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Abstract

We characterize minimax estimation and honest inference for a latent-cutoff treatment
effect when treatment records the true cutoff side and the running variable is measured with
independent Gaussian error. The benchmark has known latent support [−1, 1], a continuous
score density bounded between 1/4 and 3/4, and binary potential outcomes whose continuous
conditional means lie between the same bounds and have full-interval Hölder seminorm at
most two. For each fixed Hölder exponent β ∈ (0, 1], minimax expected absolute error
and minimax expected length of connected intervals with uniform 90% coverage have a
common rate, uniformly over sample sizes n ≥ 2 and known noise standard deviations
σ ∈ [0, 1]. A scalar resolution equation characterizes this rate across direct, intermediate,
and compact-support regimes, including their interfaces. The direct rate is n−β/(2β+1). For
each fixed positive noise level, the asymptotic rate as n → ∞ is {log log(en)/ log(en)}2β ,
with comparison constants permitted to depend on that fixed noise level. Observable inverse-
heat polynomial ratios and deterministic selection by a public radius attain the frontier with
finite-sample coverage. Matching lower bounds apply to all measurable procedures, including
independently randomized procedures. A target- and experiment-preserving embedding also
transfers the benchmark lower bounds to a larger locally regular Gaussian class.

1 Introduction

This paper establishes a common minimax precision frontier for estimation and honest inference
at a latent regression discontinuity cutoff. Treatment assignment records which side of the latent
cutoff an individual occupies, while the researcher observes a score contaminated by Gaussian
measurement error. On a specified bounded-support benchmark, we characterize both worst-
case expected absolute estimation error and worst-case expected length of connected confidence
intervals with uniform 90% coverage. The comparison holds simultaneously for every sample
size n ≥ 2, where n denotes the number of independent observations, and every known noise
standard deviation σ ∈ [0, 1], with constants independent of sample size and noise scale.

The experiment observes treatment, a binary outcome, and the contaminated score. As-
signment follows the latent score, and the target is the difference between the two conditional
potential-outcome means at the latent cutoff. Recorded assignment therefore separates the
sample into two true-side arms, each of which presents an endpoint estimation problem. This
structure connects continuity-based regression discontinuity [Hahn et al., 2001, Cattaneo and
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Titiunik, 2022] to statistical recovery under measurement error. In the closely related observed-
treatment experiment, Pei and Shen [2017, Assumptions 1Y, 2C, and 7; Proposition 4(b)] estab-
lish identification under Gaussian measurement error and local density positivity. Our question
concerns the precision available from a finite sample under quantitative restrictions on the latent
law.

Those restrictions define the domain of the matched frontier. The latent score has known
support [−1, 1] and a density continuous on that interval, bounded everywhere between 1/4 and
3/4. Both potential outcomes are binary. Their specified continuous conditional means also
lie between 1/4 and 3/4, and each has full-interval Hölder seminorm at most two for a known
exponent β ∈ (0, 1], the smoothness parameter. The standardized Gaussian error is independent
of the latent score and both potential outcomes. The error distribution, its scale, the support,
and the smoothness exponent are public inputs. These conditions specify the benchmark in
Definition 4; the uniform estimation and coverage criteria range over every law in that class.

Our first result constructs an observable estimator and a finite-sample honest interval on
this benchmark. Positive polynomial weights concentrate near the cutoff within each reflected
treatment arm. A finite inverse-heat transform corrects these weights for the known Gaussian
contamination. Outcome-marked and unmarked sample averages then estimate the correspond-
ing latent weighted averages, and stabilized, projected ratios recover the arm means. A public
radius combines a Hölder approximation bound with a Gaussian second-moment bound. Deter-
ministic minimization of that radius over a finite candidate set selects the estimator and interval.
Theorem 1 establishes uniform coverage of at least 0.9, bounds worst expected absolute error
by the selected radius, and bounds worst expected interval length by twice that radius.

Our second result shows that this construction attains the optimal order for both decision
criteria. Theorem 2 characterizes the common rate through a unique scalar resolution equation,
with comparison constants depending only on the fixed Hölder exponent. Matching lower bounds
concern the complete observed experiment and apply to every measurable estimator and every
admissible honest connected interval, including procedures with independent randomization.
The witnesses combine full-interval Hölder regularity, separation of the cutoff contrast, and
polynomial cancellation under Gaussian convolution.

The resolution equation distinguishes three regimes. When the noise scale is at most
n−1/(2β+1), both criteria have the direct-experiment order

n−β/(2β+1).

On the intermediate branch specified in Theorem 2, their common order is

σβ

[1 + log(nσ2β+1)]3β/2
.

For each fixed positive noise scale, the compact-support branch eventually gives{︃
log log(en)

log(en)

}︃2β

,

with comparison constants in this fixed-noise specialization permitted to depend on that noise
level. The finite-sample root characterization covers both interfaces, zero noise, and every
shrinking-noise sequence. For example, with Lipschitz conditional means and σ = n−1/6, the
intermediate branch applies for every n ≥ 2.
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The construction draws on compact-support deconvolution and Gaussian moment inversion.
Meister [2007, Theorem 1(a), fixed-support case] analyzes density recovery under known compact
support, while Wu and Yang [2020, Theorem 1; Section 4.1] uses Gaussian polynomial inver-
sion to estimate finite mixing distributions. Here polynomial inversion targets positive endpoint
averages that are converted into conditional means through arm ratios. The noise-scale com-
parison is also related to shrinking-noise density estimation [Delaigle, 2008, Theorems 2.1 and
2.2] and distribution estimation under Wasserstein loss [Durot and Mukherjee, 2026, Section 2,
Theorems 2.4–2.6]. Our target and losses give these comparisons their specific decision-theoretic
meaning. The honest interval construction follows the smoothness-based principle of combining
worst-case approximation bias with stochastic uncertainty [Armstrong and Kolesár, 2018, 2020].

The benchmark has two further interpretations. First, Proposition 1 embeds it into a larger
Gaussian class with local density positivity and continuous conditional means near the cutoff,
preserving both the target and the randomized observed experiment. This embedding transfers
the benchmark lower bounds to the larger class. Second, a prospective eligibility-effect design
links administrative true-side assignment, a contaminated eligibility score, and a prespecified
binary outcome. Under externally justified Gaussian calibration, a known bounded latent range,
independent sampling, and the benchmark’s global density and conditional-mean restrictions,
the results supply a precision benchmark for that design.

Supporting details for the main results appear in the appendix containing Theorem 5
and Proposition 2.

The paper proceeds through related work; the experiment, assumptions, and decision criteria;
observable estimation and finite-sample inference; uniform minimax rates across noise scales; and
interpretation and extensions. The appendices develop the polynomial construction, observed-
experiment lower bounds, rate comparisons and verification scope, and proofs of the main results.

2 Related work

The relationship between regression discontinuity with measurement error and the deconvolu-
tion literature depends on the assignment mechanism, the target, and the criterion used to
evaluate statistical procedures. Our observed-treatment experiment records the side of the la-
tent cutoff and a Gaussian-contaminated score. The benchmark in Definition 4 combines known
compact support, quantitative density bounds, binary outcomes, and a fixed Hölder bound on
the potential-outcome means. Its decision problem evaluates estimators by worst-case expected
absolute error and connected closed confidence intervals by worst-case expected length, subject
to coverage of at least 0.9 for every benchmark law at each sample size. Three comparisons
clarify how these criteria relate to existing results.

2.1 Identification and cutoff decision criteria

The closest identification comparison is Pei and Shen [2017, Assumptions 1Y, 2C, and 7; Propo-
sition 4(b)]. Their result identifies the sharp regression discontinuity effect from the observed
outcome, treatment status, and mismeasured assignment variable under nondifferential mea-
surement error, positive latent-score density near the cutoff, and Gaussian error. Observed
treatment supplies information about the latent cutoff side, while Gaussian convolution permits
recovery of the relevant latent distributions. Identification concerns recovery from the popu-
lation observable law. The present benchmark evaluates the precision available from a finite
sample under explicit quantitative restrictions. In particular, the known noise scale and the
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density and smoothness conditions in Definition 4 specify the class over which estimation risk
and interval length are compared.

A complementary inference comparison comes from Dong [2018, Chapter 2, Assumptions 8,
9, 11, and 13; Theorem 6; printed pp. 49, 59, and 61]. For observed treatment and a known
error density, Theorem 6 establishes asymptotic normality of the deconvolution local-linear cutoff
estimator after centering by its bias and standardizing by its variance. For Gaussian error, the
prescribed bandwidth has order (log n)−1/2. The theorem also imposes kernel and transform-
integrability conditions and a Lyapunov condition; Assumption 11 includes twice differentiable
latent density and one-sided regression smoothness near the cutoff. These conditions support
a pointwise distributional approximation for local-linear inference. Our criteria instead place
the supremum over the specified benchmark class inside the risk and coverage requirements.
The finite-sample guarantee in Theorem 1 and the rate comparison in Theorem 2 address these
uniform criteria under the benchmark’s density bounds and Hölder restrictions. This theorem-
level comparison relies on the cited-source attestation; its provenance limitation is recorded in
the verification appendix, and it has no proof-use in our results.

Assignment and target distinctions also matter within the regression discontinuity literature.
Eckles et al. [2025] exploit known exogenous noise in the score used to assign treatment. Their
approach uses the resulting assignment randomness to estimate weighted treatment effects as-
sociated with changes in the assignment rule. In our experiment, assignment follows the latent
score, and measurement error enters the score available to the researcher. The target is the
potential-outcome contrast at the latent cutoff. Auxiliary information provides another route:
Davezies and Le Barbanchon [2017] study a two-sided fuzzy design with nondifferential mea-
surement error and an auxiliary sample of treated individuals containing both true and noisy
scores. Their target is a local average treatment effect, and their auxiliary observations identify
features of the measurement process.

Observed-score interpretations supply a further comparison. Under correct classification of
assignment and continuity of the potential-outcome means conditional on the observed score,
Dong and Kolesár [2023, Section 2.1, Lemma 2.1] identify the treatment effect for units at the
observed-score cutoff. Their additional condition on treatment-effect dependence on measure-
ment error gives a weighted-average interpretation over latent scores. These conditions align
conventional regression discontinuity analysis with an observed-score target. The latent-cutoff
benchmark specifies a different conditioning event and uses the recorded treatment side together
with the proxy distribution to recover its endpoint contrast.

2.2 Compact support, boundary density estimation, and moments

Compact-support deconvolution provides the second decision-problem comparison. Meister
[2007, Theorem 1(a), fixed-support case] obtain uniform mean integrated squared error of order
(log n/ log logn)−2s for density estimation over a compactly supported Fourier–Sobolev class of
smoothness s. Their procedure uses a known bound on the support and knowledge of the error
characteristic function on a neighborhood of zero, where it is bounded away from zero. Thus,
compact support supplies information that can improve density recovery even under partial
knowledge of the error distribution. Our benchmark uses known support and a fully specified
Gaussian measurement process, with Hölder smoothness imposed on conditional outcome means.
The loss concerns an endpoint causal contrast, while the score density enters as a nuisance sub-
ject to continuity and quantitative bounds. These rates characterize different decision problems:
integrated density recovery under Fourier–Sobolev restrictions and endpoint contrast recovery
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under conditional-mean Hölder restrictions.
Boundary deconvolution and Gaussian moment methods clarify the constructional relation-

ship. Zhang and Karunamuni [2009] study a density supported on a half-line under known
independent additive error. They construct boundary deconvolution kernels and analyze point-
wise mean squared error for density and density-derivative estimation under ordinary-smooth
and supersmooth errors; their construction can also be adapted to compact support. This
is a direct endpoint antecedent, but its target is the latent density rather than a marked-to-
unmarked regression ratio, and its criterion does not include honest confidence-interval length.
Wu and Yang [2020, Theorem 1; Section 4.1] estimate finite Gaussian mixing distributions under
Wasserstein loss, using bounded component locations and a specified number of components;
their theorem distinguishes known and unknown common variance. For known variance, Her-
mite polynomials supply unbiased latent-moment estimates, which their procedure projects onto
a feasible moment space before reconstructing the mixing distribution. The finite inverse-heat
transform in Definition 8 uses the related polynomial inversion principle to estimate endpoint-
weighted averages. The arm ratios in Algorithm 1 then convert marked and unmarked averages
into conditional-mean estimates. This connects Gaussian moment inversion to the cutoff target
through an explicitly defined observable procedure.

Deconvolution regression gives a closer antecedent for the ratio structure. Fan and Truong
[1993, Section 2, Theorems 2 and 5–6] observe a response together with an error-contaminated
covariate and estimate the latent regression function by normalizing a deconvolved response
numerator by a deconvolved density denominator. They assume a known error law with nonva-
nishing characteristic function, a latent density bounded away from zero on a compact interval,
and smoothness of both the density and regression function. For a supersmooth error of order
βe, their uniform squared-risk upper rate is O((log n)−2k/βe); Gaussian error has βe = 2, yielding
the displayed convergence rate (log n)−k/2 in root mean square, with matching minimax results
under their stated classes. That result concerns regression at points in a fixed interval with a
fixed error law. The present target combines two recorded treatment arms at the latent support
endpoint and evaluates expected absolute error and honest interval length uniformly over the
full range of σ.

Convolution-model linear functionals provide a complementary decision-theoretic compari-
son. Butucea and Comte [2009, Theorem 3.1 and Section 4.1] estimate ⟨ψ, g⟩ from noisy ob-
servations under a known convolution density whose Fourier transform is nowhere zero. Their
adaptive oracle bound balances the squared Fourier-tail bias against a cutoff-dependent penalty,
and their pointwise-density specialization recovers the usual pointwise deconvolution regimes.
Pensky [2017, Theorems 1–2 and Section 2.5] give upper and lower quadratic-risk bounds for
general linear functionals over Sobolev signal classes with ordinary- or supersmooth Fourier be-
havior; the bounds match up to constants in the cases identified there and otherwise may differ
by a logarithmic factor. Pointwise density is one of their applications. These results locate
the inverse-problem difficulty for a single linear functional. Our endpoint estimand is instead
assembled from four such marked and unmarked quantities through stabilized ratios, and the
benchmark asks simultaneously for all-noise-scale absolute-risk and honest-length guarantees.

2.3 Vanishing noise and the estimation target

Shrinking-noise density estimation supplies the third comparison. Delaigle [2008, Theorems 2.1
and 2.2] analyze mean integrated squared error for deconvolution density estimators as sample
size increases and measurement-error scale decreases. Under their density-smoothness, kernel,
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and error assumptions, sufficiently small noise permits the corresponding error-free density rate;
larger noise introduces a scale-dependent cost. This makes the comparison between noise scale
and statistical resolution central to density estimation. For the present endpoint criterion, Defi-
nition 11 and Theorem 2 give the corresponding rate characterization across the benchmark noise
scales, with constants uniform in sample size and noise scale at fixed benchmark smoothness.

A recent minimax comparison is Durot and Mukherjee [2026, Section 2, Theorems 2.4–2.6].
Their deconvolution analysis estimates a signal distribution under Wasserstein-one loss over a
moment-bounded class, with known error distribution and known noise scale. Under Gaussian
noise with standard deviation σn, Theorem 2.4 gives the lower bound order σn(log n)

−1/2 +
n−1/2. Their upper bounds match when σn ≥ n−1/2+η, for fixed η > 0, and when σn ≤
n−1/2; the intervening regime carries separately stated logarithmic bounds under additional
reciprocal-characteristic-function regularity. Our comparison concerns absolute error in a latent-
cutoff contrast and expected length under uniform finite-sample coverage, so these distribution-
recovery rates provide a regime comparison rather than a numerical benchmark for our loss.

2.4 Honest inference under smoothness restrictions

The interval criterion belongs to the optimal-recovery and smoothness-based regression litera-
ture. Donoho [1994] connect statistical estimation over restricted function classes with optimal
recovery. Armstrong and Kolesár [2018] derive finite-sample optimal confidence procedures for
linear functionals in regression models with normal errors and known variance, together with
uniform asymptotic extensions. Armstrong and Kolesár [2020] construct honest intervals by
incorporating worst-case smoothing bias into the critical value and bandwidth choice. Our
finite-sample certificate similarly combines a public bias bound with a stochastic-error bound,
here for inverse-heat averages and stabilized arm ratios. Coverage is imposed through Defini-
tion 5, and precision is evaluated by worst expected length over that same class. These choices
give the endpoint estimation and inference results a common decision-theoretic criterion.

3 Experiment, assumptions, and decision criteria

Throughout, |·| denotes absolute value and ∥ · ∥ denotes the Euclidean norm. Generic positive
constants, denoted by C, may depend on the fixed smoothness parameter unless another depen-
dence is stated; their values may change between displays. We write a ≲ b when a ≤ Cb, and
a ≍ b when both inequalities hold. The public smoothness parameter β lies in (0, 1], the known
noise scale σ lies in [0, 1], and the sample size n is an integer at least two. Treatment indices d
range over {0, 1}, and sample indices i range from 1 to n.

3.1 Latent and observed experiments

The experiment combines a latent running variable, binary potential outcomes, and an additive
measurement error. Treatment follows the latent cutoff side, and the realized assignment is
recorded alongside the outcome and the contaminated score. We first specify the latent law and
the versions of its density and conditional means.

Assumption 1. [ass:gaussian] (Gaussian measurement error) Under P , the ambient latent
law, the standardized measurement error ε satisfies

ε ∼ N(0, 1).

6



Under the ambient latent law P , the running variable X has known support [−1, 1], the
pair (Y 0, Y 1) contains the untreated and treated potential outcomes, and ε is the standardized
measurement error. The density f(P, ·) and conditional-mean versions µd(P, ·) are part of this
specification. Their continuous versions give a precise meaning to evaluation at the cutoff and
at the support endpoints.

Assumption 2. [ass:error-independence] (Independent measurement error) Under P , the
measurement error ε is independent of the latent running variable X and the binary potential
outcomes Y 0, Y 1:

ε ⊥ (X,Y 0, Y 1).

The observation map retains the true-side assignment D, selects the observed outcome Y
from the potential outcomes, and reports the proxy score W :

D = 1{X ≥ 0}, Y = (1−D)Y 0 +DY 1, W = X + σε.

We consistently order the observed triple as

O = (W,D, Y ), Pobs = P ◦O−1.

The recorded assignment identifies the treatment arm of each observation, while the proxy
supplies information about its latent distance from the cutoff. The causal target θ(P ) is

θ(P ) = µ1(P, 0)− µ0(P, 0).

Continuity connects this contrast to the arm-specific limits at zero. Statistical procedures use
an independent observed sample Sn and may randomize through an independent uniform seed
U . Their joint law is

PP,n = P⊗n
obs ⊗Unif[0, 1], Sn = (O1, . . . , On), U ∼ Unif[0, 1].

The seed permits randomized estimators and interval procedures within a common decision
class. Deterministic procedures are included by taking their outputs to be constant in the seed.

3.2 Law restrictions and benchmark

The benchmark imposes five restrictions on the latent experiment: two determine the
measurement-error structure, two give uniform density and mean bounds, and one controls the
smoothness of the potential-outcome means. The Gaussian distribution and joint-independence
conditions were stated with the observation map above. We now fix the ambient latent law and
its continuous conditional-mean versions before imposing the quantitative density, mean, and
Hölder restrictions.

Definition 1. [synth_2] (Continuous conditional potential-outcome means) For a latent law P
with score X ∈ [−1, 1] and binary potential outcomes Y 0, Y 1, let µd(P, ·) be a specified continuous
version on [−1, 1] of the conditional mean of Y d given X, for d ∈ {0, 1}. Thus

µd(P, x) = EP [Y
d | X = x], x ∈ [−1, 1],

with the conditional expectation interpreted through this specified continuous version, including
at the endpoints and at the cutoff x = 0.
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The Gaussian classical measurement-error condition supplies a calibrated error distribution,
with the public scale determining the magnitude of contamination [Pei and Shen, 2017]. Inde-
pendence specifies how this error is coupled to the latent score and potential outcomes.

Definition 2. [synth_1] (Latent law and continuous versions) An ambient latent law P is a
probability law on R×{0, 1}×{0, 1}×R, with coordinates (X,Y 0, Y 1, ε), together with a density
f(P, ·) : R → R and conditional potential-outcome mean versions µd(P, ·) : R → R, d ∈ {0, 1},
satisfying:

• (Latent interval.) P (X ∈ [−1, 1]) = 1.

• (Score density.) The function f(P, ·) is continuous on [−1, 1], nonnegative on R, and
zero outside [−1, 1]. Moreover,∫︂ 1

−1
f(P, x) dx = 1, P (X ∈ B) =

∫︂
B
f(P, x) dx

for every measurable set B ⊆ R.

• (Continuous mean versions.) For each d ∈ {0, 1}, the function µd(P, ·) is continuous
on [−1, 1], and for every measurable set B ⊆ R,∫︂

{X∈B}
Y d dP =

∫︂
B∩[−1,1]

µd(P, x)f(P, x) dx.

The joint-independence condition in Assumption 2 is specific to this analysis. It makes the
same calibrated error distribution apply across latent scores and potential-outcome realizations,
so the observation map has a common additive contamination mechanism. We next fix uniform
bounds on the density throughout the known support.

Assumption 3. [ass:density-bounds] (Latent density bounds) The latent-score density
f(P, x) satisfies

1

4
≤ f(P, x) ≤ 3

4
for every x ∈ [−1, 1].

The density bounds are specific to this analysis: they maintain positive latent-score density
across the entire support and control its maximum. Continuity is imposed on the latent interval
through Definition 2; together, these requirements specify both the domain and the amount
of score mass available near either side of the cutoff. A separate restriction keeps the binary
conditional means uniformly interior.

Assumption 4. [ass:mean-bounds] (Potential-outcome mean bounds) The conditional
potential-outcome means µd(P, x) satisfy

1

4
≤ µd(P, x) ≤

3

4
for every d ∈ {0, 1} and x ∈ [−1, 1].

These mean bounds are also specific to this analysis. They keep each conditional success
probability away from zero and one throughout the latent interval and imply θ(P ) ∈ [−1/2, 1/2].
Smoothness is specified separately through the full-interval Hölder seminorm [µd(P, ·)]β, which
measures variation between every pair of latent-score values.
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Definition 3. [synth_3] (Full-interval Hölder seminorm) For 0 < β ≤ 1 and a continuous
function v : [−1, 1] → R, define its full-interval Hölder seminorm by

[v]β = sup
x,t∈[−1,1]

x̸=t

|v(x)− v(t)|
|x− t|β

.

In particular, for d ∈ {0, 1},

[µd(P, ·)]β = sup
x,t∈[−1,1]

x̸=t

|µd(P, x)− µd(P, t)|
|x− t|β

.

The supremum is taken over the entire latent-score interval and may equal +∞.

Using this seminorm, the smoothness restriction fixes a common radius for both potential-
outcome mean functions.

Assumption 5. [ass:mean-holder] (Potential-outcome Hölder bounds) The full-interval
Hölder seminorms [µd(P, ·)]β satisfy

[µd(P, ·)]β ≤ 2 for every d ∈ {0, 1}.

The standard Hölder-ball restriction gives a fractional-order extension of the Lipschitz
smoothness condition used in honest inference [Armstrong and Kolesár, 2020]. Here the
maintained radius is two, and the restriction applies on the entire latent interval, including pairs
of points on opposite sides of the cutoff. Thus the density is continuous and globally bounded
on its support, while the potential-outcome means satisfy an explicit full-domain Hölder bound.
These conditions define the exact benchmark class.

Definition 4. [def:model] (Latent-law class Mβ(σ)) Mβ(σ) is the class of individual latent
laws P satisfying Assumptions 1 to 5 and the following conditions:

• (Latent support.) P is a probability law on

[−1, 1]× {0, 1}2 × R

with coordinates (X,Y 0, Y 1, ε).

• (Density continuity.) The latent-score density f(P, ·) is continuous on [−1, 1].

• (Density normalization.) ∫︂ 1

−1
f(P, x) dx = 1.

The Gaussian-contaminated observed score W is

W = X + σε.

For every integer n ≥ 2, the independent observed sample Sn has distribution

Sn ∼ P⊗n
obs ,

where Pobs denotes the induced observed law.

The benchmark class Mβ(σ) treats the Gaussian calibration, noise scale, latent support, and
smoothness exponent as known inputs. Its density and conditional means vary across admissible
laws. Fixing these public inputs makes the statistical comparison uniform over the latent laws
satisfying the displayed restrictions, with the smoothness radius and numerical bounds held
fixed.
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3.3 Estimation and honest inference

For estimation, the decision class Tn consists of all measurable real-valued procedures on the
randomized observed experiment. Its minimax absolute risk is

Rβ(n, σ) = infˆ︁θ∈Tn sup
P∈Mβ(σ)

EP,n

[︂
|ˆ︁θ(Sn, U)− θ(P )|

]︂
.

The infimum permits every measurable estimator, including procedures chosen using the public
inputs. The supremum requires a single chosen procedure to control risk across the entire
benchmark class. For inference, the corresponding requirement is uniform coverage. The honest
connected-interval class Iβ,n,σ imposes this requirement at each sample size.

Definition 5. [def:honest-class] (Honest interval class Iβ,n,σ) The class of honest connected
intervals is

Iβ,n,σ =

{︃
I : (Sn, U) ↦→ [ℓ, υ] ⊂ [−1, 1] : ℓ ≤ υ, I is measurable, inf

P∈Mβ(σ)
PP,n{θ(P ) ∈ I(Sn, U)} ≥ 0.9

}︃
.

Here Sn is the observed sample, U is the independent procedure seed, PP,n is their joint law
under the latent law P , Mβ(σ) is the benchmark law class, and θ(P ) is the cutoff treatment
contrast. The endpoints ℓ and υ are the outputs of the interval procedure.

Honesty requires coverage of at least 0.9 for every law in the benchmark, with probability
taken over both sampling and procedure randomization. Precision is measured by

Lβ(n, σ) = inf
I∈Iβ,n,σ

sup
P∈Mβ(σ)

EP,n[length(I(Sn, U))] .

The interval [−1, 1] belongs to the honest class because it contains every admissible cutoff
contrast. The length criterion therefore compares the precision of uniformly valid connected
intervals over a nonempty decision class. Together, the minimax absolute risk Rβ(n, σ) and
minimax worst expected length Lβ(n, σ) place estimation and honest inference on the same
latent-law benchmark, with common public calibration, support, and smoothness inputs.

4 Observable estimation and finite-sample inference

For the benchmark class in Definition 4, the public polynomial procedure combines positive
averaging near the latent cutoff with an observable correction for Gaussian measurement error.
The recorded assignment identifies the latent cutoff side, allowing the two arms to be treated
separately. A stabilized ratio then estimates each arm’s endpoint mean, and deterministic
comparisons of public radii select the effect estimate and confidence interval.

The construction begins with a positive integer L, the polynomial index. We use the Cheby-
shev polynomial TL with the following normalization.

Definition 6. [synth_4] (Chebyshev polynomials) For each nonnegative integer L, let TL be
the Chebyshev polynomial of the first kind, characterized by

TL(cos t) = cos(Lt), t ∈ R.

This normalization gives T0(x) = 1, T1(x) = x, and TL(1) = 1. Each TL is evaluated as a
polynomial on all of R; the endpoint-kernel construction uses integers L ≥ 1.
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From this family, we construct the normalized endpoint weight KL. Its nonnegative values
on the unit interval support latent averaging, while its polynomial extension permits evaluation
at every observed proxy value.

Definition 7. [def:endpoint-kernel] (Endpoint polynomial weight KL) The endpoint poly-
nomial weight is

KL(x) =

(︃
1− TL(1− 2x)

2x

)︃3

∫︂ 1

0

(︃
1− TL(1− 2t)

2t

)︃3

dt

.

Here TL is the Chebyshev polynomial. Removable values are filled by continuity, and KL is
extended polynomially to every real argument.

The normalization makesKL integrate to one on [0, 1]. The polynomial inequalities governing
its concentration near zero are developed in Lemma 1. To specify the observable correction, first
record the polynomial degree mL and derivative convention.

Gaussian averaging acts on a polynomial through finitely many even derivatives. The inverse-
heat polynomial QL,σ reverses that averaging using the known measurement-error scale.

Definition 8. [def:inverse-heat] (Inverse-heat polynomial QL,σ) The inverse-heat polyno-
mial is

QL,σ(w) =

⌊mL/2⌋∑︂
k=0

(−σ2/2)k

k!
K

(2k)
L (w).

Here mL is the degree of the endpoint polynomial KL, σ is the measurement-error scale, and

K
(2k)
L denotes its derivative of order 2k.

Under Assumptions 1 and 2, averaging this correction over the measurement error recovers
the corresponding latent polynomial weight. At zero noise, the correction equals KL. For
positive noise, its observable values may have either sign even though the recovered latent
weight is nonnegative. The ratio construction therefore stabilizes the empirical denominator
explicitly.

Both arms use the same endpoint weight after reflection onto the positive latent interval.
The arm sign sd fixes this convention.

Definition 9. [synth_5] (Arm-reflection convention) For the treatment-arm index d ∈ {0, 1},
define

sd = 2d− 1, s1 = 1, s0 = −1.

With D = 1{X ≥ 0}, the reflected latent score sdX lies in [0, 1] on the event {D = d}. The
observable polynomial weight for arm d is evaluated at the reflected proxy sdW .

The population marked average Ad,L(P ) and unmarked average Bd,L(P ) describe the end-
point averaging that the observable correction targets. We define them before introducing their
sample counterparts.

Ad,L(P ) =

∫︂ 1

0
KL(x)µd(P, sdx) f(P, sdx) dx, Bd,L(P ) =

∫︂ 1

0
KL(x) f(P, sdx) dx.
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The ratio Ad,L(P )/Bd,L(P ) averages the arm’s conditional mean with a positive, density-
adjusted endpoint weight. Gaussian correction makes these population quantities accessible
through averages of the observed triple. The outcome-marked sample average ˆ︁Ad,L estimates

the numerator, and the unmarked sample average ˆ︁Bd,L estimates its normalizing mass. Their
stabilized ratio gives the projected arm estimate ˆ︁µd,L. The algorithm lists the coordinates in
the computational order (Di, Yi,Wi), but their law is the consistently ordered observed triple
Oi = (Wi, Di, Yi) defined above.

Algorithm 1 (Projected arm estimate ˆ︁µd,L)
Inputs are the observed sample (Di, Yi,Wi)

n
i=1, the arm d, the index L, the measurement-

error scale σ, the inverse-heat polynomial QL,σ, and the arm-reflection sign sd.

1. Compute the outcome-marked average:

ˆ︁Ad,L =
1

n

n∑︂
i=1

1{Di = d}YiQL,σ(sdWi).

2. Compute the unmarked average:

ˆ︁Bd,L =
1

n

n∑︂
i=1

1{Di = d}QL,σ(sdWi).

3. Output the projected arm estimate:

ˆ︁µd,L = Π[1/4,3/4]

(︄ ˆ︁Ad,L

max{ ˆ︁Bd,L, 1/8}

)︄
.

Here Π[1/4,3/4] denotes ordinary projection onto [1/4, 3/4].

The two averages retain normalization by the full sample size, so their ratio adjusts for the
arm’s weighted population mass. Their expectations are Ad,L(P ) and Bd,L(P ), respectively.
The denominator floor makes the estimate well defined for every observed sample, including
samples with small or negative corrected mass. Projection enforces the conditional-mean range
in Assumption 4.

To assemble the effect estimate and interval, we use two public quantities: the endpoint bias
moment ML,β and the derivative variance cost VL(σ). The former measures the displacement
of the latent weight from the cutoff under the maintained Hölder exponent; the latter governs
the sampling term in the certificate. The candidate effect estimate ˆ︁θL, public radius ρL, and
connected interval IL are defined together, including their constant fallback values.

Definition 10. [synth_6] (Candidate effect estimates, public radii, and intervals) Fix public
parameters 0 < β ≤ 1, an integer n ≥ 2, and 0 ≤ σ ≤ 1. For each integer L ≥ 1, let KL be the
endpoint kernel, put mL = 3(L− 1), and define the public moment and covariance quantities

ML,β =

∫︂ 1

0
xβKL(x) dx, VL(σ) =

3

4

mL∑︂
j=0

σ2j

j!

∫︂ 1

0
[K

(j)
L (x)]2 dx.
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Here K
(j)
L denotes the ordinary jth derivative, and the j = 0 coefficient is one, including at

σ = 0. Using the projected arm estimates, define

ˆ︁θL = ˆ︁µ1,L − ˆ︁µ0,L, ρL = 12ML,β + 28

√︃
40VL(σ)

n
,

and the connected closed interval

IL = [ˆ︁θL − ρL, ˆ︁θL + ρL] ∩ [−1, 1].

The index-zero candidate is

ˆ︁θ0 = 0, ρ0 =
1

2
, I0 =

[︃
−1

2
,
1

2

]︃
.

Thus each radius is a deterministic function of (β, n, σ), while each positive-index interval is
centered at its observable candidate estimate before intersection with [−1, 1].

The fallback interval contains the full target range implied by Assumption 4. Positive-index
candidates combine the two projected arm estimates and add a radius accounting for endpoint
approximation and sampling variability. Intersecting with [−1, 1] preserves coverage of the
admissible target and gives a connected closed interval. Polynomial derivative bounds and the
Gaussian covariance calculation are presented in Lemmas 2 and 3.

Selection takes place over a finite candidate set. Its public upper limit Lmax is specified
before observing the sample.

Lmax =
⌈︂
n1/(4β+2)

⌉︂
.

The selected index L⋆ minimizes the public radius over this set, with the smallest index
resolving ties. The selected certificate Eβ(n, σ) is that minimum radius.

Algorithm 2 (Public selection L⋆)

Inputs are (β, n, σ), the finite index cap Lmax, and the candidate radii ρL, effect estimatesˆ︁θL, and intervals IL; index zero uses the specified constant estimate and the full target-range
interval.

1. Select the smallest index minimizing the radius:

L⋆ = min argmin
L∈{0,...,Lmax}

ρL.

All comparisons are deterministic functions of (β, n, σ).

2. Define the selected radius:
Eβ(n, σ) = ρL⋆ .

3. Output the selected estimate and interval:(︁ˆ︁θL⋆ , IL⋆

)︁
.

13



The displayed public cap and selection rule define the procedures used in Theorem 2. For
fixed public inputs, the selected index is fixed across samples. Consequently, its coverage guar-
antee follows from the corresponding fixed-index guarantee, or from the full target-range fallback
when index zero is selected. Including that fallback also ensures Eβ(n, σ) ≤ 1/2. The complete
procedure has the following finite-sample certificate.

Theorem 1. [thm:finite-certificate] (Finite sample certificate) Suppose that:

• (Smoothness.) The public smoothness parameter satisfies 0 < β ≤ 1.

• (Noise.) The noise scale satisfies 0 ≤ σ ≤ 1.

• (Sample and degree.) The sample size n and polynomial index L are integers satisfying
n ≥ 2 and L ≥ 1.

• (Latent law.) P ∈ Mβ(σ).

Write
θ(P ) = µ1(P, 0)− µ0(P, 0), Bd,L(P ) = EP,n

ˆ︁Bd,L,

where PP,n is the joint law of the independent observed sample and independent uniform proce-
dure seed, and EP,n denotes expectation under this law. Define the endpoint bias moment and
derivative variance cost by

ML,β =

∫︂ 1

0
xβKL(x) dx, VL(σ) =

3

4

mL∑︂
j=0

σ2j

j!

∫︂ 1

0

(︁
K

(j)
L (x)

)︁2
dx,

where mL is the degree of the endpoint polynomial KL. For the effect estimateˆ︁θL = ˆ︁µ1,L − ˆ︁µ0,L
and its connected closed interval IL, the following guarantees hold:

Bd,L(P ) ≥
1

4
for every d ∈ {0, 1},

EP,n

⃓⃓ˆ︁θL − θ(P )
⃓⃓
≤ 12ML,β + 28

√︃
VL(σ)

n
, PP,n{θ(P ) ∈ IL} ≥ 9

10
.

Moreover, the publicly selected interval IL⋆ belongs to the uniformly honest class Iβ,n,σ of Defi-
nition 5, and the selected estimator and interval satisfy

sup
P∈Mβ(σ)

EP,n

⃓⃓ˆ︁θL⋆ − θ(P )
⃓⃓
≤ Eβ(n, σ), sup

P∈Mβ(σ)
EP,n length(IL⋆) ≤ 2Eβ(n, σ).

The certificate separates endpoint approximation from sampling variability. Positive latent
averaging and the density lower bound give each population denominator mass of at least 1/4,
placing the empirical floor below that mass. Smoothness controls approximation through the
endpoint moment, while the derivative variance cost accounts for the observable Gaussian cor-
rection. Together, these terms yield both an absolute-error bound and coverage of at least 0.9
at each positive index.

Public selection converts these candidate guarantees into a single uniformly honest proce-
dure over the benchmark class. Its deterministic radius bounds worst expected absolute error,
and twice that radius bounds worst expected interval length. Under the stated calibration, sup-
port, density, and conditional-mean restrictions, Theorem 1 therefore supplies a finite-sample
comparison of candidate precision together with a coverage guarantee for the selected interval.
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5 Uniform minimax rates across noise scales

The public certificate in Theorem 1 bounds both estimation error and honest interval length.
We now characterize the optimal scale of these two criteria across sample sizes and calibrated
noise levels. The characterization uses a scalar resolution equation that balances endpoint
approximation against the cost of Gaussian inversion. Its definition also identifies the observable
procedures that attain the resulting rate.

Definition 11. [def:uniform-rate] (Uniform rate rβ(n, σ)) The uniform resolution rate and
selected observable procedures are

rβ(n, σ) = h⋆(n, σ)
β, ˜︁θβ,n,σ = ˆ︁θL⋆ , ˜︁Iβ,n,σ = IL⋆ ,

where L⋆ is selected by the finite public minimization. With the local abbreviations

ν = 2β + 1, h0 = n−1/ν ,

define the noise cost, for 0 < h ≤ 1, by

Ψ(h, σ) =

⎧⎪⎨⎪⎩
0, σ ≤ h,

(σ/h)2/3 − 1, σ4 ≤ h < σ,

h−1/2{1 + log(σ2/
√
h)} − 1, h < σ4.

At σ = 0, the first branch applies throughout 0 < h ≤ 1. The resolution h⋆(n, σ) is specified as
the root in [h0, 1] of

log n+ ν log h⋆(n, σ) = Ψ(h⋆(n, σ), σ).

The left side is continuous and increasing in the resolution, and the right side is continuous and
nonincreasing. Root existence and uniqueness, risk bounds, and interval honesty are subsequent
assertions. All tuning parameters belong to the procedures; the law class retains its defining
restrictions.

The noise cost Ψ(h, σ) summarizes Gaussian inversion cost for the rate comparison. The
selected resolution h⋆(n, σ) translates this cost into an endpoint approximation scale, and the
rate rβ(n, σ) is its Hölder power. The selected estimator ˜︁θβ,n,σ and selected interval ˜︁Iβ,n,σ are
the procedures chosen by Algorithm 2. Thus the scalar equation describes the precision achieved
by the finite public selection rule.

The two noisy branches come from distinct parts of the same endpoint mechanism. In the
intermediate range, the noise cost grows as (σ/h)2/3 − 1, linking finer endpoint resolution to a
larger Gaussian inversion cost. Below the compact-support interface h = σ4, the cost becomes
h−1/2{1 + log(σ2/

√
h)} − 1. These expressions agree at the interface. The balance equation

therefore connects endpoint approximation to inversion cost continuously across the two noisy
regimes, using the same resolution to compare both decision criteria.

On the benchmark class of Definition 4, the following result characterizes minimax absolute
risk and minimax honest expected length simultaneously. Its comparison constants are uniform
in both sample size and noise scale.

Theorem 2. [thm:uniform-frontier] (Uniform estimation and interval frontier) Fix β ∈
(0, 1]. There exist constants c, C > 0, depending only on β, such that the following conclusions
hold simultaneously for every n ≥ 2 and every σ ∈ [0, 1].
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Write ν = 2β+1 and h0 = n−1/ν . The equation defining the resolution h⋆(n, σ) has a unique
root. With rβ(n, σ) = h⋆(n, σ)

β, the selected observable estimator ˜︁θβ,n,σ, the selected observable

interval ˜︁Iβ,n,σ, and their public radius Eβ(n, σ) satisfy

crβ(n, σ) ≤ Rβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n

⃓⃓⃓˜︁θβ,n,σ − θ(P )
⃓⃓⃓
≤ Eβ(n, σ) ≤ Crβ(n, σ)

and

crβ(n, σ) ≤ Lβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n length(˜︁Iβ,n,σ) ≤ 2Eβ(n, σ) ≤ Crβ(n, σ), ˜︁Iβ,n,σ ∈ Iβ,n,σ.

The minimax criteria range over all procedures in their stated decision classes, including proce-
dures with arbitrary independent randomization and arbitrary degree.

The following branches exhaust every sample size. Throughout, ≍ denotes comparison by
positive constants depending only on β, except where dependence on an additional fixed exponent
is stated.

• (Direct branch.) If σ ≤ h0, then h⋆ = h0, including at σ = 0.

• (Intermediate branch.) If σ > h0, then h0 < h⋆ < σ. Within this noisy region, the
intermediate branch occurs exactly when

log(nσ4ν) ≤ σ−2 − 1.

There is a unique z ∈ (1, σ−2] satisfying

z +
3ν

2
log z = 1 + log(nσν),

and
h⋆ = σz−3/2 ≍ σ

[1 + log(nσν)]3/2
.

• (Compact branch.) If σ > h0 and

log(nσ4ν) > σ−2 − 1,

there is a unique τ > σ−2 satisfying

2ν log τ + τ{1 + log(σ2τ)} = logn+ 1.

On this branch,

h⋆ = τ−2, τ ≍ log(en)

log(e+ σ2 log(en))
, rβ(n, σ) ≍

{︃
log(e+ σ2 log(en))

log(en)

}︃2β

,

uniformly over the branch.

At the intermediate–compact equality, h⋆ = σ4, and both scalar formulas give this value. At the
direct–noisy equality, h⋆ = σ = h0, and the adjacent formulas agree.

For every fixed a with 0 < a < 1/(2β + 1),

rβ(n, n
−a) ≍ n−aβ(log n)−3β/2

16



as n tends to infinity, with comparison constants that may additionally depend on a. For every
fixed a ≥ 1/(2β + 1), the sequence σ = n−a lies in the exact direct branch for every n ≥ 2. For
every fixed σ ∈ (0, 1],

rβ(n, σ) ≍
{︃
log log(en)

log(en)

}︃2β

as n tends to infinity, with comparison constants allowed to depend on the fixed noise level. The
root and finite-sample branch formulas characterize every shrinking-noise sequence.

In particular, for β = 1 and σ = n−1/6, the intermediate branch holds for every n ≥ 2, and

r1(n, n
−1/6) = h⋆(n, n

−1/6) ≍ n−1/6

[1 + 1
2 log n]

3/2
.

Theorem 2 contains the exact branch conditions, both interfaces, and the relevant shrinking-
and fixed-noise specializations. Its scalar balance connects endpoint approximation with Gaus-
sian inversion cost, while the matched upper and lower bounds show that this one resolution
governs both absolute risk and honest expected length. In the direct regime, the inversion cost
vanishes at the direct resolution. In the intermediate regime, resolving the endpoint more finely
than the noise scale incurs the fractional-power cost in Definition 11. The compact-support
regime uses the finer-resolution cost below σ4, yielding the logarithmic comparison in Theo-
rem 2.

For reference, Table 1 collects the exact branch conditions and resolutions. The auxiliary
scalars z and τ are the unique solutions specified in Theorem 2.

Table 1: Exact resolution regimes for n ≥ 2 and σ ∈ [0, 1], with ν = 2β + 1 and h0 = n−1/ν .
Regime Exact condition Exact resolution

Direct σ ≤ h0 h⋆ = h0

Intermediate σ > h0 and log(nσ4ν) ≤ σ−2 − 1 h⋆ = σz−3/2

Compact sup-
port

σ > h0 and log(nσ4ν) > σ−2 − 1 h⋆ = τ−2

At the direct–noisy interface, σ = h0 and h⋆ = σ = h0. At the intermediate–compact interface,
log(nσ4ν) = σ−2 − 1 within the noisy region, and h⋆ = σ4; both noisy scalar formulas agree there.

The common rate is hβ⋆ , and its comparison with both minimax criteria uses constants depending
only on β, uniformly in n and σ.

The uniform characterization also distinguishes asymptotic paths. For polynomially shrink-
ing noise σ = n−a, a fixed exponent 0 < a < 1/(2β+1) gives the order n−aβ(log n)−3β/2, whereas
a ≥ 1/(2β+1) places every sample size in the exact direct branch. With fixed positive noise, the
rate has order {log log(en)/ log(en)}2β. The Lipschitz example β = 1, σ = n−1/6 sharpens this
comparison: the intermediate condition holds for every n ≥ 2, so its displayed formula describes
the entire sequence. These are comparisons of rates; the exact resolution is determined by the
scalar equation, and the minimax inequalities retain their comparison constants. Constants for
the uniform branch comparisons depend only on β, while those for a specified asymptotic path
may also depend on its fixed exponent or fixed noise level as stated in Theorem 2.

At zero noise, endpoint approximation and sampling variability balance at h0 = n−1/(2β+1),
giving the Hölder power n−β/(2β+1). The direct-experiment specialization in Theorem 5, pre-
sented in the verification appendix, establishes this order for both criteria and its attainment
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by the selected estimator and honest interval. Together with the exact direct branch in Theo-
rem 2, it shows how sufficiently precise score measurement recovers the direct-experiment rate
throughout the region σ ≤ h0.

6 Interpretation and extensions

The rate characterization in Theorem 2 describes the information available when assignment
records the latent cutoff side, the latent score has known bounded support, and the Gaussian
measurement-error distribution is calibrated. Recorded assignment separates the observations
into the two latent-score arms. Within each arm, the cutoff is an endpoint, and the contaminated
score supplies information about distance from that endpoint. These features give the endpoint
weights in Definition 7 their statistical interpretation.

Known Gaussian calibration supplies the inverse-heat transform in Definition 8. The finite-
sample guarantees in Theorem 1 combine this correction with the global density and conditional-
mean restrictions defining Definition 4. The density bounds control the mass entering the arm
ratios, while the full-interval Hölder restrictions control their approximation error. Together,
these conditions support observable estimation and honest inference uniformly over the bench-
mark, with matching minimax orders across the stated noise scales.

6.1 Converse transfer to a larger Gaussian class

The benchmark also supplies lower bounds for a larger class specified through local density and
conditional-mean conditions. To express this implication precisely, the following definition fixes
the larger class, its target, and its decision criteria immediately before the embedding result.

Proposition 1. [prop:published-class-converse-transfer] (Gaussian class converse trans-
fer) For σ ∈ [0, 1], let G(σ) consist of probability laws Q on R × {0, 1}2 × R, with coordinates
(Z, V 0, V 1, E), a score density a, and conditional-mean versions

vd(z) = EQ[V
d | Z = z], d ∈ {0, 1}.

Define the assignment, observed outcome, and observed score by

A = 1{Z ≥ 0}, B = AV 1 + (1−A)V 0, R = Z + σE.

Membership requires the following conditions:

• (Local density.) There exists r > 0 such that a is continuous on (−r, r) and a(z) > 0
for every z ∈ (−r, r).

• (Conditional means.) Each vd is a conditional-mean version continuous on an open
neighborhood of zero, with 0 ≤ vd(0) ≤ 1.

• (Gaussian error.) E ∼ N(0, 1).

• (Joint independence.) E ⊥ (Z,B).

The target and randomized experiment are

ϑ(Q) = v1(0)− v0(0),
(︁
Q ◦ (R,A,B)−1

)︁⊗n ⊗Unif[0, 1].
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Let RG(n, σ) denote the infimum, over measurable estimates based on this experiment, of

sup
Q∈G(σ)

EQ[ |T − ϑ(Q)| ] .

Let LG(n, σ) denote the infimum of

sup
Q∈G(σ)

EQ[υ − ℓ]

over measurable connected closed intervals [ℓ, υ] ⊆ [−1, 1] based on the same experiment and
satisfying

inf
Q∈G(σ)

Q{ϑ(Q) ∈ [ℓ, υ]} ≥ 0.9.

These expectations and coverage probabilities include the independent uniform procedure seed.
Fix β ∈ (0, 1]. For every σ ∈ [0, 1] and every P ∈ Mβ(σ), the law P , equipped with the

density a = f(P, ·) and versions vd = µd(P, ·), belongs to G(σ). This embedding preserves the
target,

ϑ(Q) = θ(P ) = µ1(P, 0)− µ0(P, 0),

the observed law,
Q ◦ (R,A,B)−1 = Pobs,

and, for every integer n ≥ 0, the entire randomized experiment,(︁
Q ◦ (R,A,B)−1

)︁⊗n ⊗Unif[0, 1] = PP,n.

There exists c > 0, depending on β, such that for every integer n ≥ 2 and every σ ∈ [0, 1],

c rβ(n, σ) ≤ Rβ(n, σ) ≤ RG(n, σ), c rβ(n, σ) ≤ Lβ(n, σ) ≤ LG(n, σ),

where rβ(n, σ) is the benchmark frontier rate, and Rβ(n, σ) and Lβ(n, σ) are the corresponding
minimax absolute risk and minimax expected length under uniform 0.9 coverage on Mβ(σ).

For every σ ∈ (0, 1] and every Q ∈ G(σ), the locally defined binary-response Pei–Shen
conditions hold: the standardized error is independent jointly of the latent score and observed
outcome (Assumption 1Y), the score density is strictly positive on an open neighborhood of zero
(Assumption 2C), and the scaled error satisfies

σE ∼ N(0, σ2)

(Assumption 7).

The intuition behind Proposition 1 is inclusion of statistical decision problems with exactly
the same target and data distribution on the embedded benchmark. Any estimator evaluated
over the larger class faces every benchmark law. Likewise, an interval honest over the larger
class satisfies the benchmark coverage requirement. Preserving the independent procedure seed
extends both comparisons to randomized procedures. The benchmark lower bounds therefore
remain necessary precision bounds for the larger class.

The local positivity and continuity requirements in the larger Gaussian class of Proposition 1
give the cutoff contrast a well-defined meaning, while joint independence specifies a common
Gaussian contamination mechanism for the latent score and observed outcome. For positive
noise scales, that proposition connects these restrictions to Assumptions 1Y, 2C, and 7 of Pei
and Shen [2017]. The resulting interpretation is an embedding-based converse for the larger
Gaussian class. Matching attainment and finite-sample honesty have the exact benchmark in
Definition 4 as their domain, as established by Theorems 1 and 2.
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6.2 A prospective eligibility-effect benchmark

Following the Medicaid/CHIP setting in Dong [2018, Chapter 2, Section 2.6], the proposed
eligibility application would be organized around an eligibility cutoff. The proposed design
would link administrative eligibility assignment to a contaminated score and a prespecified binary
outcome. The score would be oriented so that eligibility corresponds to its nonnegative latent
side. Potential outcomes would be indexed by eligibility assignment, giving the cutoff contrast
the interpretation of an eligibility effect on the chosen outcome.

Applying the benchmark would require an administrative record that identifies the latent
cutoff side, together with externally justified Gaussian calibration of the score error and its
known scale. The proposed error mechanism would satisfy joint independence from the latent
score and both potential outcomes. A prespecified population would have a known bounded
latent range, normalized to [−1, 1] with the cutoff at zero, and observations would follow the
independent sampling experiment in Definition 4.

The remaining proposed design conditions are substantive global restrictions: a continu-
ous latent density between 1/4 and 3/4 throughout the normalized interval, continuous bi-
nary potential-outcome means between the same bounds, and full-interval Hölder seminorms at
most two for a specified exponent in (0, 1]. These are the restrictions in Assumptions 3 to 5.
Under these maintained conditions, Theorem 1 supplies an observable interval with uniform
finite-sample coverage, and Theorem 2 characterizes its attainable precision. The application
thus provides a prospective design benchmark conditional on administrative linkage, calibration,
support, and global regularity.

6.3 Limitations and future work

The analysis treats the Gaussian error distribution and its scale as known. Estimated cali-
bration would introduce uncertainty into both the inverse-heat weights and the public interval
radius. Extending the coverage guarantee to that setting requires an experiment that includes
the calibration data and conditions controlling its estimation error.

Smoothness is also a public input. Adaptation to an unknown exponent would require
procedures and coverage arguments that account for selection across smoothness classes. Em-
pirical assessment of benchmark membership presents a separate challenge: the support, density
bounds, and global potential-outcome mean restrictions concern latent quantities. Administra-
tive and validation data could inform their plausibility, but the prospective eligibility design
remains conditional on these maintained restrictions.

Additional outcome models would broaden the application beyond binary responses. Such
extensions require suitable outcome-tail or moment conditions and corresponding changes to
the finite-sample second-moment bounds. The present results establish estimation and honest
inference for the binary-outcome benchmark.

Finally, the focused comparison in Section 2 separates three antecedents: boundary kernels
estimate a truncated latent density, deconvolution regression uses a numerator–denominator
ratio at fixed error law, and convolution linear-functional theory gives quadratic-risk bounds
for individual functionals. None of these cited results supplies the joint criterion used here: a
recorded-arm endpoint contrast with absolute-risk and honest-length guarantees uniform over
the benchmark noise scales. The comparison with Zhang and Karunamuni [2009] is qualitative,
covering the boundary-density target, error classes, and pointwise mean squared error criterion
described in the available primary-source material. The operational size of the explicit finite-
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sample certificate at applied sample sizes is likewise left for a separate calibrated numerical study;
the present paper establishes its validity and optimal order without reporting a design-specific
grid.

Appendices

A Polynomial construction and the finite-sample certificate

The achievability argument for Theorem 1 combines endpoint concentration, control of polyno-
mial derivatives, and exact Gaussian second moments. These ingredients connect the observable
correction in Definition 8 to the stabilized ratios and public intervals in Algorithm 1 and Defi-
nition 10. We present the auxiliary results in that mathematical order.

A.1 Hermite polynomials and Gaussian averaging

The Gaussian identities use the probabilists’ Hermite polynomials. We fix their normalization
before stating the orthogonality result.

This normalization determines the factorial weights in Gaussian polynomial second moments.
The relevant classical identity is the following.

Theorem 3. [lem:classical-hermite-facts] (Gaussian Hermite orthogonality) Let Hj be
the probabilists’ Hermite polynomials, defined by

exp(zt− t2/2) =
∞∑︂
j=0

Hj(z)
tj

j!
.

For a standard Gaussian variable Z and nonnegative integers j, k,

E[Hj(Z)Hk(Z)] = j!1{j = k}, H0 = 1.

Orthogonality separates the contributions of distinct polynomial orders under Gaussian av-
eraging. Consequently, a finite Hermite expansion has a second moment expressed as a sum
of squared coefficients with factorial weights. This structure supplies the exact second-moment
identity in Lemma 3.

A.2 Positive endpoint concentration

The latent averaging step uses the endpoint polynomial weight in Definition 7. Its positivity and
concentration determine how accurately a weighted arm mean approximates the corresponding
cutoff mean. The following bounds quantify that concentration and its squared-integral cost.

Lemma 1. [lem:positive-endpoint] (Positive endpoint kernel bounds) Let 0 < β ≤ 1, and
let KL be the endpoint kernel defined in Definition 7. Define its bias moment by

ML,β =

∫︂ 1

0
xβKL(x) dx.

There exists a constant C > 0, depending on β, such that for every integer L ≥ 1,

KL(x) ≥ 0 for all x ∈ [0, 1],

∫︂ 1

0
KL(x) dx = 1,
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and

ML,β ≤ CL−2β,

∫︂ 1

0
KL(x)

2 dx ≤ CL2.

Proof of Lemma 1. Fix 0 < β ≤ 1, and put

cenv :=
π6

4
.

We first establish positivity, unit mass, and the square-integral estimate with constant cenv, and
then prove the moment estimate with a positive constant Cbias. The common constant will be

C := max{Cbias, cenv}.

Since L−2β and L2 are nonnegative, enlarging either constant to C preserves its respective bound.

1. Fix an integer L ≥ 1. Define the polynomial quotient and its normalizer by

FL(x) :=

⎧⎨⎩
1− TL(1− 2x)

2x
, x ̸= 0,

L2, x = 0,

x ∈ R, cnorm,L :=

∫︂ 1

0
FL(t)

3 dt.

Indeed, TL(1) = 1, so the numerator is divisible by x. The standard Chebyshev derivative
identity gives

T ′
L(1) = L2, 2xFL(x) = 1− TL(1− 2x), FL(0) = T ′

L(1) = L2,

where the last equality also follows by differentiating the preceding polynomial identity at
zero.

The normalization in Definition 6 implies, for 0 < x ≤ 1,

TL(1− 2x) = cos
(︁
L arccos(1− 2x)

)︁
≤ 1.

Thus FL(x) ≥ 0 on (0, 1], and continuity extends this inequality to zero. Consequently,

FL(x) ≥ 0 (0 ≤ x ≤ 1), cnorm,L > 0.

Strict positivity of the integral follows from continuity, nonnegativity, and FL(0)
3 = L6 >

0. By Definition 7,
KL(x) = c−1

norm,LFL(x)
3,

and hence

KL(x) ≥ 0 (0 ≤ x ≤ 1),

∫︂ 1

0
KL(x) dx = c−1

norm,Lcnorm,L = 1.

2. We next obtain a quantitative lower bound for the normalizer. For 0 < x ≤ 1, define

φx := arcsin
√
x.

Then
0 ≤ φx ≤ π

2
, sinφx =

√
x.
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The polynomial identity above, the Chebyshev identity in Definition 6, and the double-
angle formula give

2 sin2 φx FL(sin
2 φx) = 1− cos(2Lφx) = 2 sin2(Lφx).

In particular,
xFL(x) = sin2(Lφx).

Define the endpoint-window width by

δwin,L :=
1

16L2
.

For 0 < x ≤ δwin,L, we have

L
√
x ≤ 1

4
.

Using sin v ≥ (2/π)v for 0 ≤ v ≤ π/2 at v = φx, we obtain

2

π
Lφx ≤ L sinφx = L

√
x ≤ 1

4
.

Thus 0 ≤ Lφx ≤ π/2, so the same sine inequality applies at Lφx. Together with sinφx ≤
φx, it yields

2

π
L sinφx ≤ 2

π
Lφx ≤ sin(Lφx).

Squaring and using xFL(x) = sin2(Lφx), then dividing by x > 0, gives

FL(x) ≥
(︃
2

π

)︃2

L2.

At x = 0, this inequality follows from FL(0) = L2 and 2/π ≤ 1. Therefore it holds
throughout [0, δwin,L]. Since F

3
L is nonnegative on [0, 1],

cnorm,L ≥
∫︂ δwin,L

0
FL(t)

3 dt

≥
∫︂ δwin,L

0

(︄(︃
2

π

)︃2

L2

)︄3

dt

=
1

16L2

64L6

π6
=

4

π6
L4.

3. To obtain the uniform kernel bound, we use

| sin(Lφx)| ≤ L| sinφx|.

This follows by induction on the nonnegative integer L. The zero case is immediate, and
the sine addition formula gives the induction step:

| sin((L+ 1)φx)| ≤ | sin(Lφx)| | cosφx|+ | cos(Lφx)| | sinφx|
≤ | sin(Lφx)|+ | sinφx|
≤ (L+ 1)| sinφx|.
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For 0 < x ≤ 1, squaring this bound gives

xFL(x) = sin2(Lφx) ≤ L2 sin2 φx = L2x,

so FL(x) ≤ L2. At zero, equality holds. Hence

FL(x)
3 ≤ L6 ≤ cnorm,L cenvL

2 (0 ≤ x ≤ 1),

where the second inequality is the normalizer lower bound multiplied by cenvL
2. Dividing

by the positive normalizer proves

KL(x) ≤ cenvL
2 (0 ≤ x ≤ 1).

4. Multiplying the uniform bound by the nonnegative kernel and integrating gives∫︂ 1

0
KL(x)

2 dx ≤
∫︂ 1

0
cenvL

2KL(x) dx

= cenvL
2

∫︂ 1

0
KL(x) dx = cenvL

2.

5. For the moment estimate, we also need a tail bound. For 0 < x ≤ 1, the Chebyshev
identity gives

TL(1− 2x) = cos
(︁
L arccos(1− 2x)

)︁
≥ −1.

Consequently,
2xFL(x) = 1− TL(1− 2x) ≤ 2, FL(x) ≤ x−1.

Cubing this inequality and using the normalizer lower bound yields

FL(x)
3 ≤ x−3 ≤ cnorm,L cenvL

−4x−3.

Division by cnorm,L > 0 proves

KL(x) ≤ cenvL
−4x−3 (0 < x ≤ 1).

6. Define the splitting point by

δL := L−2, 0 < δL ≤ 1.

On [0, δL], monotonicity of xβ, nonnegativity of KL, and the uniform kernel bound give

xβKL(x) ≤ δβLcenvL
2.

Therefore, ∫︂ δL

0
xβKL(x) dx ≤

∫︂ δL

0
δβLcenvL

2 dx

= cenvδ
β
L,

because δLL
2 = 1.
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7. On [δL, 1], the tail bound gives

xβKL(x) ≤ cenvδ
2
Lx

β−3.

Since δL > 0 and 0 < β ≤ 1, integration of this power yields∫︂ 1

δL

xβKL(x) dx ≤ cenvδ
2
L

∫︂ 1

δL

xβ−3 dx

= cenvδ
2
L

δβ−2
L − 1

2− β
.

Here 2− β ≥ 1 and δβ−2
L ≥ 0, so

δβ−2
L − 1 ≤ (2− β)δβ−2

L .

It follows that ∫︂ 1

δL

xβKL(x) dx ≤ cenvδ
2
Lδ

β−2
L = cenvδ

β
L.

These identities also cover L = 1: then δL = 1, and the integral over [δL, 1] is zero.

8. The function xβKL(x) is continuous on [0, 1], so its integral splits at δL. Combining the
two bounds gives

ML,β =

∫︂ δL

0
xβKL(x) dx+

∫︂ 1

δL

xβKL(x) dx

≤ 2cenvδ
β
L = 2cenvL

−2β.

Thus we may take

Cbias := 2cenv > 0, C := max{Cbias, cenv} > 0.

The moment and square-integral estimates then become

ML,β ≤ CL−2β,

∫︂ 1

0
KL(x)

2 dx ≤ CL2.

Together with positivity and unit mass, these establish all the assertions for every integer
L ≥ 1.

Positivity and unit integral make the latent weight a normalized averaging measure on the
reflected arm interval. Its Hölder moment decreases at order L−2β, giving the endpoint con-
struction spatial resolution of order L−2. The squared-integral bound records the corresponding
sampling cost before measurement-error correction.

The density and mean restrictions enter distinct parts of this averaging argument. The
density lower bound in Assumption 3 supplies the population denominator bound Bd,L(P ) ≥
1/4 in Theorem 1. The upper density bound controls the amount of mass multiplying the
polynomial weight. Variation of the potential-outcome mean around its cutoff value is controlled
by Assumption 5, with ML,β measuring the resulting endpoint approximation error. Thus the
approximation term is governed by potential-mean smoothness, while the density bounds control
normalization and weighted mass.
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A.3 Derivative growth and inverse-heat second moments

Gaussian correction introduces derivatives of the endpoint polynomial. Their growth determines
how measurement error changes the second-moment cost. The required inequality applies to a
real polynomial p of bounded degree.

Lemma 2. [lem:factorial-derivatives] (Factorial polynomial derivative bound) Let m, j
be nonnegative integers with 1 ≤ j ≤ m, and let p be a real polynomial of degree at most m.
Writing p(j) for its j-th ordinary derivative, we have(︃∫︂ 1

0

(︁
p(j)(x)

)︁2
dx

)︃1/2

≤ 4j(m+ 1)2j

j!

(︃∫︂ 1

0
p(x)2 dx

)︃1/2

.

Proof of Lemma 2. 1. We first treat j = 1, recording identities that will also be used for
higher derivatives. Define, for every k ≥ 0,

Rk(x) = PLeg
k (2x−1), ωk = 2k+1, ck = ωk

∫︂ 1

0
p(x)Rk(x) dx, Ep =

∫︂ 1

0
p(x)2 dx.

Changing variables in Theorem 4 gives∫︂ 1

0
Rk(x)Rl(x) dx =

{︄
1/ωk, k = l,

0, k ̸= l.

The polynomials (−1)kRk, 0 ≤ k ≤ m, have respective degrees 0, . . . ,m, so they span the
polynomials of degree at most m. The same is therefore true of the Rk. Integrating a basis
expansion against Rk identifies its coefficient as ck. Consequently,

p(x) =
m∑︂
k=0

ckRk(x), Ep =
m∑︂
k=0

c2k
ωk

≥ 0.

The second identity follows by expanding the square and applying orthogonality.

2. Differentiating the expansion and applying weighted Cauchy–Schwarz yields, for every real
x,

p′(x) =
m∑︂
k=0

ckR
′
k(x), p′(x)2 ≤

(︄
m∑︂
k=0

c2k
ωk

)︄(︄
m∑︂
k=0

ωkR
′
k(x)

2

)︄
= Ep

m∑︂
k=0

ωkR
′
k(x)

2.

To integrate this bound, first observe that

k−1∑︂
i=0

ωi = k2 (k ≥ 0);

this follows by induction, since adding ωk = 2k + 1 changes k2 to (k + 1)2. Define the
parity-restricted sums

πk =
∑︂

0≤i<k
k−i odd

ωi (k ≥ 0).
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The parity classes alternate when k increases, and the new index i = k belongs to the sum
for k + 1. Thus

π0 = 0, πk+1 + πk = (k + 1)2, 2πk = k(k + 1),

where the last identity follows by induction from the preceding recurrence.

For k ≥ 1, Lemma 4 supplies the derivative expansion. Orthogonality then gives∫︂ 1

0
R′

k(x)
2 dx = 4

∑︂
0≤i<k
k−i odd

ωi = 2k(k + 1).

For k = 0, the same identity holds because R0(x) = 1 and R′
0(x) = 0. Integrating the

pointwise bound therefore gives∫︂ 1

0
p′(x)2 dx ≤ Ep

m∑︂
k=0

ωk 2k(k + 1).

Since 0 ≤ k ≤ m implies k(k + 1) ≤ (m+ 1)2,

m∑︂
k=0

ωk 2k(k + 1) ≤ 2(m+ 1)2
m∑︂
k=0

ωk = 2(m+ 1)4 ≤ 4(m+ 1)4.

It follows that∫︂ 1

0
p′(x)2 dx ≤ 4(m+ 1)4Ep ≤ 16(m+ 1)4Ep =

(︂
4(m+ 1)2

√︁
Ep
)︂2
.

Taking nonnegative square roots proves the required inequality when j = 1.

3. Now suppose j ̸= 1. Since j ≥ 1, this means j ≥ 2. Define the nonnegative constant

Λm,j =
4j(m+ 1)2j

j!
.

On the index set 0, . . . ,m, define the differentiation matrix

(Jm)kl =

{︄
2ωk, k < l and l − k is odd,

0, otherwise.

Its powers are defined by

(J0m)kl =

{︄
1, k = l,

0, k ̸= l,
(Jr+1

m )kl =
m∑︂
i=0

(Jrm)ki(Jm)il (r ≥ 0).

Also define the derivative coefficients, for r ≥ 0 and 0 ≤ k ≤ m, by

c
[r]
k =

m∑︂
l=0

(Jrm)klcl.
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The derivative expansion in Lemma 4, together with R′
0 = 0, gives

R′
l(x) =

m∑︂
k=0

(Jm)klRk(x) (0 ≤ l ≤ m).

Differentiating finite sums applies this coefficient matrix once; induction on r therefore
gives

p(r)(x) =

m∑︂
k=0

c
[r]
k Rk(x).

Orthogonality now identifies both square integrals:∫︂ 1

0
p(x)2 dx =

m∑︂
k=0

c2k
ωk
,

∫︂ 1

0
p(j)(x)2 dx =

m∑︂
k=0

(c
[j]
k )2

ωk
.

4. We next bound the entries of the matrix powers. The prefix estimate needed below is

(r + 1)

k−1∑︂
i=0

ωi(i
2)r ≤ (k2)r+1 (k, r ≥ 0).

To establish it, use the elementary inequality

ξr+1 + (r + 1)ζξr ≤ (ξ + ζ)r+1 (ξ, ζ ≥ 0, r ≥ 0).

For r = 0 this is equality. Its inductive step follows from

ξr+2 + (r + 2)ζξr+1 ≤
(︁
ξr+1 + (r + 1)ζξr

)︁
(ξ + ζ) ≤ (ξ + ζ)r+2,

because the difference in the first inequality is (r + 1)ζ2ξr ≥ 0. For fixed r, the prefix
estimate follows by induction on k. The empty sum at k = 0 is zero, and the inductive
step is

(r + 1)

k∑︂
i=0

ωi(i
2)r ≤ (k2)r+1 + (r + 1)(2k + 1)(k2)r

≤
(︁
k2 + 2k + 1

)︁r+1
=
(︁
(k + 1)2

)︁r+1
.

Here, as usual, the zeroth power is 1, including at zero.

5. Every entry of every matrix power is nonnegative, by its defining recurrence. We claim
that

0 ≤ (Jrm)kl ≤
2rωk(l

2)r−1

(r − 1)!
(r ≥ 1, 0 ≤ k, l ≤ m).

For r = 1, this follows directly from 0 ≤ (Jm)kl ≤ 2ωk. Suppose the bound holds for r.
Entries (Jm)il vanish unless i < l, and are bounded by 2ωi. The recurrence and the prefix
estimate therefore give

(Jr+1
m )kl ≤

l−1∑︂
i=0

2rωk(i
2)r−1

(r − 1)!
2ωi

=
2r+1ωk

(r − 1)!

l−1∑︂
i=0

ωi(i
2)r−1

≤ 2r+1ωk(l
2)r

r(r − 1)!
=

2r+1ωk(l
2)r

r!
.

28



This also covers l = 0, for which the sum is empty. Define

Γm,j =
2j(m+ 1)2(j−1)

(j − 1)!
≥ 0.

Since 0 ≤ l ≤ m, the entry estimate implies

0 ≤ (Jjm)kl ≤ Γm,jωk,
(︁
(Jjm)kl

)︁2 ≤ Γ2
m,jω

2
k.

6. Weighted Cauchy–Schwarz transfers this entry bound to the coefficients. For every 0 ≤
k ≤ m,

(c
[j]
k )2 ≤

(︄
m∑︂
l=0

(︁
(Jjm)kl

)︁2
ωl

)︄(︄
m∑︂
l=0

c2l
ωl

)︄

≤ Γ2
m,jω

2
k

(︄
m∑︂
l=0

ωl

)︄(︄
m∑︂
l=0

c2l
ωl

)︄
.

Dividing by the positive weight ωk, summing over k, and using the total-weight identity
gives

m∑︂
k=0

(c
[j]
k )2

ωk
≤ Γ2

m,j

(︄
m∑︂
k=0

ωk

)︄2(︄ m∑︂
l=0

c2l
ωl

)︄
= Γ2

m,j(m+ 1)4
m∑︂
l=0

c2l
ωl
.

7. For every integer r ≥ 0, induction gives r ≤ 2r: the base case is immediate, and

r + 1 ≤ 2r + 1 ≤ 2r+1.

Using j! = j(j − 1)! and 4j = 2j2j , we obtain

2j

(j − 1)!
=
j 2j

j!
≤ 4j

j!
.

Consequently,

Γm,j(m+ 1)2 =
2j

(j − 1)!
(m+ 1)2j ≤ Λm,j .

Both sides are nonnegative, so squaring and substituting into the coefficient estimate yields

m∑︂
k=0

(c
[j]
k )2

ωk
≤ Λ2

m,j

m∑︂
k=0

c2k
ωk
.

8. Finally, the two square-integral identities give∫︂ 1

0
p(j)(x)2 dx ≤ Λ2

m,jEp =
(︂
Λm,j

√︁
Ep
)︂2
.

Since Ep ≥ 0 and Λm,j ≥ 0, taking nonnegative square roots proves(︃∫︂ 1

0
p(j)(x)2 dx

)︃1/2

≤ 4j(m+ 1)2j

j!

(︃∫︂ 1

0
p(x)2 dx

)︃1/2

.

The argument includes Ep = 0 and the endpoint order j = m.
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The factorial dependence on j, the derivative order, controls the accumulation of high-order
terms in the inverse-heat second moment. Together with the squared-integral bound in Lemma 1,
it gives a degree-dependent bound for every derivative contributing to the correction.

The inverse-heat polynomial has both an exact conditional expectation and an exact condi-
tional second moment. These identities apply at every real latent-score argument and throughout
the declared noise range.

Lemma 3. [lem:exact-covariance] (Exact Gaussian moment identities) There exists an ab-
solute constant C > 0 such that, for every integer L ≥ 1 and every σ ∈ [0, 1], the following
holds. Let KL and QL,σ be defined by Definitions 7 and 8, and set

mL = 3(L− 1), VL(σ) =
3

4

mL∑︂
j=0

σ2j

j!

∫︂ 1

0
[K

(j)
L (x)]2 dx.

For a standard Gaussian random variable ε, at every x ∈ R,

E[QL,σ(x+ σε)] = KL(x), E
[︁
QL,σ(x+ σε)2

]︁
=

mL∑︂
j=0

σ2j [K
(j)
L (x)]2

j!
.

Moreover,

VL(σ) ≤ CL2
mL∑︂
j=0

(Cσ2L4)j

(j!)3
.

Proof of Lemma 3. 1. We first establish the variance bound and choose its constant. Apply-
ing Lemma 1 with β = 1, choose an absolute constant Cend > 0 such that∫︂ 1

0
KL(x)

2 dx ≤ CendL
2 (L ≥ 1).

Define
C = max{Cend, 1296}.

Then C > 0. Fix L ≥ 1 and σ ∈ [0, 1]. We have

mL + 1 = 3L− 2 ≤ 3L,

∫︂ 1

0
KL(x)

2 dx ≤ CL2.

The numerator 1 − TL(1 − 2x) has degree at most L; its polynomial quotient by 2x has
degree at most L−1. Cubing and multiplying by the normalization constant in Definition 7
therefore gives

degKL ≤ 3(L− 1) = mL.

For 1 ≤ j ≤ mL, squaring the nonnegative sides of Lemma 2, applied to KL, gives∫︂ 1

0
[K

(j)
L (x)]2 dx ≤ 16j(mL + 1)4j

(j!)2

∫︂ 1

0
KL(x)

2 dx.

For j = 0, this inequality is an equality. Thus it holds throughout 0 ≤ j ≤ mL, including
when L = 1. Moreover,

16j(mL + 1)4j =
(︁
16(mL + 1)4

)︁j ≤ (1296L4)j ≤ (CL4)j .
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Consequently, for each such j,

σ2j

j!

∫︂ 1

0
[K

(j)
L (x)]2 dx ≤ σ2j

j!

16j(mL + 1)4jCL2

(j!)2

≤ CL2 (Cσ
2L4)j

(j!)3
.

Every summand on the left is nonnegative. Summing and using 3/4 ≤ 1 proves

VL(σ) ≤
mL∑︂
j=0

σ2j

j!

∫︂ 1

0
[K

(j)
L (x)]2 dx ≤ CL2

mL∑︂
j=0

(Cσ2L4)j

(j!)3
.

2. Suppose first that σ = 0. In Definition 8, the term k = 0 equals KL, and every term with
k > 0 vanishes. Hence

QL,0(w) = KL(w).

Since mL ≥ 0, the derivative sum contains its zeroth term. With the usual convention
00 = 1, its remaining terms vanish:

mL∑︂
j=0

02j [K
(j)
L (x)]2

j!
= KL(x)

2.

The two Gaussian expectations are therefore

E[QL,0(x+ 0ε)] = KL(x), E[QL,0(x+ 0ε)2] = KL(x)
2,

as required.

3. Assume now that σ ̸= 0, and fix x ∈ R. For a nonnegative integer mcut, a real number
σheat, and a real polynomial p, define the polynomial operator

(Tmcut,σheat
p)(w) =

⌊mcut/2⌋∑︂
k=0

(−σ2heat/2)k

k!
p(2k)(w).

Thus Definition 8 gives
QL,σ = TmL,σKL.

Define the affine polynomial and its monomial coefficients by

paff(z) = KL(x+ σz) =

mL∑︂
j=0

caff,jz
j (z ∈ R).

Its degree is at most mL, by the degree bound established above.

Repeated differentiation of the affine substitution gives, for every nonnegative integer j,

p
(j)
aff (z) = σjK

(j)
L (x+ σz).
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Substituting this identity into the definition of the operator yields

(TmL,1paff)(z) =

⌊mL/2⌋∑︂
k=0

(−1/2)k

k!
σ2kK

(2k)
L (x+ σz)

= (TmL,σKL)(x+ σz).

Differentiation distributes over finite sums and commutes with scalar multiplication. Ap-
plying this to the monomial decomposition of paff , we obtain

QL,σ(x+ σz) =

mL∑︂
j=0

caff,j (TmL,1(z
j))(z).

Here the operator acts on the polynomial z ↦→ zj before evaluation.

4. We identify the transformed monomials with the probabilists’ Hermite polynomials Hj of
Theorem 3. For 0 ≤ j ≤ mL, all derivatives of z

j of order greater than j vanish. Enlarging
the cutoff from j to mL therefore adds zero terms, and

TmL,1(z
j) = Tj,1(zj) =

⌊j/2⌋∑︂
k=0

(−1/2)k

k!

j!

(j − 2k)!
zj−2k.

To compare coefficients, define the odd double factorial by

(2k − 1)!! =
k∏︂

k′=1

(2k′ − 1) (k ≥ 0),

where the empty product equals 1, so that (−1)!! = 1. Separating the even and odd factors
of (2k)! gives

(2k)! = 2kk!(2k − 1)!!.

Expanding the generating function in Theorem 3 coefficientwise gives, for nonnegative
integers i, j,

coefficient of zi in Hj(z) =

{︄
(−1)k

(︁
j
i

)︁
(2k − 1)!!, j = i+ 2k, k ≥ 0,

0, i > j or j − i is odd.

Indeed, the coefficient of ziti+2k in exp(zt) exp(−t2/2) is (−1/2)k/(i!k!); multiplying by
(i+ 2k)! and using the factorial identity above gives the displayed coefficient.

When j = i+ 2k, this coefficient equals

(−1)k
(︃
j

i

)︃
(2k − 1)!! =

(−1/2)k

k!

j!

i!
.

This is exactly the coefficient of zi in Tj,1(zj). For i > j, or for j − i odd, both coefficients
are zero. Thus

TmL,1(z
j) = Hj(z) (0 ≤ j ≤ mL).
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Finally, finite Taylor expansion followed by scaling gives

KL(x+ σz) =

mL∑︂
j=0

σjK
(j)
L (x)

j!
zj , caff,j =

σjK
(j)
L (x)

j!
.

Substituting these coefficients and the transformed monomials into the preceding decom-
position proves the finite identity

QL,σ(x+ σz) =

mL∑︂
j=0

σjK
(j)
L (x)

j!
Hj(z) (z ∈ R).

5. By Theorem 3, H0 = 1, and orthogonality with this constant polynomial gives

E[Hj(ε)] = E[Hj(ε)H0(ε)] =

{︄
1, j = 0,

0, j ≥ 1.

The Hermite polynomials are square integrable under the Gaussian law, so expectations
pass through the finite sum. Its zeroth term is present because mL + 1 > 0. Hence

E[QL,σ(x+ σε)] = caff,0 = KL(x).

6. Expanding the square of the same finite sum and applying Theorem 3 gives

E[QL,σ(x+ σε)2] =

mL∑︂
j=0

mL∑︂
k=0

caff,jcaff,kE[Hj(ε)Hk(ε)]

=

mL∑︂
j=0

c 2aff,jj!

=

mL∑︂
j=0

σ2j [K
(j)
L (x)]2

j!
.

The products are integrable by square integrability and the Cauchy–Schwarz inequality,
which justifies the finite expansion under expectation. The last equality uses j! > 0 for
every j ≥ 0. Together with the zero-noise case and the variance bound, this proves the
result with the chosen absolute constant C.

The first identity identifies the latent endpoint average targeted by the observable correction.
The second accounts for the full Gaussian distribution of the proxy, including its tails at positive
noise scales. The cubic factorial in the final bound combines the factorial derivative control with
the Gaussian second-moment weights.

Under Assumptions 1 and 2, these identities apply conditionally on the latent score and
potential outcomes, using the reflection convention in Definition 9. The density upper bound
makes VL(σ) a common second-moment bound for the arm summands. Binary outcomes also
place the outcome-marked summands under that bound. Accordingly, the sampling term in
Theorem 1 accounts for both empirical averages over the entire observed experiment.
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A.4 The finite-sample certificate

The auxiliary results supply the endpoint approximation and sampling controls used by The-
orem 1. The construction in Algorithm 1 addresses the remaining issue of turning empirical
marked and unmarked averages into arm estimates. Its population denominator is bounded be-
low by 1/4, while the empirical denominator is floored at 1/8. The floor therefore lies below the
guaranteed population mass and keeps the ratio defined for every observed sample. Projection
onto [1/4, 3/4] aligns each arm estimate with the maintained mean range in Assumption 4.

For every fixed positive index, Theorem 1 bounds expected absolute effect-estimation error
by

12ML,β + 28

√︃
VL(σ)

n
.

The public radius in Definition 10 uses the same approximation term and the larger sampling
term 28

√︁
40VL(σ)/n, delivering coverage of at least 9/10. The certificate thus translates pos-

itive latent averaging and exact observable second moments into finite-sample estimation and
inference guarantees under the benchmark restrictions.

Interval geometry and measurability are also part of the declared decision problem. The
projected arm estimates place the estimated contrast in [−1/2, 1/2]. Hence the intersection
defining IL in Definition 10 is a nonempty connected closed interval. The target belongs to
the same contrast range under Assumption 4, so intersection with [−1, 1] preserves its coverage.
Finite polynomial averages, the denominator floor, projection, and the interval endpoints are
measurable functions of the observed sample. Their outputs are constant in the independent
procedure seed, placing them within the randomized experiment of Definition 5.

Finally, Algorithm 2 compares radii over a finite public candidate set and resolves ties by
choosing the smallest index. For fixed public inputs, the selected index is fixed across samples; its
coverage is therefore the coverage of its selected candidate. The index-zero values in Definition 10
provide an estimate of zero and the interval [−1/2, 1/2], which contains every admissible target.
This fallback supplies coverage one, absolute error at most 1/2, and interval length one.

Including index zero ensures Eβ(n, σ) ≤ 1/2. For a selected positive index, the candidate
risk bound is bounded by its public radius, and interval length is bounded by twice that radius.
These guarantees, together with the fallback, are the selected risk and expected-length bounds
in Theorem 1. The selected interval consequently belongs to the uniformly honest class in
Definition 5, with precision controlled by a deterministic certificate over the full benchmark.

B Lower bounds for the observed experiment

The lower-bound witnesses combine full-interval regularity with separation of the cutoff treat-
ment contrast. Their statistical comparison concerns the complete observed triple: the noisy
score, recorded assignment, and binary outcome. The construction proceeds from polynomial
cancellation to observed-law proximity and then to lower bounds for estimation risk and honest
expected interval length.

B.1 Polynomial cancellation and legal alternatives

We first fix the polynomial normalization used throughout the construction. The normalized
Legendre polynomials PLeg

j and their shifts to the unit interval are defined as follows.

34



The normalized Legendre polynomials PLeg
j supply orthogonality, endpoint values, and uni-

form bounds on the reference interval. The following identities collect these properties.

Theorem 4. [lem:classical-legendre-facts] (Classical Legendre polynomial identities) For
the normalized Legendre polynomials PLeg

j , every pair of nonnegative integers j, k satisfies

∫︂ 1

−1
PLeg
j (t)PLeg

k (t) dt =

⎧⎨⎩
2

2j + 1
, j = k,

0, j ̸= k.

For every nonnegative integer j, reflection symmetry holds for every t ∈ R:

PLeg
j (−t) = (−1)jPLeg

j (t).

The same polynomial satisfies

|PLeg
j (t)| ≤ 1 for every t ∈ [−1, 1], PLeg

j (−1) = (−1)j .

Orthogonality controls the integrated squared size of a polynomial block, while the end-
point identities align its components at the cutoff. The uniform bound controls its amplitude
throughout the interval. Together, these properties support a perturbation with a prescribed
cutoff value and small integrated squared mass.

Full-interval smoothness also requires control of derivatives after shifting the polynomials to
the unit interval. The relevant bound retains the quadratic dependence on polynomial degree.

Lemma 4. [lem:shifted-legendre-derivative] (Shifted Legendre derivative bounds) Let
PLeg
k denote the degree-k Legendre polynomial normalized by PLeg

k (1) = 1, and define

Rk(t) = PLeg
k (2t− 1), k ∈ N, t ∈ R.

For every integer j ≥ 1,

R′
j(t) = 2

∑︂
0≤k<j
j−k odd

(2k + 1)Rk(t) for all t ∈ R,

and
|R′

j(t)| ≤ j(j + 1) for all t ∈ [0, 1].

Proof of Lemma 4. Fix j ≥ 1. We first establish the derivative expansion, then bound it on the
unit interval.

1. By the change of variables from [0, 1] to [−1, 1], the orthogonality in Theorem 4 gives, for
all nonnegative integers k, ℓ,

∫︂ 1

0
Rk(t)Rℓ(t) dt =

1

2

∫︂ 1

−1
PLeg
k (t)PLeg

ℓ (t) dt =

⎧⎨⎩
1

2k + 1
, k = ℓ,

0, k ̸= ℓ.

Each polynomial (−1)kRk has degree k and nonzero leading coefficient. Consequently,

spanR{(−1)kRk : 0 ≤ k < j} = {p ∈ R[t] : deg p < j},
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where the set on the right includes the zero polynomial. Orthogonality and linearity
therefore imply∫︂ 1

0
p(t)Rj(t) dt = 0 for every real polynomial p of degree below j.

Indeed, this integral vanishes on each spanning polynomial (−1)kRk, and hence on their
linear combinations.

2. The same spanning argument gives the expansion

p(t) =

j−1∑︂
k=0

(2k + 1)

(︃∫︂ 1

0
p(x)Rk(x) dx

)︃
Rk(t), t ∈ R,

for every real polynomial p of degree below j, including zero. To verify it on a spanning
polynomial, take p = (−1)ℓRℓ, where 0 ≤ ℓ < j. The right-hand side becomes

j−1∑︂
k=0

(2k + 1)(−1)ℓ
(︃∫︂ 1

0
Rℓ(x)Rk(x) dx

)︃
Rk(t) = (−1)ℓRℓ(t) = p(t).

Both sides are linear in p, so the identity extends to the entire span.

3. Polynomial differentiation gives

degR′
j < j (j ≥ 1), R′

0 = 0.

Applying the preceding expansion to R′
j yields

R′
j(t) =

j−1∑︂
k=0

(2k + 1)

(︃∫︂ 1

0
R′

j(x)Rk(x) dx

)︃
Rk(t).

For 0 ≤ k < j, the polynomial R′
k has degree below j, or is zero when k = 0. Thus the

orthogonality established above supplies∫︂ 1

0
R′

k(x)Rj(x) dx = 0.

Integration by parts now gives∫︂ 1

0
R′

j(x)Rk(x) dx = Rk(1)Rj(1)−Rk(0)Rj(0)−
∫︂ 1

0
R′

k(x)Rj(x) dx.

The endpoint identity and reflection symmetry in Theorem 4 imply, for every k ≥ 0,

Rk(0) = PLeg
k (−1) = (−1)k, Rk(1) = PLeg

k (1) = (−1)kPLeg
k (−1) = 1.

Since j = (j − k) + k, the endpoint product satisfies

(−1)k(−1)j = (−1)j−k(−1)2k = (−1)j−k.
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Consequently, ∫︂ 1

0
R′

j(x)Rk(x) dx = 1− (−1)j−k =

{︄
2, j − k odd,

0, j − k even.

Substituting these coefficients into the expansion proves, for every real t,

R′
j(t) = 2

∑︂
0≤k<j
j−k odd

(2k + 1)Rk(t).

4. Fix t ∈ [0, 1]. Then 2t− 1 ∈ [−1, 1], so the unit bound in Theorem 4 gives

|Rk(t)| = |PLeg
k (2t− 1)| ≤ 1 (k ≥ 0).

Using the expansion, the triangle inequality, and 2k + 1 > 0, we obtain

|R′
j(t)| ≤ 2

∑︂
0≤k<j
j−k odd

|(2k + 1)Rk(t)|

= 2
∑︂

0≤k<j
j−k odd

(2k + 1)|Rk(t)|

≤ 2
∑︂

0≤k<j
j−k odd

(2k + 1).

5. To evaluate the last sum, define, for every integer ℓ ≥ 0,

ωℓ :=
∑︂

0≤k<ℓ
ℓ−k odd

(2k + 1).

First,
ℓ−1∑︂
k=0

(2k + 1) = ℓ2 (ℓ ≥ 0).

This follows by induction: the empty sum at ℓ = 0 is zero, and the induction step is

ℓ∑︂
k=0

(2k + 1) = ℓ2 + (2ℓ+ 1) = (ℓ+ 1)2.

For each k < ℓ, the integers ℓ− k and ℓ+1− k have opposite parity. The additional term
k = ℓ belongs to ωℓ+1. Hence

ωℓ+1 + ωℓ =

ℓ−1∑︂
k=0

(2k + 1) + (2ℓ+ 1) = (ℓ+ 1)2.

We now prove 2ωℓ = ℓ(ℓ + 1) by induction. The base case follows from ω0 = 0; if the
identity holds at ℓ, then

2ωℓ+1 = 2(ℓ+ 1)2 − 2ωℓ = 2(ℓ+ 1)2 − ℓ(ℓ+ 1) = (ℓ+ 1)(ℓ+ 2).

In particular, 2ωj = j(j + 1). Substitution into the preceding bound proves

|R′
j(t)| ≤ j(j + 1) (t ∈ [0, 1]).
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The derivative estimate in Lemma 4 determines the spatial scale of the witness. We now
define the polynomial block and its normalization together with its extension to the latent-score
interval. Let m be the polynomial order, with m ≥ 2, and let b be the support width, with
0 < b ≤ 1.

Definition 12. [def:legal-extension] (Cancellation block and full-interval extension vb,m)
For an integer m ≥ 2, define the block normalizer, cancellation polynomial, and fixed amplitude
by

Nm = (2m+ 1)2 −m2, gm(t) =
1− t

Nm

2m∑︂
j=m

(2j + 1)(−1)jPLeg
j (2t− 1), κ =

1

100
.

For 0 < b ≤ 1, the full-interval extension is

vb,m(x) =

⎧⎪⎨⎪⎩
1, −1 ≤ x < 0,

gm(x/b), 0 ≤ x ≤ b,

0, b < x ≤ 1.

The block normalizer Nm, cancellation polynomial gm, and fixed amplitude constant κ in
Definition 12 specify the perturbation on the unit interval. The extension vb,m in the same
definition specifies the treated potential-outcome mean on both sides of the cutoff. Its constant
continuation to the left and zero continuation beyond the support allow full-interval regularity
to be assessed under the benchmark conditions in Definition 4. The statistical witnesses embed
this profile in uniform-score laws with Bernoulli potential outcomes.

Definition 13. [def:alternatives] (Alternative laws P±
b,m) The latent laws P±

b,m are specified
by:

• (Latent score.)
X ∼ Uniform[−1, 1].

• (Potential outcomes.) Conditional on X = x, the binary potential outcomes Y 0 and
Y 1 are independent, with

Y 0 | X = x ∼ Bernoulli(1/2), Y 1 | X = x ∼ Bernoulli

(︃
1

2
± κ(b/m2)βvb,m(x)

)︃
.

• (Measurement error.) The standardized measurement error ε is independent of
(X,Y 0, Y 1), with

ε ∼ N(0, 1).

The induced observed law uses the benchmark observation map

W = X + σε, D = 1{X ≥ 0}, Y = (1−D)Y 0 +DY 1.

The alternative pair P±
b,m in Definition 13 varies the treated conditional mean while retaining

the same latent-score distribution, untreated mean, and independent Gaussian error. The next
result establishes both membership in the benchmark class and separation of the causal target.
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Lemma 5. [lem:legal-cancellation] (Legal cancellation and separation) Let σ ∈ R, and
suppose that:

• (Smoothness.) 0 < β ≤ 1.

• (Support width.) 0 < b ≤ 1.

• (Polynomial order.) m ∈ N and m ≥ 2.

For the normalizer Nm, cancellation polynomial gm, amplitude κ, and extension vb,m defined in
Definition 12,

gm(0) = 1, gm(1) = 0, sup
t∈[0,1]

|gm(t)| ≤ 1,

∫︂ 1

0
gm(t)2 dt ≤ 1

Nm
,

and, for every integer k with 0 ≤ k ≤ m− 2,∫︂ 1

0
tkgm(t) dt = 0.

Moreover,
sup
t∈[0,1]

|g(1)m (t)| ≤ 7m2.

For the extension vb,m in Definition 12, its full-interval Hölder seminorm satisfies

[vb,m]β = sup
x,t∈[−1,1]

x̸=t

|vb,m(x)− vb,m(t)|
|x− t|β

≤ 7

(︃
b

m2

)︃−β

.

The two latent alternatives P±
b,m of Definition 13 both belong to Mβ(σ). Their cutoff causal con-

trasts, where θ(P ) is the treated conditional potential-outcome mean at zero minus the untreated
conditional potential-outcome mean at zero, satisfy⃓⃓⃓

θ(P+
b,m)− θ(P−

b,m)
⃓⃓⃓
= 2κ

(︃
b

m2

)︃β

.

Proof of Lemma 5. 1. Define the shifted polynomials and the untapered normalized block by

Rj(t) = PLeg
j (2t− 1), qpolm (t) =

1

Nm

2m∑︂
j=m

(2j + 1)(−1)jRj(t), j ∈ N, t ∈ R.

Thus gm(t) = (1− t)qpolm (t). Summing the odd weights gives

2m∑︂
j=m

(2j + 1) =
2m∑︂
j=0

(2j + 1)−
m−1∑︂
j=0

(2j + 1) = (2m+ 1)2 −m2 = Nm = 3m2 + 4m+ 1 > 0.

The endpoint identity in Theorem 4 therefore yields

qpolm (0) =
1

Nm

2m∑︂
j=m

(2j + 1)(−1)j(−1)j = 1.

Consequently,
gm(0) = 1, gm(1) = 0.
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2. For t ∈ [0, 1], the argument 2t− 1 lies in [−1, 1]. The unit bound in Theorem 4 gives⃓⃓⃓⃓
⃓⃓ 2m∑︂
j=m

(2j + 1)(−1)jRj(t)

⃓⃓⃓⃓
⃓⃓ ≤ 2m∑︂

j=m

(2j + 1)|Rj(t)| ≤
2m∑︂
j=m

(2j + 1) = Nm.

Since Nm > 0 and 0 ≤ 1− t ≤ 1, it follows that

|qpolm (t)| ≤ 1, |gm(t)| = (1− t)|qpolm (t)| ≤ 1.

3. Applying the substitution u = 2t− 1 to the orthogonality identity in Theorem 4 gives, for
j, k ∈ N, ∫︂ 1

0
Rj(t)Rk(t) dt =

{︄
(2j + 1)−1, j = k,

0, j ̸= k.

Expanding the square of the finite sum, the off-diagonal terms vanish and each diagonal
term contributes 2j + 1. Hence∫︂ 1

0
[qpolm (t)]2 dt =

1

N2
m

2m∑︂
j=m

2m∑︂
k=m

(2j + 1)(2k + 1)(−1)j+k

∫︂ 1

0
Rj(t)Rk(t) dt

=
1

N2
m

2m∑︂
j=m

(2j + 1) =
1

Nm
.

All these integrands are polynomials, so finite sums and integrals may be interchanged.
Finally,

gm(t)2 = (1− t)2[qpolm (t)]2 ≤ [qpolm (t)]2 (t ∈ [0, 1]),

and integration proves ∫︂ 1

0
gm(t)2 dt ≤ 1

Nm
.

4. Fix an integer k with 0 ≤ k ≤ m− 2, and define

φk(t) = tk(1− t), t ∈ R.

Its degree is at most k + 1. For every j ∈ {m, . . . , 2m},

degφk ≤ k + 1 < m ≤ j.

The reversed shifted polynomials (−1)iRi, 0 ≤ i < j, have respective degrees i and nonzero
leading coefficients. Successively cancelling the leading term of a polynomial of degree
less than j therefore expresses it as a linear combination of these polynomials; the zero
polynomial is represented by zero coefficients. In particular, there exist real coefficients
ck,j,i, 0 ≤ i < j, such that

φk(t) =

j−1∑︂
i=0

ck,j,i(−1)iRi(t) (t ∈ R).
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The shifted orthogonality identity established above now gives∫︂ 1

0
φk(t)Rj(t) dt =

j−1∑︂
i=0

ck,j,i(−1)i
∫︂ 1

0
Ri(t)Rj(t) dt = 0.

Using the defining finite sum for gm, we conclude that∫︂ 1

0
tkgm(t) dt =

1

Nm

2m∑︂
j=m

(2j + 1)(−1)j
∫︂ 1

0
φk(t)Rj(t) dt = 0.

This includes m = 2, for which the permitted moment is k = 0.

5. Differentiating the finite polynomial sum gives

(qpolm )′(t) =
1

Nm

2m∑︂
j=m

(2j + 1)(−1)jR′
j(t).

Every index in this sum satisfies j ≥ m ≥ 2, so Lemma 4 supplies

|R′
j(t)| ≤ j(j + 1) ≤ (2m)(2m+ 1) (t ∈ [0, 1]).

Thus

|(qpolm )′(t)| ≤ 1

Nm

2m∑︂
j=m

(2j + 1)|R′
j(t)|

≤ 1

Nm

2m∑︂
j=m

(2j + 1)(2m)(2m+ 1) = (2m)(2m+ 1).

The product rule yields

g′m(t) = −qpolm (t) + (1− t)(qpolm )′(t).

Using the unit bound and 0 ≤ 1− t ≤ 1, we obtain

|g′m(t)| ≤ 1 + (2m)(2m+ 1) = 1 + 4m2 + 2m ≤ 7m2.

The final calibration follows from

7m2 − (1 + 4m2 + 2m) = (3m+ 1)(m− 1) ≥ 0 (m ≥ 2).

6. Define the clamped, rescaled argument by

cb(x) = max{0,min{1, x/b}}, x ∈ R.

It belongs to [0, 1]. For x < 0 it equals zero, for 0 ≤ x ≤ b it equals x/b, and for x > b it
equals one. The endpoint identities and Definition 12 therefore give

vb,m(x) = gm(cb(x)), |vb,m(x)| ≤ 1 (x ∈ [−1, 1]).
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Both minimum and maximum with a fixed real number are contractions. More explicitly,
for x, t ∈ R,

|cb(x)− cb(t)| ≤ |min{1, x/b} −min{1, t/b}|

≤ |x/b− t/b| = |x− t|
b

.

The mean value bound for the polynomial gm on the convex interval [0, 1] gives

|gm(t1)− gm(t2)| ≤ 7m2|t1 − t2| (t1, t2 ∈ [0, 1]).

Combining these two inequalities proves the bound across all pieces of the extension:

|vb,m(x)− vb,m(t)| ≤ 7m2

b
|x− t| (x, t ∈ [−1, 1]).

For the Hölder estimate, define

Λb,m =
m2

b
> 0, Λβ

b,m = (b/m2)−β.

Fix distinct x, t ∈ [−1, 1]. If Λb,m|x− t| ≤ 1, then 0 < β ≤ 1 implies

Λb,m|x− t| ≤ (Λb,m|x− t|)β,

so the Lipschitz estimate gives

|vb,m(x)− vb,m(t)| ≤ 7Λb,m|x− t| ≤ 7(Λb,m|x− t|)β.

If Λb,m|x− t| > 1, then

1 ≤ (Λb,m|x− t|)β, |vb,m(x)− vb,m(t)| ≤ |vb,m(x)|+ |vb,m(t)| ≤ 2.

Consequently, in this case as well,

|vb,m(x)− vb,m(t)| ≤ 2 ≤ 7(Λb,m|x− t|)β.

Since the factors are positive,

(Λb,m|x− t|)β = Λβ
b,m|x− t|β.

Dividing by |x− t|β and taking the supremum proves

[vb,m]β ≤ 7(b/m2)−β.

The same argument applies at β = 1.

7. For the probability profiles in Definition 13, write

p±(x) =
1

2
± κ(b/m2)βvb,m(x), x ∈ [−1, 1].

The clamp representation makes vb,m, and hence p±, continuous and Borel measurable on
this interval. Since m ≥ 2 and 0 < b ≤ 1,

0 <
b

m2
≤ 1, 0 < (b/m2)β ≤ 1.
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Together with the unit bound, this implies

|(b/m2)βvb,m(x)| ≤ 1,
1

2
− 1

100
≤ p±(x) ≤

1

2
+

1

100
.

In particular,
1

4
≤ p±(x) ≤

3

4
,

so both profiles define valid Bernoulli probabilities.

The construction in Definition 13 uses an independent Gaussian factor. Its Gaussian
marginal and product structure give

ε ∼ N(0, 1), ε ⊥ (X,Y 0, Y 1),

as required by Assumptions 1 and 2. The uniform score and binary Bernoulli outcomes
give the latent support in Definition 4. Moreover,

f(P±
b,m, x) =

1

2
(x ∈ [−1, 1]),

∫︂ 1

−1
f(P±

b,m, x) dx = 1.

This density is continuous on the latent interval and satisfies Assumption 3. The condi-
tional Bernoulli means are

µ0(P
±
b,m, x) =

1

2
, µ1(P

±
b,m, x) = p±(x),

which are continuous and satisfy Assumption 4.

For distinct x, t ∈ [−1, 1], the preceding Hölder estimate gives

|p±(x)− p±(t)| = κ(b/m2)β|vb,m(x)− vb,m(t)|
≤ 7κ(b/m2)β(b/m2)−β|x− t|β

=
7

100
|x− t|β ≤ 2|x− t|β,

where
(b/m2)β(b/m2)−β = 1

because b/m2 > 0. When x = t, the same inequality follows from the zero difference. The
untreated mean is constant, so

[µ0(P
±
b,m, ·)]β = 0, [µ1(P

±
b,m, ·)]β ≤ 7

100
≤ 2.

Thus Assumption 5 holds, completing all conditions of Definition 4 for each sign and every
σ ∈ R:

P±
b,m ∈ Mβ(σ).

8. At the cutoff,
vb,m(0) = gm(0) = 1.

Evaluating the conditional means therefore gives

θ(P±
b,m) = µ1(P

±
b,m, 0)− µ0(P

±
b,m, 0) = ±κ(b/m2)β.
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Since κ(b/m2)β ≥ 0, subtraction and the absolute value yield⃓⃓⃓
θ(P+

b,m)− θ(P−
b,m)

⃓⃓⃓
=
⃓⃓⃓
2κ(b/m2)β

⃓⃓⃓
= 2κ(b/m2)β.

The endpoint value and moment cancellations in Lemma 5 serve distinct purposes. The for-
mer preserves a cutoff contrast of the stated size; the latter supplies cancellation under Gaussian
convolution. The derivative and extension bounds tie the perturbation amplitude to full-interval
Hölder regularity. Thus the witnesses belong to the exact benchmark class in Definition 4, with
effective endpoint scale b/m2.

B.2 Full observed-law comparison and decision transfer

The likelihood comparison uses the treated-score convolution and its signed perturbation. We
define these quantities together with the probability-distance conventions before stating the
observed-law bound.

The reference convolution qσ and signed convolution ub,m,σ, defined in Lemma 6, describe the
treated outcome cells across all real proxy values. The support-to-noise scalar λb,σ indexes the
factorial tail in the comparison. Probability distances are taken between complete laws under
the following conventions.

The extended divergence χ2, defined in Lemma 6, provides a likelihood-based measure of
observed-law proximity. The next bound incorporates assignment and both outcome marks in
that comparison.

Lemma 6. [lem:full-marked-likelihood] (Full marked likelihood bound) Consider the al-
ternative laws P±

b,m of Definition 13, with the cancellation polynomial gm of Lemma 5, under the
following parameter conditions:

• (Smoothness.) 0 < β ≤ 1.

• (Support.) 0 < b ≤ 1.

• (Order.) m is an integer with m ≥ 2.

• (Noise.) 0 < σ ≤ 1.

Set

κ =
1

100
, Nm = (2m+ 1)2 −m2, λb,σ =

b2

4σ2
,

and define the likelihood-comparison quantities by

qσ(w) =

∫︂ 1

0

exp
(︁
−(w − x)2/(2σ2)

)︁
√
2π σ

dx, ub,m,σ(w) =

∫︂ b

0
gm(x/b)

exp
(︁
−(w − x)2/(2σ2)

)︁
√
2π σ

dx.

Here χ2 denotes the extended chi-squared divergence: for probability laws, it is the integral of the
squared Radon–Nikodym derivative minus one when the first law is absolutely continuous with
respect to the second, and +∞ otherwise.
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The full observed laws satisfy

χ2
(︂
(P+

b,m)obs, (P
−
b,m)obs

)︂
≤ 16κ2

(︃
b

m2

)︃2β ∫︂
R

ub,m,σ(w)
2

qσ(w)
dw

≤ 16κ2
(︃
b

m2

)︃2β b

Nm
exp

(︃
b2

24σ2

)︃ ∞∑︂
j=m−1

λ j
b,σ

j!
.

Moreover,
(P+

b,m)obs ≪ (P−
b,m)obs.

The squared likelihood-ratio deviation (︄
d(P+

b,m)obs

d(P−
b,m)obs

− 1

)︄2

is integrable under (P−
b,m)obs, the function w ↦→ ub,m,σ(w)

2/qσ(w) is Lebesgue integrable, and the
displayed factorial series converges. The divergence compares the full observed triples, including
both binary outcome cells and all real proxy values.

Proof of Lemma 6. 1. Define the perturbation amplitude and Gaussian density by

ηpert = κ

(︃
b

m2

)︃β

, φσ(t) =
exp(−t2/(2σ2))√

2π σ
, t ∈ R.

Since m ≥ 2, 0 < b ≤ 1, and β > 0,

0 <
b

m2
≤ 1, 0 <

(︃
b

m2

)︃β

≤ 1, 0 < ηpert ≤
1

100
≤ 1

4
.

The polynomial bound in Lemma 5, obtained from the identities of Theorem 4, and the
extension in Definition 12 give

|vb,m(x)| ≤ 1,
1

4
≤ 1

2
± ηpertvb,m(x) ≤ 3

4
, x ∈ [−1, 1].

Consequently, the conditional mass of either value of Y 1 under the positive alternative
is at most three times its conditional mass under the negative alternative. The score,
Y 0, and error distributions in Definition 13 are common to the two laws. Integrating the
conditional mass comparison and then applying the observation map therefore gives

P+
b,m ≤ 3P−

b,m, (P+
b,m)obs ≤ 3(P−

b,m)obs.

In particular,
(P+

b,m)obs ≪ (P−
b,m)obs.

Define the likelihood ratio, up to almost-everywhere equality, by

LR(w, d, y) =
d(P+

b,m)obs

d(P−
b,m)obs

(w, d, y), (w, d, y) ∈ R× {0, 1}2.
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Domination implies

0 ≤ LR ≤ 3, (LR− 1)2 ≤ 4 (P−
b,m)obs-almost everywhere.

Both observed laws are probability laws, so the squared likelihood-ratio deviation is inte-
grable. The extended divergence consequently has the finite integral representation

χ2
(︂
(P+

b,m)obs, (P
−
b,m)obs

)︂
=

∫︂
(LR− 1)2 d(P−

b,m)obs.

2. The positivity of φσ, the bound b ≤ 1, and Lemma 5 imply, for every w ∈ R,

qσ(w) > 0,

|ub,m,σ(w)| ≤
∫︂ b

0
|gm(x/b)|φσ(w − x) dx

≤
∫︂ b

0
φσ(w − x) dx ≤ qσ(w).

Gaussian normalization and integration over the unit latent interval give∫︂
R
qσ(w) dw =

∫︂ 1

0

(︃∫︂
R
φσ(w − x) dw

)︃
dx = 1.

Thus

0 ≤
ub,m,σ(w)

2

qσ(w)
≤ qσ(w),

which proves the asserted Lebesgue integrability.

To compute the full observed likelihood, let

p±(w, d, y) =
d(P±

b,m)obs

d(Lebesgue measure⊗ counting measure on {0, 1}2)
(w, d, y).

Versions defined for every w ∈ R and d, y ∈ {0, 1} are

p±(w, 1, y) =
1

2

∫︂ 1

0

(︃
1

2
± (2y − 1)ηpertvb,m(x)

)︃
φσ(w − x) dx,

p±(w, 0, y) =
1

4

∫︂ 0

−1
φσ(w − x) dx.

These formulas follow by conditioning on the uniform score and using the independent
Gaussian error and the conditional Bernoulli probabilities in Definition 13. Splitting the
first integral at b and using Definition 12 gives∫︂ 1

0
vb,m(x)φσ(w − x) dx =

∫︂ b

0
gm(x/b)φσ(w − x) dx+

∫︂ 1

b
0 dx

= ub,m,σ(w).

This identity also covers b = 1, when the second integral is zero. Hence

p±(w, 1, 1) =
qσ(w)

4
±
ηpertub,m,σ(w)

2
,

p±(w, 1, 0) =
qσ(w)

4
∓
ηpertub,m,σ(w)

2
.
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The untreated densities agree, and all four cell densities are positive. Therefore the likeli-
hood ratio has the version

LR(w, d, y) =

{︄
p+(w, 1, y)/p−(w, 1, y), d = 1,

1, d = 0.

Integrating with the negative-law density and summing over the binary cells yields

χ2
(︂
(P+

b,m)obs, (P
−
b,m)obs

)︂
=

∫︂
R

∑︂
y∈{0,1}

(︁
p+(w, 1, y)− p−(w, 1, y)

)︁2
p−(w, 1, y)

dw.

The untreated contributions vanish because their likelihood ratio is one.

3. For every w ∈ R,

|ηpertub,m,σ(w)| ≤
qσ(w)

4
,

qσ(w)

4
±
ηpertub,m,σ(w)

2
≥ qσ(w)

8
.

The two treated-cell differences are

p+(w, 1, 1)− p−(w, 1, 1) = ηpertub,m,σ(w),

p+(w, 1, 0)− p−(w, 1, 0) = −ηpertub,m,σ(w).

Thus their squared likelihood contributions satisfy

∑︂
y∈{0,1}

(︁
p+(w, 1, y)− p−(w, 1, y)

)︁2
p−(w, 1, y)

=
(ηpertub,m,σ(w))

2

qσ(w)/4− ηpertub,m,σ(w)/2
+

(ηpertub,m,σ(w))
2

qσ(w)/4 + ηpertub,m,σ(w)/2

≤ 2
(ηpertub,m,σ(w))

2

qσ(w)/8
= 16η2pert

ub,m,σ(w)
2

qσ(w)
.

The right-hand side is integrable by the preceding step, and the nonnegative left-hand side
is dominated by it. Integrating and using

η2pert = κ2
(︃
b

m2

)︃2β

proves the first inequality.

4. Define the centered moments for every integer j ≥ 0 by

ζj =

∫︂ b

0
gm(x/b)(x− b/2)j dx.

The change of variable x = bt gives

ζj = b

∫︂ 1

0
gm(t)(bt− b/2)j dt.
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For 0 ≤ j ≤ m − 2, the second factor is a polynomial of degree at most j. Expanding it
into monomials and applying the cancellation identities of Lemma 5 therefore gives

ζj = 0, 0 ≤ j ≤ m− 2.

The same cited result and scaling give∫︂ b

0
gm(x/b)2 dx = b

∫︂ 1

0
gm(t)2 dt ≤ b

Nm
.

Also, |x− b/2| ≤ b/2 on [0, b], so∫︂ b

0

(︁
(x− b/2)j

)︁2
dx ≤ b(b/2)2j .

Since Nm = 3m2 + 4m+ 1 > 0, Cauchy–Schwarz yields

ζ2j ≤
(︃∫︂ b

0
gm(x/b)2 dx

)︃(︃∫︂ b

0

(︁
(x− b/2)j

)︁2
dx

)︃
≤ b2

Nm
(b/2)2j .

Dividing by the positive variance and factorial factors gives

0 ≤
ζ2j
σ2jj!

≤ b2

Nm

{︄
0, 0 ≤ j < m− 1,

λ j
b,σ/j!, j ≥ m− 1,

because
(b/2)2j

σ2j
= λ j

b,σ.

The nonnegative exponential series satisfies

∞∑︂
j=0

λ j
b,σ

j!
= eλb,σ <∞.

It follows by comparison that both the retained factorial series and the centered-moment
series converge, and

∞∑︂
j=0

ζ2j
σ2jj!

≤ b2

Nm

∞∑︂
j=m−1

λ j
b,σ

j!
.

5. For w ∈ R and x ∈ [0, b], define

ξw(x) =
−(w − x)2 + (w − b/2)2 + b2/12

2σ2
.

Expansion of the numerator and elementary polynomial integration give∫︂ b

0
ξw(x) dx =

1

2σ2

∫︂ b

0

(︃
2wx− x2 − wb+

b2

3

)︃
dx

=
wb2 − b3/3− wb2 + b3/3

2σ2
= 0.
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Since eξw(x) ≥ 1 + ξw(x), ∫︂ b

0
eξw(x) dx ≥ b.

The Gaussian formula factors as

φσ(w − x) = e−b2/(24σ2)φσ(w − b/2)eξw(x).

Integrating this identity and restricting the unit-interval convolution to [0, b] consequently
gives, for every real w,

qσ(w) ≥
∫︂ b

0
φσ(w − x) dx ≥ be−b2/(24σ2)φσ(w − b/2).

All denominators are positive, so

ub,m,σ(w)
2

qσ(w)
≤ eb

2/(24σ2)

b

ub,m,σ(w)
2

φσ(w − b/2)
.

6. Completing the square gives, for x, t, w ∈ R,

φσ(w − x)φσ(w − t)

φσ(w − b/2)
= exp

(︃
(x− b/2)(t− b/2)

σ2

)︃
φσ

(︁
w − (x+ t− b/2)

)︁
.

Gaussian normalization therefore yields∫︂
R

φσ(w − x)φσ(w − t)

φσ(w − b/2)
dw = exp

(︃
(x− b/2)(t− b/2)

σ2

)︃
.

On the support square x, t ∈ [0, b], Lemma 5 gives

|gm(x/b)gm(t/b)| ≤ 1,

⃓⃓⃓⃓
(x− b/2)(t− b/2)

σ2

⃓⃓⃓⃓
≤ λb,σ.

Hence the absolute integral of the signed three-variable kernel is bounded by∫︂ b

0

∫︂ b

0

∫︂
R

⃓⃓⃓⃓
gm(x/b)gm(t/b)

φσ(w − x)φσ(w − t)

φσ(w − b/2)

⃓⃓⃓⃓
dw dt dx

=

∫︂ b

0

∫︂ b

0
|gm(x/b)gm(t/b)| exp

(︃
(x− b/2)(t− b/2)

σ2

)︃
dt dx

≤ b2eλb,σ <∞.

Multiplying the two integrals defining ub,m,σ(w) gives

ub,m,σ(w)
2

φσ(w − b/2)
=

∫︂ b

0

∫︂ b

0
gm(x/b)gm(t/b)

φσ(w − x)φσ(w − t)

φσ(w − b/2)
dt dx.

The absolute-integrability bound justifies Fubini and proves integrability of the left-hand
side over R. It follows that∫︂

R

ub,m,σ(w)
2

φσ(w − b/2)
dw

=

∫︂ b

0

∫︂ b

0
gm(x/b)gm(t/b) exp

(︃
(x− b/2)(t− b/2)

σ2

)︃
dt dx.
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In particular, the preceding pointwise midpoint comparison can be integrated:∫︂
R

ub,m,σ(w)
2

qσ(w)
dw ≤ eb

2/(24σ2)

b

∫︂
R

ub,m,σ(w)
2

φσ(w − b/2)
dw.

7. Expand the exponential in the compact double integral. For every j ≥ 0 and x, t ∈ [0, b],⃓⃓⃓⃓
⃓gm(x/b)gm(t/b)

(︁
(x− b/2)(t− b/2)/σ2

)︁j
j!

⃓⃓⃓⃓
⃓ ≤ λ j

b,σ

j!
.

The integrals of these absolute values have the summable majorant

∞∑︂
j=0

b2
λ j
b,σ

j!
= b2eλb,σ .

Thus termwise integration is justified. Each term factors into the product of two centered
moments: ∫︂ b

0

∫︂ b

0
gm(x/b)gm(t/b)

(︁
(x− b/2)(t− b/2)/σ2

)︁j
j!

dt dx

=
1

σ2jj!

(︃∫︂ b

0
gm(x/b)(x− b/2)j dx

)︃2

=
ζ2j
σ2jj!

.

Consequently, ∫︂
R

ub,m,σ(w)
2

φσ(w − b/2)
dw =

∞∑︂
j=0

ζ2j
σ2jj!

.

Substituting this identity and the centered-moment bound into the integrated midpoint
comparison gives ∫︂

R

ub,m,σ(w)
2

qσ(w)
dw ≤ eb

2/(24σ2)

b

∞∑︂
j=0

ζ2j
σ2jj!

≤ eb
2/(24σ2)

b

b2

Nm

∞∑︂
j=m−1

λ j
b,σ

j!

=
b

Nm
eb

2/(24σ2)
∞∑︂

j=m−1

λ j
b,σ

j!
.

Multiplication by the nonnegative factor 16κ2(b/m2)2β proves the second displayed in-
equality. Absolute continuity, both integrability assertions, and convergence of the facto-
rial series were established above. The likelihood calculation sums both binary outcome
cells and integrates over every real proxy value, so it compares the full observed triples.

The polynomial in Lemma 6 is the block defined in Definition 12, with properties established
in Lemma 5. The factorial tail records the role of polynomial order in the observed-law compar-
ison. Absolute continuity and integrability make the displayed likelihood comparison valid over
the entire proxy support, including extreme noisy scores.
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For the decision problem, the relevant proximity condition concerns the independent sample
laws. Total variation TV expresses this condition directly in terms of measurable events. The
following transfer gives separate conclusions for absolute estimation loss and honest interval
length.

Lemma 7. [lem:two-point-transfer] (Two-point minimax risk transfer) Let P+
b,m and P−

b,m

be the alternative laws from Definition 13, constructed using Theorem 4. Suppose:

• (Parameter ranges.) 0 < β ≤ 1, 0 < b ≤ 1, and 0 ≤ σ ≤ 1.

• (Sample size and degree.) n,m ∈ N with n ≥ 2 and m ≥ 2.

• (Sample-law proximity.) The independent observed-sample laws satisfy

TV
(︂
(P+

b,m)⊗n
obs, (P

−
b,m)⊗n

obs

)︂
≤ 1

5
,

where total variation is the supremum, over measurable events, of the absolute difference
between their probabilities.

Set κ = 1/100. Write Rβ(n, σ) for the benchmark minimax expected absolute error in the cutoff
treatment contrast, and Lβ(n, σ) for the benchmark minimax worst expected length of measurable
connected closed intervals with uniform 0.9 coverage. Both criteria minimize extended nonnega-
tive losses before converting the resulting minimax values to real numbers; their decision classes
allow independent procedure randomization. Then

Rβ(n, σ) ≥
4

5
κ

(︃
b

m2

)︃β

and Lβ(n, σ) ≥
6

5
κ

(︃
b

m2

)︃β

.

Proof of Lemma 7. All expectations below are nonnegative extended integrals. We establish
the lower bounds for the extended minimax values and then use their finiteness to pass to the
real-valued criteria.

1. By Lemma 5, the alternatives satisfy

P+
b,m, P

−
b,m ∈ Mβ(σ), ∆wit :=

⃓⃓⃓
θ(P+

b,m)− θ(P−
b,m)

⃓⃓⃓
= 2κ

(︃
b

m2

)︃β

.

Include the independent procedure seed in the experiment. Define the sample and input
spaces, the seed law, and the two sample and experiment laws by

Ωsam,n =
(︁
R× {0, 1} × {0, 1}

)︁n
, Ωn = Ωsam,n × [0, 1], λU = Uniform[0, 1],

S± =
(︁
(P±

b,m)obs
)︁⊗n

, P± = S± ⊗ λU = PP±
b,m,n.

These are probability laws on their respective spaces.

For a measurable event Eseed ⊆ Ωn, define its seed-section probability by

φseed(s) = λU{u ∈ [0, 1] : (s, u) ∈ Eseed}, s ∈ Ωsam,n.
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This function is measurable and takes values in [0, 1]. Product integration and the layer-
cake identity give

|P+(Eseed)− P−(Eseed)| =
⃓⃓⃓⃓∫︂

φseed dS+ −
∫︂
φseed dS−

⃓⃓⃓⃓
=

⃓⃓⃓⃓∫︂ 1

0
(S+{φseed ≥ t} − S−{φseed ≥ t}) dt

⃓⃓⃓⃓
≤
∫︂ 1

0
TV(S+, S−) dt = TV(S+, S−).

Taking the supremum over measurable events therefore yields

TV(P+,P−) ≤ TV(S+, S−) ≤
1

5
.

Finally, define the witness amplitude by

δwit := κ

(︃
b

m2

)︃β

≥ 0, ∆wit = 2δwit.

Its nonnegativity follows from κ = 1/100 and b/m2 > 0.

2. For every measurable estimator T : Ωn → R and every P ∈ Mβ(σ), define

rabs(T, P ) :=

∫︂
Ωn

|T (z)− θ(P )| dPP,n(z) ∈ [0,∞].

The extended minimax absolute risk is

Rext
β (n, σ) := inf

T :Ωn→R
T measurable

sup
P∈Mβ(σ)

rabs(T, P ).

For a law in the benchmark class, Assumption 4 gives

1

4
≤ µd(P, 0) ≤

3

4
(d ∈ {0, 1}), −1

2
≤ θ(P ) = µ1(P, 0)− µ0(P, 0) ≤

1

2
.

Hence the constant estimator

Tzero(z) := 0 (z ∈ Ωn)

satisfies

rabs(Tzero, P ) = |θ(P )| ≤ 1

2
.

Consequently,

0 ≤ Rext
β (n, σ) ≤ 1

2
<∞.

Thus its conversion to a real number preserves its value and order.
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3. We next obtain the estimator-wise sum bound. Define the dominating measure, its two
Radon–Nikodym densities, and their difference by

ξpair := P+ + P−, p±(z) :=
dP±
dξpair

(z), ηpair(z) := p+(z)− p−(z), z ∈ Ωn.

Choose finite nonnegative measurable versions of the densities, assigning zero on any ex-
ceptional null set. Define the common measure by

Cpair(E) :=
∫︂
E
min{p+(z), p−(z)} dξpair(z)

for every measurable E ⊆ Ωn. The pointwise bounds on the minimum imply

Cpair ≤ P+, Cpair ≤ P−.

Considering separately p+ ≤ p− and p− ≤ p+ gives

min{p+, p−} =
p+ + p− − |p+ − p−|

2
.

Moreover, ∫︂
p+ dξpair =

∫︂
p− dξpair = 1,

∫︂
ηpair dξpair = 0.

To identify the total variation term, define

Epos := {z ∈ Ωn : ηpair(z) ≥ 0}.

The zero integral of ηpair and its signs on this event and its complement imply∫︂
Epos

ηpair dξpair = −
∫︂
Ec
pos

ηpair dξpair

=
1

2

∫︂
|ηpair| dξpair.

For any measurable E ⊆ Ωn, splitting the zero total integral over the event and its com-
plement gives∫︂

E
ηpair dξpair +

∫︂
Ec

ηpair dξpair = 0,

∫︂
Ec

ηpair dξpair = −
∫︂
E
ηpair dξpair.

The absolute-density integral splits as∫︂
|ηpair| dξpair =

∫︂
E
|ηpair| dξpair +

∫︂
Ec

|ηpair| dξpair.

Integrating the pointwise bounds on the signed density and its negative over each piece
yields ∫︂

E
ηpair dξpair ≤

∫︂
E
|ηpair| dξpair,∫︂

Ec

ηpair dξpair ≤
∫︂
Ec

|ηpair| dξpair,

−
∫︂
E
ηpair dξpair ≤

∫︂
E
|ηpair| dξpair,

−
∫︂
Ec

ηpair dξpair ≤
∫︂
Ec

|ηpair| dξpair.
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Adding the third and second inequalities, and then the first and fourth, and using the
complement identity gives

−2

∫︂
E
ηpair dξpair ≤

∫︂
|ηpair| dξpair,

2

∫︂
E
ηpair dξpair ≤

∫︂
|ηpair| dξpair.

Therefore

|P+(E)− P−(E)| =
⃓⃓⃓⃓∫︂

E
ηpair dξpair

⃓⃓⃓⃓
≤ 1

2

∫︂
|ηpair| dξpair,

with equality for E = Epos. It follows that

TV(P+,P−) =
1

2

∫︂
|p+ − p−| dξpair,

and hence

Cpair(Ωn) =

∫︂
min{p+, p−} dξpair

=
1 + 1−

∫︁
|p+ − p−| dξpair
2

= 1− TV(P+,P−).

Now fix any measurable estimator T : Ωn → R. The triangle inequality gives, pointwise,

∆wit ≤ |T (z)− θ(P+
b,m)|+ |T (z)− θ(P−

b,m)|.

Integrating against the common measure and using its domination by each experiment law
yields

∆wit

(︁
1− TV(P+,P−)

)︁
=

∫︂
∆wit dCpair

≤
∫︂ (︂

|T − θ(P+
b,m)|+ |T − θ(P−

b,m)|
)︂
dCpair

=

∫︂
|T − θ(P+

b,m)| dCpair +

∫︂
|T − θ(P−

b,m)| dCpair

≤ rabs(T, P
+
b,m) + rabs(T, P

−
b,m).

These are inequalities of nonnegative extended integrals, including when an individual risk
is infinite.

4. Define the candidate estimation lower bound by

cest :=
4

5
δwit ≥ 0.

The experiment-law proximity and the preceding sum bound imply

2cest =
4

5
∆wit ≤ ∆wit

(︁
1− TV(P+,P−)

)︁
≤ rabs(T, P

+
b,m) + rabs(T, P

−
b,m).

If the maximum of these two risks were less than cest, both risks would be finite and less
than cest, giving

rabs(T, P
+
b,m) + rabs(T, P

−
b,m) < 2cest,
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a contradiction. Thus

cest ≤ max
{︂
rabs(T, P

+
b,m), rabs(T, P

−
b,m)

}︂
≤ sup

P∈Mβ(σ)
rabs(T, P ).

Taking the infimum over measurable estimators gives

Rext
β (n, σ) ≥ cest.

The established finiteness permits conversion to the real-valued criterion, so

Rβ(n, σ) ≥
4

5
κ

(︃
b

m2

)︃β

.

5. For an honest interval procedure I ∈ Iβ,n,σ, with endpoints ℓ, υ as in Definition 5, and a
benchmark law P , define

rlen(I, P ) :=

∫︂
Ωn

max{υ(z)− ℓ(z), 0} dPP,n(z) ∈ [0,∞].

Define the extended minimax length by

Lext
β (n, σ) := inf

I∈Iβ,n,σ

sup
P∈Mβ(σ)

rlen(I, P ).

The constant interval procedure

Ifull(z) := [−1, 1] (z ∈ Ωn)

is measurable. Since |θ(P )| ≤ 1/2 throughout the benchmark class,

{z : θ(P ) ∈ Ifull(z)} = Ωn, PP,n{θ(P ) ∈ Ifull} = 1.

It is therefore honest, and

rlen(Ifull, P ) =

∫︂
Ωn

2 dPP,n = 2.

Consequently,
0 ≤ Lext

β (n, σ) ≤ 2 <∞,

so this extended minimax value also admits an order-preserving conversion to a real num-
ber.

6. Fix any I ∈ Iβ,n,σ, and define its two coverage events by

Ecov,± := {z ∈ Ωn : ℓ(z) ≤ θ(P±
b,m) ≤ υ(z)}.

These events are measurable. Since both alternatives are legal, honesty in Definition 5
supplies

P+(Ecov,+) ≥
9

10
, P−(Ecov,−) ≥

9

10
.
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The eventwise total variation bound gives

|P+(Ecov,+)− P−(Ecov,+)| ≤ TV(P+,P−) ≤
1

5
,

and therefore

P−(Ecov,+) ≥
9

10
− 1

5
=

7

10
.

Using the union–intersection identity under the probability law P−, we obtain

P−
(︁
Ecov,+ ∩ Ecov,−

)︁
= P−(Ecov,+) + P−(Ecov,−)− P−

(︁
Ecov,+ ∪ Ecov,−

)︁
≥ 7

10
+

9

10
− 1 =

3

5
.

On the intersection of the coverage events, both targets lie between ℓ(z) and υ(z), so

∆wit = |θ(P+
b,m)− θ(P−

b,m)| ≤ υ(z)− ℓ(z) ≤ max{υ(z)− ℓ(z), 0}.

Outside the intersection, its indicator is zero and interval length is nonnegative. Thus, on
all of Ωn,

∆wit 1Ecov,+∩Ecov,−(z) ≤ max{υ(z)− ℓ(z), 0}.

Integration under P− now gives

rlen(I, P
−
b,m) ≥ ∆wit P−

(︁
Ecov,+ ∩ Ecov,−

)︁
≥ 3

5
∆wit =

6

5
δwit.

7. For every honest interval procedure, the risk at the minus alternative is bounded by its
worst-case risk:

6

5
δwit ≤ rlen(I, P

−
b,m) ≤ sup

P∈Mβ(σ)
rlen(I, P ).

Taking the infimum over honest procedures yields

Lext
β (n, σ) ≥ 6

5
δwit.

Its finiteness then gives

Lβ(n, σ) ≥
6

5
κ

(︃
b

m2

)︃β

.

Both arguments use the joint sample-and-seed laws, and hence apply to every allowed
randomized procedure.

Lemma 7 connects observed-sample proximity to the target separation in Lemma 5. Its
expected-length conclusion applies to measurable connected closed intervals with uniform 0.9
coverage, the decision requirement in Definition 5. Both lower bounds cover procedures with
arbitrary independent randomization. Consequently, the transfer applies to the full declared
decision classes, with the displayed constants distinguishing estimation risk from honest expected
length.
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B.3 Direct witnesses and noise-dependent support

The direct-experiment component of Theorem 5 uses a localized profile whose support width
sets its Hölder scale. Let h denote that width, with 0 < h ≤ 1. The profile and the associated
conditional means are specified next.

Definition 14. [synth_7] (Direct-experiment witness profile) For 0 < h ≤ 1, define the direct-
experiment witness profile on the full latent-score interval by

vdirh (x) =

{︄
1, −1 ≤ x < 0,

max{1− x/h, 0}, 0 ≤ x ≤ 1.

This profile is continuous on [−1, 1], takes values in [0, 1], satisfies vdirh (0) = 1, and vanishes for
h ≤ x ≤ 1. Its full-interval regularity satisfies

|vdirh (x)− vdirh (t)| ≤ min{1, |x− t|/h}, x, t ∈ [−1, 1],

and hence, for every 0 < β ≤ 1,
[vdirh ]β ≤ h−β.

The direct latent witnesses use this profile through the conditional means

µ0(P
dir,±
h , x) =

1

2
, µ1(P

dir,±
h , x) =

1

2
± κhβvdirh (x), κ =

1

100
.

The direct profile vdirh in Definition 14 enters the following Bernoulli alternative laws.

Definition 15. [def:direct-alternatives] (Direct alternative laws P dir,±
h ) The latent laws

P dir,±
h are specified by:

• (Latent score.)
X ∼ Uniform[−1, 1].

• (Potential outcomes.) Conditional on X = x, the binary potential outcomes are inde-
pendent Bernoulli variables with conditional means

µ0(P
dir,±
h , x) =

1

2
, µ1(P

dir,±
h , x) =

1

2
± κhβvdirh (x),

where vdirh is the direct-experiment profile.

• (Measurement error.) The standardized measurement error ε is independent of the
latent score and potential outcomes, with

ε ∼ N(0, 1).

The direct alternatives P dir,±
h in Definition 15 pair a common score distribution and untreated

mean with a treated-mean perturbation of amplitude κhβ. Their role in Theorem 5 is to link
the direct-experiment lower bound to full-interval Hölder regularity through the explicit profile
in Definition 14.

For positive measurement-error scales, the cancellation witnesses instead use a support width
that depends jointly on noise and polynomial order. The following rule fixes that width and the
associated endpoint resolution before they enter the noisy lower bound.
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Definition 16. [def:noise-support] (Support and resolution bm(σ), hm(σ)) The noise-
dependent support scale bm(σ) and endpoint resolution hm(σ) are

bm(σ) = min{1, σ
√
m/8}, hm(σ) =

bm(σ)

m2
, σ > 0.

The corresponding alternative pair is
P±
bm(σ),m.

The support scale bm(σ) in Definition 16 stays within the latent interval, while the endpoint
resolution hm(σ) retains the degree-squared scale established in Lemma 5. This rule specifies
the noise-dependent witnesses used in the lower bound of Theorem 2. Their mathematical roles
remain separate: Lemma 5 supplies benchmark membership and target separation, Lemma 6
controls the complete observed-law comparison for positive noise, and Lemma 7 converts the
stated sample-law proximity condition into estimation-risk and honest-length lower bounds for
randomized procedures.

C Rate comparison, branch formulas, and verification scope

The support rule in Definition 16 completes the specification of the noisy alternatives. This
appendix collects the comparisons that connect those alternatives and the public variance cer-
tificate to the resolution equation in Definition 11. Three auxiliary results control changes in
resolution, observable second moments, and cancellation information. Their roles in Theorem 2
are followed by the branch interpretation and the larger-class converse.

C.1 Noise cost and the two envelopes

The noise cost summarizes the dependence of Gaussian inversion on endpoint resolution. Com-
parisons across resolutions must remain valid when the direct, intermediate, and compact
branches meet. The following bounds provide that common control.

Lemma 8. [lem:noise-cost-scaling] (Noise cost scaling bounds) For h ∈ (0, 1] and σ ∈ [0, 1],
define the noise cost

Ψ(h, σ) =

⎧⎪⎨⎪⎩
0, σ ≤ h,

(σ/h)2/3 − 1, h < σ and σ4 ≤ h,

h−1/2
[︁
1 + log(σ2/

√
h)
]︁
− 1, h < σ and h < σ4.

For every σ ∈ [0, 1], the function h ↦→ Ψ(h, σ) is continuous, nonnegative, and nonincreasing on
(0, 1].

For all real h, t, σ satisfying 0 < h ≤ t ≤ σ ≤ 1,

(t/h)1/2 ≤ 1 + Ψ(h, σ)

1 + Ψ(t, σ)
≤ t/h.

For every h ∈ (0, 1], σ ∈ [0, 1], and real a ≥ 1 satisfying ah ≤ 1,

1 + Ψ(ah, σ) ≤ max
{︁
1, a−1/2[1 + Ψ(h, σ)]

}︁
.
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Proof of Lemma 8. For 0 ≤ σ ≤ 1, write

Fσ(h) = 1 + Ψ(h, σ), 0 < h ≤ 1.

1. Continuity. Fix σ ∈ [0, 1]. If σ = 0, then

Ψ(h, 0) = 0, 0 < h ≤ 1,

so continuity follows. Suppose σ > 0. The power and logarithmic expressions defining the
cost are continuous for positive h: their denominators are positive, and the logarithm has
positive argument. At their interface,

√
σ4 = σ2,

(︂ σ
σ4

)︂2/3
= σ−2 = (σ4)−1/2

[︃
1 + log

(︃
σ2√
σ4

)︃]︃
.

Thus the two expressions for the cost agree at h = σ4. At the direct-branch interface,
σ4 ≤ σ, since 0 < σ ≤ 1, and (︂σ

σ

)︂2/3
− 1 = 0.

Gluing the continuous expressions at these interfaces proves continuity on (0, 1], including
when σ = 1 and the interfaces coincide.

2. Nonnegativity. Fix 0 < h ≤ 1 and 0 ≤ σ ≤ 1. If σ ≤ h, the cost is zero. If h < σ and
σ4 ≤ h, then

σ

h
≥ 1,

(︂σ
h

)︂2/3
≥ 1,

so the power-branch cost is nonnegative. In the remaining case, h < σ4, positivity of h
gives

√
h ≤ σ2, log

(︃
σ2√
h

)︃
≥ 0, h−1/2 ≥ 1.

Consequently,

h−1/2

[︃
1 + log

(︃
σ2√
h

)︃]︃
≥ 1,

which proves nonnegativity on the logarithmic branch as well.

3. Monotonicity. Fix 0 < h ≤ t ≤ 1. If σ ≤ h, both costs are zero. If h < σ ≤ t, nonnegativity
gives

Ψ(t, σ) = 0 ≤ Ψ(h, σ).

It remains to consider h ≤ t < σ, so σ > 0.

If σ4 ≤ h, both resolutions lie on the power branch, and

0 ≤ σ

t
≤ σ

h
=⇒

(︂σ
t

)︂2/3
− 1 ≤

(︂σ
h

)︂2/3
− 1.
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If h < σ4 ≤ t, compare through the interface:

Ψ(t, σ) =
(︂σ
t

)︂2/3
− 1

≤
(︂ σ
σ4

)︂2/3
− 1

= (σ4)−1/2

[︃
1 + log

(︃
σ2√
σ4

)︃]︃
− 1

≤ h−1/2

[︃
1 + log

(︃
σ2√
h

)︃]︃
− 1 = Ψ(h, σ).

The first inequality is the power comparison just established, and the equality is the
interface identity. For the last inequality,

(σ4)−1/2 ≤ h−1/2, 0 = log

(︃
σ2√
σ4

)︃
≤ log

(︃
σ2√
h

)︃
;

multiplying the corresponding nonnegative factors gives the required bound.

Finally, if h ≤ t < σ4, then

√
t ≤ σ2, 0 ≤ log

(︃
σ2√
t

)︃
≤ log

(︃
σ2√
h

)︃
, t−1/2 ≤ h−1/2.

Here the logarithmic comparison follows from
√
h ≤

√
t and monotonicity of the logarithm

on positive arguments. Multiplication yields

t−1/2

[︃
1 + log

(︃
σ2√
t

)︃]︃
− 1 ≤ h−1/2

[︃
1 + log

(︃
σ2√
h

)︃]︃
− 1.

These cases establish that the cost is nonincreasing.

4. Ratio bounds. Assume 0 < h ≤ t ≤ σ ≤ 1. Then t, σ > 0, and nonnegativity gives

Fσ(t) ≥ 1 > 0.

We first prove the multiplicative comparisons(︃
t

h

)︃1/2

Fσ(t) ≤ Fσ(h) ≤
t

h
Fσ(t).

If σ4 ≤ h, the power formula holds at both resolutions:

Fσ(h) =
(︂σ
h

)︂2/3
, Fσ(t) =

(︂σ
t

)︂2/3
.

These identities include t = σ, since the direct-branch value there is one. Hence

Fσ(h) =

(︃
t

h

)︃2/3

Fσ(t).
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Because t/h ≥ 1, (︃
t

h

)︃1/2

≤
(︃
t

h

)︃2/3

≤ t

h
.

Multiplying by Fσ(t) > 0 proves both comparisons in this case.

Suppose next that h < σ4 and t ≤ σ4. The logarithmic formula, extended to the interface
by the identity in the first step, gives

Fσ(h) = h−1/2

[︃
1 + log

(︃
σ2√
h

)︃]︃
, Fσ(t) = t−1/2

[︃
1 + log

(︃
σ2√
t

)︃]︃
.

The same formulas hold whenever 0 < h ≤ t ≤ σ4. For such resolutions define

ηcmp =

√
t√
h
, Λcmp = log

(︃
σ2√
t

)︃
.

Then

ηcmp ≥ 1, Λcmp ≥ 0, log

(︃
σ2√
h

)︃
= Λcmp + log ηcmp.

Using 0 ≤ log ηcmp ≤ ηcmp − 1, we obtain

1 + Λcmp ≤ 1 + Λcmp + log ηcmp,

1 + Λcmp + log ηcmp ≤ Λcmp + ηcmp ≤ ηcmp(1 + Λcmp).

The final inequality uses (ηcmp − 1)Λcmp ≥ 0. Since

h−1/2 =
1√
h
, t−1/2 =

1√
t
, ηcmp =

(︃
t

h

)︃1/2

, η2cmp =
t

h
,

multiplication by 1/
√
h gives(︃

t

h

)︃1/2

Fσ(t) ≤ Fσ(h) ≤
t

h
Fσ(t).

The remaining case is h < σ4 < t. Apply the logarithmic comparison from h to σ4, and
the power comparison from σ4 to t. As σ4 > 0, their lower bounds compose as(︃

t

h

)︃1/2

Fσ(t) =

(︃
σ4

h

)︃1/2(︃
t

σ4

)︃1/2

Fσ(t)

≤
(︃
σ4

h

)︃1/2

Fσ(σ
4) ≤ Fσ(h),

and their upper bounds compose as

Fσ(h) ≤
σ4

h
Fσ(σ

4) ≤ σ4

h

t

σ4
Fσ(t) =

t

h
Fσ(t).

Dividing the comparisons by the positive quantity Fσ(t) proves(︃
t

h

)︃1/2

≤ Fσ(h)

Fσ(t)
≤ t

h
.
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5. Dilation bound. Let 0 < h ≤ 1, 0 ≤ σ ≤ 1, a ≥ 1, and ah ≤ 1. If σ ≤ ah, then

Fσ(ah) = 1 ≤ max{1, a−1/2Fσ(h)}.

This case includes σ = 0. Otherwise, ah < σ. Since a > 0,

0 < h ≤ ah ≤ 1, Fσ(ah) > 0.

Applying the lower ratio bound with t = ah gives

a1/2 ≤ Fσ(h)

Fσ(ah)
, a1/2Fσ(ah) ≤ Fσ(h).

Multiplication by a−1/2 ≥ 0, together with a−1/2a1/2 = 1, yields

Fσ(ah) ≤ a−1/2Fσ(h) ≤ max{1, a−1/2Fσ(h)}.

Substituting Fσ(h) = 1 + Ψ(h, σ) proves the last assertion.

Continuity keeps the cost consistent at the branch interfaces, while monotonicity orders
finer and coarser endpoint resolutions. The ratio bounds quantify this ordering within the noisy
region. The final inequality also accommodates a coarsening that reaches the direct region, where
the cost vanishes. These properties support comparisons between the continuous resolution and
the discrete polynomial choices used by the procedures and witnesses.

For the upper comparison, the relevant quantity is the integrated derivative sum entering the
finite-sample radius. The next envelope expresses its dependence on degree and noise through
the same cost function.

Lemma 9. [lem:variance-cost-envelope] (Uniform variance cost envelope) Let mL be the
degree of the endpoint polynomial KL, and define its integrated derivative cost by

VL(σ) =
3

4

mL∑︂
j=0

σ2j

j!

∫︂ 1

0

(︁
K

(j)
L (x)

)︁2
dx.

For h > 0, define the noise cost by

Ψ(h, σ) =

⎧⎪⎨⎪⎩
0, σ ≤ h,

(σ/h)2/3 − 1, σ > h and σ4 ≤ h,

h−1/2
[︁
1 + log(σ2/

√
h)
]︁
− 1, σ > h and σ4 > h.

There exists an absolute constant C > 0 such that, for every integer L ≥ 1 and every σ ∈ [0, 1],

VL(σ) ≤ CL2 exp
{︁
C
[︁
1 + Ψ(L−2, σ)

]︁}︁
.

Proof of Lemma 9. 1. We use the classical polynomial identities supplied by Theorem 4. The
factorial-series estimate in Lemma 3 supplies an absolute constant

Cfac ∈ (0,∞)
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such that, for every integer L ≥ 1 and every σ ∈ [0, 1],

mL = 3(L− 1), VL(σ) ≤ CfacL
2
mL∑︂
j=0

(Cfacσ
2L4)j

(j!)3
.

Throughout the proof, write
hL = L−2 > 0.

2. First construct an envelope for the first two noise regimes. Define

Cnc = max{Cfac, 3(Cfac+1)} > 0, ηL(σ) = σL2 ≥ 0, ζL(σ) = (Cfac+1)ηL(σ)
2/3 ≥ 0.

These definitions apply to every L ≥ 1 and σ ∈ [0, 1]. Since(︁
ηL(σ)

2/3
)︁3

= ηL(σ)
2, Cfac ≤ (Cfac + 1)3,

we have
Cfacσ

2L4 ≤ ζL(σ)
3.

For nonnegative summands, the sum of their cubes is bounded by the cube of their sum.
This follows by induction from

(ξ + ω)3 = ξ3 + ω3 + 3ξω(ξ + ω) ≥ ξ3 + ω3, ξ, ω ∈ [0,∞).

Applying this inequality and then the nonnegative exponential series gives

mL∑︂
j=0

(Cfacσ
2L4)j

(j!)3
≤

mL∑︂
j=0

(︃
ζL(σ)

j

j!

)︃3

≤

⎛⎝mL∑︂
j=0

ζL(σ)
j

j!

⎞⎠3

≤ exp{3ζL(σ)}
≤ exp{CncηL(σ)

2/3}.

Consequently,
VL(σ) ≤ CncL

2 exp{CncηL(σ)
2/3}.

If σ ≤ hL, then
0 ≤ ηL(σ) ≤ 1, ηL(σ)

2/3 ≤ 1 = 1 + Ψ(hL, σ).

If σ > hL and σ4 ≤ hL, the intermediate branch instead gives

1 + Ψ(hL, σ) = (σ/hL)
2/3 = ηL(σ)

2/3.

Thus the same constant satisfies

VL(σ) ≤ CncL
2 exp{Cnc[1 + Ψ(hL, σ)]} whenever σ ≤ hL or σ4 ≤ hL.
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3. Next construct the compact-branch envelope. Define the absolute constant

Ccomp = max{Cfac, 7 + 3 log(Cfac + 1)} > 0.

Suppose that σ > hL and σ4 > hL, and define

ηcomp = σ2L, αcomp = (Cfac + 1)ηcomp.

Multiplication of σ4 > L−2 by L2 > 0 yields

η2comp = σ4L2 > 1.

Since ηcomp ≥ 0, it follows that

ηcomp ≥ 1, αcomp ≥ 1.

We first establish the finite-series estimate used here. For

α ∈ [1,∞), Ncut ∈ Z≥0, Ncut ≤ 3L+ 1,

every integer 0 ≤ j < Ncut satisfies j ≤ 3L. The nonnegative exponential series gives
Lj/j! ≤ eL, and therefore

(αL3)j

(j!)3
= αj

(︃
Lj

j!

)︃3

≤ α3Le3L.

The number of summands satisfies

Ncut ≤ 3L+ 1 ≤ 4L+ 1 ≤ e4L,

where the last inequality is 1 + u ≤ eu at u = 4L. Hence

Ncut−1∑︂
j=0

(αL3)j

(j!)3
≤ Ncutα

3Le3L ≤ exp{L(7 + 3 logα)}.

For Ncut = 0, the sum is empty and equals zero, so this estimate also covers that case.

Now mL + 1 ≤ 3L+ 1, and
Cfacσ

2L4 ≤ αcompL
3.

Applying the preceding estimate gives

mL∑︂
j=0

(Cfacσ
2L4)j

(j!)3
≤ exp{L(7 + 3 logαcomp)}.

On this branch,√︁
hL = L−1, h

−1/2
L = L, 1 + Ψ(hL, σ) = L

(︁
1 + log ηcomp

)︁
.

Moreover,
logαcomp = log(Cfac + 1) + log ηcomp, log ηcomp ≥ 0.
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Since log(Cfac + 1) ≥ 0, the definition of Ccomp implies both

7 + 3 log(Cfac + 1) ≤ Ccomp, 3 ≤ Ccomp.

It follows that

L(7 + 3 logαcomp) = L
(︁
7 + 3 log(Cfac + 1) + 3 log ηcomp

)︁
≤ CcompL(1 + log ηcomp)

= Ccomp[1 + Ψ(hL, σ)].

Combining these inequalities with the factorial-series estimate and Cfac ≤ Ccomp proves

VL(σ) ≤ CcompL
2 exp{Ccomp[1 + Ψ(hL, σ)]} if σ > hL, σ

4 > hL.

4. Choose the common absolute constant

C = max{Cnc, Ccomp} > 0.

For every L ≥ 1 and σ ∈ [0, 1], the branch identities above show

1 + Ψ(hL, σ) =

⎧⎪⎨⎪⎩
1, σ ≤ hL,

(σL2)2/3, σ > hL, σ
4 ≤ hL,

L[1 + log(σ2L)], σ > hL, σ
4 > hL

≥ 0.

In the last branch, nonnegativity follows from σ2L ≥ 1. Thus, for every auxiliary constant

Caux ∈ (0, C],

we have
CauxL

2 ≤ CL2, Caux[1 + Ψ(hL, σ)] ≤ C[1 + Ψ(hL, σ)].

Monotonicity and positivity of the exponential therefore yield

CauxL
2 exp{Caux[1 + Ψ(hL, σ)]} ≤ CL2 exp{C[1 + Ψ(hL, σ)]}.

5. Fix L ≥ 1 and σ ∈ [0, 1]. If σ ≤ hL, apply the first envelope with Caux = Cnc. If σ > hL,
split further according to whether σ4 ≤ hL. In that case, apply the same envelope;
when σ4 > hL, apply the compact-branch envelope with Caux = Ccomp. The enlargement
inequality in each case gives

VL(σ) ≤ CL2 exp{C[1 + Ψ(L−2, σ)]}.

The first case includes σ = 0 and all σ ∈ [0, 1] when L = 1; the boundary σ4 = hL belongs
to the second case.

The envelope in Lemma 9 places the derivative cost from Lemma 3 on the endpoint scale
L−2. Together with the approximation bound in Lemma 1, it supplies the two components of
the public radius in Definition 10. Its range includes L = 1, whose polynomial degree is zero,
and σ = 0, where the derivative sum retains its order-zero term.

The lower comparison uses the complete observed-law likelihood bound in Lemma 6. At the
support and resolution specified by Definition 16, its information bound takes a corresponding
exponential form.
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Lemma 10. [lem:cancellation-information-envelope] (Cancellation information envelope)
Let the parameters satisfy:

• (Smoothness.) 0 < β ≤ 1.

• (Noise scale.) 0 < σ ≤ 1.

• (Polynomial degree.) m ∈ N and m ≥ 2.

Write b = bm(σ) and h = hm(σ) as in Definition 16, and let P+
b,m and P−

b,m be the alternative
laws of Definition 13, constructed using Theorem 4. Set the perturbation constant κ = 1/100,
and define the noise cost by

Ψ(h, σ) =

⎧⎪⎨⎪⎩
0, σ ≤ h,

(σ/h)2/3 − 1, σ > h and σ4 ≤ h,

h−1/2
(︁
1 + log(σ2/

√
h)
)︁
− 1, σ > h and σ4 > h.

For probability laws µ, ν, use the extended chi-squared divergence

χ2(µ, ν) =

⎧⎪⎨⎪⎩
∫︂ (︃

dµ

dν
− 1

)︃2

dν, µ≪ ν,

+∞, µ ̸≪ ν.

Then the observed laws induced by the two alternatives at noise scale σ satisfy

χ2
(︁
(P+

b,m)obs, (P
−
b,m)obs

)︁
≤ 32

3
κ2h2β+1 exp

(︃
−1 + Ψ(h, σ)

32

)︃
.

Proof of Lemma 10. 1. Set

b = bm(σ) = min{1, σ
√
m/8}, h = hm(σ) =

b

m2
, λb,σ =

b2

4σ2
, Nm = (2m+1)2−m2.

Since m ≥ 2 and σ > 0, the support and resolution satisfy

0 < b ≤ 1, h > 0.

Moreover, b ≤ σ
√
m/8, so

0 < λb,σ =
b2

4σ2
≤ (σ

√
m/8)2

4σ2
=

m

256
.

Thus the parameter conditions of Lemma 6 hold for the alternatives constructed using
Theorem 4. Its two likelihood bounds give

χ2
(︂
(P+

b,m)obs, (P
−
b,m)obs

)︂
≤ 16κ2h2β

b

Nm
exp

(︃
λb,σ
6

)︃ ∞∑︂
j=m−1

λ j
b,σ

j!
.

2. Define the first retained factorial index by

Jm := m− 1 ∈ N, Jm ≥ 1, Jm ≥ m/2.
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For every integer k ≥ 0,

λ Jm+k+1
b,σ

(Jm + k + 1)!
=

λ Jm+k
b,σ

(Jm + k)!

λb,σ
Jm + k + 1

, 0 ≤
λb,σ

Jm + k + 1
≤ 1

2
,

because Jm +1 = m and λb,σ ≤ m/256 ≤ m/2. Induction on k, followed by summation of
the geometric series, therefore yields

λ Jm+k
b,σ

(Jm + k)!
≤
λ Jm
b,σ

Jm!
2−k,

∞∑︂
j=Jm

λ j
b,σ

j!
≤ 2

λ Jm
b,σ

Jm!
.

For every integer j ≥ 1, the inequality log t ≤ t− 1, applied at t = (j + 1)/j, gives

j{log(j + 1)− log j} ≤ 1.

Starting from log(1!) = 0 ≥ −1, induction gives

log((j + 1)!) = log(j!) + log(j + 1)

≥ j log j − j + log(j + 1)

≥ (j + 1) log(j + 1)− (j + 1).

Consequently,
log(Jm!) ≥ Jm log Jm − Jm,

and taking logarithms of the positive factorial term gives

λ Jm
b,σ

Jm!
≤ exp

[︃
−Jm log

(︃
Jm
eλb,σ

)︃]︃
.

To calibrate this exponent, use

m

λb,σ
≥ 256, log

(︃
m

λb,σ

)︃
≥ 8 log 2, log 2 ≥ 1− 1

2
=

1

2
.

Monotonicity of the logarithm and Jm ≥ m/2 imply

log

(︃
Jm
eλb,σ

)︃
≥ log

(︃
m

λb,σ

)︃
− log 2− 1 ≥ 7 log 2− 1 ≥ 0.

Hence

Jm log

(︃
Jm
eλb,σ

)︃
−
λb,σ
6

≥ m

2

{︃
log

(︃
m

λb,σ

)︃
− log 2− 1

}︃
− m

1536

≥ m

8

{︃
1 + log

(︃
m

λb,σ

)︃}︃
.

For the last inequality, the difference between its two sides, divided by m, is

3

8
log

(︃
m

λb,σ

)︃
− 1

2
log 2− 5

8
− 1

1536

≥ 5

2
log 2− 5

8
− 1

1536
≥ 5

8
− 1

1536
> 0.
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Combining the preceding estimates gives

exp

(︃
λb,σ
6

)︃ ∞∑︂
j=m−1

λ j
b,σ

j!
≤ 2 exp

[︃
λb,σ
6

− Jm log

(︃
Jm
eλb,σ

)︃]︃

≤ 2 exp

[︃
−m

8

{︃
1 + log

(︃
m

λb,σ

)︃}︃]︃
.

3. The normalization satisfies

Nm = 3m2 + 4m+ 1 ≥ 3m2,
b

Nm
≤ b

3m2
=
h

3
.

Substituting this and the factorial-tail estimate into the likelihood bound gives

χ2
(︂
(P+

b,m)obs, (P
−
b,m)obs

)︂
≤ 16κ2h2β

h

3
2 exp

[︃
−m

8

{︃
1 + log

(︃
m

λb,σ

)︃}︃]︃
=

32

3
κ2h2β+1 exp

[︃
−m

8

{︃
1 + log

(︃
m

λb,σ

)︃}︃]︃
.

Since the prefactor is nonnegative and the exponential is increasing, it suffices to establish

1 + Ψ(h, σ) ≤ 4m

{︃
1 + log

(︃
m

λb,σ

)︃}︃
.

We split according to whether σ
√
m/8 ≥ 1.

4. Suppose first that 1 ≤ σ
√
m/8. Then

b = 1, σ2m ≥ 64, h =
1

m2
, λb,σ =

1

4σ2
.

Squaring σ2m ≥ 64 shows that

σ4m2 ≥ 4096 > 1, h < σ4 ≤ σ,

where the final inequality follows from 0 < σ ≤ 1. Thus the compact branch of the cost
applies. Using

√
h =

1

m
, h−1/2 = m,

we obtain
1 + Ψ(h, σ) = m{1 + log(σ2m)}

≤ m{1 + log(4σ2m)}

= m

{︃
1 + log

(︃
m

λb,σ

)︃}︃
.

The logarithmic comparison follows from 0 < σ2m ≤ 4σ2m. Also, λb,σ ≤ m/256 implies

0 ≤ m

{︃
1 + log

(︃
m

λb,σ

)︃}︃
≤ 4m

{︃
1 + log

(︃
m

λb,σ

)︃}︃
.

This proves the required cost comparison in the saturated case, including the equality
σ
√
m/8 = 1.
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5. Suppose now that σ
√
m/8 < 1. Direct substitution in the support and likelihood scales

gives

b =
σ
√
m

8
, σ2m = 64b2, λb,σ =

m

256
,

m

λb,σ
= 256.

We follow the three branches of the cost definition.

If σ ≤ h, then
1 + Ψ(h, σ) = 1 ≤ 4m(1 + log 256),

because m ≥ 2 and log 256 ≥ 0.

If σ > h and σ4 ≤ h, then
1 + Ψ(h, σ) = (σ/h)2/3.

Indeed, m ≥ 2 gives
√
m ≤ m < 8m2, and hence

h =
σ
√
m

8m2
< σ.

The scale identity σ2m = 64b2 yields{︂
(σ/h)2/3

}︂3
= (σ/h)2 =

σ2m4

b2
= 64m3 = (4m)3.

Both quantities whose cubes are equal are positive, so

1 + Ψ(h, σ) = 4m ≤ 4m(1 + log 256).

Finally, suppose that σ > h and h < σ4. The scale identity gives

σ4m2 = 4096b4, b < σ4m2 = 4096b4.

These inequalities force b ≥ 1/16: if b < 1/16, then

b3 ≤ 1

4096
, 4096b4 ≤ b,

contradicting the strict inequality above. Therefore

√
h =

√
b

m
≥ 1

4m
, h−1/2 =

1√
h
≤ 4m.

On the other hand, 0 < b ≤ 1 implies

b3 ≤ 1, b4 ≤ b, b2 ≤
√
b.

Consequently, the logarithm’s argument satisfies

0 <
σ2√
h
=
σ2m√
b

=
64b2√
b

≤ 64 ≤ 256.

Monotonicity of the logarithm and 1 + log 256 ≥ 0 now give

1 + Ψ(h, σ) = h−1/2

{︃
1 + log

(︃
σ2√
h

)︃}︃
≤ h−1/2(1 + log 256)

≤ 4m(1 + log 256).

69



Thus every unsaturated branch satisfies

1 + Ψ(h, σ) ≤ 4m

{︃
1 + log

(︃
m

λb,σ

)︃}︃
.

The weak inequalities in the first two branches include their boundary values.

6. The cost comparison in both support cases implies

−m
8

{︃
1 + log

(︃
m

λb,σ

)︃}︃
≤ −1 + Ψ(h, σ)

32
.

Applying monotonicity of the exponential to the degree bound therefore proves

χ2
(︂
(P+

b,m)obs, (P
−
b,m)obs

)︂
≤ 32

3
κ2h2β+1 exp

(︃
−1 + Ψ(h, σ)

32

)︃
.

The bound in Lemma 10 concerns the full observed triple, including the assignment and
outcome marks. Its prefactor combines the squared perturbation amplitude with the endpoint
resolution, while its exponential factor describes the information reduction associated with can-
cellation. Membership and target separation are supplied separately by Lemma 5. The degree
range starts at m = 2, preserving the lowest admissible cancellation witness, and the positive-
noise condition identifies the domain of this envelope.

C.2 Uniform comparison and boundary cases

The upper and lower comparisons in Theorem 2 connect these envelopes to the balance equation.
For the upper comparison, Theorem 1 already supplies measurable estimation, uniform coverage,
and expected-length control by the selected public radius. The remaining rate comparison
concerns that deterministic radius, using the approximation and variance bounds at integer
polynomial indices.

The finite candidate set in Algorithm 2 is part of this comparison. Positive indices are re-
stricted by the public cap, ties are resolved by the smallest minimizer, and index zero contributes
the radius 1/2 specified in Definition 10. Thus the upper bound in Theorem 2 applies to the
stated finite selection rule. The scaling control in Lemma 8 provides the resolution comparisons
needed for discrete indices, while the constant candidate supplies a valid certificate at coarse
resolutions.

For the lower comparison at positive noise, Lemma 10 supplies observed-law proximity for
the integer-degree alternatives of Definition 16. The target separation and decision transfer in
Lemmas 5 and 7 give the corresponding estimation-risk and honest-length bounds. The direct
alternatives in Definition 15 supply the direct-experiment component recorded in Theorem 5.
Both decision comparisons include the independent procedure seed.

Zero noise belongs to the exact direct branch of Theorem 2, with attainment and lower
bounds also stated in Theorem 5. At the direct interface, the resolution equals both the
noise scale and n−1/(2β+1). At the intermediate–compact interface, it equals σ4. Continuity
in Lemma 8 and the common constants in Theorem 2 keep these boundary cases within the
simultaneous comparison.
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C.3 Scalar branches and converse transfer

The scalar coordinates in Theorem 2 express the noisy resolution in two ways. On the inter-
mediate branch, z = (σ/h⋆)

2/3 measures the noise-to-resolution ratio. On the compact branch,

τ = h
−1/2
⋆ measures inverse square-root resolution. Their equations and admissible ranges spec-

ify the corresponding portions of the same balance equation. At the common boundary, both
coordinates equal σ−2.

The sequence specializations in Theorem 2 retain their stated quantifiers. For polynomially
shrinking noise with a fixed exponent below 1/(2β + 1), the intermediate asymptotic order
combines the noise power with a logarithmic improvement. At or above that exponent, the
exact direct branch applies for every n ≥ 2. Fixed positive noise eventually selects the compact
branch. Uniformity of the original comparison also covers sequences that pass between branches,
with constants independent of sample size and noise scale.

The larger-class implication is the target- and experiment-preserving embedding in Propo-
sition 1. The benchmark density and conditional-mean restrictions imply the local conditions
of that class, and independence from the latent score and both potential outcomes implies the
required joint independence from the score and observed outcome. Preservation of the entire
randomized experiment makes the benchmark risk and honest-length lower bounds applicable
to the larger decision problem. For positive noise, the published conditions invoked by this
interpretation are Assumptions 1Y, 2C, and 7 of Pei and Shen [2017].

C.4 Direct-experiment specialization

The direct alternatives and the zero-noise certificate identify the ordinary endpoint rate within
the same benchmark experiment. The following result records a lower bound for the minimax
absolute risk Rβ(n, σ) and minimax honest expected length Lβ(n, σ) at every admissible noise
scale, together with attainment by the selected procedures at zero noise.

Theorem 5. [thm:direct-reduction] (Direct-experiment rates and attainment) Fix 0 < β ≤
1, where β is the Hölder exponent. Write Rβ(n, σ) and Lβ(n, σ) for the real conversions of
the extended minimax absolute risk and extended minimax honest expected length, respectively.
Their extended objectives are

infˆ︁θ sup
P∈Mβ(σ)

EP,n

[︂
|ˆ︁θ − θ(P )|

]︂
, inf

I∈Iβ,n,σ

sup
P∈Mβ(σ)

EP,n[length(I)] .

Here the first infimum ranges over admissible estimators, Mβ(σ) is the benchmark model class,
θ(P ) is the cutoff treatment contrast, and EP,n denotes expectation under the joint law of the
observed sample and independent procedure seed. The honest interval class Iβ,n,σ is defined
in Definition 5. Both minimizations are performed in the extended nonnegative reals before
conversion to real numbers.

There exist constants c, C > 0, depending only on β, such that, for every integer sample size
n ≥ 2 and every noise scale σ ∈ [0, 1],

Rβ(n, σ) ≥ c n−β/(2β+1), Lβ(n, σ) ≥ c n−β/(2β+1).

At σ = 0,
Rβ(n, 0) ≤ C n−β/(2β+1), Lβ(n, 0) ≤ C n−β/(2β+1).
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The selected estimator ˆ︁θL⋆ and selected interval IL⋆, evaluated at (β, n, 0), satisfy the extended
worst-case bounds

sup
P∈Mβ(0)

EP,n

[︂
|ˆ︁θL⋆ − θ(P )|

]︂
≤ C n−β/(2β+1), sup

P∈Mβ(0)
EP,n[length(IL⋆)] ≤ C n−β/(2β+1).

Moreover, IL⋆ ∈ Iβ,n,0, the honest interval class of Definition 5.

At zero noise, the endpoint approximation and the sampling variation in the public certificate
recover the Hölder endpoint rate. The matching lower bounds identify that rate as the bench-
mark difficulty for both estimation and honest connected intervals. Their validity throughout
σ ∈ [0, 1] supplies the direct-experiment baseline for the uniform comparison, while the zero-
noise attainment clauses connect that baseline to the observable procedures already specified in
Algorithm 2.

C.5 Precision summary

The established relationships can now be collected around the causal target, the public certifi-
cate, and the two families of alternatives. The Lean component definitions are total on their
ambient natural-number and real domains, including the index-zero fallback and values outside
the statistical domain. The guarantees below apply only for n ≥ 2 and σ ∈ [0, 1], while posi-
tive kernel indices and cancellation degrees use the ranges stated in their defining environments.
The following object records these components with those domain distinctions and their defining
references.

Remark 1. [def:frontier-handle] (Endpoint precision handle) The endpoint precision han-
dle comprises the following objects, for 0 < β ≤ 1, n ∈ N, and σ ∈ R, given the classical
Legendre identities in Theorem 4.

• (Target.) The cutoff causal contrast

θ(P ) = µ1(P, 0)− µ0(P, 0).

• (Variance.) For every L ∈ N, the finite derivative sum

mL = degKL, VL(σ) =
3

4

mL∑︂
j=0

σ2j

j!

∫︂ 1

0

(︁
K

(j)
L (x)

)︁2
dx,

where KL is defined in Definition 7.

• (Certificate.) The selected public radius

Eβ(n, σ) = ρL⋆ ,

with the radius and selected index specified in Algorithm 2.

• (Cancellation witnesses.) For every integer m ≥ 2, when 0 < σ ≤ 1, and for either
sign, the alternative laws

bm(σ) = min

{︃
1,
σ
√
m

8

}︃
, P±

bm(σ),m,

defined in Definitions 13 and 16.
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• (Direct witnesses.) For every 0 < h ≤ 1 and either sign, the alternative laws P dir,±
h

defined in Definition 15.

• (Rate and procedures.) The resolution rate, selected measurable estimator, and selected
interval procedure

rβ(n, σ), ˜︁θβ,n,σ, ˜︁Iβ,n,σ,
defined in Definition 11.

The precision handle in Remark 1 collects quantities already defined and used above. The
next proposition consolidates their relationships, including the attainable public radius, the
minimax comparisons, and the scalar branch equations of Theorem 2.

Proposition 2. [thm:uniform-frontier-resolution] (Uniform precision frontier) Fix β ∈
(0, 1], and write ν = 2β + 1. For n ≥ 2 and σ ∈ [0, 1], put h0 = n−1/ν and define

Ψ(h, σ) =

⎧⎪⎨⎪⎩
0, σ ≤ h,

(σ/h)2/3 − 1, σ4 ≤ h < σ,

h−1/2
{︁
1 + log(σ2h−1/2)

}︁
− 1, 0 < h < σ4.

There is a unique h⋆(n, σ) ∈ [h0, 1] satisfying

ν log

(︃
1

h⋆(n, σ)

)︃
+Ψ

(︁
h⋆(n, σ), σ

)︁
= logn.

Set
rβ(n, σ) = h⋆(n, σ)

β, ˜︁θβ,n,σ = ˆ︁θL⋆ , ˜︁Iβ,n,σ = IL⋆ .

There exist constants c, C > 0, depending on β and independent of n and σ, such that,
simultaneously for every integer n ≥ 2 and every σ ∈ [0, 1],

c rβ(n, σ) ≤ Rβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n

⃓⃓⃓˜︁θβ,n,σ − θ(P )
⃓⃓⃓
≤ Eβ(n, σ) ≤ C rβ(n, σ),

c rβ(n, σ) ≤ Lβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n length
(︁˜︁Iβ,n,σ)︁ ≤ 2Eβ(n, σ) ≤ C rβ(n, σ),

˜︁Iβ,n,σ ∈ Iβ,n,σ.

The estimation and interval comparisons range over the declared measurable estimator and hon-
est connected-interval decision classes, including procedures with an independent uniform random
seed.

The resolution has the following branches:

• (Direct branch.) If σ ≤ n−1/ν , then

h⋆(n, σ) = n−1/ν .

• (Intermediate branch.) If σ > n−1/ν and

log(nσ4ν) ≤ σ−2 − 1,

then

h⋆(n, σ) = σz−3/2, z +
3ν

2
log z = 1 + log(nσν), 1 < z ≤ σ−2,

where the displayed equation uniquely determines z.
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• (Compact branch.) If σ > n−1/ν and

log(nσ4ν) ≥ σ−2 − 1,

then

h⋆(n, σ) = τ−2, 2ν log τ + τ
{︁
1 + log(σ2τ)

}︁
= logn+ 1, τ ≥ σ−2,

where the displayed equation uniquely determines τ .

The intermediate and compact equations agree at h⋆ = σ4; the direct interface is h⋆ = σ = n−1/ν .
The bounds use the same constants along every sequence σ = σn ∈ [0, 1], including shrinking-
noise sequences.

In particular, for β = 1 and σ = n−1/6, the intermediate branch applies for every n ≥ 2, and

r1(n, n
−1/6) ≍ n−1/6[︁

1 + 1
2 logn

]︁3/2 ,
with comparison constants independent of n. Throughout, the observed side label is D = 1{X ≥
0}.

The comparisons in Proposition 2 place minimax risk, honest expected length, and the se-
lected public radius on the same resolution scale. The variance and cancellation envelopes
connect attainable precision and statistical indistinguishability through the common noise cost.
Because the constants apply simultaneously over the stated sample sizes and noise scales, the
branch formulas describe both fixed-noise and shrinking-noise experiments with the same com-
parisons.

C.6 Verification scope

The statements and proofs are machine-checked in Lean 4, including the finite-sample certifi-
cate, the auxiliary bounds, the uniform and direct-experiment comparisons, and the converse
transfer. Their statistical scope uses the Gaussian calibration, independence, bounded-support
density restrictions, conditional-mean bounds, and full-interval Hölder restrictions in Defini-
tion 4, together with the declared sampling and decision classes. Lean definitions are total
on their ambient types; statistical guarantees use the stated domains n ≥ 2, σ ∈ [0, 1], and
the specified positive-index ranges, with index-zero procedures defined separately. The repre-
sentation uses finite polynomial inverse-heat sums, induced observed and product laws, and
extended nonnegative minimax objectives before real conversion. The classical Legendre and
Hermite identities are established by verified declarations, and the supplied theorem-local veri-
fication metadata records empty external proof-dependency lists. The citation to Pei and Shen
[2017, Assumptions 1Y, 2C, and 7] supplies the published conditions used for the larger-class
interpretation.

D Proofs of the main results

Proof of Theorem 1. Fix the public parameters (β, n, σ) satisfying the stated hypotheses. We
first establish the three fixed-index guarantees simultaneously for every integer J ≥ 1 and every
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P ′ ∈ Mβ(σ). For such J and P ′, define

Ad,J(P
′) =

∫︂ 1

0
KJ(x)f(P

′, sdx)µd(P
′, sdx) dx,

Bd,J(P
′) =

∫︂ 1

0
KJ(x)f(P

′, sdx) dx,

ηd,J(P
′) =

Ad,J(P
′)

Bd,J(P ′)
, d ∈ {0, 1}.

Here division by zero is assigned value zero; the positive denominator bound established below
ensures that these are ordinary ratios throughout the model class. The signs s1 = 1 and s0 = −1
are those of Definition 9.

1. Population identities and empirical moments. Define the single-observation sum-
mands, as functions on {0, 1}2 × R, by

ξAd,J(D,Y,W ) = 1{D = d}Y QJ,σ(sdW ),

ξBd,J(D,Y,W ) = 1{D = d}QJ,σ(sdW ).

The inverse-heat polynomial is defined in Definition 8. Its evaluation at the proxy is square
integrable: the latent score is bounded, Gaussian variables have every polynomial moment,
and the indicator and binary outcome are bounded. Consequently,

ξAd,J , ξ
B
d,J ∈ L2(P ′

obs).

By Assumptions 1 and 2, the reflected error sdε is standard Gaussian and independent of
(X,Y 0, Y 1). The first identity of Lemma 3 therefore gives, for every real x,∫︂

R
QJ,σ(sdx+ σe)N(0, 1)(de) = KJ(sdx).

Integrating the independent Gaussian coordinate first, and using 1{D = d}Y = 1{D =
d}Y d, yields ∫︂

ξBd,J dP
′
obs =

∫︂
1{D = d}KJ(sdX) dP ′,∫︂

ξAd,J dP
′
obs =

∫︂
1{D = d}Y dKJ(sdX) dP ′.

The score marginal has density f(P ′, ·), so

P ′{X = 0} =

∫︂
{0}

f(P ′, x) dx = 0.

Thus the arm indicator agrees almost surely with 1{sdX ∈ [0, 1]}. The defin-
ing conditional-mean identity gives the score marginal weighted by Y d the density
µd(P

′, x)f(P ′, x). Integrating the bounded arm weight against these two marginal
identities gives∫︂

ξBd,J dP
′
obs =

∫︂
{x:sdx∈[0,1]}

KJ(sdx)f(P
′, x) dx = Bd,J(P

′),∫︂
ξAd,J dP

′
obs =

∫︂
{x:sdx∈[0,1]}

KJ(sdx)µd(P
′, x)f(P ′, x) dx = Ad,J(P

′).
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For d = 1 the integration interval is [0, 1]; for d = 0 it is [−1, 0], and substitution x ↦→ −x
gives the displayed endpoint integrals.

For the second moments, the second identity of Lemma 3, integrated in the same order,
gives ∫︂

(ξBd,J)
2 dP ′

obs =

∫︂ 1

0
f(P ′, sdx)

mJ∑︂
j=0

σ2j

j!
[K

(j)
J (x)]2 dx

≤ 3

4

∫︂ 1

0

mJ∑︂
j=0

σ2j

j!
[K

(j)
J (x)]2 dx = VJ(σ),

where the inequality uses Assumption 3 and the nonnegativity of every summand. Since
Y ∈ {0, 1},

(ξAd,J)
2 = Y 2(ξBd,J)

2 ≤ (ξBd,J)
2,

∫︂
(ξAd,J)

2 dP ′
obs ≤ VJ(σ).

Define the centered empirical errors on the sample and seed space by

∆A
d,J(Sn, U) = ˆ︁Ad,J(Sn)−Ad,J(P

′),

∆B
d,J(Sn, U) = ˆ︁Bd,J(Sn)−Bd,J(P

′).

The empirical averages are those of Algorithm 1. For either ⋄ ∈ {A,B}, the population
identities show that

∆⋄
d,J =

1

n

n∑︂
i=1

[︃
ξ⋄d,J(Di, Yi,Wi)−

∫︂
ξ⋄d,J dP

′
obs

]︃
.

Independence makes the cross terms between distinct centered observations vanish. Ex-
panding the square therefore gives

EP ′,n∆
⋄
d,J = 0,

EP ′,n(∆
⋄
d,J)

2 =
1

n

∫︂ (︃
ξ⋄d,J −

∫︂
ξ⋄d,J dP

′
obs

)︃2

dP ′
obs

=
1

n

[︄∫︂
(ξ⋄d,J)

2 dP ′
obs −

(︃∫︂
ξ⋄d,J dP

′
obs

)︃2
]︄

≤ VJ(σ)

n
.

These errors are square integrable. Integrating the independent seed contributes a factor
one, since the averages depend on the sample. The same mean calculation proves

EP ′,n
ˆ︁Bd,J = Bd,J(P

′).

2. Positive denominators and population bias. By Lemma 1, the kernel is nonnegative
on [0, 1] and integrates to one. Hence Assumption 3 gives

1

4
=

1

4

∫︂ 1

0
KJ(x) dx ≤ Bd,J(P

′) ≤ 3

4

∫︂ 1

0
KJ(x) dx =

3

4
.
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In particular, the denominator is positive and

Ad,J(P
′) = ηd,J(P

′)Bd,J(P
′).

The nonnegative weight KJ(x)f(P
′, sdx), together with Assumption 4, gives

1

4
Bd,J(P

′) ≤ Ad,J(P
′) ≤ 3

4
Bd,J(P

′), ηd,J(P
′) ∈ [1/4, 3/4].

For x ∈ [0, 1], reflection preserves the distance from zero. Thus Assumption 5 gives

|µd(P ′, sdx)− µd(P
′, 0)| ≤ 2xβ.

Subtracting the cutoff mean inside the weighted integral yields

ηd,J(P
′)− µd(P

′, 0) =

∫︁ 1
0 KJ(x)f(P

′, sdx)[µd(P
′, sdx)− µd(P

′, 0)] dx

Bd,J(P ′)
.

The numerator satisfies⃓⃓⃓⃓∫︂ 1

0
KJ(x)f(P

′, sdx)[µd(P
′, sdx)− µd(P

′, 0)] dx

⃓⃓⃓⃓
≤
∫︂ 1

0
KJ(x)f(P

′, sdx) 2x
β dx

≤ 3

2
MJ,β.

Since MJ,β ≥ 0 and Bd,J(P
′) ≥ 1/4, it follows that

|ηd,J(P ′)− µd(P
′, 0)| ≤ 6MJ,β.

Together with the expectation identity above, this also proves the required lower bound
on each unmarked population expectation.

3. Absolute risk. For every sample, define the floored denominator

ˆ︁Bfloor
d,J = max{ ˆ︁Bd,J , 1/8}.

If ˆ︁Bd,J ≥ 1/8, flooring leaves it unchanged. If ˆ︁Bd,J < 1/8, then Bd,J(P
′) ≥ 1/4 gives⃓⃓⃓ ˆ︁Bfloor

d,J −Bd,J(P
′)
⃓⃓⃓
= Bd,J(P

′)− 1

8
≤ Bd,J(P

′)− ˆ︁Bd,J =
⃓⃓⃓ ˆ︁Bd,J −Bd,J(P

′)
⃓⃓⃓
.

Consequently, in both cases,⃓⃓⃓ ˆ︁Bfloor
d,J −Bd,J(P

′)
⃓⃓⃓
≤ |∆B

d,J |, ˆ︁Bfloor
d,J ≥ 1

8
.

Projection onto [1/4, 3/4] decreases distance to ηd,J(P
′), which belongs to that interval.

Using the population product identity,

ˆ︁Ad,Jˆ︁Bfloor
d,J

− ηd,J(P
′) =

∆A
d,J + ηd,J(P

′)[Bd,J(P
′)− ˆ︁Bfloor

d,J ]ˆ︁Bfloor
d,J

.
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Since |ηd,J(P ′)| ≤ 3/4, the projected estimate of Algorithm 1 satisfies

|ˆ︁µd,J − ηd,J(P
′)| ≤ 8|∆A

d,J |+ 6|∆B
d,J |.

This inequality applies to every sample, including those with an empty arm.

The triangle inequality for the two arm estimates and their population biases now gives

|ˆ︁θJ − θ(P ′)| ≤ 12MJ,β

+ 8
(︁
|∆A

1,J |+ |∆A
0,J |
)︁
+ 6
(︁
|∆B

1,J |+ |∆B
0,J |
)︁
.

For each of the four errors, Cauchy–Schwarz on the probability experiment gives

EP ′,n|∆⋄
d,J | ≤

√︂
EP ′,n(∆

⋄
d,J)

2 ≤
√︃
VJ(σ)

n
.

The displayed upper bound on the effect error is integrable, so integration yields

EP ′,n|ˆ︁θJ − θ(P ′)| ≤ 12MJ,β + 28

√︃
VJ(σ)

n
.

4. Fixed-index coverage. Kernel normalization implies∫︂ 1

0
KJ(x)

2 dx > 0.

Indeed, if this nonnegative integral were zero, then KJ = 0 almost everywhere on [0, 1],
contradicting

∫︁ 1
0 KJ(x) dx = 1. Every derivative term in VJ(σ) is nonnegative, and its

order-zero coefficient is one, including at σ = 0. Hence

VJ(σ) ≥
3

4

∫︂ 1

0
KJ(x)

2 dx > 0.

Define the positive threshold

ζJ =

√︃
40VJ(σ)

n
.

The centered-moment identities imply, for every d and ⋄ ∈ {A,B},

VarP ′,n(∆
⋄
d,J) = EP ′,n(∆

⋄
d,J)

2 ≤ VJ(σ)

n
.

Chebyshev’s inequality therefore gives

PP ′,n{|∆⋄
d,J | > ζJ} ≤ PP ′,n{|∆⋄

d,J | ≥ ζJ}

≤
VarP ′,n(∆

⋄
d,J)

ζ2J
≤ 1

40
.

Define the simultaneous-control event on the sample and seed space by

ΓJ =
⋂︂

d∈{0,1}

(︁
{|∆A

d,J | ≤ ζJ} ∩ {|∆B
d,J | ≤ ζJ}

)︁
.
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The errors are measurable, and the union bound gives

PP ′,n(ΓJ) ≥ 1−
∑︂

d∈{0,1}

∑︂
⋄∈{A,B}

PP ′,n{|∆⋄
d,J | > ζJ} ≥ 1− 4

40
=

9

10
.

On this event the two arm errors relative to their weighted population means are each at
most 14ζJ . Adding the two population biases gives

|ˆ︁θJ − θ(P ′)| ≤ 12MJ,β + 28ζJ = ρJ ,

where ρJ is the public radius of Definition 10.

The cutoff mean bounds imply

−1

2
≤ θ(P ′) ≤ 1

2
.

Thus, on ΓJ ,
max{−1, ˆ︁θJ − ρJ} ≤ θ(P ′) ≤ min{1, ˆ︁θJ + ρJ}.

These are precisely the endpoints of IJ in Definition 10. Therefore

PP ′,n{θ(P ′) ∈ IJ} ≥ 9

10
.

Since J ≥ 1 and P ′ were arbitrary, substituting J = L and P ′ = P proves all three
fixed-index assertions.

5. Honesty after public selection. By Algorithm 2, L⋆ is a deterministic function of the
public parameters. Consider separately its zero and positive values.

If L⋆ = 0, the candidate specified in Definition 10 is

ˆ︁θ0 = 0, ρ0 =
1

2
, I0 = [−1/2, 1/2].

The target bounds above give

PP ′,n{θ(P ′) ∈ I0} = 1 for every P ′ ∈ Mβ(σ).

If L⋆ ≥ 1, the fixed-index coverage result gives

PP ′,n{θ(P ′) ∈ IL⋆} ≥ 9

10
for every P ′ ∈ Mβ(σ).

For positive indices, projection of both arm estimates gives

−1

2
≤ ˆ︁θJ ≤ 1

2
, ρJ ≥ 0.

Thus the centered interval and [−1, 1] both contain ˆ︁θJ ; their intersection is a nonempty
connected closed interval contained in [−1, 1]. Its endpoints are measurable, being formed
from polynomial averages, a positive denominator floor, projection, and finite maxima
and minima. The zero-index interval has these properties as well. Since selection is
deterministic, the selected interval has these same properties. Together with the uniform
coverage bound, this proves

IL⋆ ∈ Iβ,n,σ
by Definition 5.
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6. Selected risk. If L⋆ = 0, then for every admissible P ′,

|ˆ︁θ0 − θ(P ′)| = |θ(P ′)| ≤ 1

2
= ρ0, EP ′,n|ˆ︁θ0 − θ(P ′)| ≤ ρ0.

If L⋆ ≥ 1, nonnegativity of VL⋆(σ)/n and monotonicity of the square root give

EP ′,n|ˆ︁θL⋆ − θ(P ′)| ≤ 12ML⋆,β + 28

√︃
VL⋆(σ)

n

≤ 12ML⋆,β + 28

√︃
40VL⋆(σ)

n
= ρL⋆ .

In both cases the bound is uniform over P ′. Since Eβ(n, σ) = ρL⋆ by Algorithm 2, taking
the supremum gives

sup
P ′∈Mβ(σ)

EP ′,n|ˆ︁θL⋆ − θ(P ′)| ≤ Eβ(n, σ).

7. Selected expected length. For every positive candidate index J , the endpoint formula
gives samplewise

length(IJ) = max
{︂
0, min{1, ˆ︁θJ + ρJ} −max{−1, ˆ︁θJ − ρJ}

}︂
≤ 2ρJ .

Indeed, the upper endpoint is at most ˆ︁θJ + ρJ , the lower endpoint is at least ˆ︁θJ − ρJ , and
2ρJ ≥ 0. For the zero candidate,

length(I0) = 1 = 2ρ0.

Consequently the bound holds at the selected index for every sample. Integrating under
the probability experiment and then taking the supremum yields

sup
P ′∈Mβ(σ)

EP ′,n length(IL⋆) ≤ 2ρL⋆ = 2Eβ(n, σ).

Proof of Theorem 2. Fix 0 < β ≤ 1. We use the Legendre identities of Theorem 4 and the
Hermite generating function and orthogonality of Theorem 3. All constants introduced below
depend at most on β, unless explicitly indexed by an additional fixed parameter.

1. Root facts used in the comparisons. For n ≥ 2 and 0 ≤ σ ≤ 1, use the notation of
Definition 11:

ν = 2β + 1, h0 = n−1/ν .

Define, on 0 < h ≤ 1,
γbal(h) = log n+ ν log h−Ψ(h, σ).

We have
0 < h0 ≤ 1, log n+ ν log h0 = 0.

By Lemma 8, the function γbal is continuous. For 0 < h < t ≤ 1,

γbal(t)− γbal(h) = ν log(t/h) + Ψ(h, σ)−Ψ(t, σ) > 0.
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Its endpoint values satisfy

γbal(h0) = −Ψ(h0, σ) ≤ 0, γbal(1) = log n > 0.

The intermediate value theorem therefore gives a unique zero ξroot ∈ [h0, 1]. Strict increase
also gives

{h ∈ [h0, 1] : γbal(h) ≤ 0} = [h0, ξroot].

Consequently, the supremum of this sublevel set equals ξroot, and the resolution in Defini-
tion 11 satisfies

h⋆(n, σ) = ξroot, logn+ ν log h⋆(n, σ) = Ψ(h⋆(n, σ), σ).

Exponentiating yields the balance identity

exp{Ψ(h⋆(n, σ), σ)} = nh⋆(n, σ)
ν .

If σ ≤ h0, then Ψ(h0, σ) = 0, so uniqueness gives

h⋆(n, σ) = h0, rβ(n, σ) = n−β/ν .

This includes σ = 0.

If σ > h0, then Ψ(h0, σ) > 0. Indeed, when σ4 ≤ h0,

(σ/h0)
2/3 > 1.

When h0 < σ4, we have h0 < 1 and
√
h0 < σ2, whence

h
−1/2
0 > 1, 1 + log(σ2/

√︁
h0) ≥ 1,

and their product exceeds one. Thus

γbal(h0) < 0, γbal(σ) = log n+ ν log σ > logn+ ν log h0 = 0.

Strict increase now gives
h0 < h⋆(n, σ) < σ.

2. Lower comparisons. By Theorem 5, there is cdir > 0 such that

Rβ(n, σ) ≥ cdirn
−β/ν , Lβ(n, σ) ≥ cdirn

−β/ν

for every admissible n, σ. These are the required lower comparisons when σ ≤ h0.

Consider σ > h0. For each integer m ≥ 2, the scales of Definition 16 satisfy

bm(σ) = min{1, σ
√
m/8}, hm(σ) = bm(σ)/m2, 0 < bm(σ) ≤ 1.

The support scale is nondecreasing in m. Since m2 ≤ 4(m− 1)2 for m ≥ 2, it follows that

hm−1(σ) =
bm−1(σ)

(m− 1)2
≤ bm(σ)

(m− 1)2
≤ 4hm(σ).
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Also hm(σ) ≤ m−2. In particular, any integer

m >

√︄
4096

h⋆(n, σ)
+ 2

satisfies m ≥ 2 and hm(σ) ≤ h⋆(n, σ)/4096. Choose the smallest integer m ≥ 2 with this
latter property. At index two,

b2(σ) =
σ
√
2

8
, h2(σ) =

σ
√
2

32
>
h⋆(n, σ)

4096
,

because h⋆(n, σ) < σ and 1 ≤
√
2 < 2. Hence m ≥ 3, and minimality gives

hm−1(σ) >
h⋆(n, σ)

4096
.

Combining this with the predecessor bound gives

h⋆(n, σ)

16384
< hm(σ) ≤ h⋆(n, σ)

4096
.

For this chosen index, define

hlow = hm(σ), blow = bm(σ), Fcost(h) = 1 + Ψ(h, σ) (0 < h ≤ 1).

Thus 0 < hlow ≤ h⋆(n, σ) < σ ≤ 1. The ratio inequality of Lemma 8 gives

Fcost(hlow)

Fcost(h⋆(n, σ))
≥
(︃
h⋆(n, σ)

hlow

)︃1/2

≥ 64.

Using hνlow ≤ h⋆(n, σ)
ν , the balance identity, and Ψ(h⋆(n, σ), σ) ≥ 0, we obtain

nhνlow exp{−Fcost(hlow)/32} ≤ nh⋆(n, σ)
ν exp{−2Fcost(h⋆(n, σ))}

= exp{−2−Ψ(h⋆(n, σ), σ)}
≤ e−2.

Define the observed alternative laws and their information budget by

P± = (P±
blow,m)obs, ∆info =

32

3
κ2hνlow exp{−Fcost(hlow)/32}, κ =

1

100
.

By Lemma 10,
χ2(P+,P−) ≤ ∆info <∞,

and the preceding calculation gives

0 ≤ n∆info ≤
32

3
κ2e−2 ≤ 32

30000
≤ 1

100
.

Finiteness of this divergence supplies absolute continuity and an integrable squared
likelihood-ratio deviation. To spell out the product comparison, put

χobs = χ2(P+,P−), χsample = χ2(P⊗n
+ ,P⊗n

− ).
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The product likelihood identity and 1 + χobs ≤ eχobs give

1 + χsample = (1 + χobs)
n ≤ enχobs ≤ e1/100 ≤ 1

1− 1/100
=

100

99
.

Therefore

χsample ≤
1

99
≤ 4

25
, TV(P⊗n

+ ,P⊗n
− ) ≤ 1

2

√
χsample ≤

1

5
.

Here the total-variation inequality follows by applying Cauchy–Schwarz to the likelihood-
ratio deviation; the positive and negative parts of that deviation have equal mass.

The support and order conditions required by Lemma 7 hold. That result, which includes
independent procedure randomization, yields

Rβ(n, σ) ≥
4

5
κhβlow, Lβ(n, σ) ≥

6

5
κhβlow.

Consequently, with

cnoise =
4

5
κ 16384−β, cmat = min{cdir, cnoise} > 0,

the direct and noisy cases together give

cmatrβ(n, σ) ≤ Rβ(n, σ), cmatrβ(n, σ) ≤ Lβ(n, σ)

uniformly over n ≥ 2 and 0 ≤ σ ≤ 1.

3. Upper comparison for the public radius. Choose Kbias > 0 and Denv > 0 from
Lemmas 1 and 9, so that

ML,β ≤ KbiasL
−2β, VL(σ) ≤ DenvL

2 exp{Denv[1 + Ψ(L−2, σ)]}

for every L ≥ 1. Define

Adil = 4(Denv + 1)2,

Qvar =
√︁

160DenveDenv+1,

Cup = max

{︃
1

2
Aβ

dil, 12KbiasA
β
dil + 28Qvar

}︃
.

These constants are positive, and Adil ≥ 4.

The radii in Definition 10 and the public minimization in Algorithm 2 give

ρ0 =
1

2
, ρL = 12ML,β + 28

√︃
40VL(σ)

n
(L ≥ 1), Eβ(n, σ) ≤ ρL (0 ≤ L ≤ Lmax),

where the finite cap is

Lmax =
⌈︂
n1/(4β+2)

⌉︂
.

If 1 ≤ Adilh⋆(n, σ), then

Eβ(n, σ) ≤
1

2
≤ 1

2
Aβ

dilh⋆(n, σ)
β ≤ Cuprβ(n, σ).
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Suppose instead that Adilh⋆(n, σ) < 1, and define

xup = (Adilh⋆(n, σ))
−1/2, Lup = ⌈xup⌉, hup = L−2

up .

Since xup > 1, ceiling bounds give

1 ≤ Lup, xup ≤ Lup < xup + 1 ≤ 2xup.

Taking inverse squares yields

Adilh⋆(n, σ)

4
≤ hup ≤ Adilh⋆(n, σ) < 1.

Moreover,

xup ≤ h⋆(n, σ)
−1/2 ≤ h

−1/2
0 = n1/(4β+2),

so monotonicity of the ceiling gives Lup ≤ Lmax.

Define the dilation multiplier by

αdil =
hup

h⋆(n, σ)
.

The width bounds imply

(Denv + 1)2 ≤ αdil ≤ Adil, αdil ≥ 1, αdilh⋆(n, σ) = hup ≤ 1.

Thus Lemma 8 applies and gives

1 + Ψ(hup, σ) ≤ max
{︂
1, α

−1/2
dil [1 + Ψ(h⋆(n, σ), σ)]

}︂
.

Because Denv/
√
αdil ≤ 1, multiplication by Denv gives

Denv[1 + Ψ(hup, σ)] ≤ max {Denv, 1 + Ψ(h⋆(n, σ), σ)}
≤ Denv + 1 + Ψ(h⋆(n, σ), σ).

Hence
VLup(σ) ≤ DenvL

2
upe

Denv+1 exp{Ψ(h⋆(n, σ), σ)}.

The rounding bound also gives

L2
up ≤ 4

Adilh⋆(n, σ)
≤ 4

h⋆(n, σ)
.

Using the root balance and ν = 2β + 1, we obtain

40VLup(σ)

n
≤ 160Denve

Denv+1h⋆(n, σ)
2β,

and therefore √︃
40VLup(σ)

n
≤ Qvarh⋆(n, σ)

β.

The bias bound gives

MLup,β ≤ Kbiash
β
up ≤ KbiasA

β
dilh⋆(n, σ)

β.
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Since Lup is an eligible candidate,

Eβ(n, σ) ≤ ρLup

≤ (12KbiasA
β
dil + 28Qvar)h⋆(n, σ)

β

≤ Cuprβ(n, σ).

Both cases establish this comparison over the full parameter range.

4. Matched estimation and interval chains. By Theorem 1, the selected procedures
satisfy

sup
P∈Mβ(σ)

EP,n|˜︁θβ,n,σ − θ(P )| ≤ Eβ(n, σ),

sup
P∈Mβ(σ)

EP,n length(˜︁Iβ,n,σ) ≤ 2Eβ(n, σ),

˜︁Iβ,n,σ ∈ Iβ,n,σ.

The minimax infima are bounded above by the objectives of these eligible procedures.

For completeness, the mean bounds imply

|θ(P )| = |µ1(P, 0)− µ0(P, 0)| ≤
1

2
.

Thus the constant estimator zero has worst expected absolute error at most 1/2, and
the constant interval [−1, 1] has coverage one and length two. Both extended minimax
objectives are consequently finite. Conversion to real numbers preserves their comparisons
with the selected procedures.

Put
Cmat = 2Cup > 0.

Combining the lower comparisons, the finite certificate, and the upper comparison gives

cmatrβ(n, σ) ≤ Rβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n|˜︁θβ,n,σ − θ(P )|

≤ Eβ(n, σ) ≤ Cmatrβ(n, σ),

cmatrβ(n, σ) ≤ Lβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n length(˜︁Iβ,n,σ)
≤ 2Eβ(n, σ) ≤ Cmatrβ(n, σ).

The lower transfer ranges over the stated randomized decision classes, with arbitrary
procedure degree.

5. Finite-sample branches and interfaces. Define the branch comparison constants by

Aint = (1 + 3ν/2)3/2, cτ =
1

2(1 + 2ν)
, Cτ = e+ 6,

cpow = C−2β
τ , Cpow = c−2β

τ ,

cbr = min{1, cτ , cpow}, Cbr = max{Aint, Cτ , Cpow}.

All are positive.
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The direct branch was established above. In the noisy region, 0 < σ ≤ 1 and h0 <
h⋆(n, σ) < σ. Evaluation at the interface gives

Ψ(σ4, σ) = σ−2 − 1, γbal(σ
4) = log(nσ4ν)− (σ−2 − 1).

This identity also holds at σ = 1, where both quantities on the right of the noise-cost
identity are zero. Strict increase on (0, 1] gives

σ4 ≤ h⋆(n, σ) ⇐⇒ log(nσ4ν) ≤ σ−2 − 1.

The comparison is valid throughout the noisy region, including when σ4 < h0.

On this intermediate branch, define

z =

(︃
σ

h⋆(n, σ)

)︃2/3

, Sint = 1 + log(nσν).

The inequalities h⋆(n, σ) < σ and σ4 ≤ h⋆(n, σ) imply

1 < z ≤ σ−2.

The intermediate noise-cost formula and the root identity give

1 + Ψ(h⋆(n, σ), σ) = z, log z =
2

3
{log σ − log h⋆(n, σ)}.

Substitution yields

z +
3ν

2
log z = Sint, h⋆(n, σ) = σz−3/2.

The left side of the scalar equation is strictly increasing for z > 0, so the indicated root is
unique. Since z > 1,

0 ≤ log z ≤ z, z ≤ Sint ≤ (1 + 3ν/2)z.

Taking inverse powers gives

σ

S
3/2
int

≤ h⋆(n, σ) ≤ Aint
σ

S
3/2
int

.

If the branch-test inequality is strict in the other direction, then h⋆(n, σ) < σ4. Define

τ = h⋆(n, σ)
−1/2.

We have
τ > σ−2 ≥ 1, h⋆(n, σ) = τ−2,

and the compact cost formula gives

1 + Ψ(h⋆(n, σ), σ) = τ{1 + log(σ2τ)}.

Since log τ = −1
2 log h⋆(n, σ), the root equation becomes

2ν log τ + τ{1 + log(σ2τ)} = 1 + log n.
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For σ−2 < τ1 < τ2, both log τ and 1 + log(σ2τ) increase strictly, and the latter factor is
positive. In particular,

τ1{1 + log(σ2τ1)} < τ2{1 + log(σ2τ1)}
< τ2{1 + log(σ2τ2)}.

Thus the compact equation has a unique root on the indicated domain.

To compare that root with an explicit expression, define

Λn = 1+logn, Ωn,σ = log(e+σ2Λn), ycmp = σ2τ, qcmp =
Λn

τ
, Jcmp = 1+log ycmp.

Here Λn > 1, Ωn,σ > 0, ycmp > 1, and Jcmp > 1. Dividing the compact equation by τ gives

qcmp = 2ν
log τ

τ
+ Jcmp.

Using 0 ≤ log τ ≤ τ and ν ≤ 3, we obtain

Jcmp ≤ qcmp ≤ Jcmp + 2ν ≤ Jcmp + 6, qcmp ≤ (1 + 2ν)Jcmp.

Also σ2Λn = ycmpqcmp, so

Ωn,σ ≥ 1, Ωn,σ ≥ log ycmp, Jcmp ≤ 2Ωn,σ.

For the reverse comparison,

e+ σ2Λn = e+ ycmpqcmp ≤ ycmp(e+ Jcmp + 6).

The elementary bound log t ≤ t− 1 for t > 0 therefore gives

Ωn,σ ≤ log ycmp + log(e+ Jcmp + 6)

≤ (Jcmp − 1) + (e+ Jcmp + 5)

= 2Jcmp + e+ 4

≤ (e+ 6)Jcmp.

It follows that
qcmp ≤ 2(1 + 2ν)Ωn,σ, Ωn,σ ≤ (e+ 6)qcmp.

All quantities divided below are positive, and these inequalities yield

cτ
Λn

Ωn,σ
≤ τ ≤ Cτ

Λn

Ωn,σ
.

Raising this comparison to the negative power −2β reverses the inequalities. Since

rβ(n, σ) = τ−2β,

(︃
Λn

Ωn,σ

)︃−2β

=

(︃
Ωn,σ

Λn

)︃2β

,

we obtain

cpow

(︃
Ωn,σ

Λn

)︃2β

≤ rβ(n, σ) ≤ Cpow

(︃
Ωn,σ

Λn

)︃2β

.
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These are the asserted compact comparisons because Λn = log(en).

At the intermediate–compact equality,

γbal(σ
4) = 0.

If σ4 < h0, strict increase would give 0 = γbal(σ
4) < γbal(h0) ≤ 0. Hence σ4 ∈ [h0, 1], and

root uniqueness implies
h⋆(n, σ) = σ4.

The equality condition can be written as

log n+ 4ν log σ = σ−2 − 1.

Using log(σ−2) = −2 log σ and σ2σ−2 = 1, it gives both scalar identities

σ−2 +
3ν

2
log(σ−2) = 1 + log(nσν),

2ν log(σ−2) + σ−2{1 + log(σ2σ−2)} = 1 + logn.

Thus z = τ = σ−2, and both resolution formulas equal σ4.

At the direct–noisy equality σ = h0, the direct result gives

h⋆(n, σ) = σ = h0, log(nσν) = 0.

The intermediate scalar equation then holds at z = 1, and σz−3/2 = σ.

Finally, cbr ≤ 1, cτ , cpow and Cbr ≥ Aint, Cτ , Cpow. All comparison factors above are
positive. Replacing their lower constants by cbr and their upper constants by Cbr therefore
gives simultaneous branch comparisons, with the exact equations and interfaces unchanged.

6. Shrinking-noise sequences. Fix 0 < a < 1/ν and set σ = n−a. Define

ηa = 1− 4aν, ϵa =
1

2(|ηa|+ 1)
.

Since 2a > 0, the relation log n = o(n2a) and divergence of n2a give an integer N ≥ 2 such
that, for all n ≥ N ,

log n ≤ ϵan
2a, n2a ≥ 2.

Consequently,

ηa log n ≤ |ηa|ϵan2a ≤ 1

2
n2a ≤ n2a − 1.

The relevant quantities are exactly

log(nσ4ν) = (1− 4aν) log n, σ−2 = n2a.

Thus the intermediate branch holds for n ≥ N ; moreover, 0 < σ ≤ 1 and σ > h0 for every
n ≥ 2.

Define

dshrink = 1− aν > 0, Kshrink = dshrink +
1

log 2
> 0.
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For n ≥ 2,
1 + log(nσν) = 1 + dshrink logn,

and log n ≥ log 2 implies

dshrink log n ≤ 1 + log(nσν) ≤ Kshrink log n.

Applying the intermediate comparison with cbr, Cbr therefore gives, for n ≥ N ,

cbr

K
3/2
shrink

n−a(log n)−3/2 ≤ h⋆(n, n
−a) ≤ Cbr

d
3/2
shrink

n−a(logn)−3/2.

Taking the positive power β yields(︄
cbr

K
3/2
shrink

)︄β

n−aβ(logn)−3β/2 ≤ rβ(n, n
−a)

≤

(︄
Cbr

d
3/2
shrink

)︄β

n−aβ(log n)−3β/2.

Both constants are positive and may depend on a.

For a ≥ 1/ν, monotonicity in the exponent for n > 1 gives

0 < n−a ≤ n−1/ν = h0 ≤ 1.

Hence the exact direct branch applies for every n ≥ 2, with

h⋆(n, n
−a) = h0, rβ(n, n

−a) = n−β/ν .

7. Fixed positive noise. Fix 0 < σ ≤ 1, and define

ℓnoise = log(σ2),

Mnoise = max
{︁
1, −2ℓnoise, | log(e+ σ2)|

}︁
,

Knoise = 1 + | log(e+ σ2)|,
Tnoise = σ−2 − 1− 4ν log σ.

Since log n→ ∞ and h0 → 0, there is N ≥ 2 such that, for n ≥ N ,

eMnoise ≤ logn, Tnoise + 1 ≤ logn, h0 < σ.

The middle inequality gives

log(nσ4ν) = log n+ 4ν log σ > σ−2 − 1,

so the compact branch applies.

Retain
Λn = 1 + log n, Ωn,σ = log(e+ σ2Λn),

and define
Llog = logΛn.
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The first threshold implies

Llog ≥Mnoise ≥ 1, Llog ≥ −2ℓnoise.

Monotonicity of the logarithm gives

Ωn,σ ≥ log(σ2Λn) = ℓnoise + Llog ≥ 1

2
Llog.

Since Λn ≥ 1,
e+ σ2Λn ≤ (e+ σ2)Λn,

and hence
Ωn,σ ≤ log(e+ σ2) + Llog

≤ | log(e+ σ2)|Llog + Llog

= KnoiseLlog.

Applying the compact rate comparison and taking the power 2β > 0 gives

cbr2
−2β

(︃
Llog

Λn

)︃2β

≤ rβ(n, σ)

≤ CbrK
2β
noise

(︃
Llog

Λn

)︃2β

.

Since Λn = log(en) and Llog = log log(en), this is the fixed-noise assertion with the
permitted dependence on σ.

8. The case β = 1, σ = n−1/6. For every n ≥ 2,

ν = 3, h0 = n−1/3, σ = n−1/6 > h0, 0 < σ ≤ 1.

Power identities give

σ12 = n−2, nσ12 = n−1, σ−2 = n1/3.

Thus
log(nσ12) = − log n ≤ n1/3 − 1 = σ−2 − 1,

so the intermediate branch holds at every such sample size. Also

nσ3 = n1/2, log(nσ3) =
1

2
logn, r1(n, σ) = h⋆(n, σ).

The intermediate comparison at β = 1 therefore yields

r1(n, n
−1/6) = h⋆(n, n

−1/6) ≍ n−1/6

[1 + 1
2 log n]

3/2
,

with constants independent of n.
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9. A simultaneous choice of constants. Finally, define

c = min{cmat, cbr}, C = max{Cmat, Cbr}.

Then
0 < c, 0 < C, c ≤ cmat, cbr, C ≥ Cmat, Cbr.

The root bounds give

h⋆(n, σ) ≥ h0 > 0, rβ(n, σ) = h⋆(n, σ)
β ≥ 0.

Thus, in the matched chains,

c rβ(n, σ) ≤ cmatrβ(n, σ), Cmatrβ(n, σ) ≤ C rβ(n, σ).

The branch comparisons admit the same replacement: their factors

σ

[1 + log(nσν)]3/2
,

Λn

Ωn,σ
,

(︃
Ωn,σ

Λn

)︃2β

are positive on their respective noisy branches. Multiplication therefore preserves the
inequalities when their lower constants are reduced to c and their upper constants are
increased to C. The root, branch equations, uniqueness assertions, and interfaces retain
their exact values. Together with the sequence comparisons and the case β = 1, this proves
every assertion simultaneously.

Proof of Proposition 1. Fix β ∈ (0, 1].

1. By Theorem 2, there is a constant c > 0, depending only on β, such that, simultaneously
for every n ≥ 2 and σ ∈ [0, 1],

c rβ(n, σ) ≤ Rβ(n, σ), c rβ(n, σ) ≤ Lβ(n, σ).

We use this same constant for both transferred lower bounds.

2. Fix σ ∈ [0, 1] and P ∈ Mβ(σ). Define the embedded law and its accompanying density
and mean versions by

Q = P, (Z, V 0, V 1, E) = (X,Y 0, Y 1, ε), a(z) = f(P, z), vd(z) = µd(P, z) (d ∈ {0, 1}, z ∈ R).

The density identity is inherited from Definition 2. For every measurable set Fscore ⊆ R,
the conditional-mean identity becomes∫︂

{Z∈Fscore}
V d dQ =

∫︂
Fscore∩[−1,1]

µd(P, z)f(P, z) dz

=

∫︂
Fscore

µd(P, z)f(P, z) dz

=

∫︂
Fscore

vd(z)a(z) dz.
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The first equality is supplied by Definition 2; the second follows because f(P, z) = 0 outside
[−1, 1]. Thus the chosen vd remain conditional-mean versions on the real score space.

Choose

r =
1

2
.

Since (−r, r) ⊆ [−1, 1], the full-interval continuity in Definition 2 gives continuity of a and
both vd on (−r, r). Moreover, Assumptions 3 and 4 give

a(z) ≥ 1

4
> 0 (z ∈ (−r, r)), 0 ≤ 1

4
≤ vd(0) ≤

3

4
≤ 1 (d ∈ {0, 1}).

The Gaussian condition follows from Assumption 1:

E ∼ N(0, 1).

To verify the required joint independence, define the measurable map

Φobs(z, y0, y1) =
(︁
z, 1{z ≥ 0}y1 +

(︁
1− 1{z ≥ 0}

)︁
y0
)︁
, (z, y0, y1) ∈ R× {0, 1}2.

Then
(Z,B) = Φobs(X,Y

0, Y 1).

By Assumption 2, independence is preserved under this measurable transformation, so

E ⊥ (Z,B).

All defining conditions of G(σ) therefore hold.

The embedding leaves the coordinates used by the observation map unchanged. Conse-
quently,

ϑ(Q) = v1(0)− v0(0) = θ(P ), Q ◦ (R,A,B)−1 = Pobs,

and hence, for every integer n ≥ 0,(︁
Q ◦ (R,A,B)−1

)︁⊗n ⊗Unif[0, 1] = P⊗n
obs ⊗Unif[0, 1] = PP,n.

At n = 0, the sample factor is the empty product probability law, so the identity also
covers that case.

3. Fix n ≥ 2 and σ ∈ [0, 1]. For every measurable estimate T , target and experiment
preservation give

sup
P∈Mβ(σ)

EP,n|T − θ(P )| ≤ sup
Q∈G(σ)

EQ|T − ϑ(Q)|.

Taking infima over the common estimator class gives the corresponding comparison of
extended nonnegative minimax objectives.

To justify the comparison after conversion to real values, note that every Q ∈ G(σ) satisfies

−1 ≤ v1(0)− v0(0) = ϑ(Q) ≤ 1.

Define the constant estimate by

Tzero(Sn, U) = 0.
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Since the randomized experiments are probability laws,

sup
Q∈G(σ)

EQ|Tzero − ϑ(Q)| ≤ 1.

Thus the larger-class extended minimax risk is finite, and conversion to real values pre-
serves the preceding inequality:

Rβ(n, σ) ≤ RG(n, σ).

For interval length, define the constant interval procedure by

Ifull(Sn, U) = [−1, 1].

The same target bounds imply, for every Q ∈ G(σ),

Q{ϑ(Q) ∈ Ifull} = 1, EQ length(Ifull) = 2.

Hence the larger-class honest interval class is nonempty and its extended minimax expected
length is at most 2.

Now let I = [ℓ, υ] be any interval procedure honest on G(σ). For every benchmark law P ,
its embedded law Q satisfies

PP,n{θ(P ) ∈ I} = Q{ϑ(Q) ∈ I} ≥ 0.9.

Thus I belongs to the benchmark honest interval class of Definition 5. Moreover,

Lβ(n, σ) ≤ sup
P∈Mβ(σ)

EP,n[υ − ℓ] ≤ sup
Q∈G(σ)

EQ[υ − ℓ].

The second inequality follows from experiment preservation. Taking the infimum over
intervals honest on G(σ) proves the extended minimax comparison; the finite bound 2
permits its conversion to real values. Therefore

Lβ(n, σ) ≤ LG(n, σ).

Combining these comparisons with the lower bounds already obtained yields

c rβ(n, σ) ≤ Rβ(n, σ) ≤ RG(n, σ), c rβ(n, σ) ≤ Lβ(n, σ) ≤ LG(n, σ).

4. Finally, fix σ ∈ (0, 1] and Q ∈ G(σ). Its joint independence condition, followed by the
measurable scaling map e ↦→ σe, gives

E ⊥ (Z,B), σE ⊥ (Z,B).

These supply the standardized and scaled error independence in the stated Assumption
1Y condition. The local density condition supplies a radius r > 0 for which

a(z) > 0 (z ∈ (−r, r)),

which is Assumption 2C. Finally, scaling the standard Gaussian error gives

N(0, 1) ◦ (e ↦→ σe)−1 = N(0, σ2), σE ∼ N(0, σ2).

This is Assumption 7, completing the three asserted conditions.
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Proof of Theorem 4. Write the shifted Legendre polynomials in the normalization

Rj(x) :=

j∑︂
m=0

(−1)m
(︃
j

m

)︃(︃
j +m

m

)︃
xm, PLeg

j (t) = Rj

(︃
1− t

2

)︃
, j ∈ N, x, t ∈ R.

1. Orthogonality. The affine substitution t = 1 − 2x, including reversal of the integration
endpoints, gives∫︂ 1

0
Rj(x)Rk(x) dx = −1

2

∫︂ −1

1
PLeg
j (t)PLeg

k (t) dt =
1

2

∫︂ 1

−1
PLeg
j (t)PLeg

k (t) dt.

We therefore compute the inner product on the unit interval.

For k ∈ N, define
Bk(x) := xk(1− x)k, x ∈ R.

Expanding (1− x)k and differentiating k times gives Rodrigues’ identity:

B(k)
k (x) =

k∑︂
m=0

(−1)m
(︃
k

m

)︃
(k +m)!

m!
xm = k!Rk(x).

For every 0 ≤ i < k, the factors xk and (1− x)k, respectively, ensure that

B(i)
k (0) = B(i)

k (1) = 0.

Indeed, in each term of the Leibniz expansion, fewer than k derivatives fall on the factor
vanishing at the relevant endpoint. Consequently, repeated integration by parts gives, for
every polynomial Rj ,∫︂ 1

0
Rj(x)B(k)

k (x) dx = (−1)k
∫︂ 1

0
R

(k)
j (x)Bk(x) dx.

For k = 0, this identity involves zero integrations by parts and has no boundary conditions.

First consider j = k. The coefficient of xk in Rk gives

R
(k)
k (x) = k!(−1)k

(︃
2k

k

)︃
.

Combining this identity with Rodrigues’ formula and integration by parts yields

k!

∫︂ 1

0
Rk(x)

2 dx =

∫︂ 1

0
Rk(x)B

(k)
k (x) dx

= (−1)k
∫︂ 1

0
R

(k)
k (x)Bk(x) dx

= k!

(︃
2k

k

)︃∫︂ 1

0
xk(1− x)k dx.
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The beta integral evaluates to∫︂ 1

0
xk(1− x)k dx =

k!

(k + 1)
∏︁k−1

i=0 (k + 2 + i)
=

(k!)2

(2k + 1)!
,

where the product is 1 when k = 0. Since k! > 0, cancellation and the factorial formula
for the binomial coefficient give∫︂ 1

0
Rk(x)

2 dx =

(︃
2k

k

)︃
(k!)2

(2k + 1)!
=

1

2k + 1
.

If j < k, the degree of Rj is j, so R
(k)
j = 0. Thus

k!

∫︂ 1

0
Rj(x)Rk(x) dx = (−1)k

∫︂ 1

0
R

(k)
j (x)Bk(x) dx = 0,

and the inner product vanishes. If k < j, interchange the two factors and apply the same
calculation. Hence ∫︂ 1

0
Rj(x)Rk(x) dx =

⎧⎨⎩
1

2j + 1
, j = k,

0, j ̸= k.

Multiplying the affine-substitution identity by 2 proves the asserted inner product on
[−1, 1].

2. Reflection symmetry. The shifted Legendre reflection identity is

Rj(x) = (−1)jRj(1− x), x ∈ R.

Applying it at x = (1 + t)/2 gives

PLeg
j (−t) = Rj

(︃
1 + t

2

)︃
= (−1)jRj

(︃
1− t

2

)︃
= (−1)jPLeg

j (t), t ∈ R.

3. The bound on the interval. The finite sum defining Rj is also the normalized shifted Jacobi
polynomial with both shape parameters equal to zero: its coefficient identity is

(−1)m
(︃
j

m

)︃
(j +m)!/j!

m!
= (−1)m

(︃
j

m

)︃(︃
j +m

m

)︃
, 0 ≤ m ≤ j.

For ξ ∈ R and r ∈ N, define the rising and falling factorial products by

(ξ)↑r :=

r−1∏︂
i=0

(ξ + i), (ξ)↓r :=

r−1∏︂
i=0

(ξ − i),

with both empty products equal to 1. Their definitions give

(−ξ)↓r = (−1)r(ξ)↑r, (ξ)↑m(ξ +m)↑(j−m) = (ξ)↑j , 0 ≤ m ≤ j.

The falling-factorial convolution is

(ξ + η)↓j =

j∑︂
m=0

(︃
j

m

)︃
(ξ)↓m(η)↓(j−m), ξ, η ∈ R.
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For nonnegative integer arguments, comparing coefficients of degree j in

(1 + ζ)ξ+η = (1 + ζ)ξ(1 + ζ)η, ξ, η ∈ N, ζ ∈ R,

and multiplying by j! proves the convolution. Both sides are polynomials in the two
arguments, so the identity extends to all real arguments.

Specialize the convolution to ξ = −(j + 1) and η = j. The product identities yield, for
0 ≤ m ≤ j,

(−1)↓j = (−1)jj!,

(−(j + 1))↓m = (−1)m(j + 1)↑m = (−1)m
(j +m)!

j!
,

(j)↓(j−m) = (m+ 1)↑(j−m) =
j!

m!
.

Consequently the convolution becomes

(−1)jj! =

j∑︂
m=0

(︃
j

m

)︃
(−1)m

(j +m)!

j!

j!

m!
=

j∑︂
m=0

(−1)m
(︃
j

m

)︃
(j +m)!

m!
.

Dividing by j! > 0 supplies the normalization:

Rj(1) =

j∑︂
m=0

(−1)m
(︃
j

m

)︃(︃
j +m

m

)︃
=

1

j!

j∑︂
m=0

(−1)m
(︃
j

m

)︃
(j +m)!

m!
= (−1)j , |Rj(1)| = 1.

These identities include j = 0, when the products are empty and 0! = 1. At the other
endpoint, direct evaluation of the defining sum gives

Rj(0) = 1, |Rj(0)| = 1.

When j = 0, the defining sum gives R0(x) = 1 for every real x, proving the required
bound. For j ≥ 1, define

λj := j(j + 1) > 0, Ej(x) := Rj(x)
2 +

x(1− x)R′
j(x)

2

λj
, x ∈ R.

We derive the differential identity governing this energy. Define the coefficients over their
full range by

cj,m :=

{︄
(−1)m

(︁
j
m

)︁(︁
j+m
m

)︁
, 0 ≤ m ≤ j,

0, m > j,
m ∈ N.

The binomial coefficient formulas imply

(m+ 1)2cj,m+1 = −(j −m)(j +m+ 1)cj,m, 0 ≤ m < j.

The coefficient of xm in the polynomial

x(1− x)R′′
j (x) + (1− 2x)R′

j(x) + λjRj(x)

is
(m+ 1)2cj,m+1 +

(︁
λj −m(m+ 1)

)︁
cj,m.

96



It vanishes for m < j by the recurrence, for m = j because cj,j+1 = 0 and λj = j(j + 1),
and for m > j because both coefficients are zero. Therefore

x(1− x)R′′
j (x) + (1− 2x)R′

j(x) + λjRj(x) = 0, x ∈ R.

Differentiation of the energy, followed by substitution of this differential equation, yields

E ′
j(x) = 2Rj(x)R

′
j(x) +

(1− 2x)R′
j(x)

2 + 2x(1− x)R′
j(x)R

′′
j (x)

λj

= (2x− 1)
R′

j(x)
2

λj
.

Thus the energy is nonincreasing on [0, 1/2] and nondecreasing on [1/2, 1]. Its endpoint
values are

Ej(0) = Rj(0)
2 = 1, Ej(1) = Rj(1)

2 = 1.

For x ≤ 1/2, compare with the left endpoint; for x > 1/2, compare with the right endpoint.
These comparisons give

Ej(x) ≤

{︄
Ej(0), 0 ≤ x ≤ 1/2,

Ej(1), 1/2 < x ≤ 1,
Ej(x) ≤ 1.

Since the additional term in the energy is nonnegative on the unit interval,

Rj(x)
2 ≤ Rj(x)

2 +
x(1− x)R′

j(x)
2

λj
= Ej(x) ≤ 1, 0 ≤ x ≤ 1.

Hence |Rj(x)| ≤ 1 throughout that interval. Finally,

−1 ≤ t ≤ 1 =⇒ 0 ≤ 1− t

2
≤ 1 =⇒ |PLeg

j (t)| =
⃓⃓⃓⃓
Rj

(︃
1− t

2

)︃⃓⃓⃓⃓
≤ 1.

4. The endpoint value. Evaluation at the positive endpoint gives

PLeg
j (1) = Rj(0) = 1.

Applying reflection symmetry at t = 1 therefore yields

PLeg
j (−1) = (−1)jPLeg

j (1) = (−1)j .

Proof of Theorem 5. Fix 0 < β ≤ 1. For integers n ≥ 2, define

rdir,n := n−β/(2β+1).

Expectations of nonnegative losses and their suprema below are taken in the extended nonneg-
ative reals.
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1. The selected radius at zero noise. By Lemma 1, there is a constant Kend > 0,
depending only on β, such that, for every integer L ≥ 1,

ML,β ≤ KendL
−2β,

∫︂ 1

0
KL(x)

2 dx ≤ KendL
2.

Define
Kcert := 48Kend + 28

√︁
30Kend > 0.

For a fixed n ≥ 2, put

adeg := n1/(4β+2), Ldir := ⌊adeg⌋, Lmax := ⌈adeg⌉.

Since adeg ≥ 1, the floor inequalities give

1 ≤ Ldir, adeg < Ldir + 1 ≤ 2Ldir, Ldir ≤ adeg, Ldir ≤ Lmax.

These inequalities apply throughout adeg ≥ 1, including 1 ≤ adeg < 2. Consequently,

MLdir,β ≤ KendL
−2β
dir

≤ Kend(adeg/2)
−2β

= Kenda
−2β
deg 22β ≤ 4Kenda

−2β
deg ,

where the last inequality uses β ≤ 1.

In the variance formula of Definition 10, the coefficient of the zeroth derivative is one at
σ = 0, and every positive-order coefficient vanishes. Thus

VL(0) =
3

4

∫︂ 1

0
KL(x)

2 dx,

and hence
40VLdir

(0)

n
≤

30KendL
2
dir

n
≤

30Kenda
2
deg

n
.

Taking square roots yields √︃
40VLdir

(0)

n
≤
√︁
30Kend

adeg√
n
.

The two balancing identities are

a−2β
deg = n−2β/(4β+2) = rdir,n,

adeg√
n

= n1/(4β+2)−1/2 = rdir,n.

The positive-index radius in Definition 10 therefore satisfies

ρLdir
= 12MLdir,β + 28

√︃
40VLdir

(0)

n
≤ Kcertrdir,n.

Since Ldir belongs to the candidate set, the minimization in Algorithm 2 gives

Eβ(n, 0) = ρL⋆ ≤ ρLdir
≤ Kcertrdir,n.
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2. Direct witnesses and their resolution. Fix n ≥ 2 and σ ∈ [0, 1], and define

h0 := n−1/(2β+1).

Because n ≥ 1 and 2β + 1 > 0,

0 < h0 ≤ 1, nh2β+1
0 = 1, hβ0 = rdir,n.

For 0 < h ≤ 1, use the laws P dir,±
h of Definition 15. Define their mean perturbation by

δh(x) := κhβvdirh (x), x ∈ [−1, 1], κ =
1

100
.

The profile bounds in Definition 14 imply

0 ≤ δh(x) ≤ κ, |δh(x)− δh(t)| ≤ κ|x− t|β (x, t ∈ [−1, 1]).

Together with the conditional means in Definition 15, these give

1

4
≤ µd(P

dir,±
h , x) ≤ 3

4
, [µ0(P

dir,±
h , ·)]β = 0, [µ1(P

dir,±
h , ·)]β ≤ κ ≤ 2.

Their score density is continuous and satisfies

f(P dir,±
h , x) =

1

2
(x ∈ [−1, 1]),

∫︂ 1

−1
f(P dir,±

h , x) dx = 1.

Their Gaussian error and independence properties are part of their construction. Thus all
the conditions of Definition 4 hold:

P dir,±
h ∈ Mβ(σ) (0 < h ≤ 1, 0 ≤ σ ≤ 1).

Since vdirh (0) = 1, their targets satisfy

θ(P dir,+
h ) = κhβ, θ(P dir,−

h ) = −κhβ,
⃓⃓⃓
θ(P dir,+

h )− θ(P dir,−
h )

⃓⃓⃓
= 2κhβ.

3. Noiseless information bound. For 0 < h ≤ 1, define the one-observation laws

P±
σ,h := Law

Pdir,±
h

(X + σε,D, Y ).

For probability measures Q1,Q2 on a common measurable space, use

TV(Q1,Q2) := sup
F measurable

|Q1(F)− Q2(F)|.

In the absolutely continuous setting used here, the chi-squared divergence is

χ2(Q1,Q2) :=

∫︂ (︃
dQ1

dQ2
− 1

)︃2

dQ2.

Let the reference measure on R× {0, 1}2 be defined, for every measurable F, by

ηobs(F) :=
1∑︂

d=0

1∑︂
y=0

∫︂
R
1F(x, d, y) dx.
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The densities

p±h :=
dP±

0,h

dηobs

are given by

p±h (x, 1, 1) =
1

4
± δh(x)

2
, 0 ≤ x ≤ 1,

p±h (x, 1, 0) =
1

4
∓ δh(x)

2
, 0 ≤ x ≤ 1,

p±h (x, 0, y) =
1

4
, − 1 ≤ x < 0, y ∈ {0, 1},

and are zero elsewhere. Define a likelihood ratio on the entire observation space by

Λh(x, d, y) :=

{︄
p+h (x, 1, y)/p

−
h (x, 1, y), d = 1, 0 ≤ x ≤ 1,

1, otherwise.

The treated-cell densities lie between 1/8 and 3/8, so

dP+
0,h = Λh dP

−
0,h, 0 ≤ Λh ≤ 3, (Λh − 1)2 ≤ 4.

In particular,

P+
0,h ≪ P−

0,h,

∫︂
(Λh − 1)2 dP−

0,h <∞.

For each treated cell,

p+h (x, 1, y)− p−h (x, 1, y) = (2y − 1)δh(x), p−h (x, 1, y) ≥
1

8
.

Consequently,

0 ≤ p−h (x, 1, y)(Λh(x, 1, y)− 1)2 =
δh(x)

2

p−h (x, 1, y)
≤ 8δh(x)

2.

Outside the treated cells, the corresponding integrand is zero. Summing over the two
outcome cells gives

χ2(P+
0,h,P

−
0,h) ≤ 16κ2h2β

∫︂ 1

0
[vdirh (x)]2 dx.

The profile is 1− x/h on [0, h] and zero on [h, 1]. With the substitution t = 1− x/h,∫︂ 1

0
[vdirh (x)]2 dx =

∫︂ h

0
(1− x/h)2 dx = h

∫︂ 1

0
t2 dt =

h

3
.

It follows that

χ2(P+
0,h,P

−
0,h) ≤

16

3
κ2h2β+1.

At h = h0, the balance identity therefore yields

nχ2(P+
0,h0

,P−
0,h0

) ≤ 16

3
κ2 =

16

30000
≤ 1

100
.
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4. Product testing bound and Gaussian contraction. Define the sample laws by

S±σ,h := (P±
σ,h)

⊗n,

and abbreviate the one-observation divergence at the selected resolution as

χdir := χ2(P+
0,h0

,P−
0,h0

).

The product likelihood ratio is

dS+0,h0

dS−0,h0

(︁
(oi)

n
i=1

)︁
=

n∏︂
i=1

Λh0(oi), (oi)
n
i=1 ∈ (R× {0, 1}2)n,

almost everywhere under S−0,h0
. Since the one-observation likelihood ratio integrates to

one, ∫︂
Λh0 dP

−
0,h0

= 1, χdir =

∫︂
(Λh0 − 1)2 dP−

0,h0
=

∫︂
Λ2
h0
dP−

0,h0
− 1.

Product integration likewise gives∫︂ n∏︂
i=1

Λh0(oi) dS
−
0,h0

(︁
(oi)

n
i=1

)︁
=

(︃∫︂
Λh0 dP

−
0,h0

)︃n

= 1.

Expanding the squared likelihood deviation and factoring its second moment over the
product measure therefore yields

1 + χ2(S+0,h0
, S−0,h0

) =

∫︂ (︄ n∏︂
i=1

Λh0(oi)

)︄2

dS−0,h0

(︁
(oi)

n
i=1

)︁
=

(︃∫︂
Λ2
h0
dP−

0,h0

)︃n

= (1 + χdir)
n.

Since χdir ≥ 0 and nχdir ≤ 1/100,

(1 + χdir)
n ≤ enχdir ≤ e1/100 ≤

∞∑︂
j=0

(1/100)j =
100

99
.

Here the penultimate inequality follows from the exponential series and j! ≥ 1. Thus

χ2(S+0,h0
, S−0,h0

) ≤ 1

99
≤ 4

25
.

For absolutely continuous probability measures, the signed density difference has integral
zero, and Cauchy–Schwarz gives

TV(Q1,Q2) =
1

2

∫︂ ⃓⃓⃓⃓
dQ1

dQ2
− 1

⃓⃓⃓⃓
dQ2 ≤

1

2

√︁
χ2(Q1,Q2).

Applying this to the product laws gives

TV(S+0,h0
, S−0,h0

) ≤ 1

2

√︃
4

25
=

1

5
.
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For a sample
s = ((xi, di, yi))

n
i=1 ∈ (R× {0, 1}2)n,

define the common Gaussian observation kernel by

Kσ,n(s,F) := Pr{((xi + σεi, di, yi))
n
i=1 ∈ F} , (εi)

n
i=1 ∼ N(0, 1)⊗n.

The Gaussian variables in this definition are independent of the input sample. Gaussian
error independence under the direct laws implies

S±σ,h0
= Kσ,nS

±
0,h0

.

For every measurable output event F, the function Kσ,n(·,F) takes values in [0, 1]. The
layer-cake formula therefore bounds the difference of its integrals by⃓⃓⃓⃓∫︂

Kσ,n(s,F) dS
+
0,h0

(s)−
∫︂

Kσ,n(s,F) dS
−
0,h0

(s)

⃓⃓⃓⃓
≤
∫︂ 1

0

⃓⃓⃓
S+0,h0

{Kσ,n(·,F) > t} − S−0,h0
{Kσ,n(·,F) > t}

⃓⃓⃓
dt

≤ TV(S+0,h0
, S−0,h0

).

Taking the supremum over output events proves

TV(S+σ,h0
, S−σ,h0

) ≤ TV(S+0,h0
, S−0,h0

) ≤ 1

5
.

The construction and this inequality also apply at σ = 0.

5. Transfer to estimation risk and honest length. Let

Useed := Uniform[0, 1], E±
σ,h0

:= S±σ,h0
⊗ Useed.

The product total-variation inequality gives

TV(E+
σ,h0

,E−
σ,h0

) ≤ TV(S+σ,h0
, S−σ,h0

) + TV(Useed,Useed)

≤ 1

5
.

Define the common submeasure by

dHσ,h0 := min

{︄
dE+

σ,h0

d(E+
σ,h0

+ E−
σ,h0

)
,

dE−
σ,h0

d(E+
σ,h0

+ E−
σ,h0

)

}︄
d(E+

σ,h0
+ E−

σ,h0
).

It satisfies

Hσ,h0 ≤ E±
σ,h0

,

∫︂
dHσ,h0 = 1− TV(E+

σ,h0
,E−

σ,h0
) ≥ 4

5
.

The mass identity follows from min{u, v} = (u+ v − |u− v|)/2.
For any admissible estimator ˆ︁θ, domination by the common submeasure and the triangle
inequality imply

E
Pdir,+
h0

,n
|ˆ︁θ − θ(P dir,+

h0
)|+ E

Pdir,−
h0

,n
|ˆ︁θ − θ(P dir,−

h0
)|

≥
∫︂ (︂

|ˆ︁θ − θ(P dir,+
h0

)|+ |ˆ︁θ − θ(P dir,−
h0

)|
)︂
dHσ,h0

≥ 2κhβ0

∫︂
dHσ,h0 ≥ 8

5
κhβ0 .
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At least one of the two extended risks is therefore at least 4
5κh

β
0 , and both laws belong to

the model class. Hence

infˆ︁θ sup
P∈Mβ(σ)

EP,n|ˆ︁θ − θ(P )| ≥ 4

5
κhβ0 .

For any I ∈ Iβ,n,σ, define its two coverage events by

F±h0,I
:= {(Sn, U) : θ(P dir,±

h0
) ∈ I(Sn, U)}.

Honesty as defined in Definition 5 gives

E+
σ,h0

(F+h0,I
) ≥ 9

10
, E−

σ,h0
(F−h0,I

) ≥ 9

10
.

Total variation transfers the first probability to the minus law:

E−
σ,h0

(F+h0,I
) ≥ 9

10
− 1

5
=

7

10
.

Using the union bound under that law,

E−
σ,h0

(F+h0,I
∩ F−h0,I

) ≥ 7

10
+

9

10
− 1 =

3

5
.

On the intersection, the connected interval contains both targets and has length at least
their separation. Thus

E
Pdir,−
h0

,n
length(I) ≥ 2κhβ0E

−
σ,h0

(F+h0,I
∩ F−h0,I

) ≥ 6

5
κhβ0 .

Taking the infimum over honest intervals yields

inf
I∈Iβ,n,σ

sup
P∈Mβ(σ)

EP,n length(I) ≥
6

5
κhβ0 .

6. Real lower bounds. For every P ∈ Mβ(σ), the mean bounds give

|θ(P )| = |µ1(P, 0)− µ0(P, 0)| ≤
1

2
.

The constant-zero estimator consequently satisfies

sup
P∈Mβ(σ)

EP,n|0− θ(P )| ≤ 1

2
.

The constant interval [−1, 1] satisfies

PP,n{θ(P ) ∈ [−1, 1]} = 1, EP,n length([−1, 1]) = 2 (P ∈ Mβ(σ)).

It is therefore an admissible honest interval. These two procedures bound the extended
minimax values by finite numbers, so conversion to real numbers preserves the preceding
lower inequalities. Since hβ0 = rdir,n,

Rβ(n, σ) ≥
4

5
κrdir,n, Lβ(n, σ) ≥

6

5
κrdir,n.

Define

c :=
4

5
κ > 0.

As κrdir,n ≥ 0, both criteria are at least c rdir,n, uniformly over n ≥ 2 and σ ∈ [0, 1].
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7. Attainment and minimax upper bounds. Set

C := 2Kcert > 0, Punit := P dir,+
1 .

The witness verification above, at h = 1, gives

Punit ∈ Mβ(0).

For every n ≥ 2, apply Theorem 1 with σ = 0, L = 1, and P = Punit. Its selected-procedure
conclusions give

IL⋆ ∈ Iβ,n,0,

sup
P∈Mβ(0)

EP,n|ˆ︁θL⋆ − θ(P )| ≤ Eβ(n, 0), sup
P∈Mβ(0)

EP,n length(IL⋆) ≤ 2Eβ(n, 0).

Since Kcertrdir,n ≥ 0, the radius bound from the first step implies

sup
P∈Mβ(0)

EP,n|ˆ︁θL⋆ − θ(P )| ≤ Kcertrdir,n ≤ Crdir,n,

sup
P∈Mβ(0)

EP,n length(IL⋆) ≤ 2Kcertrdir,n = Crdir,n.

Each extended minimax value is bounded above by the worst-case loss of its displayed
admissible procedure. The selected interval’s honesty supplies its admissibility for the
length minimization. The finite upper bounds permit order-preserving conversion to real
numbers, giving

Rβ(n, 0) ≤ Crdir,n, Lβ(n, 0) ≤ Crdir,n.

The constants c and C depend only on β, and the displayed inequalities and honesty
statement hold for every integer n ≥ 2, as required.

Proof of Proposition 2. 1. Apply Theorem 2 with the given β. It supplies positive constants
c, C, depending only on β, and a unique resolution in [h0, 1]. Its defining equation is
equivalent to the equation in the present statement:

log n+ ν log h⋆ = Ψ(h⋆, σ) ⇐⇒ ν log(1/h⋆) + Ψ(h⋆, σ) = log n.

The rate and selected procedures are precisely those of Definition 11 and Algorithm 2.
Consequently, the two estimation and expected-length comparison chains, together with
interval honesty, follow directly from Theorem 2. Its decision-class conclusions include
procedures with an independent uniform seed. The same constants apply simultaneously
for all n ≥ 2 and σ ∈ [0, 1], and hence along every shrinking-noise sequence.

2. The direct and intermediate formulas and the strict compact formula are supplied by
Theorem 2. At the intermediate–compact equality, that result gives

h⋆ = σ4, z = σ−2, τ = σ−2,
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with both scalar equations satisfied. Thus the compact representation also includes the
equality case. Its scalar equation uniquely determines τ on the stated domain: for positive
σ, its left side has derivative

2ν

τ
+ 2 + log(σ2τ) > 0 (τ ≥ σ−2).

The direct interface is likewise supplied by the same result:

h⋆ = σ = h0.

Finally, its specialization to β = 1 and σ = n−1/6 gives the intermediate branch for every
n ≥ 2 and the asserted comparison

r1(n, n
−1/6) ≍ n−1/6

[1 + 1
2 log n]

3/2
.

These conclusions use the observed side label D = 1{X ≥ 0}.
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