < Coar (™t +171).
z€[d]

. It remains to bound the branch-selection mean term. On Lightg, the inequality A6, <1
and Lemma 7 give

_ _ _ _ 8dB? 4
§ : 2 § : 2
z€lLightp x€lightpy

On Heavyp, Lemma 10 gives

> Aalo(Pp — Hy)? < 2820712,

rE€Heavy g

Thus
8d B2

€214

L 4
> Meba(Pr — Hy)? < + - + 282 n12.
€

z€[d]
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5. Combining the three displayed bounds in the variance decomposition gives

min{1, dB}
u

8dB? 4 12

— +— 132 4+ 282)n™"~.
+ oA + " +( + n

Since 132 + 282 = 414, this is the asserted bound.

Var(Z) < 4AL { + dBQ} + Cyar (u™ +71)

O]

Lemma 11 combines the light-cell factorial moment bound, the inverse-count variance con-
tribution, and the pilot-routing error into a single variance inequality. Its display is arranged to
match the envelope calculation in Lemma 6 term by term.

Lemma 12. [lem:calibrated-hybrid-mean-bias] (Calibrated hybrid mean bias) Fiz an over-
lap constant 0 < e < 1/2. For every n,m,d € N and every observed-data law P on [d] x {0,1}2,
suppose that:

o (Sample size.) 1 <n.

e (Model class.) P € My, as in Definition 6.

o (Calibration.) The finite calibration predicate Cc(n,m) in Algorithm 1 holds.
Let Mo, n,, ng,my, my be the block sizes from Algorithm 1, and set

MO Tp + myp

n m
w="-2 t,= p= "M

8 7 8
Let L = L(n), B = B(n,m,e¢), and kg = ko(n,m,€) be the degree, light-cell scale, and pilot
threshold from Algorithm 1. For each x € [d], let the hybrid selected cell mean be the expectation

of the cell contribution selected at threshold ko, degree L, scale B, and intensities (u,tp,t) under
the independent Poisson count law in Algorithm 1. Then

2dB _12
ZEP[Zx]_T(P) < 2 T
z€(d]

where T(P) is the average treatment effect functional in Definition 8.

Proof of Lemma 12. For x € [d| and a € {0,1}, write
pr = P{X =z}, Sqz = P{X =2,A = a}, oz = P{X =2,A=0a,Y =1},

and define the totalized outcome regression by the paper’s total real-division convention

Gax
Hax ‘= —,

axr
so that 4 = 0 when s,, = 0, because real division is totalized with /0 = 0. Put

ﬁx = p:p(,ulx - NOx)-
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Then 7(P) =), Vs, Y, Pz =1, and

because p, > 0 and the two binary outcome regressions lie in [0,1]. Write b,, for the binary-
length calibration quantity appearing in C.(n, m). Throughout this proof, log denotes the nat-
ural logarithm; since b, = 1 + [logyn], n > 1 implies logn = (log2)logsn < by, and hence
exp(—12b,) < n~'2. We record the positivity consequences of the finite inequalities defining
Ce(n,m) in Algorithm 1. Since 24 < n, we have n > 0 and n +m > 0, so the denominators in
the block-proportion bounds are positive. Those bounds give

1 tp 1 t

<E7 — < ) —= < )
-n 32 " n+m 32 " n+m

1
32
and hence u > 0, ¢, > 0, and t > 0. The scale inequality 8 < t,B, together with ¢, > 0, then
gives B > 0. The calibration-scale definition in Definition 13 makes L = L(n) a maximum

whose first entry is 2; in particular L > 2. The model condition in Definition 6 places P in the
occupied-cell overlap class, and Assumption 1 gives, whenever p, > 0,

Pz < Sox, €Pr < S1g.

When p, = 0, the identity so, + si» = p, and nonnegativity of the two cell masses imply
Soz = S12 = 0, so the same inequalities remain valid.
For each cell, let J§, and J}, be the two independent pilot arm counts, with

J5, ~ Poi(tpsos), Jy, ~ Poi(tpsiz), Jp = J0, + JL,

Define
7y i= Pr{J; < ko}, N = Pr{J, > ko}.

Thus 0 < mp, e <1 and 0, =1 —m,. Let Q, be the independent product law of four armwise
Poisson counts
Saz ~ Poi(uqqy), Ky ~ Poi(tsa,), a € {0,1},

with all four variables mutually independent. These are ordinary nonnegative Poisson intensities,
because u,t > 0 and the cell masses g, and s, are nonnegative. Define the light and heavy
branch means

and

[Slz Koz + Kiz+1  Sox Koz + K1z + 1]
“ K +1 U Ko, +1

Let M, denote the selected cell mean under the independent Poisson count law described in the
lemma: the pilot pool selects the light branch on {.J, < ko} and the heavy branch on {J, > ko},
while the outcome and factorial pools are integrated under Q.. Thus

51:1:

e Sox S1z Koz + K1z + 1 SOxKOx+le+1>:|
o WiLe = L  "].

7 WO,L,x) + 1{Jz>k0} <u ﬁ B 7 Ko, +1

Independence of the pilot pool from the two evaluation pools gives the exact identity

M, = Ny + 012
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We now derive the first-moment identity from the armwise Poisson factorial moments, using the
factorial-lift definition in Definition 24. For a € {0,1}, set

Sa;v e
Aa,:p = EQx |:u Wa,L,x:| y Az = Al,:v - AO,(L"

Under Q,, the outcome count S, is independent of the factorial-pool counts, and
Eqg,Saz = UGaz-
Write the light polynomial as in Definition 24:
Wa,r(r0,71) Z Cp() plrgorfla
P0:P1

with only finitely many nonzero coefficients. Its factorial lift is

(KOm)po (le)m
tpo+p1 ’

Wa,L,x(Kﬁl‘a Kliﬂ) - Z CEJC(L))ypl
PO,P1

where (k), is the falling factorial. If K ~ Poi(ts) with s > 0, then, for every p > 0,

0, (ts)f SNy (ts)) )
:Z(g_p)le (£|> :(ts) Ze (') :(ts) .

l=p j=0 J

Since t > 0 and the two factorial-pool counts are independent Poisson variables with means tsg,

and ts1,, this gives

(KOa:)po(le)p — PO P
z tPo+p1 0x°1x*

Eq

Termwise summation over the finite coefficient expansion yields the first-moment identity

EQZW(I,L,:L‘ = Wa,L(SOm; Slx)v
and therefore
Aa,a: = Gax Wa,L(SO:ta 511)-

Using sop + S1z = pz and

S
Wa,r(50z, S12) = % L(%) ,

e 050 () s ()

Consider first a light cell, p, < B. If p, =0, then soz = $12 = oz = g1z = 0,80 Ay =9, =0
and the light-branch bias bound is immediate. It remains in this paragraph to handle the case
pz > 0. For a € {0,1}, set

we obtain

S
== Equz = EL(Zaa:)-

The overlap inequalities give squ; > ep, > 0 for a = 0,1, s0 z4, > 0; the light-cell condition
pr < B, together with s,; < p, and B > 0, gives z,; < 1. Hence z,,; € (0,1]. The factorial-
moment calculation above has already identified the light-pool first moment. Since L > 2 and
Zaz € (0,1], the interval part of Lemma 16 applies and gives

1
ZaxGL(Zax) + Eqr = 1, 0 < Eog, Eoz < LTZMU‘
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Since oz = SazMaz, the displayed formula for A, becomes, in the case p, > 0,

ACE = px#lx(l - Elx) - poOx(l - EOx)a

and therefore

B n pzB <§_
L2?sy, L2sy, — elL?

|Aa: - ﬁx’ < Pz Ere + prprozEor <

Together with the already settled case p, = 0, this proves the light-branch bound for every light
cell.
For the heavy branch, decompose the branch mean armwise by setting

Sa:c Kl—a:c
Ty =E 1+ —" €{0,1
a,x QI|: u ( + Kaz +1 ; a { ) }7

so that I'y =T'1 ; — I'g . By independence of S,, from the factorial-pool counts and Eq, Sqr =

UQ(wv

Ki_4z ]
Tow = quz E|1+ ——%L |
a,x Qax |: Ka;c"’l

Substituting the cell quantities p, = Soz + Sizs Sazs Gazs aNd far = Gaz/Saz 0 Lemma 8, and
using the total real-division simplification u/u = 1 that follows from u > 0, gives

Ki_
Jax E |:1 + I(ag;:"ml:| = Pzlazx — (px - Sax)ﬂax eXp(_tsaz)a

whose left side is I'; ;. The totalized zero-arm cases are covered as follows: if s, = 0, then
0 < Gaz < Sqz gives Gz = 0, so g = 0, while gy = Guz/Saz = 0 and the right side is also
zero. If sqp > 0, the quotient is the ordinary outcome regression and the same identity applies
directly. Thus, for each arm,

‘Fa,m - pmuam‘ = (pz - Sam)ﬂam eXp(_tsax)-

If p, = 0, this expression is zero. If p, > 0, occupied-cell overlap gives s, > €p,; together with
0 <pz— Saz < pr and 0 < pgr < 1, this yields

Tac — Pattaz| < prexp(—etpy).
Summing the two armwise errors gives
Ty — V| < 2py exp(—etps).

We next derive the pilot-selection estimate used on light cells. Since the two pilot arm counts
are independent Poisson variables with means ¢,s0, and t,s1;, their sum satisfies

Jo = J5, 4 I, ~ Poi(ty(soz + s12)) = Poi(tppa).

Let
AL = t,p,.
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For any aya; > 0, the exponential Markov bound applied to (1 4+ ayai)”* gives

E(l + O‘ta\»il)JaC
Pr{J, > k — QAL < —— 2
I'{ T O}GXp( Olgail x) ~ (1 +Oltai])k0

= (1 + atail)_ko )

exp(—aailAy)

because the Poisson probability generating function gives E(1 + auail)”* = exp(atanAh). Taking
Qail = €t/t,, which is positive since the calibration predicate gives t, > 0 and t > 0, yields

AN
Nz exp(—etpy) < (1 + 6t) .
P

By € < € from Definition 13 and ¢/t, > 0,

ko kO
t t
1+ €é— <(14+e— .
tp tp

The calibration inequality in Algorithm 1 gives

£\ ko
n'? < <1 + €> ,
tp

and hence, with positive denominators,

t\ o
(1 + e> <n 12
tp

Combining these estimates with the mixture identity yields, for p, < B,
2B _
Now consider a heavy cell, B < p,. Put
AL = t,p,.

We derive the light-pilot lower-tail estimate directly. By the definition above, J, = JJ, + Ji,,
and independence of the two pilot arm counts gives

Jz ~ Poi(ty(soq + s12)) = Poi(AR).

Moreover, Algorithm 1 defines the pilot threshold by

t,B
Because t,B/4 > 0, the defining floor inequality, after casting the natural-valued threshold kg

to the reals, gives kg < t,B/4. The heavy-cell inequality B < p,, multiplied by the positive
number t,/4, gives t,B/4 < tppy/4 = \p/4. Thus

t,B A}
— < .
4 4

ko <
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With 6 = log?2, apply exponential Markov directly to e=%/=. Since the event J, < kg is the
same as e 9/ > e7%0_ with the natural number kg cast to a real in the exponential, the floor
inequality above gives

e = Pr{J, < ko}

< exp(GkO + AP — 1))

6 1 AL
_ Z_2)y) < _Ar
o (1-2) ) <o),

since e = 1/2 and # < 1. The tail-calibration inequalities in Algorithm 1 include

t,B
15L + 12b, < ”T,

SO
t,B A}
12b, < 15L + 12b,, < 2= < =F.
4 4
Consequently

e < exp(—12b,) < n~'2,

where the last comparison is the binary-length consequence recorded at the start of the proof.
We next prove the auxiliary estimate for the wrong-light contribution on the same heavy
cell:
To|Ag| < pen™12.
Put
_P
=5
so Y > 1. First we bound the absolute light-branch mean. The first-moment identity gives

_ . Dz Siz\ Pz S0z
Am-leBGL<B> QOxBGL(B>-

Yz *

For each arm, 0 < 54, < p; and 0 < oz < pg. If
L-2
Gr(z) = ngzp,
p=0

then the degree bound in Lemma 5 justifies the displayed finite expansion with no terms beyond
degree L — 2, while Lemma 16 gives 2[|G|ly < 14*. Since 0 < s4,/B < y, and y, > 1, each
displayed exponent satisfies

S P
() <y < @+m)y < Q+u)h

Multiplying this monomial bound by |g,| and summing over the displayed finite support gives
s = Saz\P
G (%) <D 1ol (%) < NG+ )™
p=0
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Also 3, < (1 +y.)¥, because L > 2 and g, > 0. Therefore
Al < 2p2ya|GLl (1 + ya)® < pao 145 (1 + y2)*".

This coefficient-envelope argument uses the exact first-moment identity above, together with
the degree and coefficient bounds for G, and yields the displayed bound without invoking any
second-moment estimate. The lower-tail calculation above, kept in exponential form, gives

t
Ty < exp(—pi%) .

The explicit scale definition in Definition 13 gives

H.L
min(t,,t)

Since t, > 0 and ¢ > 0, their minimum is positive and the scale identity gives H.L = B min(t,,t).
As min(ty,t) < t, and B > 0, multiplication preserves the inequality, so H.L < t,B. Thus, with

Pz = Byq,
t H.L
exp <—p4pm> < exp<—€4yx> .

The environment Definition 13 gives A, = 7056, ¢® = 1/256, and

H, 24
— > 15+ —.
4 c®

Elementary arithmetic applied to the displayed value of A, gives 14 < A, < e'3. Using these
consequences, Y, > 1, and log(1 + vy, ) < y,, we obtain

Llog A, + 2Llog(1 + y,) —

H.L 24 241,
> 92 < 13Ly, + 2Ly, — (15 n ) Ly, = ——2.
C C

Exponentiating gives the calibrated absorption bound
H.L 24L
AL 4 ) exp <—€4 yx) < exp(— ny> )
c

Combining the envelope for A, the pilot-tail display, and 147 < AL,

24L
7Tx|A:L‘| < pe eXp<_ CO?/x) .

Finally, the degree lower bound ¢°b,/2 < L in C.(n,m), listed in Algorithm 1, together with
Yz > 1, implies
24 Ly,

12b, < —
C

The binary-length consequence recorded at the start of the proof gives

24L
xp(— coyx> < exp(—12b,) < n 12
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Combining the last two displays proves
| M| < pen 2.
The intrinsic heavy-branch exponential is also absorbed on a heavy cell:
exp(—etp,) < n” 1%
Indeed, B < p;, € < ¢, and the tail-calibration inequality in Algorithm 1,
12b, < & B,
give 12b,, < etp,, and hence, by the binary-length consequence recorded at the start of the proof,
exp(—etpy) < exp(—12b,) < n~ 2.
Therefore
Ne|Te — V| < 2ppn™ "2,
Together with 7,[9,| < pzn~'2, the decomposition
My — 0y = Ty — 70 + 102 (Te — )

gives, for B < p,,
| M, — V5] < Apyn~ 2.

The alternatives p, < B and B < p, are disjoint and exhaustive, so they partition [d].
Summing the two cellwise bounds over these two regimes,

> My —7(P)| =Y (M, —9,)

zeld] z€(d]

> 1M, =9,
z€[d]

2B _ -
< 3 (o) 3 apat

IN

r:pe<B z: B<pg
< L2 +4n Z Pz
z€[d]
2dB _19 _ 2dB 12
=12 + 4n < 61_124—671 .
This is the claimed bound. O

Lemma 12 gives the matching aggregate bias control for the selected cell means. The bound
contains the light-cell Chebyshev approximation term and a polynomially small pilot-boundary
residual, which together form the squared bias term in Lemma 6.

Lemma 6 is the bookkeeping step that turns the local hybrid analysis into the global rate
scale. Its left-hand side collects the light-cell factorial moment contribution, the heavy-cell
inverse-count contribution, the Chebyshev approximation residual, the pilot-boundary term, and
the finite prefix terms, while the right-hand side matches the two summands in Definition 12.

The calibrated hybrid statistic combines the light-cell polynomial with the all-heavy inverse-
count weight. The construction below is the Poissonized counterpart of the finite-sample mixed
estimator introduced in Algorithm 1.
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Definition 25. [synth_9] (Calibrated Poisson hybrid statistic) Use the split sizes, intensities,
constants, dyadic overlap certificate, and calibration predicate Cc(n,m) from Algorithm 1. In
the independent Poisson experiment with outcome-prefiz length Do ~ Poi(u), pilot-prefix length
D, ~ Poi(t,), and factorial-prefiz length Dy ~ Poi(t), define Z™* as follows. If Cc(n,m) is
false, set

Zmix.— (),

If Cc(n,m) is true, return zero on the event that any Poisson prefic exceeds its corresponding
pool. On the complementary valid-prefix event, let J,, be the pilot count in cell x, let Ky, be the
factorial-pool count in arm a and cell x, and let Sq; be the outcome-block success count in arm

a and cell x. With

1—-Tr(1—22) By(z) = Go(z) = 1—-FEL(2)

Hile) === . T

under polynomial continuation at zero, erpand

Wa,L(s(]asl) %0 +Sl GL Sa/B Z Ca,rg r1300 Tl-
70,71
For falling factorials (k),, put
KO:I: ro(Kla})r 1 H KOx+Kla:+1
aLx_anrorltTo—-ﬂl’ WaﬂC:W?
0,71
and define the cell contribution
Sz Soz Stz S0z
Zy = 1{J, < ko} ( "W L — OWOM) +1{J, > ko} ( LA OWM) .

The calibrated Poisson hybrid statistic is the clipped aggregate

d
Zmix . — clip_y 1] <2 Zm)

=1

on the valid-prefix event, together with the preceding zero values on invalid prefixes or failed
calibration.

The pilot threshold in Definition 25 chooses between two weight regimes at the cell level.
Cells with small pilot counts use the bounded-degree Chebyshev lift, while cells with larger pilot
counts use the inverse-count weight from Lemma 2; clipping keeps the aggregate on the natural
scale of the treatment effect.

Lemma 13. [lem:poisson-hybrid-risk]| (Hybrid Poisson risk) Fiz an overlap constant € with
0 <e<1/2. There is a constant C¢ € (0,00), depending only on €, such that the following holds
for every n,m,d and every observed-data law P:

e (Sample size.) n > 1.
o (Alphabet size.) d > 2.

e (Model class.) P € My, as in Definition 6.

60



Let My = [n/3], np = [(n — Mo)/2], ng =n — My —ny, mp = |m/2|, and my =m —myp, and
set
My nyp + my ny 4+ my
TR g 8
In the independent Poisson count experiment with these intensities, let Z™X be the calibrated
hybrid statistic when the finite calibration predicate Cc(n,m) holds and the constant 0 otherwise.

Then its mean-squared error satisfies
Ep| (2" = 7(P))’| < Cere(n,m d),

where r¢(n,m,d) is the frontier rate in Definition 12, equivalently

1 d?
€ 9 7d — i 1, - .
re(n,m,d) mm{ " + (ntm)? 10g2(en)}

Proof of Lemma 13. Fix € € (0,1/2). Throughout, let Mo, np,n¢, my, m¢,u,tp,t, L, B, ko be the
block sizes, Poisson intensities, degree, scale, and pilot threshold from Algorithm 1. Write
q 1 N d?
ra =— ,
s (n +m)2log?(en)

so that r¢(n, m,d) = min{1,rad,, , 4} by Definition 12.

1. First record the uniform bounded-loss estimate. For P € Mg, the functional 7(P) lies
in [—1, 1], since it is a cell-mass average of differences of binary outcome regressions. On the
calibrated branch, the hybrid statistic is clipped to [—1, 1], so its squared distance from 7(P)
is at most 4 pointwise. On the uncalibrated branch, the risk term is the deterministic quantity
7(P)?, which is at most 1 and hence at most 4. Therefore, for all n,m,d,

Ep[(Z2™* — 1(P))?] < 4.

2. We next record the calibrated variance envelope used when Cc(n,m) holds. For each
x € [d], let Suz, Jaz, and K, be the independent outcome-block, pilot-pool, and factorial-pool
Poisson counts from Algorithm 1, and put J, = Joz + Jiz. Let P, and H, be the light-
cell polynomial and heavy inverse-count cell contributions from Algorithm 1, and define the
unclipped selected hybrid sum

7 =

T

d
(1{Js < ko} Py + 1{J, > ko} H,,) .
=1

By Lemma 11, there is a constant C\,, > 0, depending only on €, such that, whenever n > 1,
P e Mg, and Cc(n,m) holds,

8dB% 4

min{1,dB} —12
_— a7 + pr +414n" .

u

Varp(Z) < 4AF { + dBQ} + Cyar (u™h+t71) +

3. Still under C.(n, m), projection onto [—1, 1] cannot increase squared distance from 7(P) €
[—1,1]. Hence

Ep[(Z2™ — 7(P))2] <Ep [(Z - T(P))Q} = Varp(Z) + (EpZ — 7(P))’.
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For the same hybrid branches, Lemma 12 gives

Consequently,
mix 2 ~ 2dB —12 2

4. Apply Lemma 6 with Cy = Cy,,. That result gives a constant depending on € and Clar;
since Step 2 chose Cy,; depending only on €, we may write this constant as C,ps > 0, depending
only on €. Under C.(n,m),

2

in{1,dB dB
4A7 {mm{u’ by dBQ} o (™ 471

4 2dB 2
S+ A n~ 1?4 ( - 6n—12)

eL?
< C'abs I'adn,m,d .

Set
Ccal = max{4, Cabs}~

If 1 < rady, 4, then 7c(n,m,d) =1, and Step 1 gives
]Ep[(ZmiX - T(P))Q] <4 < Ceare(n,m,d).

If rady, ;m,q < 1, then rc(n,m,d) = rad, ;4. Steps 2 and 3, followed by the absorption display,
give _

Ep [(Zmlx - T(P))Z] < Chabs radn,m,d < Ceal rg(n, m, d)
Thus the desired bound holds on the calibrated branch with constant C,;.

5. It remains to cover the finite set of uncalibrated sample sizes. The uniform calibration-
failure bound gives an integer nz > 1, depending only on €, such that

-Cc(n,m) = n<nl for all n,m.

Now set
C. = max{Cley, 4n1}

If Cc(n,m) holds, Step 4 gives the result because Ceo < Ce. If Co(n,m) fails, then n < ni, SO
n < nl. Since n > 1, the frontier rate is positive and dominates n~': the second entry in the
minimum is

1 d? 21

n (n +m)2log?(en) — n’

and 1/n <1, so .
- < re(n,m,d).
Multiplying by the positive number n gives 1 < nre(n,m,d). Since n < nl and rc(n,m,d) > 0,
1 <nrdn,m,d) < nlr.(n,m,d).
Combining this with Step 1 gives
Ep[(Z™* — 7(P))?] <4< Anlre(n,m,d) < Cere(n,m,d).

This proves the asserted bound for every n,m,d and every P € M. O
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Lemma 13 establishes the Poisson risk bound at exactly the split sizes and intensities used
by the finite estimator. The bound has the same two components as the rate in Definition 12:
labeled outcomes contribute the 1/n term, and treatment—covariate information contributes the
alphabet-dependent term through the pilot and factorial pools.

Uniform finite-calibration input. The uncalibrated branch uses the formally checked helper
calibrationPredicate_failure_bounded: for fixed 0 < € < 1/2, there is ni > 1 such that

-Cc(n,m) = mn<n! for every m.

This is the contrapositive of eventual validity of all finitely many calibration inequalities, uni-
formly over the auxiliary sample size. It reduces calibration failure to finitely many labeled sizes,
where clipping gives risk at most 4 and r.(n,m,d) > 1/n, so 4 < 4nir€(n, m,d).

It remains to connect the independent Poisson count analysis to the fixed sample sizes in the
annotation experiment. The next definition packages the three independent Poisson pools used
in that transfer.

Definition 26. [synth_6] (Three-pool Poisson count law) Fiz an observed-data law P, inten-
sities u, tp,t > 0, and write

oz = P(X =2,A=a,Y =1), Sqz = P(X = 2,A =a).
The law IP’E?&S’tp’t 1s the joint distribution of independent count triples

(Sax, Jaz, Ka;t)ae{o,l},we[d]a
where
Saz ~ Poi(ugqz), Jaz ~ Poi(tpsaz), Ky ~ Poi(tsas).

Here Sy, is the outcome-success count from the outcome pool, Ju, is the pilot count, and Ky, is
the factorial-pool treatment-covariate count. The product law makes all these counts independent
across cells, arms, and pools.

The three-pool law in Definition 26 mirrors the deterministic sample split in Algorithm 1.
Each pool has its own intensity, so the Poisson calculation can track outcome information, pilot
classification, and polynomial weight estimation separately.

Lemma 14. [lem:fixed-sample-hybrid-transfer| (Fixed-sample hybrid transfer) There is
a universal constant C > 0 such that the following holds. Let

o (Overlap level.) The overlap level € satisfies 0 < e < 1/2.
e (Sample sizes and alphabet.) n >1, m >0, and d > 2.
e (Model class.) P € Mg, with Mg as in Definition 6.

For the mized estimator Thom.d

annotation sample and

in Algorithm 1, the estimator is measurable as a function of the

~mix 2 i C
Epongpgy |{Fima = 7(P)}] < 2REE(Pin,m, o)+ —.
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Here 7(P) is the average treatment effect functional in Definition 8. Writing My = |n/3],
np = [(n— Mo)/2|, ny = n— My —mny, my = [m/2], my = m —my, My = ny + my,
My =mns+myg, u= My/8, t, = M,/8, and t = My /8, the Poisson hybrid risk is

mix 2 ois
o [ Azmi) - (P)Y B, (5), Colnm),
Ry (P5n,m,€) =
7(P)?,

where Z™X s the calibrated hybrid statistic of Definition 25.

otherwise,

Proof of Lemma 14. Take C =384. Fix 0 <e<1/2,n>1,m>0,d>2,and P € Mg.. The
estimator is measurable because it is either the constant zero map or, on the calibrated branch
of Algorithm 1, a finite linear combination of measurable prefix-count statistics. It remains to
prove the displayed risk bound.

1. Suppose first that Cc(n, m) holds. Put

My = [n/3], My, = ny + my, My =mnyg+my,

and

Let P3 be the three-pool product law whose complete-record coordinate has law P on [d] x
{0,1} x {0,1}, while the two shared coordinates have law Px 4 on [d] x {0,1}. Let A = (u, tp,t)
and let the capacity vector be M = (Mo, M,, My). For a three-prefix array

5= (5075p75f)a

define .
U (8) = Ze o (hist(so), hist(sp), hist(sf)),

n,m,e,u,t

where the first histogram records complete outcome-labeled observations and the last two record
treatment-covariate observations. This prefix statistic is measurable and satisfies

—1 < W, mac(s) <1 forevery s, -1<7(P) <1,

the first bound coming from clipping in Algorithm 1 and the second from Definition 8 together
with occupied-cell overlap in Definition 6.
2. For fixed pools

P = (Po, pp,py) € ([d] x {0,132)™ 5 ([d] x {0,1})™" x ([d] x {0,1})™",

define the Rao—Blackwellized prefix statistic by

RB(p) = Z Pr{Poi(u) = ro} Pr{Poi(t,) = r,} Pr{Poi(t) = r} ¥°(p; 70,7, 1),

70,Tp,T >0
where

Um,die (Po[Lirol, pp[Lirpl py[Lirs]), 1o < Mo, 1y < My, 15 < My,
0, otherwise.

UC(p;ro,1p, 1y) = {
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Under C.(n,m), expanding the finite sums in Algorithm 1 gives the pointwise identity

T (L, Un) = RB(B(Lon, Unn)),

where PB(L,,,U,,) is the deterministic three-pool split formed from the first My complete labeled
records, the next n, labeled records projected to (X, A) together with the first m, auxiliary
records, and the remaining n ¢ projected labeled records together with the remaining m ; auxiliary
records. By Definition 9, this split has law equal to the fixed-pool law with coordinate law Pj3
and capacities M. Hence

B[ {72550~ 7(P))] = [ {RBG) - 7(P)} i),

3. The finite-pool-to-Poisson comparison used here is the following. For any prefix statistic
with values in an interval [a, b], any target and overflow value in [a, b], and independent Poisson
requested lengths with means A,

/{RB(p) — 02 dPgy (p) < /{\If(s) — 0} dPpois(s) + (b—a)®> > Pr{Poi(\,) > M,}.

L{0,p,f}
Indeed, RB is the conditional expectation of the capped randomized-prefix statistic given the
fixed pools, so Jensen’s inequality bounds its squared risk by the capped randomized-prefix risk.
Off the overflow event the capped and uncapped prefixes agree; on overflow both the capped
value and the target lie in [a, b], so the extra squared loss is bounded by (b—a)? times the overflow
probability. Applying this with a = —1, b = 1, § = 7(P), overflow value 0, and ¥ = U,, ,, 4,
gives

/ [RB(p) — 7(P))” dPan(p) < / (D mae(s) — 7(P)Y dPpois(s) + 4[mo + mp + 7],
where

7o = Pr{Poi(u) > My}, mp = Pr{Poi(t,) > M}, ny = Pr{Poi(t) > M;y}.

Pois

The image of the independent Poisson-prefix law under the three histograms is exactly P Poutp,t?

and therefore
/{\Ijn,m,d»ﬁ(s) - T(P)}2 d]P)Pois(5) = RE}?};S(P, n,m, 6)

on the calibrated branch.
4. It remains to bound the three overflow probabilities. The calibration predicate gives
24 < n. From the definitions of the integer blocks,

n < 4My, n < 4M,, n < 4My,

and all three capacities are positive. For any positive integer M, satisfying n < 4M,,

s 2

Pr{Poi(M,/8) > My} <

. n

To prove the first inequality, let Xo ~ Poi(M,/8). The overflow event is contained in the
self-normalized Bernstein event at parameter M, /4, because

/2 M, M, M,
8 4 4
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and X, > M, implies
M. 7M. M. M.

—_— > > . .
8 8 4 4
The Poisson Bernstein bound for this larger event gives

Xeo —

1 4 8

Pr{Poi(M,/8) > M} < exp(—M,/4) = exp(M. /1) < A < A

where 1+ M, /4 < exp(M,/4) gives the penultimate inequality. Consequently

96
7To+7rp+7rf§;,

and the preceding display yields

: 384
[{ mlxd —7(P }2} < RE}%S(P; n,m,e€) + -

Since RE;{DS(P; n,m,€) > 0, this is at most

384
2Ry (Pin,m,€) + -

5. If Cc(n,m) fails, then Algorithm 1 sets Tmlx m.a = U, while the definition of the hybrid
Poisson risk gives '
RE}‘,’{)S(P;n, m,e) = T(P)Q.

Because the annotation law is a probability measure,

~ 384 ~ 384
E[{7mx g = m(P)}’] = 7(P)? < 27(P)? + == = 2 REaE(Pin,m, ) + =
n

using n > 1. The two cases prove the asserted bound with the universal constant C' = 384. [J

Lemma 14 converts the Poisson risk calculation into the fixed-n, m annotation experiment
of Definition 9. The additional C'/n term is on the labeled-outcome scale already present in the
rate, so combining Lemmas 13 and 14 yields the finite-sample upper-bound ingredient used in
Theorem 2.

The final calibration statements make the Chebyshev constants explicit. The first controls
the coefficient norm of the shifted quotient, and the second records the numerical bounds used
in the finite calibration predicate of Algorithm 1.

Lemma 15. [lem:shifted-chebyshev-quotient-coefficient-bound] (Shifted quotient coef-
ficient bound) Let L be a positive integer, and let G, be the polynomial continuation at zero of
(1= EL(2))/z from Algorithm 1. For a real polynomial p(z) = >, a;z", write

ol =) lasl

i

or its coefficient (*-norm. Then
J
IGLll < 6".
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Proof of Lemma 15. Let L > 1. We use the notation for Hy, Fr, G from Algorithm 1. The
phrase “polynomial continuation at zero” is used through the quotient identities

2Er(z) = Hr(2), 2Gr(z) =1—- EL(2),

with equality in R[z]; the cancellations below use only that multiplication by the nonzero inde-
terminate z is injective on R][z].

1. Define, for every a € N,

Or,a = (1) Z <L+a+2>
o — 5

L(L+a+2)\ 2a+4

and put

éL(z): Z 01,02

0<a<L-1

We first derive the shifted-Chebyshev coefficient expansion used below. Write Q,(z) =
T,(1 — 2z). The initial polynomials and the defining Chebyshev recurrence give

Qo(z) =1,  Qu)=1-2z  Qusl2) =21 —22)Qrs1(2) — Qu ().

1, v =0,
8., =4 (=1) j; (FV)av, 1<v<r,
' r+v
0, v<Qorr<uv.

Comparing coefficients in the displayed recurrence reduces the induction to

Br-l—Q,u = 2Br+1,u - 4Br+1,y—1 - Br,u-

T r+v
A, = .
" 1"—1—1/(21/)

Set A, :=1. For v > 1, the factorial form is

For 1 < v < r, write

A = r(r+v— 1)!,
’ 2v)!(r —v)!
After cancelling the common factor (—1)”4", the coefficient recurrence is
Arjo, =2Ar 10+ Ari10-1 — Ay
For 1 < v < r, multiply this equality by (2v)!(r +2 —v)!/(r + v — 1)!. It becomes

(r+2)(r+v+1)(r+v)
=2(r+1)(r+v)(r+2—v)+(r+1)2v)2r-1)
—r(r+2—-v)(r+1-v),
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and expanding both sides proves it. At v = 0, the term ,41,_1 is zero by the outside-range
convention, and the identity becomes 1 =2-1—-0—1. At v =r+ 1 and v = r + 2, the
same zero convention leaves, respectively,

r+1
(172 =2 () a1 ),

r—+2 r—+1
(_1)7"4-247 R ((_1)7“4-142> ’

so the recurrence holds there as well. Since the formula agrees with Qg, @1, induction
proves, for every real z,

Tp(1-22)=1+ Y (-1 L <L+”)4VZV.

2L L+v\ 2u

The v = 1 term is —2L%z. For the remaining terms write v = o + 2. Then

(—1)7+? L <L+a+2

L+a+2 200 + 4 >4°‘+2z°‘+2 N 2L29L7a2a+27

so, with Qr(z) = Tr(1 — 2z2),
QL(z) =1—2L%2 + 2L?22G ().
Using these quotient identities, since Q1 (0) = 1, the polynomial

Hi(z) = o) —2%;(@

has zero constant term. Moreover @ (0) = —277 (1) = —2L? so H}(0) = 1, and hence
the quotient identity for Ey, gives Er(0) = 1. Thus 1 — E has zero constant term, as
required for the quotient identity defining Gy. Using the displayed formula for @y,

Hy(z) = 1_2%(2) e 2Gp(2) = 2(1— 2Cu(2).

Thus B
2Ep(2) = 2(1 — 2G(2)).

Because multiplication by the nonzero indeterminate z is cancellative in R|z],
Er(z) =1 — 2GL(2).

Consequently N
2Gr(z) =1— Er(z2) = 2GL(2),

and the same cancellation gives

Gr(z) = Gr(2)

as polynomials.
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2. Since

Gr(z) = Z 0r.02%,

0<a<L-1

every coefficient of G 1, outside the range 0 < oo < L — 1 is zero. Hence

IGLIr =Gl = > (4G < > 0ral-

QEQHHKGL) 0<a<L-1

3. The last sum is the positive coefficient sum at 1:

> Jal= > 10nal1%

0<a<L—-1 0<a<L—-1

The coefficient formula also gives

92043 (L +a+ 2>

Oral=————
92,0 LL+a+2)\ 20+4
because L > 0 and all factors except (—1)® are nonnegative.

4. Tt remains to bound this positive coefficient sum. Write

o= Y |0ral

0<a<L-1

This is the positive coefficient sum at the argument 1. The sign identity (—1)“01 o = |01.4]
gives

Of = Y Opa(-1)*=Gr(-1).

0<a<L-1

Substituting z = —1 in the identity
Qr(z) =1—2L% + 222G (2)
and using Qr(—1) = T1(3) gives
TL(3) =1+ 2L* +2L*O7].

Since @z >0and L >1,

Of <21?°0} <1+2L*+2L°0] =Ty(3).
It remains to bound T7,(3). Put a, = 7,(3). The Chebyshev recurrence gives

ap =1, ap =3, ayt2 = 6ay,41 — ay.
Let Ay =3 ++8and A\_ =3 —+/8. Since Ay + A\_ =6 and A A_ = 1, both roots satisfy
z? = 6z — 1. Consequently

NN

b, :
2
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satisfies b, 19 = 6b,+1 — by, while

A A
b():l:a(), blz%::g:al.

Induction in the common recurrence gives a, = b, so

L _ BFVE+(B-VE)"
v — 2 I

induction now gives a,, < 6”: the cases v = 0, 1 are immediate, and if the bound holds for
v and v + 1, then

and in particular a, > 0, because 2 < /8 < 3 makes both A\, and A_ positive. A two-step

ayso = 6ay41 — ay < 6a,4q < 6-6"T =62,

Thus 71,(3) = ar, < 6%, and therefore

> 1ol =07 <6".

0<a<L-1
5. Combining the preceding inequalities yields

[GLll < Z 01,0 <6,

0<a<L-1

which proves the claim.

O]

Lemma 15 gives a direct coefficient bound for the quotient polynomial G. This estimate is
the coefficient-growth input behind the explicit factorial second-moment calibration.

Lemma 16. [lem:explicit-chebyshev-calibration| (Explicit Chebyshev calibration) Let
T be the Chebyshev polynomial of degree j, set Q;(z) = T;(1—2z), and let ||-||1 denote coefficient
0t -norm. For every integer L > 2, the polynomial continuations Er, and G, satisfy the following
calibration.

e (Coefficient bounds.)

1Qcllh <75, 2G| < 145

e (Factorial-lift second moment.) For every a € {0,1}, everyt > 0, B > 0, and every
s0,51 > 0 with L <tB, set p = so+ s1. If K}, ~ Poi(tsy) independently and W, 1, denotes
the factorial lift of the light-cell polynomial based on Gp, then

— 2L
EW2, < 7056" (1 n %) ,

and, whenever p < B, .
EWZ, < 7056".
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e (Interval identities.) For every z € [0,1],
0 < EL(2), Er(z) <1, 2Gr(z)+ Er(z) = 1.
Moreover, for every z € (0,1],
Ep(z) < %
Proof of Lemma 16. Fix L > 2,so0 L > 0.
1. Write

L
Qu(z) =1+ au;?’,  qu;=121QL.
j=1

The shifted Chebyshev expansion used for Qr(z) = T(1 — 2z) gives

L
1QLlh =14 la sl = TL(3).

j=1
The standard growth bound for Chebyshev polynomials at 3 gives T (3) < 6%, and hence
IQrlh < 6" < 7",
For the quotient polynomial, Lemma 15 gives
IGelh < 6.

Since L > 2,
2|Grll <268 < 2k7h = 148,

This proves the two coefficient bounds.

2. Fixa €{0,1},t >0, B> 0, and sg,s1 > 0, and assume L < tB. Put

9 =18, p = sp+ s1, nzl—i—%.

Then 2 > 0, Z(sp/B) = tsp, for b=0,1, and n > 1. Let
I, = {] eN: [Zj]GL #* 0}

To identify this index set, write

L

Qu(z) =1+qriz+ Y a,?"s  qui=—2L"
r=2

The definitions of Hy, and Ep, give the scaled identity

zEp(2) = 1= Qi) _Q%Q(z)
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Using the displayed value of ¢r, 1, this identity gives

L
Er(z)=1- Z g%; P
r=2

and the quotient definition of G, gives

_ 1—Ep(z)

Lyr _r—2

(]~
N[
N

N

Gr(z)

%
||
N

Thus
I, CH{0,...,L -2},

with the assertion empty if the displayed sum has no nonzero terms, and every j € 4,

satisfies j + 1 < L. For K = (Ko, K1), with K, = K; when a = 1 and K, = Ky when

a = 0, define

(Ka)j+1 Klfa(Ka)j
Qi+l gttt

If .77, is empty, the following sum is zero. With K} ~ Poi(ts,) independently, the identities

P (sp/B) = tsp give the factorial lift as

X;(K)= j €L

War =Y [#]GL X;(K).

JESLT,

For the moment bound, first use the one-dimensional Poisson falling-factorial estimate: if
N, ~ Poi(Zz), 2 >0, and r,v < L, then

]E(mz)r(mz)’u B min(r,’u) r v h' (@z)T“FU—]’L
grtv = \h)\h) T gt

For 0 < h < min(r,v), the corresponding summand satisfies

r+v—h h h
r v | (@Z) + < (7"1}) r4v < Lf r+v
<h> (h) Mg S g1+ 27 = (27

because rv/2 < L, which follows from r,v < L and L < 2, and because Lrtv—h <
(14 2)"*v. Therefore

L
(mz)T(mz)v Lh r+v r+v
EW Shg ﬁ(l"‘Z) + S?)L(]."‘Z) + s
=0

where the last inequality is the elementary finite-series bound Zﬁ:o Lh/h < 3L,

This estimate gives the same-arm square bound. For every 0 < r < L, integrating out the
unused arm in the product law and applying the preceding estimate with z = s,/B and

orders (r,7) gives
(Ka)r 2 L Sa\ 2"
Arar ) o 2a
E< o) <8t (142

72



Since 1 4+ s,/B <n,n>1,and 2r < 2L,
(Ka)r\* _ oz 21

In particular, for j € 41, using j +1 < L,

(K(l)j"!‘l ? L, 2L

The cross-arm square bound follows by the product structure. For j € .7, independence
and (Klfa)l = Klfa give

E Kl—a(Ka)j ? -E (Ka)j 2E (Klfa)l 2
i+l N i 2 '
Applying the one-dimensional estimate to arm a with orders (j,7) and to arm 1 — a with
orders (1, 1) yields

E <Klgj(§a)j>2 <3l (1 n %)W 3L (1 n 81];)2.

Now 1+ s,/B<n,14+s1-4/B<n,n>1,and 2j +2 < 2L. Hence

Sa 2j S1—a 2 2742 2L
1 ) (1 ) < n4 < n,

and therefore )
g (Kialho)' < gupn
Since (£ 4 v)? < 2¢2 + 202,
EXj(K)2 <9. 3Ln2L +2. 9Ln2L < 36Ln2L _ (GLnL)%
The finite-sum L? inequality

2 2

E E i Xj| < E lc;] | max IEXJ2
jesz
jeﬂL jGKﬁL

therefore yields

= 2 2

EW;, < [IGLlT(6%n")" < (6%)%(6"n")" = 1296"°".
Because 1296 < 7056,
) I P 2L
EWZ, <7056" (1+ E) .
If p < B, then n < 2, and hence
EW?, < 1296-22L = 5184% < 7056L.

This proves both second-moment assertions.
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3. Let z € [0,1]. The scaled identity for the continuation is

2BL(2) = (L)1 - Qu(a)) = k)

At z = 0, the derivative identity 77 (1) = L? gives E;(0) = 1. For z > 0, put
0 = arccos(1 — 2z).

Then Q. (z) = cos(L#), so |Qr(z)] < 1. Hence 1 —Qr(z) > 0, and the scaled identity gives
Er(z) > 0. Also

1-Qpr(z) =1—cos(L) < L*(1 — cos ) = 2Lz,

so zE(z) < z, whence Er(z) < 1. Finally, |Qr(2)| < 1 gives 1 — Qr(z) < 2, and the
normalization by 2L? in the scaled identity gives

1-Qr(2) 1
E = < =
z L(Z> 2],2 - L2
and division by z > 0 gives
1
EL(Z) S L722

The quotient definition gives the polynomial identity
2Gr(z) + Er(z) =1
for every real z, and therefore on [0, 1].
O

Lemma 16 supplies the numerical coefficient bounds used to instantiate Lemma 5 in the
calibrated estimator. In particular, the constant 7056 gives the explicit factorial-lift second-
moment scale that appears in the finite calibration of Algorithm 1.

B Common-marginal lower bounds

The converse in Theorem 3 rests on priors whose treatment—covariate marginal is shared across
branches while their average treatment effect centers are separated. This appendix collects the
finite approximation and transfer statements that make that construction compatible with the
annotation experiment in Definition 9. The first object is a two-cell calculation that isolates the
statistical issue in its smallest form.

Definition 27. [def:finite-small-instance| (Finite small instance Cgan) Let

1 1

d=2, p1L=p2= 7, e1=e2 =g, to1 = fo2 = 0.

1
v 2

€ =
Forn =m =1, independence of the samples gives

E21{£, = ((1, 1, 1)} (1{th = ((1,0))} + 1{th = ((1,1))})] = 2quip1,
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where q11 is the outcome-marked mass for treatment-covariate cell (1,1). At pu11 = 1, this equals

1/4, while the treated-cell target is
1
pip11 = bR

Define TIE™a! to put unit mass on the law with
p11 = p12 =0,
and define TIS™! to put unit mass on the law with
11 =1, p12 = 0.

Under both priors,

1
Pxa(z,a) = 2 for all (z,a),

whereas
T(P)=0
under Hgmall, and
1
P)=—
r(P)=

under Hﬁmaﬂ, Consequently, the auziliary laws agree for every m, and the total variation distance
between the two labeled laws is N
3
- <) .
4

The instance in Definition 27 makes concrete the role of outcome labels. The two priors
H%mau and Hﬁmaﬂ share the same treatment—covariate marginal Px 4, so auxiliary observations
identify the common table while the target separation remains attached to the outcome-marked
mass ¢uz- The calculation €,y is finite, but it has the same common-marginal structure used
in the high-dimensional lower bound.

The next statement supplies the approximation-duality ingredient. It constructs a signed
finite measure on a short interval whose first L moments vanish while the inverse-weight func-
tional retains a fixed gap. This is the same polynomial approximation mechanism that appears
in nonsmooth functional lower bounds for discrete distributions [Jiao et al., 2015, Wu and Yang,
2016, Valiant and Valiant, 2017, Orlitsky et al., 2016].

These identities constitute Cgmal-

Lemma 17. [lem:finite-alternation-duality] (Finite alternation duality) Fiz an overlap

constant € with 0 < € < 1/2, and set
1 —2e
K= .
€

There exist constants ve > 0 and c. > 0 such that, for every integer L > 2 and every B > 0,
with

_ B
@= 5
one has a/k < B, and there are distinct points po,...,pr+1 € la/k,B] and real weights
wo, ..., Wry1 Satisfying
L+1 L+1 4
Z’wﬂ:l, Zwm;:o for every 0 < j < L,
1=0 i=0

75



and

c W pi
€ (2 .
i—o Pi +a
Proof of Lemma 17. 1. Set
D K . Kk Dk D,
= =min{ — Ce= —.
‘T a+m2tr) 4732 [0 TR
Since 0 < € < 1/2, we have k > 0. Hence D, > 0, 7. > 0, and ¢ > 0. Also D, < 1,
because
k< (14+kr)(24+kK)
for k > 0.

2. Fix L > 2 and B > 0, and put
g JB

Lz

Then a > 0. Since 7. < k/4 and L? > 4,

Moreover,

because v, < /4 and L? > 4. In particular a/k < B.

3. Let

r=[B s =t
The pole —a lies to the left of I, since a > 0 and a/k > 0. Thus f is continuous on I. Let
FE be the best uniform error for approximating f on I by polynomials of degree at most L.
The finite alternation theorem supplies an alternation dual certificate: distinct nodes in
I, normalized weights annihilating all monomials of degree at most L, and an associated
degree-L best approximating polynomial.

4. We claim
ce < F.

Suppose instead that E < ¢.. Define

a 2a

p—=—- P+ =—
K K

Then p_ < py, and both points belong to I. Indeed p_ = a/k, while

2B <B

b+ = L2 S

because 7. < k and L? > 4. At these two points,

flp-) = o ) = :



SO
K

— )=—————=D..
Let @Q be the best approximating polynomial from the alternation certificate. For every
pel,

|f(p) — Q(p)| < E.

Consequently,
D.—2F < Q(ps) — Q(p.).
By the mean-value theorem there is a point £ € [p_, p4| C I such that

o) - Q) =)
b+ —P-
and therefore D 9E
—2E el
P+ — P-

Since E < ¢ = D./8, the numerator is positive.

. On I, the target satisfies 0 < f(p) < 1. Combining this with |f(p) — Q(p)| < E gives

Q)| <1+E  (pel),

or equivalently
1@llco,r <1+ E.

Markov’s inequality on the interval I = [a/k, B], applied to the degree-L polynomial @,
gives
2L2 2172
! < — < —(1+FE).
19t < g o 1@l < (14 )

Because a/k < B/16, we have B/2 < B —a/k. Also E < ¢, < 1. Hence

212 212 L2
(1+E) <2 5 37

Q) < g1+ E) < 2= "o

Combining this with the previous lower bound and using

a_fyeB

LS vy

yields
(LL——QEU&L2<:8L2
~veB - B
After cancellation,
(De —2E)k < 8.
But F < D./8,so D, —2E > 3D./4, while

D.k

8v, < .
Te="y

This is impossible. Therefore ¢, < F.
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6. Let the alternation certificate have nodes po,...,pr+1 € I and weights «q, ..., ar4+1. They

satisfy
L+1 L+l
Yolail=1, Y apl=0 (0<j<L),
i=0 i=0
and
L+1
> aif(pi)| = E.
i=0
Choose

W; = SOQG.

5 — 17 if Zz alf(pl) > 07

Then the nodes remain distinct and lie in I, and

L+1 L+1

D fwil =) Jeu] = 1.
=0 =0

For every 0 < j < L,
L+1 L+1

Zwipg =s Z aipg =0.
i=0 i=0

Finally,
L+1 ;i L+1 L+1
dwi——— =5 aif(p) =Y aif(pi)| =E > ce
i Ppita i=0 i=0

These nodes and weights give the required finite moment dual certificate on [a/k, B].

O]

Lemma 17 turns polynomial indistinguishability into target separation. The moment can-
cellations control likelihood differences after Poissonization, while the final display gives a fixed
gap for the inverse-weight expression that enters the treatment-effect contrast.

The rare-cell prior packages this dual certificate into a common-marginal experiment. For
the transfer arguments, it is useful to state the construction as a recipe separate from any
particular choice of sample intensities. The next definition records the raw rare-cell masses, the
two branch laws, and the raw target centers that the lower-bound reductions manipulate; the
later uniform-intensity lemma supplies the exact Poisson witness actually used by the converse
proof.

Definition 28. [synth_20] (Common-marginal rare-cell recipe) A common-marginal rare-cell
recipe with k rare cells at scale (a, B, L) is a finite random construction R consisting of a genera-
tor law generatorg for a latent draw w, together with two branch laws indexed by b € {0,1}. For
each generated w, the recipe specifies rare-cell raw masses p;(w) € [0,B], i = 1,...,k, branch-
specific outcome regressions, and any reservoir mass needed to normalize the construction. The
two branches have the same treatment—covariate raw masses and treatment propensities, so after
normalization they induce the same Px 4 table, while their outcome regressions may differ.

For each branch b € {0,1}, let Py(w) be the normalized law on [d] x {0,1}? induced by the
recipe, and let

raw Target (b, w)
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be the unnormalized target contribution assigned by the rare cells in branch b. The branch center
18

Oy = / raw Target (b, w) d generatorg (w),

and the raw-center separation is A = |6y — 0y|. The recipe induces, for each branch b, the
mizture experiment obtained by first drawing w ~ generatorg, then sampling from Py(w) for
labeled observations and from the common marginal Py x s(w) for auziliary observations. Its
raw Poisson version uses labeled intensity v and auziliary intensity v with the same generated
law Py(w), so the treatment—covariate component is common across the two branches and the
likelihood discrepancy is carried by the labeled outcome-bearing component.

Definition 28 fixes the bookkeeping used by the lower-bound priors. The random raw masses
determine a common treatment—covariate table, and the branch-specific outcome regressions cre-
ate a raw-center separation before normalization. This separation is the quantity later converted
into minimax risk.

The raw Poisson comparison enters several concentration and transfer statements, so the
notation for the branch predictive laws is named explicitly before those estimates.

Lemma 18. [lem:common-marginal-recipe-target-concentration| (Prior target concentra-
tion) Fiz e € R, a common-marginal calibration at overlap level e with dual-gap constant ce,
and parameters n,m,d, L,k € N and B,a,u,v,C,p € R. Let R be a common-marginal rare-cell
recipe with atom-generator measure I', branch laws Py(w), raw targets ry(w), raw total mass
S(w), and branch priors

II,=To Pb_l, 0, = /rb(w) dl’(w), be {0, 1}.

Assume the recipe bounds hold at intensities (u,v) with constants (C, p) and dual gap c.:
e (Finite-atom construction.) The recipe uses the finite-atom construction.
e (Model support.) Each prior is supported on Mg, of Definition 6.

e (Common table.) The two priors induce the same law of the random treatment-covariate
table.

(Separation.) The raw centers satisfy

cgka < ‘91 — 00’

(Mass and variance bounds.) Under the usual measurability and integrability condi-
tions,

/S(w) dl'(w) =1, Varp(S) < CkBa, bH%%)l(} Varp(rp) < CkBa.
€0,

(Mixture proximity.) The two raw mizture laws at labeled intensity u and auziliary
intensity v have total variation distance at most

Cukap”.
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Then for every branch b € {0,1} and every A with 0 < A < 2, the branch prior concentrates its
average treatment effect T(P), defined in Definition 8, around its raw center:

512 CkBa

A
= - <
Hb{P T <I7(P) ebr}_ o

Proof of Lemma 18. Fix b € {0,1}. Define the two exceptional events in the atom space by

A A
Atar := {w 'T6 < |rp(w) — 9b|} , Amass i= {w T < |S(w) — 1|} .

We first record the normalization implication used below. Outside a I'-null set the recipe gives
rp(w) = S(w)7(Py(w)), S(w) > 0.

Suppose

A
Z < ’T(Pb(w)) - eb‘a w ¢ Atar U Amass‘

The second condition means
A A
— 0] < — -1 < —.
ro(w) =] < 75 1S(w) =1 < ¢
The raw-center bound supplied by the recipe normalization is

16y < 1.

Hence
S8y — 6] = |(S(w) ~ ] < 2
Using rp(w) = S(w)7(Py(w)), the triangle inequality gives
S(w)|r(Py(w)) — ] = |S(w)7(Py(w)) — S(w)h| < ?-

Also |S(w) — 1| < A/16 and A < 2 imply

A
>1—=2>
Sw)21- 16>

0|~

Therefore

A
8 )
which contradicts A/4 < |7(Py(w)) — 0p|. Thus, for I'-almost every w,

g 7(Py(w)) — O] < S(w)|r(Py(w)) — 6] <

A
Z < ’T(Pb(w)) - 0b| = W € Agar U Anass-

By the definition of the branch prior as the pushforward of I' under P,, with the two Boolean
branches handled separately,

{ P 3 < 1r(P) 60l p = rfus < (o) - 00}
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The implication above yields
A
II,< P : Z < |T(P) - eb’ < F(Atar UAmass)-

We next bound the two exceptional probabilities. Chebyshev’s inequality, applied under I"
with mean

6= [ rw)dr(w)
and the assumed variance bound

Varp(ry) < CkBa,
gives

CkBa

F(Atar) S (A/16)2 .

Similarly, since

/S(w) dl'(w) =1, Varp(S) < CkBa,

Chebyshev’s inequality gives
CkBa

F(Amass) < (A/16)2 .

Subadditivity of measure gives
F(Atar U Amass) é F(Atar) + F(Amass)-

Combining the preceding displays,
CkBa CkBa

m{ P 3 <P - 0l <

1 (A/16)2 T (A/16)2
512 CkBa
=T ar
where the final equality uses A > 0. This is the desired bound for the fixed branch b, and hence
for both branches. O

Definition 29 separates the prior randomness in the raw masses from the Poisson sampling
randomness. With this notation, total variation between the two branch mixtures measures
the experiment-level testing difficulty after the common treatment—covariate table has been
integrated over.

The next two lemmas isolate the normalization estimates used by the transfer. The first
converts raw target control into concentration of the average treatment effect, and the second
records the corresponding lower-tail control for the raw scale.

Definition 29. [synth_21] (Raw Poisson prior-predictive mixture laws) Fiz a common-
marginal rare-cell recipe R with atom generator T', branch laws Py(w) for b € {0,1}, and branch
priors Il =T o Pb_l. At labeled and auziliary Poisson intensities u and v, define Qp to be the
branch-b raw prior-predictive law obtained by first drawing w ~ I', forming the raw branch law
Py(w), and then sampling the independent raw Poisson experiment with labeled intensity u and
auziliary intensity v from that raw law and its treatment—covariate marginal. Equivalently,

Q, = / {PoiExp{fj;V (Pb(w))}df‘(w) = / PoiExpyy (P) dlly(P), b€ {0,1},
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where PoiExpy’y (P) denotes the product Poisson law for the outcome-labeled raw cell counts at

intensity u and the auxiliary treatment—covariate raw cell counts at intensity v.

Lemma 19. [lem:common-marginal-recipe-scale-tail] (Small-scale prior tail) Fiz e € R,
a common-marginal calibration with positive constants including dual-gap constant c. < 1/4,
integers n,m,d, L,k > 0, and reals B,a,u,v,C, p. Let R be a common-marginal rare-cell recipe
with atom-generator ', branch laws Py(w), branch priors I, =T o Pb_l, raw total mass S(w),
raw targets ry(w), and measurable raw scale sg satisfying sg(Py(w)) = S(w) for I'-almost every
w.

Assume that the recipe bounds hold for R at (u,v,ce,C,p):

e (Finite-atom construction.) The recipe uses the finite-atom construction.

e (Model support and common table.) The two priors are supported on Mg from
Definition 6, and they induce the same distribution of the random treatment-covariate
table Px 4.

e (Center separation.) If 6, denotes the raw prior center for branch b, then

cek‘a S |91 — 90‘

(Mass and variance bounds.) Under the usual measurability and integrability condi-
tions,

/Sdf =1, Varr(S) < CkBa, max{Varr(ro), Varr(r1)} < CkBa.

(Mixture distance.) The two raw Poisson mizture laws generated by the recipe satisfy

TV(Qo, Q1) < Cukap”.
Then, for each branch b € {0, 1},
1
Hb{P s max{sg(P),0} < 2} < 4CkBa.
Proof of Lemma 19. 1. Define the mass-tail event on the atom space by
) 1
MassTail := {w 15 < |S(w) — 1\}
The mass assumptions give
/Sdf =1, Varr(5) < CkBa.
Since T" is a probability law, Chebyshev’s inequality at radius 1/2 yields

Vare(9) _ 4ok Ba.

I'(MassTail) = I‘{w : % < |S(w) — 1|} < e =
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2. For a fixed branch b € {0, 1}, set
1
SmallScaley, := {P s max{sg(P),0} < 5}

Because Il =T o Pb_l,
IT(SmallScaley) = I'{w : Py(w) € SmallScalep}.
For I'-almost every w, the recipe supplies both identities
sr(Py(w) = S(w)  and  0< S(w).

On this full-measure set, Py(w) € SmallScale;, implies
1
S(w) = max{S(w),0} < 7

Hence S(w) — 1 < —1/2, and therefore

S(w) — 1] = 1 — S(w) > %

Thus
{w : Py(w) € SmallScaley} C MassTail up to a I'-null set,

and consequently
IT;(SmallScaley) < I'(MassTail).

3. The preceding containment is applied to the two branch cases separately: for b = 0 it uses
My =ToPF",

and for b =1 it uses
I, =ToP .

Combining the appropriate branch identity with the bound from the first step gives, for
each b € {0,1},

1
Hb{P : max{sg(P),0} < 2} < I'(MassTail) < 4CkBa.

O

Lemmas 18 and 19 make the raw construction usable after normalization. The target con-
centration bound relates the branch centers 8, to the actual functional values under the induced
priors, while the scale-tail bound keeps the normalizing mass away from the region where raw-
to-normalized conversion would amplify the rare-cell perturbation.

The next transfer lemma applies the recipe at fixed Poisson intensities large enough to
dominate the fixed sample sizes. Its assumptions combine a total-variation bound with a scale
condition that controls the random normalization.
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Lemma 20. [lem:common-marginal-recipe-transfer| (Recipe transfer bound) Let 0 < e <
1/2, where € is the overlap level. Fix a common-marginal calibration at level €, consisting of
positive constants including . and dual gap 6. < 1/4, a constant C. > 0, and a real number pe.
Let n,m,d, L,k be nonnegative integers, let B,a € R, and let R be a common-marginal rare-cell
recipe with k rare cells at scale (a, B, L). For each branch b € {0,1}, define the raw prior center

0, = /raWTargetR(b,w) dGr(w),
where G is the atom-generator measure of the recipe, and put
A = |0; — by
Assume:

e (Sample and dimension.) n > 1 and d > 2.

e (Poisson-prior data.) With
u = 655361 and v = 65536 (n + m),

the recipe has bandwidth B > 0, shift

7B
a=—,

rare-shift size
ka < 6,

and the recipe intensities agree with u and v.

e (Bandwidth and likelihood bounds.) The realized scale satisfies
(u+v)B < bL,

where be is the calibration’s uniform-bandwidth constant, and the recipe satisfies the
common-marginal Poisson-prior bounds at gap 0., intensity pair (u,v), variance constant
Ce, and decay constant p..

o (Mixture affinity.) The two prior-predictive raw Poisson-count laws generated by the
two recipe priors and the recipe’s experiment kernel have total variation distance at most

1

g.
e (Variance scale.) The recipe scale obeys

2

kBa< ——
“= 65536 C.

Then the minimazx Tisk of Definition 11 satisfies

A2
€ ) ) d Z .
Re(n,m,d) T
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Proof of Lemma 20. Let
I, := the branch-b prior induced by R, Op := /rb(w) dl(w), be{0,1},

where I' is the atom-generator measure and ry, is the raw target of the recipe. Thus
A =16, — 6|

Also put
u := 65536, v 1= 65536 (n +m),

and, for every law P, define the totalized nonnegative recipe scale
s+(P) := max{sgr(P),0}.

1. The witness bounds imply
’90‘ < 17 ‘91| <1

Indeed, each 6, is the I'-mean of the raw target, the raw target is S(w)7(Py(w)),
|T(Py(w))| <1 on Mg, and the recipe bounds give [ Sdl' = 1. Hence

0<A<L2

The intensities satisfy v > 0 and v > 0. The branch priors are probability measures, and
the support part of the witness gives the required nonempty model class.

2. Let J.w be the ordered raw Poisson-count experiment which, at law P, draws independent
ordered Poisson samples from the labeled mark law and the auxiliary mark law with
intensities

usy(P) and vsq(P).

Let Qp be the prior-predictive law obtained from Il through J#.,. We now identify
this law as a Markov image of the raw count law in the statement. Let %7, denote the
recipe’s raw Poisson-count kernel before ordering. Let reindex be the deterministic map
that rewrites a raw count table as labeled-mark and auxiliary-mark count functions, and let
order be the paired-histogram kernel that, conditional on those two count functions, orders
the corresponding multiset of labeled marks and the corresponding multiset of auxiliary
marks uniformly and independently. Put

Rec := order oreindex .
For every law P, the raw count kernel factors through this reconstruction as
RecoXont (P) = Haw(P).

Indeed, after the deterministic reindexing, the labeled and auxiliary count functions have
independent Poisson coordinates with means us;(P) times the labeled mark law and
v s4(P) times the auxiliary mark law; ordering each histogram gives exactly the ordered
independent Poisson samples with those two intensities. Therefore, for each branch,

Rraw,b == /jifcnt(P) dIT,(P) satisfies Q= /Ji/raw(P) dIly(P) = (Rec) % Ryaw.b-

Total variation contracts under a Markov kernel, and the assumed raw mixture affinity
gives

—_

TV(QO7Q1) < TV(RraW,Oeraw,l) < g

85



3. Set

1

Qfloor = 100°

The fixed experiment has the parametric two-point floor
Hloor < Re(n,m,d).
n
To see this, take
2
On :

= ﬁ.
Choose a cell z, € [d]. Under both laws below, let X = z, almost surely and let the

treatment propensity be 1/2. Let the control outcome mean be 1/2 under both laws; let
the treated outcome mean be 1/2 for Pyaro and 1/2 + 6, for Pyap 1. Since n > 1,

0<d, <

(G2 )

)

so these are valid binary outcome laws, and since 0 < € < 1/2, both belong to Mg .. Their
treatment-covariate marginals agree, their average treatment effects are

7'(Al:)paur,o) = 07 T(Ppar,l) = 5717

and hence the auxiliary samples have identical laws. For the labeled samples, the standard
Bernoulli product testing bound applies because
(1/2)6, 8

AR I—1/2) 25 =082

and therefore
TV(P®” per ) <

par,0’ * par,1) =

N =

Le Cam’s two-point bound with separation §,, yields

(0n/2)* _ 1

€ ) 7d Z — .
Re(n,m, d) A 1007

For the fixed-sample decision problem with the class-gated clipped squared loss, let
Rdec := iﬁf sup/fE(P,z/J) d K5y (P),
P

where the infimum is over measurable fixed-sample rules, s is the fixed labeled-and-
auxiliary experiment, and

. 2
clipi_y 11(2) = 7(P))", P € Mg,
0.(P, ) = {(() -1(2) = 7(P)) > MZ

We use the following elementary comparison between Definition 11 and the class-gated
decision problem:
Re(na m, d) < Rdec-
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Indeed, every measurable fixed-sample rule i induces the measurable estimator

va i= clip|_y 1) 0%.

For every P € M., the class-gated loss evaluates the same clipped rule, so

[ 1P 0w) K PYW) = Epon g [ (B = 7(P))?].

Thus the worst-case on-class decision risk of 9 is exactly the worst-case mean-squared risk
of ﬁp. Since ﬁ/, is one admissible estimator in 7, ,,, 4, Definition 11 is no larger than that
worst-case risk; taking the infimum over 1 gives the displayed comparison. Combining it
with the parametric floor gives

floor
< fEpidec

. If A =0, then the desired lower bound is 0 < R¢(n,m, d), which follows from the preceding
floor since n > 1. Hence assume for the rest of the proof that

0<A.

The variance-scale hypothesis and C, > 0 give
2

kB
CckBa < eeesg

By Lemma 18, for each b € {0, 1},

A 512Cc¢kBa 1 1
e P: — P)—0; < — < —< 6

The assumed common-marginal Poisson-prior bounds also include the raw-center separa-
tion

(5Eka S ‘(91 — 90’ =A

which is the center-separation hypothesis required below. By Lemma 19, again for each

be{0,1},
2

I{P : 1/2} < 4C.kB

. The two fuzzy hypotheses with centers 6y, 01, radius A /4, prior tail bounds 1/16,1/16, and
predictive total variation bound 1/8 give the raw lower bound as follows. For a measurable
raw rule ¢, define

/ / ) dFra(P)(y) dIT,(P) € Ry, be {0,1}.

These are the branch Bayes decision risks for the class-gated clipped loss. Since the two
branch priors are supported on Mg, the integrand on the support is

((P,o(y)) = (clip_y1((y) — 7(P))™.
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Let Qp be the branch predictive laws from step 2, and first suppose 6y < 1. Put

By + 0 .
buia = =5 Ag = {y:lipg1,1(0(y)) 2 Omia},

and define the good prior events
Gy :={P:|7(P) — 6| < A/4}, Gy :={P:|7(P) -6, < A/4}.

Because 61 — 0y = |01 — 6p| > A, on Gy N A, the clipped decision is at least A/4 above
7(P), while on G; NA{ it is at least A/4 below 7(P). Hence
A? A?
B >— P GoNA B >— P G NA?Y).
o(p) > 16 Ho@}"ﬁw( 0 Lp)v 1(p) > 16 Hl@{%w( 1 go)

The concentration bounds from step 4 give

1 1
P Gy < — P Gy) < —
HO®‘%‘E}W( 0) - 16’ Hl®<}I:yraw( 1) - 16’

and therefore

2 2
Bo(p) = % <Qo(A¢) - 116) , o Bi(p) 2 % <1 —Qi(Ay) - 116> .

Using max{xg, z1} > (2o + 21)/2 and the total-variation bound,

A? 11
max{Ba(e). B1(9) > 55 (1= (@A) = QolA) - 15 - 1
LRIl Ly e
- 32 & 16 16 128

If 61 < 6y, the same calculation is applied with the two branches interchanged. Thus, for
every measurable raw rule ¢,

3A2

T < max{Bo(¢). Bi(e) |

n ﬁ+.
. The loss is bounded by
0</l(Pz)<4

because both clip|_; 1;(z) and 7(P) lie in [-1, 1] on the model class, and the loss is 0 off
the model class. The Poisson retention tails used to transfer raw rules to fixed-sample
rules are as follows. For any integer n > 1 and any Poisson mean A > 32768 n,

1
Pr{Poi < exp(—)/8) < .
r{Poi(\) < n} <exp(—\/8) < 10960

Indeed, with z), = A/8,

vV 2/\2’,\ = )\/2,
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and {Poi(\) < n} C {\ —Poi(\) > A\/2}; the Poisson Bernstein lower-tail bound gives the
exponential term, and exp(—zy) < 1/z) < 1/(4096n).

On the event s (P) > 1/2, the labeled Poisson mean satisfies
usq(P) > 32768 n,
so the labeled retention failure probability is at most 1/(4096n). Similarly,
vsy(P) > 32768 (n +m),

and the event of retaining fewer than m auxiliary observations is contained in the event of
retaining fewer than n + m observations; hence the auxiliary retention failure probability

1S at most
1 1

< .
4096(n +m) — 4096n

. We next transfer the raw fuzzy lower bound to the fixed experiment by the prefix coupling.
Fix any measurable fixed-sample decision rule ¢. Define its transferred raw rule ¢, as
follows. Given an ordered raw output Yraw, set

w(the first n labeled marks and the first m auxiliary marks in yraw), if those marks are pre

Coes otherwise.

Py (yraw) = {

The rule uses only the first m auxiliary marks, while the raw auxiliary Poisson process
has intensity v s;(P) = 65536(n + m)s;(P); the auxiliary tail estimate below therefore
bounds the event of having fewer than m auxiliary marks by the larger-threshold event of
having fewer than n + m. Here (, € R is any fixed real-valued action. For a law P, let

Fp:= {the ordered raw draw contains fewer than n labeled marks or fewer than m auxiliary marks}.

On F9%, the first n labeled marks and first m auxiliary marks have exactly the fixed-sample
law 4. (P), because the ordered raw experiment is generated by independent Poisson
samples from the same labeled and auxiliary mark kernels and the fixed experiment keeps
the first prescribed counts.

For branch b, the exceptional probability under the branch prior predictive is bounded by

integrating the conditional failure probability. Splitting according to the scale event gives

P Fp) <IL{P: P)<1/2
W Pr(Fr) STL{P: s4(P) < 1/2)

+ / (Pr{Poi(uss (P)) < n} + Pr{Poi(vs. (P)) < m}] dIl,(P).
(Piss(P)21/2)

The scale-tail bound from step 4 and the Poisson retention bounds from step 6 therefore
yield, for each b € {0,1},

Pr (Fp) < A? N 1 N 1
I .
&t L. = 16384 40961 ' 4096n
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Since 0 <l < 4, the Bayes risk of the transferred raw rule satisfies

By(ipy) < / / 0.(P, () dAa(P)(y) dIL,(P)

1
4 (16384 * 4096n * 4096n>

A? 1 1
< (P, (P 4 ,
= S%p/f (P9 (y)) d-Hx (P) (y) + (16384 * 2096n 4096n>

Combining this with the raw fuzzy bound above gives, for every measurable 1,

3A A® L !
S < P b'e 4 '
o5 S5 / (P, (y)) dAax (P)(y) + (16384 30060 * 4096n>

Equivalently,

g_gl A? + 1 + 1 <s /g(p¢())d% (P)(y)
128 16384 40960  4096n ) = "pP | eV VW) AT

Taking the infimum over v gives

3A24A2+1+1 <R
128 16384 ' 4096n = 4096n ) = 7 dec

The floor inequality from step 3 also gives afoor/n < Ryec, SO

A? A? 1 1 oor
max{3 —4( + + ),aﬂ }Siﬁdec.

128 16384 = 4096n  4096n n

For the reverse comparison to step 3, start with any measurable estimator 7" in Definition 11
and use the same function as the fixed-sample decision rule ¢r. On Mg, clipping cannot
increase squared error because 7(P) € [—1, 1], while off the model class the class-gated
loss is zero. Hence the worst-case decision risk of i is no larger than the worst-case
mean-squared risk of T'. Taking the infimum over T' gives

mdec < Re(n; m, d),

and consequently

3A2 AQ 1 1 Qfloor
s 4 <R d).
max{ 128 <16384 * 20960 4096n> - } < Re(n,m, d)

. It remains only to read off the deterministic arithmetic. From the floor bound,

Re(n,m,d) > Sioor -,
n

First suppose
< A2,

S|

Then

A A2+1+1 -4 A2+2A2_9A2
16384~ 4096n ~ 4096n) — ~\ 16384 = 4096/ 4096
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Therefore

3A? A? 1 1 8TA? A?
— + 4 > > )
128 16384  4096n  4096n /) — 4096 — 65536
The first branch of the maximum in the preceding display gives
A2
Re(n,m,d) > :
(n.m.d) 2 o35
Now suppose
NP
n
Since agoor = 1/100,
A? 1 1 ®oor

< < =
65536 ~ 65536n — 100n n
The second branch of the maximum gives the same conclusion. Combining the two cases,

O]

Lemma 20 converts the raw recipe separation into a lower bound for R¢(n,m,d) under the
fixed annotation sample sizes. The total-variation requirement supplies the testing affinity, and
the variance-scale requirement keeps the normalization fluctuations small relative to the squared
raw gap.

The Poisson construction is then converted to a general fixed-size annotation experiment.
The transfer statement tracks the raw normalization explicitly, so the resulting lower bound
applies to the minimax risk in Definition 11.

Lemma 21. [lem:fixed-sample-common-marginal-transfer]| (Fixed-sample transfer) There
exist numerical constants Chxeq > 0 and chge > 0 such that the following holds. For every
0 < e < 1/2 and every C. > 0, there is a constant ccc. > 0 such that, for every common-
marginal calibration at overlap level € with positive calibration constants and dual gap d¢ < 1/4,
every p € R, every n,m,d, L,k € N, every B,a € R, and every common-marginal recipe R at
these indices, the implication below holds.

Write Gr for the recipe’s rare-cell generator measure and Qg p(w) for its raw target on branch
b. Let

A= /0371(11}) dGR(w) - /9R70(w) dGR(w).
Assume:

e (Sample and dimension.) n > 1 and d > 2.

o (Witness data.) The recipe carries a common-marginal Poisson-prior witness at labeled
and auziliary intensities

u = Chixedn, v = Clixed(n +m).
Equivalently, the witness supplies

(u+v)B < b.L, B >0, a=n~.B/L? ka < 6.,
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identifies the recipe’s labeled and auziliary intensities with u and v, and satisfies the
corresponding common-marginal bounds at dual gap d., variance-bound constant C¢, and
likelihood-decay parameter p.

o (Testing distance.) The raw prior-predictive mizture laws My and M generated by the
two branches of the recipe satisfy

TV(My, M) <

o =

e (Concentration scale.) The realized scale obeys

kBa < cc o A%

Then the minimaz risk R.(n,m,d) from Definition 11 satisfies
CriskAQ S Re(nv m, d)

Proof of Lemma 21. Take
1
65536

Fix 0 < e < 1/2 and a positive variance-bound constant C., and set

1
CeCc = 65536 C.

Cﬁxed = 655367 Crisk =

0.

Let a calibration, a recipe, and all parameters satisfy the hypotheses of the statement. Put

eb:i/auwymxwy be{0,1},
so that the raw-center separation in the statement is
A =0, — 0.

The recipe’s raw prior centers are exactly these two numbers:

a—%:/mwmmm—/%mmmm.

The Poisson-prior witness in the hypotheses identifies the recipe’s labeled and auxiliary intensi-
ties as
u = 65536 n, v = 65536 (n + m).

Separately, the concentration-scale hypothesis, the definition of ¢, ¢, and A = 0, — 6y give
A1
65536 C. 65536 C.
Together with n > 1, d > 2, and TV(My, M) < 1/8, these are precisely the hypotheses of
Lemma 20, applied with the present calibration, recipe, variance-bound constant C., likelihood-

decay parameter p, and intensities u = 65536n, v = 65536(n + m). That result yields, for the
minimax risk R¢(n,m,d) of Definition 11,

]{?B(ISCQCGAQ = ‘9_1 —0_0’2.

Iz Z2
e\t ,d279—9
Reln,m, d) 2 opag 101 = %o
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Since |01 — 0p|? = A? and cyi5 = 1/65536, this is exactly
CriskAQ < Re(na m, d)
O

Lemma 21 is the bridge from a Poisson fuzzy-hypothesis calculation to the fixed-n, m risk.
The testing-distance condition supplies indistinguishability, the concentration-scale condition
controls the random raw normalization, and the conclusion converts the raw-center separation
A into a lower bound for R.(n,m,d).

A separate one-dimensional ingredient records the unavoidable parametric contribution of
the labeled sample. It is used together with the rare-cell construction to cover regimes in which
the lower-bound rate is governed by outcome labels.

Lemma 22. [lem:parametric-label-floor| (Parametric label floor) Let R.(n,m,d) be the
minimax risk in Definition 11. There exists a universal constant ¢ > 0 such that, whenever

e (Overlap level.) 0 <e < 1/2,

e (Labeled sample size.) n > 1,

o (Auxiliary sample size.) m is a nonnegative integer,
e (Alphabet size.) d > 2,

the minimax risk satisfies

Re(n,m,d) >

S|o

Proof of Lemma 22. Set ¢ =1/100. Fix 0 <e<1/2,n>1, m >0, and d > 2. Define

2
= ¢ T

Then 7, > 0, and

s 4
Consider two laws Ppyy and Ppert in Mg with uniform covariate distribution on [d], propensity
e; = 1/2 in every cell, control regression 1/2 in every cell, and treated regression respectively
1/2 and 1/2 4+ n,. Since n > 1, n, < 2/5, hence 1/2 + n,, < 1. The overlap condition follows
from 0 < € < 1/2, so both laws belong to M.

For the labeled samples, the parametric total-variation bound applies once

1/2)n?

(1/2)(1=1/2)
Using the displayed value of 12, the left side is 8/25, and 8/25 < log 2. Therefore

1

TV (PSh, Pan) < 3

null’ © pert
The auxiliary treatment-covariate marginals of the two laws are equal:

(Poul) x4 = (Ppert) x A-
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Indeed, both laws have the same uniform covariate distribution and the same propensity e, = 1/2
in every cell; summing over the binary outcome coordinate gives the same mass for each (z,a).
Hence their m-fold auxiliary product laws are identical. The product total-variation inequality
gives

TV (Pl @ (Paa) ¥4 Poort © (Poert)¥4) < TV(Pi, Preti) +0 <

null pert null’ =~ pert

| =

The two average treatment effects are

7-(]Dnull) = 07 T(Ppert) = Tn.

The first identity follows because the two outcome regressions coincide in every cell, and the
second because every cell has treated-minus-control contrast 7, and the cell masses sum to one.
Thus, with s, := n,/2,

28p =M < ‘T(Pnull) - T(Ppert)‘-

We now record the two-point risk consequence used for Definition 11. Let T' € 7y, ,, 4 be any
estimator, and let

Ao :={z:s, <|T(2) — 7(Pau)|}, Ay :={z:s, <|T(2) — T(Ppert)|}-

The testing bound at separation 2s,,, together with the preceding total-variation bound, yields

max{P® Pr (Ag), Pr (Al)} > 1

n117111®(Pn1111);8}7X Pﬁ?ﬁ@(Ppert)g”X 4
Moreover, by the elementary inequality
s2 Pr{s, < |T — 6|} <E[(T - 0)?],

applied under each of the two laws, the larger of the two mean-squared risks is at least s2 /4.
Taking the supremum over P € Mg and then the infimum over T' € T, 1, 4 gives

2
— < Re(n,m,d).
4
Finally,
i _ (%/2)2 _ 1
4 4 100n
Consequently R¢(n,m,d) > 1/(100n), which proves the claim with the universal constant ¢ =
1/100. O

Lemma 22 fixes the labeled-outcome scale uniformly over auxiliary sample sizes and alphabet
sizes. This lower bound matches the 1/n component in Definition 12, so the remaining common-
marginal construction can focus on the alphabet-dependent contribution.

One final finite-product identity records how independent coordinates can be embedded into
a larger product experiment while adding a distinguished coordinate and deterministic padding.
This bookkeeping is useful when the rare-cell construction is placed inside a larger finite alphabet
with reservoir coordinates.

Lemma 23. [lem:finite-product-padding-identity] (Finite product padding identity) Let
I and J be finite index sets, and let Y be a measurable space whose singletons are measurable.
Suppose the following conditions hold:
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o (Embedding.) f:1 — J is injective.
e (Distinguished coordinate.) r € J satisfies r # f(i) for everyi € I.
e (Coordinate laws.) p;, i € I, and v are probability measures on Y, and yp € Y.
Define A: YT x Y — Y7 by
Y, Jj=r,

A(z,9)(4) =% zi, J= f(i) for the unique i € I,
yo, J€J\({ryuf)).

Define the coordinate laws Hj, j € J, by

v, J=T,
Hj = wi, j= f(i) for the unique i € I,
dyo, 3 €T\ ({r}Uf()).
Then
Ay <<®M> ®u> =) H;.
icl jeJ

Proof of Lemma 23. 1. Write

Ay = <® ui) @v onY! x Y, Aout := ® H; on Y7,

iel jed

The map A is measurable. Indeed, for each j € J, the j-th coordinate of A(z,y) is

the second projection if j = r, is the i-th coordinate projection from z if j

and is the constant yy on the remaining coordinates. The condition r # f(i) separates
the distinguished coordinate from the embedded ones, and injectivity of f makes the
embedded coordinate ¢ unique. Since I and J are finite, coordinatewise measurability
gives measurability of A. It is therefore enough, by uniqueness of finite product measures

on measurable rectangles, to prove that for every family of measurable sets
(Gjljes, G €V,
one has
Am(A"Hw € Y7 :Vj € J, w; € G;}) = [ Hi(G)).
JjeJ
2. First suppose that there is an unused coordinate j, € J such that

jo#ru ]O#f(z) for eVeI'yiEI, y0¢ Gjo'

For every (z,y) € Y! x Y, the definition of A gives

A(Z7 y)jo = yO
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Thus
A_l{w Vi, wj € G]} =,

so the left-hand side is 0. On the right-hand side, the same coordinate has
Hjo = 6y0) Hjo(GjO) = 51/0 (G]o) = 07

because yo ¢ Gj,. Hence

[IHi6) =0,

JjeJ
and the required rectangle identity holds in this case.

. It remains to consider the complementary case:
Vield, j#rand (Viel, j# f(i)) = w <G
Then the preimage of the rectangle is exactly
A Hw:Vj, wj € G} ={2 €Y :Viel, 2z € Gy} x Gy

For the forward inclusion, membership in the rectangle gives the r-coordinate condition
y € Gy, and for each i € [ it gives

zi = A(2,9) () € G,

using 7 # f(i) and injectivity of f. Conversely, if z; € Gy for all i and y € G, then
each coordinate j € J is checked by the three alternatives in the definition of A: the
coordinate r gives y, a coordinate f(i) gives z;, and an unused coordinate gives yg € G;
by the displayed complementary condition.

. Using the preceding preimage identity and the finite product formula,
Am(A_l{w V7, w; € GJ}) = <® ,ui> {Z Vi, z; € Gf(z)} Z/(GT)

icl

= <H Mz'(Gf(z’))> v(Gp).

iel

The product over J has the same value. The distinguished coordinate contributes

each embedded coordinate contributes, for i € I,

Hyi) (Griy) = 1i(Gray)
again by r # f(i) and injectivity of f, and every unused coordinate j contributes

H;(Gj) = 0y (Gj) = 1
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by the complementary condition. Since f is injective, the embedded coordinates are in-
dexed without repetition, and therefore

[1Hi(Gs) = v(G) [T 1i(Gyiy)-
jeJ el
This agrees with the preceding expression for the pushforward on every measurable rect-
angle, so
A#Ain = Aouta

which is the desired identity.
O

Lemma 23 formalizes the product-measure preservation behind this padding step. Injectivity
keeps the rare coordinates distinct, the distinguished coordinate carries the added law, and the
remaining coordinates are fixed at point masses, so the assembled law is the intended product
over the larger index set.

The final calibration statements choose constants so that the rare-cell prior works uniformly
across the intensity range needed in Theorem 3. The first gives a ready-to-use recipe with
explicit counting, variance, and total-variation controls; the second packages these ingredients
into the common-marginal certificate family used by the main converse.

Lemma 24. [lem:common-marginal-uniform-intensity| (Uniform intensity common
marginal) For every overlap level 0 < € < 1/2, there are positive constants

Te, De, bO,ev be, Ve, GQer Ce, de, Ck
and a number 0 < p. < 1, with c¢e < 1/4, such that the following calibration facts hold:

e (Bandwidth slack.) 131072by . < b..

(Degree floor.) 2 < D..

(Rare-cell scale.)

Ce

QEFY€b0,6 < Ce, e = , 4 < ge.
2/76()075
e (Dimension scale.)
1 ct ceYebo 2
or. < — 5 < =€ S.o< [ =L
e=6s536" =16 0 = (2(1)6 1)
e (Variance and counting calibration.)
A3
(D¢ + 1)y < —=—
(De+ Db < Gresg e
UD+ 1) < g,
(1/(65536 Co) 2

and

4(Dc 4 1) 2
{ (1/(65536 C.))c2, } < e
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(Mixture decay.) For every integer n > 1,

C.(65536n)ceplPeloglen] <

oo =

For every n,m, L,d, k and every u,v, B, a, if

n>1,L>2, andd > 2;
u>0,v>0, andu—+v>0;

B >0, (u+v)B <bcL, and

_ B,
a = Lz,

ka<ccand k+1<d,

then there is a common-marginal rare-cell recipe with k rare cells at scale (a, B, L) whose labeled
and auziliary Poisson intensities are u and v. Its null and alternative priors are the two branch
priors of the recipe, and they satisfy:

the recipe is in the finite-atom construction regime, and both priors are supported on Mg ;

the induced random treatment-covariate tables Pxa have exactly the same law under the
two priors;

the raw total mass has mean one;

the raw target centers obey
CE]{JCL < ‘91 - 00| y

where 01 and 0y are the alternative and null raw prior centers;
the raw total-mass variance is at most

C¢kBa,
and the larger of the two raw target variances is at most

C¢kBa;

in the raw Poisson experiment with labeled intensity u and auxiliary intensity v, the two
prior-predictive mizture laws have total variation distance at most

C.uka pF.

Proof of Lemma 24. Fix 0 < e < 1/2.

1.

By Lemma 17, with
1 —2€

€

Ke : > 0,

there are 7. > 0 and ¢ > 0 such that every L > 2 and B > 0, with a = ~.B/L?,
admit a finite signed certificate on [a/k., B], annihilating monomials through degree L,
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whose signed integral of p/(p + a) is at least ¢.. The one-coordinate marked-Poisson
moment-matching estimate supplies constants b, > 0, C. > 0, and p. € (0,1) with the
following uniform property for the complete normalized certificate object that generates
the coordinate mixtures. For every finite index set Z and every normalized finite signed
moment certificate

C={(p,w,): €T}

of order L, meaning that its signed measure ), _;w,0p, has normalized variation
> .erlw| = 1 and the certificate data include the moment equations through degree
L, if its variation measure is supported on [a/k., B] and the support scale satisfies
(u +v)B < b.L, then the two branch marked-Poisson predictive laws Qg, Q1 associated
with that same certificate obey

TV(Qo, Q1) < Ceuapt.

Set
C. := max{C,, 1}, ¢e := min{éc,, 1/4}, be := be.
Let
D, = max {27 max{1,log(8C.65536 c.) + 2} } , . 1 '
— log pe 65536 C'
Define
boe := min{ be , Ce , Sece },
! 131072° 87’ 8(D. + 1)
ce A(D, +1)2)\°
Qe = 2’}’650,5’ Te 1= (max{l, m}) ,
and

5. :— min é Ce’)/eb(],e 2 1
< 16" \2(D.+1)) * 655367

All these constants are positive, 0 < p. < 1, and ¢. < 1/4. The first five displayed
calibrations follow immediately from the three minima and the definitions: 131072 bg . < b,
D, > 2,

Q€'Yeb0,e = < Ce, e = 27;6)0767 qe > 4,
and A ) )
& c€ € €
OreS Gogger < S1g %S (2(1;1 +0’1))
Moreover,
c
8(De + 1)b06 = 65536 067

and the same bound on by gives

A(Dc +1)
(1/(65536 Ce))c2e

< ge.

The definition of r, gives

4(Dc 4 1) 2
{ (1/(65536 C.))c2, } < e
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Finally, put A¢ := —logp. > 0 and M, := 8C.65536 c.. Since
A D > max{1,log M, + 2},

for every n > 1,

1
[Delog(en)]
Pe = M

Thus
C.65536 n ¢, 1

[Delog(en)]  ZeP0090 0% —
Ce(65536n)cepe = 8C.65536¢c.n 8
. Now fix n,m, L,d, k,u,v, B, a satisfying the hypotheses in the statement. By the band-
width slack,

(u+v)B < bL = b.L,

and a = v.B/L? > 0. Applying Lemma 17 at this L, B gives distinct points p; € [a/k,, B]
and weights w; with

Z]wj|:1, ijpﬁzo (0<¢< L), c€§2wj
J J J

‘7 .
pj+a

Let

0= ijépj’ o] := Z | |6p;
J J
and define the polar sign on all p € R by
) =D Lpmp,y sEn(wy).
J
Then |o| is a probability measure, |h(p)| < 1, and

p
=h . < do
s=hlol, < [ Loy

Also, every certificate node satisfies p; > a/ke > 0, so 0 is not one of the nodes. Hence
the displayed definition gives h(0) = 0. Define the zero-inflated scalar law

/d\a! (1—/da! ) 5(0).

Since p > a/ke > 0 on the support of |o|,
a
p+a

0< <1 |o|ae.

and |o| has total mass one. Hence

0< [ dolw) <

so the coefficient of dy is nonnegative and v is a probability measure supported on {0} U
la/ke, B). Tts mean p := [ pdv(p) is computed directly from the definition of v: the atom
at zero contributes nothing, and therefore

p= [ p e dol) =a [ 2 dlolp)
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Because 0 < p/(p+ a) < 1 on the support, this gives
0<p<a.

Let G := v®*. For every vector € € RF, set

£ = {fz’, & € {pjls,
07 g’L ¢ {pj}j'

Under G, E = £ almost surely, and the range of Z is finite. Choose one reservoir cell z, € [d]
and distinct rare cells z1, ...,z € [d] \ {z.}, possible because k + 1 < d. Put

Px =1 —kp.

Since ka < ¢, < 1/4, one has p, > 3/4 > 0. Define the raw cell masses and raw total mass
by

k k
Qe(@) = plipmpy + O &ljomny,  SE) =pit > &
=1 =1
Then S(&) > 0 and )
(&) = ().
a=1
. Define the propensity field on all cells by
1/2, T = Ty,
1/2, r#xyand Y &l =0,

e&(ﬂf) = ZZ él{x:zi} ta
€

Zi gl 1{:(::90.;}

, otherwise.

If the last line applies, the denominator is some nonzero EZ € |a/ke, B], so

6§6<1+g>§6(1+ﬁe):1—6.

1

The other cases give eg(x) = 1/2 € [¢,1 — ¢]. For branches b € {0,1}, define control
outcome means to be zero and treated outcome means by

with ugl’% (xx) = 0 and ugbé (x) = 0 on unused cells. Since |h| < 1, all outcome means lie in

0,1]. Let Py e the law on x {0,1}* with cell mass
[0,1]. Let P,(§) be the ] [d] x {0,1}? with cell
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propensity eg(x), zero control outcome mean, and treated outcome mean ,u(b) (). This is
a probability law because each raw mass is nonnegative and

2 ()
Zpﬁ s@ -

For the reservoir cell, the raw mass is p, > 0 and the propensity is 1/2, which lies in
[e,1 — ¢]. For an unused cell, the raw mass is zero, so the occupied-cell overlap condition
has no constraint; the totalized propensity there is 1 /2. For a rare cell z;, if §, = 0 then
its raw mass is zero. If & # 0, then 51 [a/ke, B], and the calculation above gives

egeg(xi):e<1+§>§l—e.

The control outcome means are zero, and the treated outcome means are either zero or
of the form (1 + h(g,)) /2, hence lie in [0,1]. Thus every occupied cell satisfies the overlap
bounds and all outcome means are legal binary means, so P,(§) € Mg, by Definition 6.
Define

11 := (Pb)#G, be {0, 1}.

These are the two branch priors of the recipe, and the finite range of E places the recipe
in the finite-atom construction regime. The labeled and auxiliary intensities stored in the
recipe are, by construction, u and v. Since pg(x) and eg(x) are independent of b,

(P — PXA)#HO = (P — PXA)#HI'

. The raw total mass has mean one:

k
/S(S)dG(S) =p*+Z/§idG(§) =1—kp+kp=1.

For branch b, the raw target is

Z ~ 14+ (=11 bh(&)
It satisfies the raw version of Definition 8. Indeed, the control outcome means are zero, so
d
Qe(x) ()
= ILL €T
; S(E) 1,5( )

Multiplying by S(§) cancels the normalization. The reservoir and unused cells contribute
zero, and the rare-cell terms give

1-b
S(€) Zsz = W& _ gy,

/ [p ! +2h(p) —p ! _;(p)} dv(p) = /ph(p) dv(p).
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The atom of v at zero contributes zero. On the nonzero support, dv = (a/(p + a)) d|o|

and do = hd|o], so
[ontwavio) =a [ L io(p)

Therefore the raw prior centers ), := [ T}, dG obey

p
01— 0=k d .
1 0 a/p+a 0’(}7)

The alternation gap gives

o< [ Hdatp),

so the displayed difference is nonnegative and at least c.ka. Hence

cek‘a S |91 — 90‘

. The support and mean bounds for v give

Varg(S) = Varg (Z gz> < ZIE | < kBE,[p| < kBa < C.kBa.

For each branch define

14+ (=1)'"*h(p)
5 .

Then 0 < gy(p) < p < B on the support of v, and

9(p) =

= Z g(&;) almost surely under G.
Consequently,
k
Varg (Ty) < Z | < kBE,[g(p)] < kBE,[p] < kBa < CckBa.

Taking the maximum over b = 0, 1 gives the asserted raw target-variance bound. The same
bounded-support estimates also give the required square integrability of S and of both Tj,.

. It remains to bound the prior-predictive distance in the raw Poisson experiment. For a
single rare cell, let Z,,;. be the finite product space consisting of the two labeled treated-
outcome counts, the auxiliary treated count, and the labeled and auxiliary aggregate con-
trol counts, and let zy be its all-zero element. For b € {0,1} and p € R, define the raw
rare-cell kernel by

1) p=20 u
Qraw = 229 ’ o — c 07 1 ,
b,p S Mb,p7 p 7& 07 u,v v [ ]

Ay ,v

where My, is the branch-b marked-Poisson law associated with the certificate at latent
mass p, and S is the fixed splitting kernel that separates the marked treated counts into

Oy v
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labeled and auxiliary pieces and carries along the corresponding control-count components.
Let

Q= / Q™ du(p), Qy = / Seru M dv(p).

For every measurable event F C Z,,.. and every p € R,
QY (E) — Qo (E) = (Sau,,Mi1p)(E) = (Say,.Mop) (E).

Indeed, this is the definition when p # 0. When p = 0, the left side is zero because both
raw kernels are §,,. The right side is also zero: as shown above, 0 is not a certificate node,
so h(0) = 0, and the two branch marked-Poisson laws agree at the zero fiber before the
fixed splitting is applied. Integrating the displayed identity with respect to v gives, for
every measurable F, L
(Q1 — Qo)(E) = (Q1 — Qo)(E).

Thus the signed finite measures Q; — Qg and 61 - E}o are equal, and their total variations
are equal. Hence

TV(Qo, Q1) = TV(Qo, Q1)

Data processing under the splitting kernel and the one-coordinate marked-Poisson estimate
give
TV(Qo, Q1) < Ceu a,oEL.

The certificate used here is precisely the finite-node certificate constructed above: its node
set is finite, its signed weights have total variation one, all nodes lie in [a/k., B], and
its moments through degree L vanish. Thus the normalized finite-certificate and support
hypotheses of the one-coordinate estimate are all discharged by the displayed construction,
rather than by an additional regularity convention. Independence of the k rare coordinates
yields

TV(Q(?kaQi@k) <k TV(Qo, Q1) < Ceukapt.

It remains to identify this product experiment with the raw Poisson experiment generated
by the constructed laws. Let Ry(&) be the conditional raw Poisson law generated by Py(€)
at raw scale S(&). Let

Yeell 1= {y : {07 1} — (N X N) X N}

be the single-cell raw-count space; y(a) = (35, v.,), y2™) records labeled successes, labeled

failures, and auxiliary counts in arm «. Let zcen,0 € Veen be the all-zero cell observation,
and let

v Zrare = Veell

send the five rare-cell counts to the two arm-indexed cell observations: in the treated arm it
records the treated success count, treated failure count, and auxiliary treated count, while
in the control arm it records zero successes, the labeled control count, and the auxiliary
control count. The common reservoir law is
UPx
® Po ( )} .
5) @l (5

Q= & {Poi(o) ® Poi (

ae{0,1}

For fixed &, define rare-coordinate cell laws by

Hogi = (Q )4t i=1,...,k,
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and define a zero law Hg := 6%”’0. Fory = (y1,...,yk) € yfeu and yx € Ve, define the
deterministic assembly map by

y*(a)v T = Ty,
[A(y,y*)] (x,0) = < yi(a), x = x; for the unique 17,
Zeeo(@), & {xs,21,..., 78}

The middle line is unambiguous because the rare cells are distinct and none is the reservoir.
By Lemma 23, applied with the embedding ¢ — z;, distinguished coordinate x, coordinate
laws Hy ¢ i, reservoir law Q,, and filler zeen o,

k d
Ay <<® Hb,g,z') ® Q*> =) Jbe
i=1 =1

where
Qs T = Ty,

Jogx = q Hpei, = x; for the unique 7,
Ho, x & {re, 21, .., T}

Equivalently, if A;are denotes the map

Avare(2, 2) 1= A((t(21), .-, t(2k)), 24) s

then
k d
(Arare)# ((@ sz‘{) ® Q*) = @ Jbg,zv

because pushforward by t in each rare coordinate turns ), Qzag into &), Hy¢i- More

explicitly, coordinatewise pushforward gives

k k
<® QZZXZ) [(Z@)l — (t(zl))z] = ® Hb,g,i'
# i=1

i=1

Taking the product with Q, then composing this coordinate map with A, gives Apare.
Functoriality of pushforward therefore turns the left side of the padding identity into the
asserted assembled rare-coordinate law.

We now compare these coordinate laws with the conditional raw Poisson law cell by cell.
At the reservoir, raw scale multiplication cancels the normalization:

1 (b) (b)

S(€) pe(@s) = pas eg(T4) = 9 NLg(m*) = U(),g(x*) = 0.

Thus each arm has raw treatment-covariate mass p, /2, zero labeled-success rate, labeled-
failure rate up,/2, and auxiliary rate vp,/2. Therefore the reservoir coordinate law of

Rb(&) is
Jb,ﬁ,m* = Q*~

At a rare cell z;, put p = {Az If p =0, then
S(&) pe(zi) =0,
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so all labeled and auxiliary Poisson rates at this cell are zero. The conditional raw Poisson
coordinate law is ¢ The raw rare-cell kernel is also 9., and v(25) = zcen,0, hence

Zcell,0 "
(Q50 )#t = zeano = gz,
If p > 0, define
su(p) :=e(p+a),  sclp):=p—sulp), m:=1, n:=-1L

The construction gives

S@pele) =p,  eelai) = Str;p), WOy = LEMAR) o

Consequently the raw treatment-covariate masses in the treated and control arms are

peg(zi) = su(p),  p{l—ee(zi)} = sce(p).

The conditional raw Poisson coordinate law at x; is therefore the product law on V.o with
treated-arm rates

ust: (p) (1 + mph(p)) ust:(p) (1 — mph(p))
2 ’ 2 :

vsu(p)
for labeled successes, labeled failures, and auxiliary counts, and with control-arm rates

0, USct (p)7 VSct (p)

for labeled successes, labeled failures, and auxiliary counts. The split marked rare-cell
law Qragv is the fivefold product law whose coordinates have exactly the nonzero rates just
displayed: treated success, treated failure, auxiliary treated, labeled control, and auxiliary
control. Applying t places the first three counts in the treated arm and the last two in the
control arm, with zero control successes. Product Poisson laws are determined by their
coordinate rates, so

Q) )#t = Jbga; (p=¢& >0).

Combining the two rare-cell cases gives
(Q)pt=Jew.  (1<i<h).
At an unused cell the raw mass is zero, so all rates are zero and its coordinate law is
Jb,&x = Hy.

Thus the coordinate laws of the conditional raw Poisson experiment are precisely the
padded product coordinate laws: reservoir law at x4, the pushed-forward rare laws at the
rare cells, and the zero law elsewhere. Since conditional raw Poisson counts are independent
across cells,

d
=) e
x=1
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The preceding coordinate identification, together with the padding identity

k d
Ay <<® Hb,g,i) ® Q*> = ® Jog .z
i=1 =1

which follows from Lemma 23, yields the pointwise fiber identity

k
Rb(ﬁ) = (Arare) ((@ QZ?:) X Q*> .

i=1

This equality uses more than the abstract padding identity: the reservoir calculation fixes
the distinguished coordinate, the two rare-cell cases identify every pushed-forward rare
law, and the unused-cell calculation supplies the Dirac fillers. Independence of the raw
Poisson counts then identifies the conditional experiment with the resulting finite product.
Hence every coordinate law on the two sides is the same before ﬁnite—producAt uniqueness
is invoked. The identity holds for every £. Integrating it against G and using & = £ almost

surely gives
® Q*) .

independence under v®* gives

[ Rl€)46(©) = (A <[ /¢ ®Qra‘”du®"“

For cylinder events Ey x --- x E, C Zk

rare’

/ HQE’?‘Y H / b ( V(p):ille”(E“

because each map p — Q7Y(E;) is measurable and takes values in [0, 1]. Finite Fubini

therefore factors the integral of their product under v®* into the product of the coordi-
nate integrals. Both sides define probability measures on the finite product space, and
measurable rectangles form a generating m-system; the 7-A uniqueness theorem extends
the displayed equality from rectangles to the whole product o-algebra. Thus

[@aszamonar

Consequently the branch- b raw prior-predictive law is

Roi= [ Ri(€)46(6) = (s (05 2 Q.)

Appending the common reservoir law and applying the deterministic assembly map cannot
increase total variation, so

TV(Ro,Ry) < TV(QY*, Q¥%) < Cukapt < Coukapt.

The constructed recipe with priors Ily, II; therefore satisfies all displayed calibration, sup-
port, common-table, mean, separation, variance, and mixture-distance conclusions.

O
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Lemma 25. [lem:common-marginal-canonical-certificate-family| (Canonical certificate
family) There exist real constants Chxeq and cyisx with

0< C’ﬁxeda 0< Crisk

such that, for every overlap level € with 0 < € < 1/2, there are a common-marginal calibration
in the sense of Definition 19 and real constants

Ce, Pes Csmall; Cloor

with the following properties. Write by for the calibration bandwidth constant, be for the uni-
form bandwidth constant, . for the shift constant, c. for the dual-gap constant, and Cy for the
dimension constant supplied by the calibration. These calibration constants are positive, and

1
Ce S Z
The auzxiliary constants satisfy
0< Cea Pe € (Oa 1)7 0 < csmai, 0 < cfoors Clloor < Crisk-

Moreover:

o (Fized-sample transfer.) For every n,m,d with n > 1 and d > 2, and every common-
marginal prior handle H at (n,m,d) in the sense of Definition 19, let L, B,a, k denote the
degree, bandwidth, shift, and rare-cell count components of H, and let 0y(H) and 6,(H)
denote the two raw prior centers of its recipe. If the recipe of H carries the exact common-
marginal Poisson-prior construction at bandwidth constant by, information size n + m,
labeled intensity

U = Cfixed"s

auxiliary intensity
v = Cﬁxed(n + m),

and constants (Ce, pe), including the corresponding finite-support prior data, exact common
treatment-covariate marginal table, moment-matching identities through degree L, raw-
center separation data, and Poisson likelithood-ratio bound at rate C’eukapf, if the two
raw prior-predictive Poisson experiment laws supplied by that recipe have total variation
distance at most 1/8, and if

kBa < Csmall |01(H) - QO(H)|2 )

then
Crigk ‘al(H) - QO(H)‘Q S Re(n7 m, d))
where Re(n,m,d) is the minimax risk from Definition 11.
e (Canonical handles.) For every n,m,d with n > 1 and d > 2, there exists a common-

marginal prior handle H at (n,m,d). Let L,B,a,k denote its degree, bandwidth, shift,
and rare-cell count components, set

d2
Ay = Ek ) D ) 7d = mi ]-7 )
H = cka (n,m,d) = min { ()2 log(en)? }
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and let 0g(H) and 01(H) denote the two raw prior centers of its recipe. The same constants
satisfy
L>2, 2Cfixedbo < be,

(Cﬁxedn + Cixed (TL + m))B < b.L,

L(Pxa | To(H)) = L(Pxa | IL(H)), Cﬂ;‘” < Re(n,m,d).

On the finite-atom branch, the handle also satisfies
ka < c,

and its recipe carries the exact common-marginal Poisson-prior construction at bandwidth
constant by, information size n + m, labeled intensity u = Chyean, auziliary intensity
v = Chxed(n + m), and constants (Ce, pe), including the finite-support prior data, exact
common treatment-covariate marginal table, moment-matching identities through degree
L, raw-center separation data, and Poisson likelihood-ratio bound at rate Ceukapf. The
recipe bounds hold at these intensities: both priors are supported on Mgy . from Definition 6,
they induce the same random Px 4 law, their raw-center separation is at least ccka, the raw
total mass of the generator has mean one, the raw total mass and raw targets are square-
integrable with generator variances at most C.kBa, and the raw mixture total variation is
at most Ceuk:a,of. Moreover, the two raw prior-predictive Poisson experiment laws supplied
by the recipe have total variation distance at most 1/8, and

Ap < |01(H) - QO(H)| ) kBa < csmallA%h

cHOMA%{ < Re(n,m,d), CqyD(n,m,d) < A%{.

On the parametric branch,

CyD(n,m,d) < Cfioor
n

Proof of Lemma 25. Set

1

C1ﬁxed = 655367 Crisk = m

These constants are positive. Fix e € (0,1/2). By Lemma 24, choose a common-marginal
calibration and constants C¢, p. with

C. >0, pe € (0,1),

together with the uniform construction and closure bounds supplied there. Define

Then

1 1
Csmall = m7 Cloor = m
Csmall > 0, Cfloor > 07 Cfloor < Crisk

and Lemma 24 supplies positive by, be, Ve, ge, e, Cq, with ¢ < 1/4. We retain that statement’s
notation: ¢, is the rare-count coefficient, ¢, is the dual-gap constant, and Cy is the dimension
constant.
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First consider the fixed-sample transfer assertion. Let n,m,d, H satisfy the hypotheses in
that assertion, and write
A = |6,(H) — 00(H)) .

By the hypotheses of the fixed-sample assertion, the recipe carried by H comes with an exact
Poisson-prior witness at
U = CfixedMs v = Cﬁxed(n + m),

with constants C¢, p.. The same hypotheses give total variation at most 1/8 for its prior-
predictive laws, and the assumed variance absorption is

1
kBa < copuuA? = ——— A2,
@= Comall 65536 C',

Applying the fixed-sample recipe transfer bound Lemma 20 at these intensities gives

1 2
65536 - ¢ (n7 ’ )

Since ¢isx = 1/65536, this is exactly the fixed-sample transfer conclusion.
It remains to construct the canonical handle for arbitrary n,m,d with n > 1 and d > 2.
Write

d2
N =n+m, L, = log(en), D(n,m,d) = min {17 N272 } :

Let r. denote the calibration regime constant, D, the calibration degree constant, and ¢, the

calibration rare-count constant. The proof splits according to whether the parametric regime
holds:

D(n,m,d) < Te,
n
In both regimes set
boL B
L=[Ddt,], B:OW, a:7£2 ,

and
k=min{d—1,|¢NL|}.

The calibration closure in Lemma 24 gives

and
2Cxeabo = 131072 by < be.

Moreover, since n < N,

boL
(Chixean + ChixeaN) B < (131072 N)OW = 131072boL < b.L.

Thus the degree and bandwidth conclusions hold for either branch.
Suppose first that

D(n,m,d) <

3|3

110



The local testing gap used by the parametric handle is admissible because

“ <o <

\/ﬁ — € =
where /n > 1. Let H be the parametric common-marginal prior handle with the above values of
L, B, a,k. Its branch condition makes the finite-atom predicate false in this case. Consequently
all conclusions whose hypotheses include the finite-atom predicate are vacuous. The common
treatment-covariate marginal identity is the handle identity

)

>~ =

L(Pxa [o(H)) = L(Pxa [ 111(H)).
The risk floor follows from the parametric two-point floor:

Cfloor _ 1/65536 < 1/100 <
n n o n -

RE(”? m7 d)'

Finally, the calibration closure gives

1
Cyre < —— = Choors
e = Gr53g  Cfloor

and hence, using the parametric-regime inequality,

Cfloor

CdD(namad) SCdE <
n n

This proves all required canonical-handle properties on the parametric branch.
Now suppose that the parametric regime fails:

D(n,m,d) > Te,
n

With L, B, a, k as above, the quantities B and a are positive. From
k=min{d—1,|¢qNL|}
and the elementary inequality |¢eNL| < g.N L, valid since ¢ NL > 0, we have
k<gqgNL.

Therefore

Yebo

NL

where the last inequality is the rare-scale calibration inequality. Hence the rare shift is small.
Apply the finite-atom part of Lemma 24 with

ka < qNL -

= q{)/eb() < Ce,s

u = 65536 n, v = 65536 N.

The preceding bandwidth bound, positivity of B, the identity a = .B/L?, the rare-shift bound
ka < c¢, and k+1 < d produce a recipe R at these intensities. The bounds supplied for this recipe
include the finite-atom construction flag, support in Mg, equality of the induced treatment-
covariate marginal table, the raw total-mass mean-one identity, the raw-center separation, the
raw total-mass and target variance bounds, and the raw mixture total-variation bound

TV (POP,‘}%S, Plff}i{S) < C’eukapf.
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Together with n > 1, L > 2, d > 2, the nonnegativity of u,v, the positivity of u + v, the
bandwidth and shift identities, and the rare-count fit £ + 1 < d, these same bounds form the
exact Poisson-prior witness used below. Let H be the corresponding handle. Its branch condition
identifies this recipe with the finite-atom branch. The common marginal identity again gives

L(Pxa |o(H)) = L(Pxa | I1.(H)).
The recipe bounds also give
|01(H) — 0p(H)| > ccka = Ag,

the raw total mass has mean one, the raw total mass and raw targets are square-integrable with
variances at most CckBa, and the raw mixture total variation is bounded by

C.ukapk.

The calibration decay inequality and the bound ka < ¢, imply
‘ . 1
TV (PGS, PTSS) < Ce(65536 n)kapl < C.(65536n)cepl < 5

Thus the prior-predictive total variation condition required by the transfer rule holds.
It remains to record the two absorptions used by the handle. The counting estimate used in
the finite-atom branch is

LZ
CsmallCe Ve

Indeed, write N =n + m and ¢, = log(en). Since the branch condition is

the minimum in D(n,m,d) forces

— < ——-
n  N2¢2
Put
K = Csma116376 > 0.

(4(D}: 1)2>2 <re

The calibration inequality

implies
4(D, 4+ 1)2
( P, ) < v Tﬁ-

Meanwhile, the failed-regime inequality above gives

Nl
¢i@/<d

Using the ceiling bound L < (D, + 1)¢,, and

lp/n < 2n < 2N,
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we obtain the complete cross-multiplication

217 _ 2D+ 1)2¢2
K — K
~ [(4(De+1)2\ Nty lpy/n
B K vn 2N
Ve N,
<Y o
= \/ﬁ <

Equivalently, the proof has compared the nonnegative quantities through the strict square in-
equality

(4(1)6 +1)2

2
i N€n> < (dv/n)?,

and then divided by the positive factor y/n. Weakening the strict bound gives

212
— < .
K—d

Now split according to the actual comparison defining the minimum in k. If

then
k=d-—1.
Since d > 2,
g <d-1
2 - )
and hence g
— < =-<d-1=k
K — 2~
If instead
\_qENLJ <d-— 17
then
k=|qgNL]|.
The calibration gives
D+ -
K

and, since g NL > 1, the elementary floor bound |¢.NL| > q.NL/2 gives

4NL _ 2(D. + )NL
2 = K '

k= LQGNLJ >

Using L < (D¢ + 1)4,, and £, < N, this is at least

L2
f.
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Thus the displayed counting estimate holds in both subcases. Recall here that ¢, denotes the
calibration dual-gap constant; the rare-count coefficient is ¢.. Using a = v.B/L?, the counting
estimate yields

ka? ka?
kBa = < ~ ) L2 < (kcsmallcg'YG) = Csmall(ceka)2 = CsmallA%{-
€ €

The recipe separation bound gives
AH = ceka < |91(H) — 90(H)’ .

Consequently
kBa < coman |01 (H) — 6o(H)|*.

The fixed-sample transfer already proved above therefore gives
Cfloor ‘GI(H) - QO(HNQ < Re(n7m7 d)’

and hence
CﬂoorAsz[ S Re(na m, d)

As before, the parametric floor gives

Cfloor
n

< Re(n,m, d).
Finally we verify the dimension absorption for the above L, k,a. Since

a= 76B _ ’YebO
L2 NL’

it is enough to compare CyD(n, m,d) with
2
Yebo
k .

kE=min{d—1,|¢NL|}.

Split according to which term realizes

On the cap-active subcase, k = d — 1. Because d > 2,

d
—<d-1=k.
5 =

The definition of D(n,m,d) and the dimension calibration give

d2
N22

< ce’YebO 2 d?
=\, +1)) N2

C’dD(n, m, d) < Cd
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All factors here are nonnegative. The two bounds d < 2k and L < (D, + 1)¢,, therefore give,
after cross-multiplication by the positive denominators,

0 S Ce’YEbOd S cek'yeb[) _
2(D. + 1)N¢,, NL

cka.

Squaring this nonnegative comparison proves
CaD(n,m,d) < (ccka)?

on the cap-active subcase. On the floor-active subcase, k = |g.NL]|. The calibration includes

the rare-count identity
Ce

T 29y’
The calibration has g, > 4, while N > 1 and L > 2, so g NL > 1. The elementary floor bound
therefore gives

e

qeNL
k> .
- 2

Thus, with every factor nonnegative,

qeNL ~ebo Ce
ka > . = —.
‘=79 'NL 14
Since D(n,m,d) < 1, the calibration gives Cy < ¢?/16, and squaring preserves the preceding
comparison,

2
CyD(n,m,d) < Cyq < —= = (CEZ) < (ccka)?.

Thus in both subcases
CyD(n,m,d) < (ccka)® = A%,

This proves every required canonical-handle property on the finite-atom branch, and completes
the construction for all n,m, d. O

The constants in Lemma 24 coordinate the degree, bandwidth, rare-cell count, and mixture
decay. The shared-law conclusion for the random treatment—covariate tables is the structural
feature that makes the prior compatible with auxiliary annotation data, and the final total-
variation display supplies the testing bound used by Lemmas 20 and 21. Lemma 25 then
assembles the transfer constants, the canonical handle, the parametric label floor, and the finite-
atom branch into the certificate invoked by Theorem 3.

One-coordinate marked-Poisson input. The load-bearing analytic estimate is a one-
coordinate marked-Poisson total-variation bound for normalized signed certificates. For a
normalized signed certificate supported on [a/ke, B], with moments through degree L equal to
zero and (u + v)B < b.L, its two marked-Poisson predictive laws satisfy

TV(Qo, Q1) < Ceuapl,  0<pe<1.

Expanding each marked-Poisson likelihood in the latent mass gives the intuition behind the
bound: moment matching cancels the polynomial terms through degree L, and the bandwidth
condition leaves a geometrically controlled exponential-series tail. Tensorization over rare cells
contributes the factor k, while the common reservoir and deterministic splitting and assembly
maps preserve or contract total variation.
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C Known-marginal experiment and verification note

The benchmark in Definition 15 and Theorems 1 and 5 uses the same labeled experiment as the
annotation problem, but supplies the treatment—covariate marginal as exact side information.
This appendix records the corresponding experiment explicitly so that the comparison with the
auxiliary-sample experiment in Definition 9 has a fixed statistical object.

Definition 30. [def :known-marginal-experiment| (Known-marginal experiment EX10V2)  For
n>1 and d > 2, the known-marginal experiment is

gknown = {(P(Xm,PXA) :Pe Md,e}'

n,d,e

The first coordinate generates Ly, and the second coordinate is the exact 2d-cell table observed
as deterministic side information.

The deterministic table Px a4 contains the full joint distribution of treatment and covariates
under the same observed-data law P used for the labeled sample. Thus the benchmark isolates
the contribution of outcome labels after the treatment—covariate frequencies are known exactly.
This is the population analogue of having unlimited annotation data for (X, A), and it is the
object compared with finite-m annotation in Theorem 5.

The risk RX1°%1(n, d) in Definition 15 takes the infimum over TXI°"I the estimators measur-
able with respect to the labeled sample and this exact table. The bbundary result in Theorem 1
therefore describes the benchmark rate for the known-marginal problem, while Theorem 5 iden-
tifies the annotation regimes in which the finite auxiliary sample attains the same limiting
benchmark. The construction is aligned with the finite-alphabet causal model in Definition 6
and the average treatment effect functional in Definition 8; the overlap and sampling conditions
remain those stated in Assumptions 1 and 2.

The next statements record the finite side-information comparison underlying that bench-
mark. The finite-cover statement is the compactness input that turns exact side information into
finitely many stable decision rules; the causal specialization then yields convergence of empirical
side samples to the exact-side benchmark; and the measurable comparison formalizes exact side
information as at least as informative as an empirical side sample.

Lemma 26. [lem:finite-side-cover-approximate-decision]| (Finite side cover) Let © be
a nonempty compact topological space, let Z be a finite set, let C be a finite nonempty set, and
let I < wu. Suppose the following conditions hold.

e (Laws.) For each 6 € ©, Ay is a probability vector on Z and Zy is a probability vector on
C.

e (Target.) For each 0 € ©, vg € [I,u].

o (Continuity.) For every z € Z and c € C, the maps 6 — Ag(z), 0 — Zg(c), and 0 — vy
are conlinuous.

For probability vectors v, on C, set

Do (v,V) = max lv(e) — V' (e)].

Define
R, = inf sup Z Ag(2) (1/1(2, Zp) — U9)2,

Vv 6o zeZ
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where ¥ ranges over all maps

Y Z x Prob(C) — [I,u].

Then for every 6 > 0, there exist an integer k > 1, centers 07,...,0; € ©, decisions B1,..., B :
Z — [l,u], radii rady, ..., radg, and a margin n > 0 such that
n < rad;

for every j, every 6 € © admits some j € {1,...,k} with

DOO(Eaa E@;) < ra’dj -,

and, for every j € {1,...,k} and every 0 € O,

Doo(Zg, Eg;) <rad; = ZAg(z) (Bj(z) - v9)2 <R +6.
zeZ

Proof of Lemma 26. 1. For a decision b : Z — [l,u], write

Ro(b) = 3" Ag(2) (b(2) — vp)”.

zeZ

Since b(z), vy € [I,u], each squared term is at most (u — )2, and since Ay is a probability
vector,

0 < Ry(b) < (u—1)2 for every 6 € ©.

In particular the constant decision bg(z) = [ is admissible.

. Fix 6y € ©. Let
.F(Qo) = {9 €05 = Ego}

and let

Vab(0o) = inf — sup Ry(B).
B:Z—[lu] 9eF(0y)

The fiber is nonempty because it contains 8y. By the previous bound, the worst-case risk
of the constant decision by over this fiber is at most (u — )2, hence Vg, (6o) < (u — 1)2.
Thus the set of all fiber values is bounded above.

For an exact-side rule ¢ : Z x Prob(C) — [I, u], write

R () = Ao(2) (¥(2,Z9) —vp)?, R = infsup R§* ().

z€Z ¥ 60
For any such 1, define the fiber decision
51&,00 (Z) = ’(/J(Z, EGO)'
If 0 € F(6p), then Zg = Zy,, so
Ro(By.0,) = Ry“ ().
Consequently

Viin(6o) < sup  Ro(By.g,) < sup Rg*(¢¥).
9eF(6o) 9co
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Taking the infimum over v gives

Vﬁb(eo) <R, sup Vﬁb(ﬁ) < fR,.
[ISC)

For the reverse inequality, set

s = sup Vip ().
9e6

Let a be any real number with s < a. Then every fiber value is strictly below a. Since
the fiber risks are nonnegative, the strict infimum property gives, for each 6y, a decision
Ba, : Z — [l,u] such that

sup Ry(By,) < a.
0eF (0p)

Define a representative map on the whole simplex by

{one 0 € © with Z9 = v, if such a 0 exists,
rep(v) =

an arbitrary point of ©®, otherwise.

This is defined for every v € Prob(C) because O is nonempty. Now assemble the exact-side
rule

%(Za V) - ﬁrep(l/) (Z)

For each 6 € ©, the representative rep(Zy) has side law =g, so 0 € F(rep(Ep)). Hence

Rgx(lba) = RH (/Brep(Eg)) <a.

Therefore
R, < sup Rg*(va) < a.
fcO
Since this holds for every a > s,
R, <s.

Combining the two inequalities yields

Re = sup Vﬁb(ﬂ)v
9€O

and in particular
Vab(0o) < RA..

. For a > 0, define the closed side-law neighborhood value

Vo(fp) = inf sup Ro(B).
( ) B:Z—l,u] Q;Dm(Eg,Ego)Sa ( )

The required shrinking-neighborhood fact is the reciprocal-radius convergence
Viyv+1)(0o) — Vin(0o) as N — oc.

Indeed, for every o > 0, the exact fiber F () is contained in the closed a-neighborhood,
and therefore
Viin(00) < Va(6o)-
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This gives the lower side of the limit. For the upper side, fix a real number b > Vg, (6p)
and put
. Vin(0o) + b
2 )
Since the fiber risks are nonnegative, the strict infimum property gives a decision 3% : Z —
[l,u] with

Vab(0g) < ¢ < b.

sup Rg(ﬁﬁ) <,
0cF(60)

SO
0cFl) =— RyB)<c.

For this fixed decision the map 6 — Ry(B*) is continuous, because Z is finite and the
coordinates Ag(z) and vy are continuous. Hence the set

B={0cO:c<Ryp"}

is closed, and compactness of © makes B compact. The side-law map 6 — =y is continuous,
so its image Z(B) = {Zy : § € B} is compact and therefore closed in the finite simplex.
The preceding fiber inequality implies

Z, ¢ Z(B),

for otherwise some 6 € B would satisfy =g = Z, and hence both ¢ < Ry(3%) and Ry(3%) <
¢. Since a closed set misses =y, there is ap > 0 such that

DOO(EQ,EQO) <oy — Re(ﬂu) < C.

For all sufficiently large N, 1/(N + 1) < ap. For such N, every 6 with

1
N+1

Do (29, Zg,) <

satisfies Rg(/3%) < ¢, and therefore

Viyingn)(0o) < sup Ro(B%) < c<b.
6: DOO(Egvzeg)Sl/(N+1)

Together with Vi, (60) < Vi (v41)(0o), this proves the displayed convergence.
Apply the convergence with b = Vg (6y) 4+ 6/2. Choose an integer Ny, > 0 with

Vi/(Ng,+1)(00) < Vb (o) + /2.

Set )
0y) = > 0.
r(6o) Np, 1

Together with Vi (6g) < R, this gives

VT(QO)(H()) <R, + 0.

Since all risks are nonnegative, the range of worst-case risks over admissible decisions is
bounded below by 0. Hence the strict inequality for the infimum yields a decision

ﬁgo L — [l,u]
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such that

sup Ro(Be,) < Rs + 9.
0: Do (597560)§r(90)

Consequently, whenever
Do (Z9,Zg,) < 7(60),

the same 6 belongs to the closed neighborhood, and therefore

Rg(ﬂgo) <R, +9.

. The map 6 — Ey is continuous because each coordinate 6 — Zy(c) is continuous and C is
finite. For each 6, define

- - r(6
Up, = {9 €0 : Duy(Zp,Zg,) < (20) }

Each Uy, is open, and 6y € Uy,. Thus {Uy, : 0y € ©} is an open cover of ©. Compactness
gives finitely many centers

T,..., 07

1 » Yk

such that these sets still cover ©. Since © is nonempty, this finite subcover has k& > 1.
. For each selected center set
rad; = 7(07), B = Bg;.

Define
radj

7 = min
1<j<k 2

Every rad; is positive, so n > 0, and
rad;
n < Tj < rad; for every j.

If 8 € O, the finite subcover gives an index j with

radj
2

Doo(E9, Zge) <
Since n < rad; /2, this implies
DOO(EQ, 59;) < radj —1.

Finally, if for some j and 6,
Do (Zg, :9;) < radj,
then the local guarantee from the construction at 67 gives
> 80(2)(8(2) — v)” = Ro(B;) < Ry +0.
z€e”Z

These are exactly the required centers, decisions, radii, and margin.
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Lemma 26 supplies the finite selection step used in the side-information limit. Compactness
and continuity allow the exact-side decision problem to be represented, up to any tolerance 9,
by finitely many neighborhoods of side laws. The positive margin 1 gives room for an empirical
side table to select one of these neighborhoods uniformly once the auxiliary sample is large.

Lemma 27. [lem:finite-side-information-convergence| (Finite side-information conver-
gence) Let the overlap parameter € satisfy 0 < e < 1/2, let n >0, and let d > 2. Let

0.4 = {(Tr,g,w) .7 € Prob([d]), 0s € [6,1 — €], Was € [0,1] for z € [d], a € {0, 1}}.
For 0 = (ﬂ-? Qaw) € ®€,d7 set
Py(x, 0, y) = w05 (1 — 02)' ™ *w, (1 — waw) Y,

let \g = Py be the labeled-sample law on ([d] x {0,1}*)", define

&o(z, ) = Z Py(x,a,y), vy = Z T (Wiz — Woz)-

ye{0,1} z€[d]

For each m > 0, define

— inf su / Z)U —w 2d)\ ® ®m Z,U,
([ (0,112 x ({0 1)m [ 1,1] g, ($(2,0) = vg)"d(Xe © &™)(2,U)

and define
. 2
R, = f Z - dg(2).
* w:([d}><{0,1}2)"xPlrIOlb([d]X{O,l})H[1,1]92%I:d/(w( /o) UG) o(2)
Then
lim R, = R..
m—r0o0

Proof of Lemma 27. Let
Z, = ([d] x {0, 1}2)71, Ca = [d] x {0,1}.

For 0 € © 4, write
Ag(z) = M ({2}), Eg(c) = &(c), ce Cq.

The assumptions d > 2 and 0 < € < 1/2 make [d] nonempty and make [e, 1 — €] nonempty. The
coordinate map

(7, 0,w) — (777 (02) e (wax)(a,x)e{o,l}x[d}>

identifies © 4, with its coordinate topology, with the finite product
Prob([d]) x [e,1 — €]l x [0, 1]{0:1}x1d],
Here Prob([d]) is the closed simplex
7 e 0,114 . Zﬂle ,
z€[d]
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which is compact as a closed subset of the finite cube [0, 1], The two interval powers are finite
products of compact intervals. Hence O, 4 is nonempty and compact.

For each 6, Ay is a probability law on Z,, because it is the n-fold product of the one-record
law Py. Also Zy is a probability law on C;. Indeed, every summand is nonnegative, and the
normalization expands as

Z Z Ep(z,a) = Z Z Z T 0y (1 — Qx)l_ang(l _Wa:v)l_y

z€ld] ac{0,1} z€[d] ac{0,1} ye{0,1}
= Z Ty Z 0p(1— Qw)l_a Z wh (1 - wax)l_y
z€[d] ae{0,1} ye{0,1}
= Z Wx((l_Qz)“‘Q:r) = 1.
z€[d]

The maps 0 — Ag(2), 0 — Ey(c), and 6 — vy are continuous, since each is obtained from finitely
many coordinate projections by finite sums and products. Finally,

-1 <wip —woe <1 for every z,

and the weights 7, are nonnegative with total mass one, so
—1= wa(—l) < Zﬂz(wlx —wpgz) = vy < sz(l) =1.
€T x x

With this notation, the empirical-side minimax value at auxiliary size m is

R, = inf sup Z Ap(2) Z Eégm(u) (@(zau) - U9)27

Ly xCT—[—1,1
©:ZpXC—] }Be@e,dzezn wecn

and the exact-side minimax value is

= inf A Z9) - vp)?.
wz”XPmtl(lcd)*[—lvl]ezlélzdzezz 0(2)(¢(2,Z9) — vg)

We now use the finite side-information convergence argument for these data. First, for any
empirical estimator ¢ : Z,, x C) = [—1, 1], define the corresponding exact-side estimator

Plzv)= > v (w)p(z,u),  z€Z,, vEProb(Cy).

ueCy

Convexity of v — (v — vg)? gives, for every 0,

/(gp(z, Zp) —vg)” dNg(2) < /(cp(Z, U) —vg)? d(Ag ® E5™)(2,U).
Taking suprema over 6 and then infima over ¢ yields
R, <R, for every m > 0.
It remains to prove the reverse asymptotic inequality. Put

Do (v, V') = max|v(c) — V/(c)|
ceCy
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for probability laws on C4. Fix § > 0. With © = @E’d, Z =172, C=Cqy Ag = g, =9 = &,
I = —1, and v = 1, the compactness, simplex, continuity, and target-range checks above give
the analytic hypotheses of Lemma 26. Its remaining structural hypotheses are immediate but
worth recording: Z, is a finite power of a finite set, Cy is finite and nonempty because d > 2,
and —1 < 1. Thus every hypothesis of Lemma 26 holds. Hence, for the present §, there are
an integer k > 1, centers 07,...,07 € O,q4, bounded decisions f1,...,0 : Z, — [—1,1], radii
rady,...,radg, and a margin 1 > 0 such that

n<rad; (1<j<k),
Vo € 66,01 dj € {1, .. .,k}, DOO(EQ,EQJO,) < radj -,
and, for every j € {1,...,k} and every 0 € O,

DOO(EQ,EQ;) < radj - /(ﬁJ(Z) — U9)2d/\g(Z) <R, +4.

Form > 1 and u € C", let =, € Prob(Cy4) be the empirical law of u, and put J := {1,...,k}.
Since k > 1, this set is nonempty. Choose a selector ¢ : Prob(Cy) — J as follows: if at least one
7 € J satisfies

Deo(v,Epe) < rad; —n/2,

let o(v) be the least such index; if there is no such index, set o(r) = 1. Define
D5 (2, u) = Baéu)(z).

On the event R
Gom = {u € CM: Doo(By, Zp) < n/2} ,

choose a cover index j € J with
Do (Z9, Eg;) < rad; —n.
The good-event bound and the triangle inequality give
Doo(E., Eg;) < n/2+rad; —n =rad; —n/2,
so j is eligible for the selector. Hence

Do (ém EGC’(: ) < I‘ada(gu) _77/2’

o (Eu)
Applying the triangle inequality once more, now through éu, yields
D (Zo, Egz(éu)) <n/2+rad,z ) -n/2=rad,z ;.
Therefore
[ @5n(2.0) ~ ) d0 9 Z5™)(2,U) < R+ 544257 (G5 ),

because all estimates and all targets lie in [—1,1]. For the finite-alphabet concentration step,
fix §. For c € Cg and w = (u1,...,un) € C, write

Ne(u) =Y Hui=c},  EZule) =

=1
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Under 5™, the variables 1{U; = c} are independent Bernoulli variables with mean Zg(c). Thus

EoZv(c) = Eg(c)

and, since a Bernoulli variance is at most 1/4,
1 & 1
Vary (EU(C)> =3 Z;Varg(l{U,- =c}) < o
1=
Chebyshev’s inequality gives, for every ¢t > 0,
=®m <
)

If Doo(Er,Z9) > 1/2, then the defining identity

N 1
Z(c) — Sp(c)] > t) < -
u(e) 9(0)‘ — /) T 4mt?

implies that some ¢ € Cy satisfies

Hence the bad event satisfies

om = {Doo(gU,Ee) > 77/2} C U {

ceCy

Zu(e) — Zo(e)| 2 n/2} -
The union bound over the finite alphabet gives

EEM (G ) < Z Zgm (

ceCy

= _ C
20() - 20(0)| 2 n2) < 1.

The right-hand side is independent of # and tends to zero, hence

C
sup Z5™( o.m) < 1Cal dl — 0.

9€@§d mn
Taking the supremum over 6 and then using the displayed estimator ®s,, in the minimax
infimum yields
lim sup R,, < R, + 4.

m—0o0
Since § > 0 was arbitrary,
lim sup R, < R,.

m—o0
Combining R, < R, for every m with the last display gives
liminf R,, > R, and lim sup R,, < fR,.

m—00 m—»00

Thus lim,, .o R = R.. O]

Lemma 27 states the population-side-information approximation directly: as the number of
auxiliary treatment—covariate records grows, the finite-sample minimax risk converges to the
risk obtained when the treatment—covariate marginal is observed exactly. This supplies the
finite-dimensional continuity step behind the known-marginal limit in Theorem 5 and keeps the
benchmark comparison on the same labeled-sample scale as the annotation experiment.
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Finite-cover selection input. The finite-cover mechanism in Lemma 26 applies to the dis-
crete causal parametrization because the parameter set is compact and its labeled probabilities,
side-law probabilities, and target are continuous functions of the cell probabilities. Concen-
tration of the empirical side table then selects a valid neighborhood with probability tending
uniformly to one, while Lemma 28 gives the complementary comparison from an empirical side
sample to its exact probability vector.

Lemma 28. [lem:finite-side-measurable-comparison| (Empirical side comparison) Let ©
be a nonempty parameter set, let Z and C be nonempty finite sets, and let B_— < By be real
numbers. Suppose that, for each § € O, the following objects are given:

e (Observed side law.) A probability vector \g on Z.
e (Empirical side law.) A probability vector & on C.
o (Target.) A number vy € [B—_, B+].

For each integer m > 0, define

R = inf sup Z Ao(2) Z H o(vy) | (¢(z,v) — U@)Q.

w:ZXCmﬁ[ﬁfzﬁJr} 0c® z€Z veC™ \j=1

Define also _
R, = infsup Y Ng(2) (¥(2,&) — vo)”,

v 9eo zEZ

where the infimum ranges over all maps

¥ Z xRE = [B_, By]

such that, for each z € Z, the section w +— (z,w) is Borel measurable. Then, for every integer
m > 0, B
Re < R

Lemma 28 gives the corresponding monotone comparison for finite spaces: replacing an
empirical side sample by its exact probability vector weakly lowers the minimax risk. In the
known-marginal application, this comparison expresses the benchmark as the risk associated
with observing the treatment—covariate law itself, rather than a random finite sample from that
law.

A complementary asymptotic comparison spells out when auxiliary annotation improves the
rate in Definition 12 relative to the labeled-only case. It expresses the improvement entirely
through the alphabet growth and the effective treatment—covariate sample size.

Lemma 29. [lem:annotation-frontier-strict-improvement| (Strict frontier improvement)
Let (my,)n>1 and (dy)n>1 be sequences of nonnegative integers such that d,, > 2 for every n > 1.
For eachn > 1, set N, = n+my, and £,, = log(en), and let r(n,m,d) be the annotation-frontier
rate in Definition 12. Then, as n — oo,

Te(na M, dn) = O(Te(nv 07 dn))
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if and only if

n

_>
ik,
and
- dn/(Nntn) — 0.
min{1,d,/(nt,)}
Proof of Lemma 29. 1. All limits are taken as n — oo, and changing finitely many initial
values is immaterial. Put
1 dn 3 dy
by = — Qp = —— = .
n n’ n nEn ) n Nnen
For every sufficiently large n, ¢, = log(en) > 0,0 < ¢, <1, ap, >0, B, > 0, and 5, < .
The last inequality uses N, = n + m, > n, while positivity of «, uses d,, > 2. By
Definition 12,
re(n, My, dy) = min{1, ¢, + B2}, re(n,0,d,) = min{1, ¢, + a2}.
2. We use the following numerical reduction. Suppose sequences t,, oy, By, satisfy, eventually,

0<u, <1, 0 < ap, 0 < Bn < ap.
Define

Ry := min{1, s, + 52}, RY .= min{1, s, + o2}, Hy, := min{1, o, }.

Then
Rn=0(RY) <+ %%0 and fg:l—>0.
Indeed, if R,, = o(RY), then R,,/R" — 0. Since ¢, < R, and RO > 0 eventually,
in, Rn

S0 1y /RY — 0. Also R,/ R?L < 1 eventually; hence R,, < 1 eventually, and therefore
Rn =ip+ /8721

eventually. Thus

< B R

= R79L = @)
so B2/R% — 0. To replace RY by H2, observe that

0

H2 = min{1,a?},

n —

and hence
H2 < RO <1y +H2.
Writing 9, := 1, /R%, we have @, — 0, and whenever Q,, < 1,

LL< n )
H2 —1-0Q,

0<
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Consequently ¢, /H2 — 0, and the displayed two-sided bound gives

RD
— 1.
H2
Therefore
B BERY
e R0

and taking square roots, using 3, > 0 and H,, > 0, yields 5,,/H, — 0.

Conversely, assume

7;—"% — 0, f[?; — 0.
Then 32/H2 — 0, and since H2 < RO,
n B
0< R—g < 7—7,% — 0.
Finally, , )
ogggg L”;zr%ﬁ” =%L+R—’§L—>o,

which is exactly R, = o(R?).
. We also need the supervised floor equivalence

(1/n)

—— =0 = —— — o0
re(n,0,dy,) Vnily -
Set
Op i= dn
"ty
Forn > 1,

re(n,0,d,) = min{l, ¢, + ai},

and direct algebra gives
in _ 1

ln+a2 1402

Assume first that ¢y, /7¢(n,0,d,) — 0. Given a real threshold Y, put

Y, :=max{Y,0} + 1.

Eventually
Ln 1

< .
re(n,0,dp,) ~ 1+Y?

Since 7¢(n,0,d,) < t,, + a2,

1 Ln ln 1

= < < .
1402 tw+a2 = rn,0,dy) 14V}

Because g, > 0, this forces o, > Y, and hence g, > Y eventually. Thus o, — oc.
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Conversely, if o, — 0o, then ¢, — 0 and 1/02 — 0. With
Hy, = min{l, o, },
the same identity H2 = min{1, a2} gives

H2 < 1c(n,0,d,).

Therefore
tn < n
re(n,0,d,) — H2
If o, <1, then
ln, _ ln 1
Hy  an o}
if a, > 1, then H,, = 1 and
ln < 1
Wt
Thus, in all cases,
e n+ — — 0,

which proves the equivalence.
4. Applying the reduction from the second step to the sequences in the first step yields
re(n,mp,dyp) = o(re(n,0,dy,))

if and only if

In B
_ d _— .
TG(na Oa dn) - 0 an min{l, O[n} - 0
Substituting the definitions of «,, and f,,, the second condition is exactly
/( ) — 0.

min{1,d,/(nt,)}
By the supervised floor equivalence from the third step, the first condition is exactly

dn
NA

Combining the two equivalences proves the claimed characterization.

— OQ.

O]

Lemma 29 identifies the regimes in which the annotation rate is asymptotically smaller than
the labeled-only rate. The first condition places the alphabet beyond the labeled-only parametric
scale, so treatment—covariate information can affect the leading rate. The second condition
requires the combined treatment—covariate sample size to reduce the alphabet-dependent term
relative to its labeled-only analogue. Together these conditions give an exact rate-level criterion
for when auxiliary annotation changes the asymptotic order delivered by Theorem 4.
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Verification note. The displayed theorem, proposition, lemma, definition, and assumption
statements, together with their mathematical proofs, are machine-checked in Lean 4. Displayed
objects marked presentation-synthesized organize or restate the checked layer for exposition.
Causal interpretation, bibliographic comparison, and surrounding econometric prose are reader-
facing synthesis built around that mathematical layer.

The stable statement-to-declaration manifest is presentation_crosswalk.json in
this presentation directory; it records the source file, fully qualified declaration, map-
ping status, and sorry-free status for each mapped object. The corresponding extracted
statement layer is recorded in formal layer.json, and proof-audit receipts are recorded in
proof_audit_cache. json. Verification used repository commit db544e5fa3f974dbfb320a2ecc9407c400aae9d2,
Lean 4.33.0 (release commit d8b18978322de05a8f3dbab1ef03c£5461676c17), and Lake 5.0.0.

D Proofs of the main results

Proof of Theorem 1. Fix 0 < € < 1/2. We prove the result with

1
C. =21,

The first constant is positive, and ¢, < C¢ because 0 < € < 1/2 gives

100 — € 100 —

It remains to verify the two risk inequalities uniformly over n > 1 and d > 2.

1. For the lower bound, put

0= 2
=5
Then § >0, 6 <2/5, and
52 =

25n
Consider two laws on [d] x {0,1}2. Under P, the covariate is uniform on [d], the propensity
is 1/2, and both outcome regressions equal 1/2. Under Pj, the covariate is again uniform,
the propensity is 1/2, the control regression is 1/2, and the treated regression is 1/2 + 4.
Since 6 < 2/5, the perturbed treated regression lies in [0,1]. Both laws belong to Mg,
from Definition 6, because their occupied-cell propensity is 1/2, which satisfies the overlap
condition in Assumption 1.

2. The two laws have the same supplied treatment-covariate table:

(Po)xa(z,a) = — = (Ps)xa(z,a), x € [d], ae€{0,1}.

2d

Their ATE values, computed from Definition 8, are

129



Thus, with the testing half-separation

Tltest = 5)

we have
2Mest = 0 = ‘T(PO) — T(Pg)l.

. The product laws are sufficiently close in total variation. For one labeled observation, with
the perturbed law compared to the null law, the chi-squared increment is

(et L, 8
= -1 Y

Thus

nxf = % < log?2.

The product chi-squared divergence tensorizes as
L+ 2 (PP PE™) = (14 x3)".
Since 1+ u < e* for u > 0, the preceding calibration gives
143 (PEMIPS™) < exp(nx?) < exp(log2) = 2,

and hence
X (PEM|PEM) < 1.

The perturbed product law is absolutely continuous with respect to the null product
law because every one-observation atom under the null has positive mass. Therefore the
standard Cauchy—Schwarz comparison between total variation and chi-squared divergence

yields
TV (I PP = TV(BE PEY) < LS (BT <

. Let T' € 7;1‘30“’“ be any known-marginal estimator, and define

f(Ln) :=T(Ln, (Po)xa) = T(Ln, (F5)x4),

where the equality uses the common supplied table. Since the two targets are separated
by 2ntest, for every sample point at least one of

‘f - T(Po)‘ 2 Mtests ‘f - T(P5)‘ > Mtest

holds. The total-variation bound therefore gives

N =

1-TV(PE", PE™) 1
mas{ (| = 7(P)| 2 mest) P (17 = 7(B3)| 2 )} 2 e ) 5

For either law P, € {P,, Ps},

n‘?est P-;@n(‘f - T(P*)‘ 2 ntest) S EPEZ’" [(T([’nv (P*)XA) - T(P*))Z] .

Taking the larger of the two risks, then the supremum over Mg, and the infimum in
Definition 15, yields
known d nthst 52 1
RV > =—=—.
< d) = S5 =15 Toom
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5. For the upper bound, take any P € Mg.. For a supplied table A = (A; )24, define the
known-marginal score on a record (z,a,y) by

(AI7O+AZ’,1)/A$,1) Yy = 17 a = 17
77/)/\('%'7 a7y) = _<Aac,0 + A;c,l)/A$,07 Yy = 17 a = 07
0, y =0,

with any ratio having denominator 0 assigned value 0. The raw estimator is

1 n
PalLn) = — > Ua(Xi, Ai, Yy),
=1

and the estimator used in the risk is its projection to [—1, 1]. This projection is measurable
on the finite sample space and weakly decreases squared loss because 7(P) € [—1,1].

6. Now specialize the table to the true table Px 4. Write
pe = P(X =1), Saz = P(X =z, A = a), oz = P(X =2,A=0a,Y =1).
If p, > 0, overlap gives
€pr < Sig, Pz < S0z
if p, =0, then spp = s12 = qoz = g1 = 0. Hence

Ep[hpye, (X, A V)] = (qupw — qol,fox> = pelpie — pox) = 7(P),

" Slx
with zero-mass cells contributing 0. Similarly,

seonax A= 3 o (2) e (2]

S
= Oz

Py | Pa -1, _ o —1
<y R <N 2elp, =26
x xT

Slx S0z

Thus
Varp(¢py , (X, A4,Y)) < 2e7 L.

7. By the labeled product sampling in Assumption 2,

2¢ 1

n

Epen [¢py , (Ln)] = 7(P), Var pon (Vp, , (Ln)) <

After clipping, the squared risk is bounded by the same quantity. Taking the supremum
over P € Mg, and then the infimum over estimators in Definition 15 gives

2¢ ! ;
Rlﬁ(nown(n’ d) < € — Q
n n

Together with the lower bound, this proves the claimed inequalities for alln > 1 and d > 2.

O
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Proof of Theorem 2. Fix 0 < e < 1/2.

1. By Lemma 14, choose a universal constant Ct; > 0 such that, for every n > 1, m > 0,
d>2,and P € Mg,

~mix 2 . Ct
Epongrgy | {Fama—7(P)}’] < 2REE(Pin,m, ) + o

By Lemma 13, choose Cpyise > 0, depending only on ¢, such that, for the same range of
parameters and laws,
RE}?II)S(Pv n,m, 6) S CPOiS,e Te (na m, d)

Set
Ce:= 2CPois,e + Cir.

Then C, > 0.

2. It remains to verify the displayed bound uniformly over P. Fix n > 1, m > 0, and d > 2.
For any P € Mg, the two estimates above give

~mi 2 . C
Epongpgy [{Foma = 7(P)}] < 2RI (Pin,m, ) + =

< 2CPois,e Te (n, m, d) + Cr T€(na m, d)

The last inequality uses the elementary rate comparison
1 < re(n,m,d),
n

which follows directly from Definition 12, since

d2

1 . 1
ﬁ < mm{l,n + (n—i—m)%%} = rg(n,m,d)

for n > 1. Therefore

~mix 2
EP@’HX)P?K [{Tn,m,d - T(P)} } < (2CP0iS7E + Ctr) re(nv m, d) =Ce TG(”? m, d)

3. Since the preceding bound holds for every P € Mg, taking the supremum over the model
class yields

~mix 2] <
P:u/\/lpd,E EP@TL@P‘S?XL [{Tnvmad T(P)} = CE Te (n7 m, d)

The rate is positive for n > 1 by Definition 12, so the right-hand side is a well-defined
finite real number. The asserted uniform bound follows for alln > 1, m > 0, and d > 2.

O]

Proof of Theorem 3. 1. Fix 0 < € < 1/2. By Lemma 25, there are positive numerical con-
stants
C’ﬁx > 07 Crisk > 0;
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and, at this €, calibration constants as in Definition 19, together with
pe (07 1)7 Cfloor > 07 Coor < Crisk-

Write Cq > 0 for the dimension constant in this calibration, and write cgap > 0 for the
calibration’s dual-gap constant. For every n,m,d with n > 1 and d > 2, Lemma 25
supplies a handle H satisfying

Loy (Pxa) = L, (1) (Px 4)

and the floor certificate 1
Cﬂoorg S Rs(na m, d)

For this handle, put

D(n,m,d) := min {1’ (n+ m)(flog(enV }

and
Ap = coap k(H) a(H),

where k(H) and a(H) are the rare-cell count and shift in Definition 19. In the finite-atom
branch, the same cited certificate gives the nonparametric dimension comparison

CyD(n,m,d) < A%
and the fixed-sample lower bound attached to the canonical handle,
CﬂoorA%I < Re(”v m, d)

The displayed lower bound follows once the handle’s common-marginal witness, total-
variation bound, center separation, and variance absorption satisfy the hypotheses of
Lemma 21. In the complementary branch, Lemma 25 gives directly

CyD(n,m,d) < Chloor
n

. Define

2 727 2

Since choor > 0 and Cy > 0, this constant is positive.

. {Cﬂoor Cq Cﬂooer}
Clp = Inin — .

. Fixn,m,d with n > 1 and d > 2, and take the handle H from the certificate package. Put

d2

Q(n,m,d) := () log(en)?’ D(n,m,d) = min{1, Q(n,m,d)}.

Both Q(n,m,d) and D(n,m,d) are nonnegative. The frontier rate in Definition 12 satisfies
. 1 1
re(n,m,d) = min {1, — 4+ Q(n, m,d)} < —+4 D(n,m,d).
n n

Indeed, if Q(n,m,d) < 1, the right side is 1/n+Q(n, m, d), which dominates the minimum.
If Q(n,m,d) > 1, then D(n,m,d) =1, and the left side is at most 1 < 1/n + 1.

133



4. Suppose first that H is in the finite-atom branch. Since cgoor > 0, multiplying the finite-
branch dimension comparison by cgoor and then using the transferred fixed-sample lower
bound gives

CoorCaD(n,m, d) < coorA% < Re(n,m,d).

Together with the floor inequality,
1
Cﬁoorg < RE(TL, m, d)7

this supplies the two lower bounds used in the averaging step. Using the definition of ¢
and the bound from the previous step,

1
cpre(n,m,d) < ep < + D(n,m, d))
n

1
=ap -+ cpD(n,m, d)

Cfloor 1 Cfloor Cd

— D
<=, 5 D,m.d
1 1
= 5 <Cﬁ00r + CﬂooerD(nv m, d))
n
< Re(n,m,d).

Thus the asserted lower bound holds in the finite-atom branch.

5. It remains to treat the complementary branch. In this branch, the certificate clause in
Lemma 25 gives directly

. 1
CdD(n) m, d) S Cﬂi = Cfloor —-
n n
Together with the floor inequality
1
Cﬂoorg < Re(”; m, d),

we obtain

1
Clbre(na m, d) < Clb (TL + D(na m, d))

1
=ap -+ e D(n, m,d)

Cfloor 1 Cq
—+—=D d
2 n + 2 (n7 m7 )

1 1 1
< 5 Cfloor — + Cfloor —
n n

1

= Cfloor —
n

< Re(n,m, d).

IN

This proves the risk lower bound in the complementary branch as well.
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6. Combining the two branches, for every n,m,d with n > 1, m > 0, and d > 2, the handle
H supplies priors IIo(H) and II; (H) with common random treatment-covariate marginal
law and satisfies

cpre(n,m,d) < Re(n,m,d).

Taking the theorem’s lower-bound constant c. to be ¢, and using ¢, > 0 with the fixed
calibration constants chosen above, gives the asserted conclusion.

O]

Proof of Theorem 4. 1. By Theorem 3, choose a constant ¢ > 0 such that, for every n > 1,
m >0, and d > 2,
cere(n,m,d) < Re(n,m,d).

By Theorem 2, choose C¢? > 0 such that

~mi 2
o3 Bpongrgp |[{(Fina = 7(P)Y] < CPrelnm,d

for the same range of n,m,d. Set
Ce := max{ce, C{P}.

Then 0 < ¢. < C.. The estimator ﬁnjy’l‘ 4 1s measurable, so the definition of R(n,m,d) in
Definition 11 gives

- 2
Rc(n,m,d) < sup FEpgn ®m|: TX (P ]
E( ) PeMy. PengPY { n,m,d ( )}

Combining the last two displays, and using r.(n, m,d) > 0, yields
Rc(n,m,d) < CPre(n,m,d) < Cere(n,m,d).
Together with the lower bound from Theorem 3, this proves the finite-sample bracket.

2. The unannotated endpoint is the specialization m = 0 of Definition 12. Since N = n in
that case,

(,0,d) = mi {1 L, }
re(n,0,d) =ming 1, — + ————— ¢
n  n2log?(en)

3. The known-marginal limit is exactly the conclusion of Theorem 5: for fixed n > 1 and
d>2,
lim Re(n,m,d) = R (n, d).

m—ro0

4. Tt remains to record the sequence consequences. Fix sequences (m,,) and (d,,) with d,, > 2,
and set
Pn = Re(na mmdn)v dn ‘= Te(nammdn)a

pg = Re(n,0,d,), qg =1¢(n,0,d,).

The finite-sample bracket gives, for all n > 1,

Cen < pp < Ceqn, Cqu < Pg < CeQ2-
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Since all four sequences are nonnegative, these two-sided bounds imply

(pn) =O(an),  (p)) =O(qp).

Indeed, the upper inequalities give the O-bounds in one direction, and the lower inequalities

give q, < c;lpn and q?L < c;lpg.
With p
N, = by, = —0o
n n+ My, n Nnén’

Definition 12 gives

qn = min{l, % —i—bi} .
Because n~! — 0, this display satisfies

gn—0 <<= b, —0.

The implication from right to left follows by continuity of x +— min{1, z}; the implication
from left to right follows because eventually ¢, < 1/2, hence

1
anﬁ'i_b%

eventually, so b2 — 0. Using (p,) = O(gn), we obtain

Rc(n,mp,dy,) -0 <—

Next,

N, ¢
-1 2 -1
G =0n") <= b=0n") dn:0< \%”)
For the first equivalence, the term n~" is already present in ¢,, and the same eventual
equality g, = n~! + b2 applies after the O(n~!) bound forces g, — 0. The second
equivalence is obtained by taking square roots of nonnegative sequences and multiplying
by Npl,. Transferring through (p,) = O(q,) gives

1

Nyt
_ -1 o nn
Rc(n,mp,dy,) =0(n"") <= d,= O< n > .

Finally put

dn,
Ap = ——
" nby,
Then . .
qn—min{l,n+bi}, qg—min{l,n—i—a%}, 0<b, <ap.

By Lemma 29, the numerical strict-improvement criterion for these two rates is

n = o(qy)
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if and only if both

n

Vinly

bin -0
min{1, a,} '

To see this, observe first that ¢, > n~!, so ¢, = 0(q%) forces n=! = o(¢®), which is

equivalent to a,/n = d,/(v/nt,) — oo. Under this condition the floor term n~! is
negligible in ¢¥, and

— OO

and

1

. 2
¢% < min{1,a%}.
Since 0 < b, < ay,, the remaining requirement min{1,n~! + b2} = 0(¢?) is equivalent to
bi = o(min{1, ai}),
which, for nonnegative sequences, is the same as

bn

min{1,a,} =0

Substituting the definitions of a,, and b,, this last condition is exactly

dn/(Npty)
min{1,d,/(nt,)}

The two-sided bounds (p,) = O(q,) and (p9) = O(¢2) transfer g, = o(q)) precisely to

— 0.

Re(n, M, dn) = O(RE(H, 0, dn)) s

which proves the stated strict-improvement equivalence.

Proof of Theorem 5. Let
Z, = ([d] x {0,1}>)",  Cq:=[d] x {0,1}.
We use the compact coordinate space
Oca = {(m,0,w) : 7 € Prob([d]), o, € 6,1~ ], waq € [0,1]}.
The assumptions d > 2 and 0 < € < 1/2 make this space nonempty. For § = (7, o,w) € O 4, set
Py(z, 0, y) = mpop (1 — Qx)l_ang(l - Wa:v)l_ya

and define

n

/\9('2) = HPQ(Zi)7 fg(%‘, a) = Z Pa(xaaay)v Vo = Z Wx(wlr - WOQ:)'

=1 ye{0,1} z€[d]
Also,
1= me(-1) £ me(wiz —wor) < Y me(1) =1,

so vy € [—1,1] for every 6.
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1. Define the finite-side values

Ry, = sup Z Ao(z Z (H f&(uj)) (SO(Z’ u) — U9)2

goZnXCm—>[ 1,1] eeeedzez uecm j=1

and

2
R, = inf su Ao (z —vg)~.
i xProb(Ca)—[~1,1] 066134 622: o &) = o)

With the preceding coordinates, Lemma 27 gives

lim R, = A,.

m—00

2. Let 9~’1‘* be the measurable ambient exact-table value

R, =inf sup Y No(2)(¥(2,&) —vo)”,

96@6 d ez,

where the infimum ranges over all rules ¢ : Z,, x R4 — [—1, 1] whose section w — 9)(z, w)
is Borel measurable for each z. The target range established above gives vy € [—1,1], and
Lemma 27 supplies the convergence
lim R, = A,.
m—r0o0
The measurable ambient exact-table value is tied to this limiting sequence by two compar-
isons. The exact-side value infimizes over all rules on Prob(Cy), while the ambient value
infimizes over rules on R with Borel-measurable sections. Restricting any ambient rule
to Prob(Cy) gives an admissible exact-side rule, so the exact-side class is at least as large

after restriction, and therefore B
R, < A,

Conversely, Lemma 28 gives R, < Ry, for every m > 0. For completeness, its measurable
conditional-average construction in the present coordinates is as follows. Fix an integer
m > 0 and an empirical-side rule ¢ : Z, x C]* — [—1,1]. Define first the polynomial
conditional average on the ambient table space by

be(z,w) Z (Hw Uj ) ,u), w € R,
ueCy j=1

This function is Borel measurable in w for each fixed z. Use its clipped version as the
ambient exact-table rule,

Yp(z,w) = min{1, max{—1,9¢(z,w)}},  weR™

Then v, : Z, x R¢ — [~1,1] is admissible for R,. When w = r € Prob(Cy), the
coefficients [[_; 7(u;) form a probability vector on Cy', and since ¢ takes values in [-1, 1],
the polynomial average already lies in [—1, 1]. Hence, on probability tables,

Yole,r Z(ﬁ (u)))o(z,u).

ueCy
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For every 6 and z, Jensen’s inequality for the product law fggm gives

2
(o280 —v0)* = [ D2 ([T o) (plzw) =) | < 3= (TT &o(us)) (2w —w0)*

ueCy j=1 ueCy j=1

Multiplying by A\g(z), summing over z, and then taking the supremum over 6 gives

sup 3 Ao(2) (1 (2 &0) —vg)? < S DIRIODY (TT o)) (2 w) = vo)*.

2€Zn 2€Z, uecy j=1
Taking the infimum over ¢ yields
5%* <R, for every m > 0.
Taking the limit along the displayed convergence yields

R, < lim R, = R,.

m—r0o0

The two inequalities identify the ambient measurable exact-table value with the exact-side
value: B
m* == m*.

. We use here the standing theorem hypotheses d > 2 and 0 < € < 1/2, which are also the
parameter-range clauses in the definition of Mg.. Under these hypotheses, the compact
coordinates parametrize the laws in Mg from Definition 6. For every 6 € © 4, the law
Py satisfies occupied-cell overlap because, whenever m, > 0, its treatment propensity is

Zy P@(l‘) ]-,y)
Za,y Pg(CC,Oé,y)

Conversely, given any P € Mg, choose coordinates by

€r, Pz >0,
Te = Pz, Oz = War = Hazx-
€, Pz = 07

The value of ¢, in an empty cell is immaterial because every atom in that cell is multiplied
by 7, = 0. For occupied cells, the overlap condition places g, in [e,1 — €], and the binary
outcome regressions place wyg in [0, 1]. These coordinates recover the atom probabilities,

P(.CE, Oé,y) = ﬂ—l"Qg(l - Qw)l_awlo/m(l - wOéx)l_y?

with the empty-cell case giving zero on both sides. Thus the map 6 — Py is surjective
onto the model class.

Under this parametrization, the three quantities entering the known-marginal risk are
transported by

Py (z) = Ma(2), (Po)xa(z,a) =&(z,0),  7(Pp) = vp.
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The last identity follows from Definition 8: on occupied cells the outcome regressions
are wi, and woz, while empty cells have coefficient 7, = 0. Hence, for every bounded
measurable known-table rule v,

/(q/)(z, (Po)xa) — 7(P)2 dPE™(Z) = 3 dol2) ((2,€5) — vo).

ZGZn

The known-table sample space in Definition 15 is Z, x R, Its bounded measurable
procedures are in bijection with the ambient procedures used in R,. Explicitly, a paper
procedure f is sent to

wf(sz) = f(sz))

and an ambient procedure ¢ is sent back to fy (2, w) := (2, w). Because Z, is finite and
discrete, measurability of every section w — 1(z,w) is equivalent to measurability of the
uncurried map; the two assignments are pointwise inverse and preserve the range [—1, 1].

For corresponding f and ¢, evaluation at the known table w = (FPy) x4 = &y, followed by
expansion of the finite labeled product law, gives

/ (F(Z. (Po)xa) — 7(P9))? dPE™(2)
Z/\e ¢fzfe)—ve) -

ZEZTL

Thus the estimator bijection preserves every coordinate risk exactly. Reindexing the supre-
mum over P € Mg by the surjective coordinate map, and then taking the same infimum
over the bijective procedure classes, gives

RSO () = 9R,.
Together with the equality R, = R, above, this gives

REnown () = 9R,.
. For each m, the minimax risk in Definition 11 equals the empirical finite-side value:
Re(n,m,d) = Ry,

First reindex the supremum over P € M, by the surjective map 6 — Py. The annotation
sample space is the finite product Z,, x CJ*, so every real-valued map on it is measurable.
For any measurable estimator 7" in the annotation experiment, write its two-sample mean-
squared risk at Py as

Vr(6) = / (T(2,U) - 7(Py))* d(PE™ @ (P) ) (Z.1).

Expanding both finite product measures, and using (FPy) x4 = &g, P9®” =\, and 7(Pp) =
vy, gives the exact table identity

Vi, (0) = > M(z) Y (T &) (o) - vg)*

2€2Zn uecr j=1
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for T, (z,u) := p(z,u).
Thus every empirical-side procedure ¢ : Z,, x CJ* = [—1,1] induces the paper estimator
TL,O(Zv u) = 90(27 u)a

viewed as an estimator in the annotation experiment. For this induced estimator, the
preceding expansion gives equality of the coordinate risks for every 6, hence equality of the
corresponding worst-case risks after the reindexing by 6. Since the paper infimum ranges
over all measurable estimators, including these induced estimators, taking the infimum
over @ gives

Rc(n,m,d) < Ry,

For the reverse inequality, let T' be any measurable paper estimator and define the clipped
empirical-side rule
or(z,u) = min{l, max{—1,7T(z,u)}}.

The transported identity 7(FPy) = vy, together with the target-range bound, gives the
pointwise clipping inequality

(or(z,u) — T(Pg))2 < (T(z,u) — T(Pg))2 for all (z,u), 0.

Integrating this inequality against ngn ® (Pp)$% yields

/(SDT(Za U) - T(Pe))2 A(P" @ (P)¥'4)(Z,U) < Vr(6).

By the same finite product expansion as above, the left side is exactly the empirical-side
table risk of w7 at . The comparison of worst-case risks also requires a finite bound for
the unclipped estimator. Set

Br= Y (IT(zu)|+1)"

(2,u)EZn xCT

Since |vg| < 1,
(T(z,u) — v9)2 < (|T(z,u)| + 1)2 < Br

for every (z,u) and 6. Hence the worst-case risk of T over the reindexed model is bounded,
and the integrated clipping inequality implies

sup /(in(Z, U) — T(Pg))2d(Pg§" ® (Pg)?}’;{) (Z,U) < sup Vr(0).
eegs,d eeee,d

Taking infima over all measurable paper estimators 1" gives
Ry < Re(n,m,d).
The two inequalities prove R¢(n,m,d) = R,
5. The preceding displayed identities give

lim Rc(n,m,d) = lim R, =R, = RV (n, d).

m—0o0 m—r0o0
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O]

Proof of Theorem 6. 1. By Lemma 2, choose Cy > 0, depending only on €, such that for
every d, every u,t > 0, and every P € My,

Varp(ZH) < Co(u™ +t71), |EpZ™ — 7(P)| < Comin{1,d/t}.
Hence, in the independent Poisson count experiment,
Ep{Z7 —7(P)}? = Varp(Z®) + {EpZH — 7(P)}? < Co(u™! +t71) + C2min{1, d/t}>.

Set
C. = 100000(1 + Cy + C§) > 0.

2. Fixn>1,m>0,and d > 2. Let

— M,
My = [n/3], n, = {n 5 OJ , ng =mn— My —np, my=m— |m/2],
and put
My ng+ms 1 d?
YT 8 1 n+(n+m)2

The estimator is a finite sum of measurable prefix statistics with deterministic weights, so it
is measurable. The class Mg, is nonempty: the law with uniform covariate distribution,
propensity 1/2, and equal outcome regressions in the two arms satisfies Assumption 1
because 0 < € < 1/2.

3. First suppose 24 < n. The block arithmetic gives
n<4Mo,  n+m<4(ng+my),

and therefore Mo > 0, ny +mjs > 0, u > 0, and ¢t > 0. Consequently

ﬁ < ’LL, n + m 9
32 32
SO
_1 _ 32 1 32 32
u < ] t S S -
n n—+m n
Also,
d 32d
— < ,
t n+m
and hence

2
min{1,d/t}? < (d/t)* < 1024m.

4. For the Poisson prefix overflow terms, the elementary bound

Pr{POi(Atail/8) > Atail} <

A 17 Atail > 17
tai
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is obtained as follows. Bernstein’s upper-tail inequality for a Poisson variable with mean
Atai1/8, applied with deviation parameter A, /4, yields

Pr{Poi(Atai1/8) > Atair} < exp(—Atain/4).

Since exp(z) > 1+ z,

Lo 14 _ 8
eXp(Atail/4) - Atail/4 Atail o Atail'

exp(—Atait/4) =
Applying this with Ay = Mo and Aay = ny +my gives

8
Pr{Poi > My} < —, Pr{Poi(t) > ns + <
F{Poi(u) > My} < g, Pr{Poil) > mg 4} €

Together with n < 4My and n + m < 4(ny 4+ my), this implies

8 32 8 32 32
- S < < —.
My~ n ng+my - n+m - n

. Fix P € Mg,. Under the probability law Prngt, draw two independent finite prefixes: an
outcome-marked prefix from P with Poisson length of mean u, and a treatment—covariate
prefix from Px 4 with Poisson length of mean ¢. If S, is the number of outcome-marked
prefix records with (X, A,Y) = (z,a,1) and K, is the number of treatment—covariate
prefix records with (X, A) = (z,a), set
d
~IC,pref li Slz K()z + le +1 S()z KO:E + Klz +1
Tut = Clp[_1 1] Z — e = ¢ | ,
[ K +1 U Ko, +1

x=1
and define
~IC,pref 2
Rpref(P; U, t) = E]ppref {Tu,t’ - T(P)} .

P,u,t

The prefix transfer in Lemma 4, applied with the present block sizes and intensities, gives
Ep {7150 = T(P)}’] < Rpret(Pyu,t) + 4 [Pr{Poi(u) > Mo} + Pr{Poi(t) > ny +m;}].

Here the fixed-sample estimator is the finite Rao—Blackwell average over admissible prefix
lengths in Definition 20; the displayed inequality accounts for the two overflow events, and
the coefficient 4 is the squared diameter of [—1,1] for the clipped statistic and the target
T(P).

. The Poisson-prefix counts have the Poisson count law by Lemma 3: for every x € [d] and
a€{0,1},
Saz ~ Poi(uqaz), Kz ~ Poi(tsas),

and these coordinates are mutually independent. Thus the pushforward of ]P’I]’fzft under

the count map is exactly the product law used in Lemma 2. We first record the range
of the target. The cell masses satisfy p, > 0 and Zizl pz = 1, and the binary-outcome
regressions satisfy 0 < p,, < 1. Hence

I7(P)] =

d
Z P (12 — ox)
r=1

d d
< Zp:c |Hlm _,U()z‘ < Zp:c =1
=1 =1
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Thus 7(P) € [-1,1]. Since projection onto [—1, 1] cannot increase distance from a point
of [—1,1], clipping gives

Rpref(P; uat) < EP{ZH - T(P)}2
Combining this with Step 1 gives
Rpret(Piu,t) < Co(u™t + 1) + CF min{1, d/t}>.

. The preceding displays imply

_IC 2 g 1 ’
Ep [{Tn,m,d —7(P)} ] < (64Co + 1024C5 + 256) {” * W'm)z} .

Indeed, the variance contribution is bounded by
1
Co(uil + til) <64Cy —,
n

the squared-bias contribution by

2

2 2 2
CO mln{l, d/t} S 102400 m,

and the overflow contribution by
1
4<8+8> <256,
My  ny+my n

Since
64C) + 1024C2 4 256 < C.,

the preceding display gives the large-sample estimate
~ 2
Ep [{Tfm’d — T(P)} ] < C.q.
If ¢ <1, then min{1,q} = q, and hence
~IC 2 .
Ep |:{Tn7m7d — T(P)} ] < Cemin{1,q}.
When g > 1, both the estimator and 7(P) lie in [—1,1], so

n,m

Ep [{?IC = T(P)}Q} < 4 < C.min{1, q}.

. It remains to cover n < 24. Then n < 23, and

1 1 1
— < - << — < min{1l .
23 — n 9 23 in{1, a}

Again using the boundedness of the estimator and of 7(P),
Bp {715 — 7(P)}’] <4 < Comin{1, ),

because C, > 92.
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9. Taking the supremum over P € My, in the preceding bound gives

2 1 d?
FE n 7n|: — P :|<C€ i 1,* D — .
piﬁie peeorgy [(Fna=r0)Y] = Comm {12t 50

Finally, 7, n m.a 18 an admissible measurable estimator in the class defining Rc(n,m,d) in

Definition 11. Therefore

_ 1 d?
Re(n,m,d) S Cemln{l,n + (n-‘-’,’n)Z} .

Proof of Theorem 7. Fix 0 < e < 1/2.

1. By Lemma 22, choose ¢}y, > 0 such that, for every n > 1, m > 0, and d > 2,

Clab
n

By Theorem 6, choose Cic > 0 such that, for every n > 1, m > 0, and d > 2,

< Re(n,m,d).

1 d?
< 1 — - 3.
Rc(n,m,d) < Cic min {1, - + (nt m)Q}

Set,
Ce *= Clab, CE = maX{Clab, 5CIC}
Then 0 < ¢, < C..

2. For d = 2, the lower bound supplied by Lemma 22 gives, for every n > 1 and m > 0,

fo_dab — R, (n,m,2).
n n

3. It remains to bound the right-hand side. Fix n > 1 and m > 0, and put

N :=n+m.
Then N > n > 1, hence N > 0, and
n<N < N?,
because N > 1. Therefore
4 4
— <=
N2 = n’

Using Theorem 6 with d = 2,

R¢(n,m,2) <CIcm1n{1 L

4
3}
(i)
< CICE 5CIC < %

This proves the asserted two-sided bound for all n > 1 and m > 0.
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