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Abstract

This paper studies proxy-based causal inference for latent-class mean treatment effects
in a fixed finite-class model. Under the Virk—Mazaheri-Wu proxy moment structure with
fixed latent cardinality k& (the number of latent classes), fixed proxy dimensions, bounded
observable contributions, supplied latent-arm positivity and proxy-rank margins, the target is
the quotient latent-effect law vp, the population-weighted distribution of latent-class average
treatment effects with masses aggregated at coincident class means. The main population
result establishes a gap-free Lipschitz modulus from the observable five-block summary S(P),
the vector of proxy moment summaries, to vp in Wi, the one-Wasserstein distance. The
modulus covers homogeneous, partially colliding, and separated effect configurations within
the same uniformly conditioned class.

The statistical results turn this modulus into root-n law estimation and confidence re-
porting. A nearest-summary repair estimator and a structured-lattice estimator, calibrated
by the supplied constants k,d,d., L, g, 0o, are Borel sample maps and achieve uniform
root-n W7 tail bounds over the model class. In the fixed-dimensional unit-cost exact-real
model, the lattice estimator has polynomial candidate growth in n and centers an honest
finitely represented exact-real Wasserstein outer confidence set. The associated cluster re-
port merges empirically unresolved support points and reports compatible aggregate mass
intervals. On separated gap-local strata, effect-ordered latent masses have clipped inverse-
gap risk min{1, (v/n g)~'}, where g is the local effect-gap scale. Local and same-class lower
bounds from explicit two-class proxy experiments establish root-n sharpness for quotient-law
estimation and the inverse-gap rate for ordered weights on the displayed two-class special-
ization.

1 Introduction

Proxy causal models use measurements related to latent confounding or latent classes to recover
causal objects from observational data. In the potential-outcomes tradition [Splawa-Neyman
et al., 1990, Rubin, 1974, Holland, 1986, Imbens and Rubin, 2015], latent heterogeneity is typi-
cally organized through assumptions linking treatment assignment, outcomes, and observed co-
variates. Negative-control and proximal approaches enrich that structure by introducing proxy
measurements with conditional-independence and rank properties [Miao et al., 2018, Shi et al.,
2020, Tchetgen Tchetgen et al., 2024, Cui et al., 2024, Miao et al., 2023, Qi et al., 2024, Liu
et al., 2024, Li et al., 2024, Ai and Shan, 2025, Saha et al., 2026]. The finite-class proxy model of
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Virk et al. [2026] supplies a compressed observable operator whose spectral structure identifies
latent-class mean treatment effects under separated recovery conditions. This paper develops
the law-level inference theory for the same proxy moment geometry when equal or nearly equal
class-average effects are represented through the probability law of effect values.

The central estimand is the quotient latent-effect law

k
vp = Zpuéﬂu
u=1

the distribution that places latent-class mass p,, at the class treatment effect 7, = E[Y (1) | U =
u] — E[Y(0) | U = u| and aggregates the mass of classes with equal class means. The support
points are latent-class average treatment effects; unit-level contrasts Y (1) — Y (0) enter through
these conditional means. The law records how much population mass has each class-average
effect value, with collisions interpreted as shared support points. The observable input is the
five-block summary

S(P) = {Mo(P), M1(P), No(P), N1(P), mx(P)},

formed from armwise proxy moments, outcome-weighted proxy moments, and the target-proxy
mean.

The model class M, the uniformly conditioned proxy causal class, fixes k, d,, d., imposes the
VMW proxy conditional-independence and consistency restrictions, and uses supplied quantita-
tive bounds: the observable envelope L, a lower bound 7 on every joint latent-arm probability,
and a singular-value margin og for the reference- and target-proxy feature matrices. These con-
ditions yield the observed proxy factorizations and rank margins in Proposition 1, compactness
of the feasible summary closure in Proposition 2, and a common compact support interval for
latent-class mean effect laws. The fixed-margin formulation is the population domain for all
upper bounds and confidence statements in the paper.

The first main result is the gap-free modulus in Theorem 1. It establishes a constant Ci,oq,
depending only on the fixed dimensions and conditioning constants, such that

Wl(I/P,VQ) < CmoddS(S(P)7S(Q))

for all P, € M. It also extends the summary-to-law map continuously to the compact summary
closure. The statement is formulated in the one-Wasserstein metric Wi, so perturbations move
aggregate probability mass between effect values and treat simultaneous merges or splits of
atoms through the same law-level metric.

This population result leads to two estimators. The nearest-summary repair estimator in Al-
gorithm 1 projects an empirical summary to the compact feasible summary closure and evaluates
the continuous extension. The structured-lattice estimator in Algorithm 2 searches over finite
grids of signal bases, conditioning matrices, latent masses, and effect locations, using a crite-
rion that matches the empirical compressed operator, target-proxy mean, and anchor equation.
Theorem 2 establishes that both estimators are Borel sample maps and achieve uniform root-n
Wi tail bounds over M. The lattice construction in Proposition 4 has polynomial candidate
growth in n for fixed dimensions and constants.

The confidence results report law-level uncertainty in forms aligned with the quotient target.
Algorithm 3 defines an exact repaired-image summary-inversion set through the repaired map
and a lattice-centered Wasserstein outer set with a finite constrained exact-real representation.



Theorem 3 gives simultaneous coverage and root-n diameter bounds for these sets. Algorithm 4
and Theorem 4 then translate the Wasserstein confidence set into support-component intervals
and aggregate mass intervals. The data-facing report uses the empirical lattice law, supplied
constants, and the algorithmic confidence set; the true-law objects K¢ (P) and Ac(P) name the
validity quantities used to state coverage and width. Empirical atoms are connected at threshold
4pp.«, while support association and interval expansion use the radius p, ; the resulting mass
intervals sharpen according to the external separation of the associated true component.

The paper also characterizes effect-ordered latent masses on separated strata. The ordered
target p'(P), the vector of latent masses ordered by increasing effect, is studied on M(g), the
gap-local stratum with positive effect gaps at scale g. Theorem 5 gives the upper risk bound

E|p}, = " (P)|l < Cmin{l,(vVng)~'}.

This rate expresses the conversion from law-level transport error to ordered mass recovery when
effect locations are separated at scale g.

The lower bounds use explicit two-class proxy experiments. The witness law in Definition 55
verifies that a collision can occur inside the full-rank, strictly positive proxy model. Theorem 6
gives local two-point lower bounds for quotient laws and ordered weights, and Propositions 6
and 7 convert them into same-class minimax rates on the displayed two-class specialization.
The quotient-law minimax rate is exactly root-n, while the ordered-weight minimax rate is the
clipped inverse-gap rate. Theorem 7 records the corresponding transfer to comparator classes
stated in the published VMW vocabulary when those classes contain the relevant witness pair.

The paper proceeds as follows. The related-work section positions the argument within
proxy causal identification, spectral finite-mixture recovery, and Wasserstein inference. The
setup section defines the proxy model, observable summaries, quotient law, and compact sum-
mary closure. The main-results section proves the law-level modulus and develops the repair
and lattice estimators. The confidence section constructs Wasserstein confidence sets, cluster
reports, and ordered-weight inference on gap-local strata. The lower-bound section gives the
local and same-class minimax converses and the VMW transfer statement. The discussion sec-
tion collects extensions and open questions, and the appendices provide auxiliary probability,
selection, spectral, finite-net, proof, and verification material.

2 Related work

This paper connects three literatures: proxy causal identification, finite-mixture and spectral
recovery, and Wasserstein inference for singular discrete laws. In the Neyman—Rubin potential-
outcome tradition [Splawa-Neyman et al., 1990, Rubin, 1974, Holland, 1986, Imbens and Rubin,
2015], latent treatment-effect heterogeneity is usually interpreted through assumptions that re-
late treatment assignment, outcomes, and observed covariates. Proxy causal models enrich that
structure by using measurements linked to latent confounding or latent classes, as in negative-
control and proximal identification arguments [Miao et al., 2018, Tchetgen Tchetgen et al., 2024,
Shi et al., 2020, Cui et al., 2024, Miao et al., 2023, Qi et al., 2024, Liu et al., 2024, Li et al., 2024,
Ai and Shan, 2025, Saha et al., 2026]. The present analysis studies the finite-class proxy setting
in which the observed proxy moments identify the quotient latent-effect law vp of Definition 40:
the probability law that aggregates latent classes sharing the same class-average treatment ef-
fect. This target is tailored to collisions in effect values, because the inferential object is the
distribution of class-average effect values and their aggregate masses.



The closest point of contact is Virk et al. [2026]. Their framework supplies the proxy moment
structure, the compressed observable operator formalized here in Definition 39, and separated
spectral recovery guarantees that make latent-class mean effects estimable when the relevant
spectral quantities are well resolved. The present paper uses that operator as the population
bridge from observable summaries to the quotient law and develops a W; modulus, with Wy
defined in Definition 19, for the law target. This perspective keeps the metric aligned with
the identifiable probability measure: when several latent classes have the same class-average
effect, their masses are combined at a common atom, and the stability statement is made for
the quotient law. Label-sensitive lists enter through the separated ordered-weight results.

The identification argument also draws on classical and modern work on finite mixtures and
tensor or spectral decompositions. Moment-based identification begins with Pearson [1894] and
continues through finite-mixture identifiability results such as Teicher [1963], Lindsay [1995],
and Allman et al. [2009]. Econometric proxy and measurement-error models use related rank
and completeness ideas [Hu, 2008, Hu and Schennach, 2008, Kasahara and Shimotsu, 2009,
Bonhomme et al., 2016], while algorithmic spectral methods exploit low-rank decompositions
and perturbation theory [Hsu et al., 2009, Anandkumar et al., 2014, Sidiropoulos and Bro, 2000,
Bauer and Fike, 1960, Kato, 1995, Davis and Kahan, 1970, Stewart and Sun, 1990, Mazaheri
et al., 2025]. Within this lineage, the contribution here is a stability and inference theory for the
atomic effect law induced by the proxy causal model, with fixed known dimensions and uniform
conditioning constants.

A second comparison is with Wasserstein rates for finite mixtures near singularities. Col-
lision phenomena are central in the mixture literature: when component locations approach
one another, labeled parameters and weak distributional metrics exhibit different local geome-
tries [Nguyen, 2013, Ho and Nguyen, 2016b, Heinrich and Kahn, 2018, Ho and Nguyen, 2016a,
Manole and Ho, 2022, Nguyen et al., 2026]. The rates in Heinrich and Kahn [2018] clarify
how overfitting and merging components affect Wasserstein estimation. The present setting is
causal and proxy-based, but the same mathematical distinction matters: law-level estimation
remains regular for the quotient distribution of latent-class mean effects, while effect-ordered
weights are governed by local separation. The paper makes that distinction explicit by pairing
collision-uniform quotient-law inference with inverse-gap behavior for ordered weights on the
stated gap-local strata.

A quantitative comparison makes the difference in local geometry explicit. The closest results
differ from the present paper in three respects at once: the experiment that is observed, the
target the loss is measured on, and the conditions under which the stated rate holds.
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model

scale g: clipped inverse-gap risk

min{1, (vng)~'}

The table locates the source of the difference. The ordinary-mixture results observe draws
from a mixture distribution, so the map from the sampling law back to the mixing measure
degenerates exactly where components merge, and the exponents above deteriorate with the
number of colliding components. The present experiment observes a uniformly conditioned
proxy-moment operator instead, and the compressed observable operator of Virk et al. [2026]
carries the latent effects in its spectrum. Aggregating the mass of coinciding effects into the
quotient law vp removes the labelling that the collision destroys, and the surviving map from
observable summaries to vp stays Lipschitz across merges and splits by Theorem 1. Root-n
quotient-law recovery and slower Wasserstein rates for ordinary mixing measures are there-
fore compatible: they measure different targets in different experiments. The labelled quantity
that does retain collision sensitivity here is the effect-ordered mass vector, whose inverse-gap be-
haviour on gap-local strata is the direct analogue of the mixture exponents, and whose matching
converse appears in Theorem 6.

Finally, the confidence-set construction is related to projection and inversion methods for
weakly identified or singular models. Generalized method-of-moments traditions emphasize
confidence regions obtained by inverting sample restrictions [Hansen, 1982]. Recent Wasserstein
approaches for finite mixtures, including Wu and Yang [2020], Doss et al. [2023], Deo and Ran-
drianarisoa [2023], Bing et al. [2026], and Niles-Weed and Rigollet [2022], develop distributional
metrics, singular-rate analyses, and confidence constructions for nonregular finite-mixture set-
tings. Here the observable proxy summary is the primitive sample object, and the confidence re-
ports are expressed directly in Wasserstein distance for the quotient law and as cluster-adaptive
support and mass summaries. This yields an econometric reporting target that matches the
causal estimand while retaining the finite-mixture insight that separated labels and quotient
laws have different local statistical behavior.



3 Setup and assumptions

Throughout the paper, k, d,., and d, are fixed finite dimensions, and treatment-arm and latent-
class indices range over t € {0,1} and u € {1,...,k}. Vector norms are Euclidean, matrix norms
are operator norms, and singular values are ordered decreasingly. Generic constants may depend
on the fixed dimensions and conditioning constants, while asymptotic statements vary only with
the sample size n. Expectations and conditional laws are taken under the full-data probability
law under discussion unless a subscript specifies otherwise.

The section is organized around one dependency chain, which the reader may find it useful
to keep in view: the observed and full-data records fix the sampling object; the causal and
proxy assumptions constrain it; the latent masses, means, and effects are the parameters those
assumptions govern; the observable population moments and the quotient law are the two derived
targets; the model class and the gap-local stratum collect the uniform conditions under which the
theorems hold; and the empirical summary is the sample counterpart of the observable moments.
The spectral, lattice, and confidence objects that appear alongside these are the machinery that
later sections consume, and each is stated where the theorem citing it can be checked against it.

For reading, the logical dependencies are as follows. The observed record and full-data law
supply the variables; the causal and proxy assumptions define the uniformly conditioned class
M; the population moments M;(P), Ni(P), and mx(P) form the observable summary S(P);
the quotient law vp is the population-weighted law of latent-class average treatment effects; and
the empirical summary, spectral thresholding, lattice, confidence radii, and cluster objects are
derived from those primitives. Some auxiliary objects are displayed where they are needed by
later statements; the surrounding prose identifies their role in this dependency chain.

The statistical procedures are calibrated by supplied values of k, d,., d,, L, 7y, 9. A full-data
law receives the stated guarantees when it satisfies the restrictions of M(k, d,,d., L, 7y, 0¢) with
those supplied constants. A larger valid envelope L, or smaller valid lower margins 7y and oy,
preserves membership after the constants and radii are recomputed, with the numerical bounds
adjusted accordingly. The joint latent-arm margin encodes overlap within each latent class and
arm, while the proxy-rank margin encodes stable variation in the reference- and target-proxy
feature matrices.

The observed data consist of the treatment, two proxy vectors, and the realized outcome.
The displayed objects below include both primitives and derived objects used later; the prose
after each display identifies how it fits with the record spaces, observed margin, transport metric,
and inferential target.

Definition 1. [synth_8] (Thresholded armwise Moore-Penrose inverse) Let s = (My(s), M1(s), No(s), N1(s), mx
be an observable summary and put so := moos. For t € {0,1}, write a real singular-value
expansion M(s) = Zj O'jUjUJT, with o; > 0. The thresholded Moore—Penrose inverse of the

armuwise proxry moment 1S
(My(s)) >50/2 g a vj
0;>50/2

The observed record collects the binary treatment 7', target proxy X, reference proxy Z,
and observed outcome Y. The fixed target- and reference-proxy dimensions are d, and d.

Definition 2. [synth_10] (Finite transport-plan relation) Let v = > | w.dy, and
An = D p_q Wpdz, be finite probability laws on [—L;,L;|. We write v : v ~> X\, when



¥ = (Yab)1<a<r,1<b<r 5 a finite transport plan with vq > 0, Zizl Yap = Wq for every a, and
o1 Yab = Wy for every b. Its absolute-distance transport cost is Y . _1 > ;1 Vab|Ta — Tb-

The distance W; compares atomic laws by the minimum absolute-distance transport cost, so
it measures the law of effect values. Label-specific comparisons enter later through the ordered-
weight target on separated strata.

Definition 3. [synth_18] (VMW Assumption 4) For a one-unit full-data law P, VMW
Assumption 4 holds when 0 < k, k < d;, k < d,, and there exist positive constants
Lx,Lzx,Lyzx,m, 0 such that || X|2 < Lx, HZXTHOP < Lzx, and HYZXTHOP < Lyzx almost
surely under P, both treatment-arm probabilities satisfy P(T =t) > w for t € {0,1}, and there
is a population top-k right singular basis V' of the stacked prory moment [My(P); Mi(P)] for
which

or([Mo(P); Mq(P)]) > o, op(My(P)V) >0 forte{0,1}.

The generic full-data law P carries the latent class U, treatment, proxies, potential outcomes
Y'(t), and observed outcome. The observed map O induces the observed-data marginal Py, which
is the sampling law for the observable record.

Latent treatment-effect heterogeneity is described through class masses, class-specific
potential-outcome means, and their differences.

Definition 4. [synth_19] (Summary radius r, o) For sample size n, miscoverage level c,
concentration constant Cy, and envelope constant L, the simultaneous summary radius is

i Coty BRI

This s the radius used in the event Ep = {dg(gn, S(P)) <Tnat-
The mass p, records how much of the population belongs to latent class u.

Definition 5. [synth_21] (Endpoint feasibility for cluster-mass extrema) For confidence-set
data with atom floor my, outer radius R, o, computed center \,, association radius pn.., em-
pirical component C, and candidate endpoint value m, say that EndpointFeasible(C,m) holds
when there exists a law & € P<gm, (([—L+, L7]) and a transport plan v from £ to Xn such that

Z'Yabh;a - §b| < Rn,a
a,b

and

m = {(Kc(§)), Kc(§) == {z € supp(§) : dist(z,C) < pna}t-
Thus the lower and upper endpoints of Ic are the infimum and supremum of feasible values m
over the same ordered-support, atom-floor, simplex, and transport constraints.

The mean py, is the class-specific potential-outcome level for arm ¢.

Definition 6. [synth_28] (Atomic measure v¢) For a represented atomic record & =
((wi)i<k’7 (ai)i<k)7 define
ve = Zmax{wi,O} a;-
i<k

Repeated labelled locations contribute additively through the nonnegative masses max{w;,0}.



The latent effect 7, is the class-level treatment contrast.
The proxy structure is encoded by reference- and target-feature matrices. These matrices
are the finite-dimensional objects through which the observable conditional moments factor.

Definition 7. [synth_29] (Candidate count N4) For a prescribed structured-lattice estimator
A, let
NjpeN

be the cardinality of its finite exhaustive candidate list. The listed candidates are indexed as
Vi = (Vis Ri, pi, 7i), i=1,...,Ny,

and this enumeration is the duplicate-free lexicographically ordered list of all well-formed struc-
tured lattice points at the stated sample size, conditioning constants, and effect-support radius.

The matrix A; summarizes the reference proxy within latent classes and treatment arms.

Definition 8. [synth_30] (Matrix action operator) For r,c € N and any real r X ¢ matriz A,
the associated continuous linear operator from R¢ to R" is the ordinary finite-dimensional matriz
action:

x+— Ax.

The matrix B summarizes the target proxy within latent classes.

Definition 9. [synth_33] (Thresholded empirical compressed operator) For a rectangular ma-
tric G = Zj O'j’u,j’U]T, define the thresholded pseudoinverse

T — Z -1, T
G230/2 = o vju

The empirical compressed operator is
Dn = (Ml,n)TZSO/zNLn - (MO n)T_
The radius L, is the common compact interval radius used for latent-class mean effect laws.

Definition 10. [synth_24] (Structured comparison operator) For a structured lattice point
9= (V,R,p, ), define the structured comparison operator by

Op(¥) := VR diag(t)RV .

For an empirical summary s = (Mo, My, No, N1, mx) and threshold so/2 = m03/2, define the
empirical comparison operator by

Op(s) := MlT,ZS0 N1 - Mgzso 120,
where MtT> is the singular-value-thresholded pseudoinverse retaining singular directions with
7_50/2

singular value at least so/2. In the lattice criterion, these operators are compared through

1 Op(®) — Op(Sy) [lop-

The gap §(P) measures separation among distinct positive-mass effect values and is used
only for label-sensitive ordered-weight statements.



Definition 11. [synth_35] (Matrix operator norm ||A|op) For natural numbers r and ¢ and a
real T X ¢ matriz A, A acts as the ordinary finite-dimensional linear map

T Az, x € R

Its Euclidean operator norm is
[Allop :== sup [lAz]]2.
lzll2<1

Thus comparisons of matriz-valued operators use the ordinary matrix operator norm, for example
[10p(9) — Op(Sn) lop-

The moments M (P), N¢(P), and mx(P) are the population coordinates observed through
the proxy experiment.

The analysis works with represented atomic laws while interpreting coincident atom locations
as a single aggregate effect value.

Definition 12. [synth_36] (Quotient atomic law structure) For every k € N and r € R, con-
sider the quotient of valid labelled at-most-k-atomic probability laws supported in the radius-r in-
terval by equality of their induced measures. For a quotient law v in this space, representative(v)
is the moncomputably chosen valid labelled representative of the equivalence class v.

The topology on this quotient space is the topology coinduced by the canonical quotient map
from wvalid labelled laws to their induced-measure equivalence classes. Its measurable structure
is the mapped measurable structure along the same quotient map. With this coinduced topology,
the quotient space is compact.

Definition 13. [synth_32] (Structured lattice candidate spaces) Put my := mo, S¢ := mo0g,

Hy = [vn] + [mg "]+ 2k + [4V/dok] + [2k/00], o= H, ",
and U, := [myH,)|. Let V, consist of the polar factors G(GTG)™'/2 of all G € (q,7Z)%**

satisfying |Gyj| < 1 and ox(G) > 1/2. Let R,, consist of all R € (g,Z)*** satisfying ox(R) >
00/2 and ||R|lop < 2V'kL. Define

k
Py = {H;l(al,...,ak)—r:au €{lp,...,Hp}, Zau:Hn},
u=1

and let T, be the k-fold product of the clipped qn-lattice in [—L., L;].

Definition 14. [synth_34] (Lattice-implied operator and quotient law) For d = (V,R,p,T) €
Vi X Ry X Py X Ty, define

Dy := VR ' diag(7)RV ", my = VR p, by := RV ey,

and define the associated quotient law by

Ay = Zpuém.



Definition 15. [synth_7] (All-ones vector 1) The vector 1j, € R¥ is the all-ones vector, with
coordinate (1y), = 1 for every latent-coordinate index u=1,... k.

The ordered target pT(P) is used when the effects are separated enough to support label-
sensitive mass recovery.

Definition 16. [synth_37] (Structured-lattice objective J,,(9;s)) Put so := moog. For a sum-
mary s = (Mg, M1, Ng, N1,mx) € (R%*d)4 x R define the thresholded pseudoinverse by
griting a rectangular matric G = Ej Jjujva and setting G;SO/Q = ZUjZSO/Q aj_lvjujT. Set
D(s) := M5, joN1 — M{ 5. jaNo. For 9 = (V,R,p,7) € Vo X Ry X Py X Ty, with V€ RI=*E,
R € R¥*k dnovertible on R, p € A*1, and 7 € [~L,, L], define Dy := VR~ diag(7)RV T,
my = VR p, by := RV Ter, and Ay := Eﬁzlpu&u. The structured-lattice criterion at summary
S 18
In(;5) == [[Dy — D(s)llop + [my — mxll2 + [[by — Li[2.
For the empirical summary Sy, write In(9) == Jp (0 §n)

The model assumptions combine the proxy conditional-independence structure of Virk et al.
[2026] with fixed quantitative margins. We first state the structural restrictions linking proxies,
potential outcomes, treatment assignment, and the anchor coordinate.

Definition 17. [synth_9] (Operation count for the structured-lattice estimator) For the
structured-lattice estimator \,, let A, := Vy X Ry X P X Ty denote its lexicographically ordered
finite candidate list. In the fized-dimensional unit-cost exact-real model, define

ops(hn) :=n + #A,.

The term n counts formation of the empirical summary §n, and #A, counts erhaustive eval-
uation of the fized-dimensional objective J, () once for each ¥ € A, including the fixed-size
arithmetic, comparison, singular-value, polar-decomposition, and root-isolation operations used
by that candidate evaluation.

Reference-proxy separation is the VMW reference-proxy conditional independence condition
[Virk et al., 2026]. It makes the reference proxy vary with the latent class and treatment arm
while separating it from the target proxy and outcome once those variables are fixed.

Definition 18. [def:observed-record-space] (Observed-record space Og, q4.) Write Og, 4,
for the observed-record space of quadruples

0=(T,X,2,Y),
where T € {0,1}, X e R%, Z € R%, and Y € R.

Target-proxy separation is the VMW target-proxy conditional independence condition [Virk
et al., 2026]. It makes X a latent-class measurement whose conditional mean is stable across
treatment arms.

Definition 19. [def:wasserstein-distance] (Wasserstein distance Wy (v,&)) For represented

atomic laws
V:Zpi6x7;7 §:ZQj5yja
i J
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define Wi(v, &) by
Wﬂwazggg;w%—w,

where the minimum is over all nonnegative couplings (7i;)i; whose marginals are the represented
masses:
Z’yij =1p; for every i, Z’yij =gq; for every j.
J 7
Observed-outcome consistency is the VMW causal consistency condition [Virk et al., 2026].
It connects the realized outcome to the treatment-indexed potential outcome.

Definition 20. [def:observed-margin] (Observed-data marginal Pp) For a full-data proba-
bility law P, let
0= (T,X,2,Y)

be the observed record. The observed-data marginal of P is
Pop:=PoO .

Latent ignorability is the VMW armwise latent ignorability condition [Virk et al., 2026]. It
places treatment assignment variation within latent classes in the role needed for the armwise
proxy moments.

Definition 21. [def:latent-mass| (Latent-class mass p,) For each latent class u, its latent-
class mass s
pu = P(U = u).

The target-proxy anchor is the VMW anchor-coordinate normalization [Virk et al., 2026]. It
fixes the scale needed by the spectral anchors below.

The next conditions impose bounded contributions and uniform conditioning. The bounded-
ness assumptions are standard VMW envelope conditions, while the positivity and rank margins
are the fixed-margin structure specific to this analysis.

Definition 22. [def:latent-mean| (Latent conditional mean py,) For treatment arm t and
latent class u, the latent conditional potential-outcome mean is

py = EplY(t) | U =u].

Bounded target-proxy contributions follow the VMW bounded target-proxy condition [Virk
et al., 2026]. The radius L supplies the common envelope used for summary concentration and
compactness.

Definition 23. [def:latent-effect| (Latent-class effect 7,) For each latent class u, its latent-
class treatment effect is
Ty = Mlu — HOu-

The proxy-product bound is the VMW bounded proxy cross-moment contribution condition
[Virk et al., 2026]. Tt controls the armwise ZX | moment coordinates.

Definition 24. [def:reference-feature| (Reference-proxy feature matrix A;) For treatment
arm t, the reference-prozy feature matriz Ay € R%=** is defined entrywise by

A(i,u) == EplZ; |U =u,T =1t].

11



The outcome-weighted proxy-product bound is the VMW bounded outcome-weighted proxy
contribution condition [Virk et al., 2026]. It controls the armwise Y ZX " moment coordinates.

Definition 25. [def:target-feature] (Target-proxy feature matrix B) The target-proxy fea-
ture matriz B € R%** is defined entrywise by

B(i,u) := Ep[X; | U =u].

Latent-arm positivity is specific to this analysis. The supplied margin my gives every la-
tent class and treatment arm a fixed amount of population mass, which yields uniform arm
probabilities and atom-mass control.

Definition 26. [def:effect-radius| (Effect-support radius L;) The derived effect-support

radius s
LAV

a0

The proxy-rank margin is specific to this analysis. The supplied singular-value margin og
gives the proxy feature matrices uniform conditioning, which is used to form stable compressed
operators and fixed-radius effect supports.

For ordered weights, the paper restricts attention to local strata where all positive-mass
latent effects are separated at a prescribed scale.

Definition 27. [def:effect-gap] (Effect gap d(P)) The effect gap of P is
§(P) = min{|7’u — Tyl : pu>0, py >0, 7, # TU},
with the convention §(P) = 400 when the quotient law has a single distinct support point.

The gap window is specific to this analysis. The local scale g records the separation regime
for ordered-weight rates.

Definition 28. [def:observable-population-moments] (Observable population moments
M;(P), Ni(P), and mx(P)) For eacht € {0,1}, the observable armwise population moments
and target-proxy population mean are

M,(P):=Ep[ZX" |T=t], N(P):=Ep[YZX"|T=1t, mx(P):=Ep[X].

Distinct latent effects are the VMW spectral separation condition [Virk et al., 2026]. In this
paper the condition is used for the gap-local ordered-weight target, while the quotient law below
aggregates coincident effects.

Three representation levels are used for atomic laws. A raw labelled record consists of
k weight coordinates and k location coordinates. A valid represented probability law is a raw
record whose masses are nonnegative and sum to one, whose locations lie in the support interval,
and whose repeated locations are interpreted by aggregating their masses. A quotient law is
the equality class of valid represented laws that induce the same probability measure. The
coordinate container in Definition 29 records the raw labelled representation; the Wi, atom-
floor, estimator, and confidence-set statements use the valid represented-law and quotient-law
levels indicated in their hypotheses and conclusions.

We can now collect the full-data restrictions into the uniformly conditioned proxy model
class.

12



Definition 29. [def:atomic-law-class| (Atomic law coordinates) For k € N and radius
parameter L, € R, the represented atomic-law class

ng([_LTa LT])
is the labelled coordinate space whose element & consists of two real coordinate vectors,
§= ((wi)i<k7 (ai)i<k)7 w; €R, a; €R.

The abbreviation Py([—L+, L;]) denotes the same represented space. The associated measure on

R s
ve = Z max{wj, 0} dq,,
i<k
so coincident labelled locations contribute additively at that location. The topology on this rep-
resented space is induced by the coordinate map

& (wi)icks (ai)i<k),

and its measurable structure is the pullback of the measurable structure on the two real coordinate
vectors under the same map.

Three distinct levels of representation are in play, and it is worth separating them once
here because later definitions move between them. At the first level sits the labelled coordinate
container just displayed: an element records k real weights and k real locations with no constraint
tying them to a probability law. At the second level sit the valid labelled laws, those coordinate
records whose weights are nonnegative, sum to one, and whose locations lie in the stated interval;
the atom floor of Definition 31, the estimators, and the confidence sets are stated for laws of
this kind. At the third level sits the quotient of Definition 12, formed from the valid labelled
laws by identifying records that induce the same measure. The bridge between the levels is the
induced measure v¢ displayed above, which sends coincident labelled locations to a single atom
carrying their aggregate mass; W compares laws through this measure, so it is insensitive to
the labelling that a collision destroys. The estimand vp of Definition 40 is an object of the
third level, which is what makes it the regular target under collisions, while the effect-ordered
mass vector of Definition 30 retains second-level labelling information and is correspondingly
governed by the effect gap.

The class M fixes the latent cardinality k, the boundedness radius, and the two conditioning
margins. The qualitative proxy restrictions align with Virk et al. [2026]; the fixed quantitative
margins make the subsequent stability and concentration statements uniform over the class.

The observable summary is the finite-dimensional population object to which the statistical
results are applied.

Definition 30. [def:ordered-mass-target] (Ordered mass target p'(P)) When the k la-
tent effects are distinct, p'(P) is the vector of latent-class masses ordered by increasing effect.
Otherwise,

p'(P) = (1/k,...,1/k).

The summary S(P) and metric dg put the four matrix moments and target-proxy mean in
a single product space.

13



Definition 31. [def:atom-floor| (Atom floor AtomFloor(m,&)) For a probability law &,
AtomFloor(m, &) is the condition that every distinct support atom of & has aggregate mass at
least m.

The arm count Ny ,, empirical moments M; ,, and Ny ,, empirical mean mx ,, and empirical
summary S, are total functions of the observed sample.

Assumption 1. [ass:reference-proxy-separation| (Reference-proxy separation) Under the
full-data law P,
Z 1L (X,Y)|(T,U).

Assumption 2. [ass:target-proxy-separation| (Target-proxy separation) Under the full-
data low P,
X L(Y,T)|U.

The vector e; implements the anchor coordinate from Assumption 5.
The compressed operator is the population spectral object inherited from the VMW moment
structure.

Assumption 3. [ass:consistency] (Observed-outcome consistency) Under the full-data law
P,
Y = Y(T)

almost surely.

Assumption 4. [ass:latent-ignorability] (Latent ignorability) Under the full-data law P,
for each t € {0, 1},
Y(#) LT|U.

The signal basis V(P), compressed operator AQ(P), and anchors a(P) and ¢(P) provide the
population bridge from observable summaries to latent-class mean effect moments.

Assumption 5. [ass:anchor]| (Target-proxy anchor) Under the full-data law P,
X1 =1
almost surely.

Assumption 6. [ass:bounded-x] (Bounded target proxy) For the boundedness radius L, under
the full-data law P,
[ X2 < L

almost surely.

Assumption 7. [ass:bounded-proxy-product| (Bounded proxy product) Under P,
1ZX M lop < L

almost surely.

The quotient law is the primary inferential target: it records the distribution of latent-class
mean effect values with the aggregate mass at each distinct value.

14



Assumption 8. [ass:bounded-outcome-proxy-product| (Bounded outcome-proxy product)
Under P,
IYZX lop < L

almost surely.

The stratum M(g) is the domain for ordered-weight results, where the gap scale and dis-
tinctness conditions provide an effect ordering.

Assumption 9. [ass:latent-arm-positivity] (Latent-arm positivity) The latent class and
treatment arms satisfy
min PU=u,T =t) > mnp.
1<u<k, te{0,1}

(n)

The experiment &, contains the sample laws Q" generated by all model laws in M.
The next definition records the closure of the admissible summary image and the quotient-law
functional on it.

Assumption 10. [ass:proxy-rank-margin| (Proxy rank margin) The reference- and target-
proxy feature matrices satisfy

min{ox(Ao),or(41),0x(B)} > o09.

The admissible image .#, closure K, and functional F' define the population domain for the
stability theorem in the next section. The moment identity is the cited spectral bridge from Virk
et al. [2026]; the homogeneous-effect clause records the corresponding single-atom specialization
with common effect 7.

Assumption 11. [ass:gap-window| (Effect gap window) The smallest positive effect gap sat-
isfies
g/2 <46(P) < 2g.

Assumption 12. [ass:distinct-effects]| (Distinct latent effects) The positive-mass latent
effects T, take exactly k distinct values.

Proposition 1 establishes the observable consequences of the full-data restrictions. It derives
armwise positivity, the proxy moment factorization, compressed and stacked singular-value mar-
gins, observable envelopes, and the effect support radius. These conclusions place every P € M
inside the VMW moment structure under the fixed margins used here, while preserving the
quantitative bounds needed for the quotient-law target.

Definition 32. [def:model-class| (Uniform proxy model class) The uniformly condi-
tioned proxy causal model class M is the class of full-data probability laws P for records
(U, T,X,2,Y(0),Y(1),Y) satisfying:

e (Record space.) U € {1,...,k}, T€{0,1}, X € R%=  Z ¢ R% and Y(0),Y(1),Y € R.

o (Parameter domain.) The dimensions and constants obey
1
2<k, k <dy, k<d,, 1<L, 0<7r0§%, 0<op<1
e (Model restrictions.) P satisfies Assumptions 1 to 10.
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Proposition 2 supplies the compact population summary domain. Compactness supports
nearest-summary selection in the next section, and the equivalence between nonempty K and
nonempty M makes the domain statement exact for each fixed collection of supplied constants.

Several auxiliary definitions used by the empirical structured-lattice estimator and confidence
reports are collected here because they share the same observable summaries, norms, and atomic-
law coordinates.

Definition 33. [def:observable-summary] (Observable summary S(P) and metric dg) The
observable conditional moment summary is

S(P) = (Mo(P),Ml(P),No(P),Nl(P),mx(P))

For summaries s and s', the summary metric is
4
)= ZHSj - 3;‘||0p + [Is5 — s5]l2-
j=1

Definition 34. [def:empirical-summary-primitives| (Empirical summary primitives S,)
For an observed sample of size n, let Ny, be the number of observations in armt. Define the em-

pirical armwise proxy moment Mt n and outcome-proxy moment Nt n using the total empty-arm
convention:

— 1 ~ 1
M, = — E Z: X" Nypy=—---—-—— E Y. Z: X.".
b max{1, Ny} e & max{1, Ny} . B
) iTy=t ’ ©Ty=t

Let the empirical target-proxy mean be

1 n
'r/ﬁX,n = E Z Xi.
=1
The empirical five-block observable summary is
Sp = (Mo,n,Ml,n,Nom,NLn,ﬁLX’n),

Definition 34 records the coordinate formulas. The theorem-facing empirical-summary object
below packages the same coordinates with the total empty-arm convention and Borel measura-
bility used in sample-level statements.

Definition 35. [def:empirical-summary| (Empirical summary S,) For each t € {0,1}, let

n

Nig=» YT, =t}.
=1
Define
S UL =t}Z,X] 5 mi U =iz X

M,, = —
tn max{1, N¢,} ’ tn max{1, N¢,} ’

and

1 n
mxp = - g X;.
i=1
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The empirical five-block observable summary is

Sp 1= (MO,na Ml,na NO,n7 Nl,nv T%X,n) .
On the event { Ny, = 0}, the corresponding armuwise matrices ]\Z,n and ]\Aftm are the zero matrix,
so Sy, is a total Borel function of the sample.

Definition 36. [def:first-basis] (First basis vector e;) Let e; € R% be the first canonical
basis vector.

Definition 37. [synth_1] (Ambient Euclidean dimension) Let d € N denote the finite ambient
dimension of a Euclidean summary space R. In the nearest-summary selection statement,
K C R? is a compact feasible set and dg : R* x R? — R is the continuous summary distance
used to choose nearest feasible summaries.

Definition 38. [synth_25] (Vertical matrix stacking) For matrices A € R™*? and B € R**4

with the same number of columns, define stack(A, B) € R+3)%d by pertical concatenation,

stack(A, B) = [g} .

Its row space is regarded as a subspace of RY.

Definition 39. [def:compressed-operator| (Compressed operator AQ(P)) Choose any ma-
triz V(P) € R%>* with orthonormal columns spanning the row space of the vertically stacked
matriz stack(Mo(P), M1(P)) C R%. Define

AQ(P) := {Mi(P)V(P)} N1(P)V(P) — {Mo(P)V (P)} No(P)V (P),
with spectral anchors
a(P)" :=mx(P)"V(P), ¢(P):=V(P)"e;.

Definition 40. [def:quotient-law| (Quotient law vp) For P € M as in Definition 32, the
quotient latent-effect law is

k
vp = Zpuém.
u=1

It is interpreted as a probability measure on the latent treatment effects, with coincident values
of Ty carrying their aggregate mass.

Here and throughout, the latent treatment effects in vp are the class-average contrasts 7, =
ElY(1) | U = u] — E[Y(0) | U = u]. Coincident class-average contrasts appear as a single
support value with aggregate population mass.

Definition 41. [def:gap-stratum| (Gap-local stratum) For a local effect-gap scale g satisfying
0 < g < 1/4, the gap-local stratum M(g) is the class of full-data laws P in the uniformly
conditioned proxy causal model class M of Definition 32 that satisfy Assumptions 11 and 12.

Definition 42. [def:sample-experiment| (Sample experiment &,) The observed i.i.d. proxy
experiment at sample size n is

En = {ng) =P5": P e M}.
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Definition 43. [def:summary-closure| (Summary closure data) For k,dy,d. € N and
L, 7,00 € R, the summary-closure data consists of the closed feasible-summary set

K=7% . 7:=8M)={S(P):PecM],
together with a quotient-law functional
F: = Py([~-Lr, Ls)).

For each admissible summary q € 7, F(q) is the quotient latent-effect law vp, of a selected
model representative P, € M satisfying S(P,;) = q. The data also records the published spectral
moment identity

/xj dvp,(z) = a(Py) " AQ(Py) c(Py), j=0,...,2k—1,
and, in the homogeneous-effect specialization with common effect 7y,

AQ(P,) = 7k, vp, = 0r,.

The radius 7, depends on the miscoverage level a and concentration constant Cp; it is used
for the summary event Ep in the confidence results.

Proposition 1. [prop:observed-vmw-margin-inclusion] (Observed VMW margins)! Fiz
k,dy,d, € N and L,my, 00 € R. Suppose

e (Dimensions.) 2 <k, k <d,, and k <d,.
e (Margins.) 1 <L, 0<m <1/(2k), and 0 < o¢ < 1.

e (Uniform model class.) The full-data law P belongs to the uniformly conditioned proxy
causal model class M in Definition 32 with parameters k,d,,d., L, T, 0g.

Then the following quantitative observed-margin conclusions hold. For each treatment arm t €

{0,1},
P(T =t) > kmy,

and the observable armwise ZX T moment factors as
M;(P) = Aydiag{P(U=u|T=1t):1<u<k}B'.
Moreover, for every orthonormal signal basis V € R%*F spanning the signal space of S(P),
o { My(P)V'} = op{M;(P)}, moos < op{My(P)V'}.
The stacked observed prory moment satisfies
moos < oy (stack(Mo(P), M1(P))).
The observable envelopes are

[IMi(P)llop < L, [[Ne(P)llop < L, [lmx(P)l]2 < L.
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Writing L, = 4L+\/d,/oq, for every latent class u € {1,...,k} and treatment arm t € {0,1},
Y(t)| < L;/2 for P-almost every full-data record conditional on U = u,

and
|peu| < L7 /2, |7ul < L7

Finally, P belongs to the published VMW parameter class represented by the supplied scope
handle.

Proposition 2. [prop:summary-closure-compact] (Compact summary closure) Let k,d,,d, €
N and L, 7,00 € R. Let M = M(k,dy,d,, L, m,00) be the class of full-data probability laws
satisfying the uniformly conditioned proxy causal model restrictions with boundedness radius L,
latent-arm positivity margin m, and proxzy-rank margin og. Define the admissible summary
1mage and its closure by

S ={S(P): P e M}, K:=.7.
For summaries s = (Mo, M1, No, N1, mx) and ¢ = (M}, M1, N}, N{,m'y), write
/ / Y y . , NG 1/2
A5(5.) = Mo =03+ My =M o+ [ No = N+ 3= Vil (3 ()~ (1))

i
Assume:

e (Latent cardinality.) 2 < k.

e (Proxy dimensions.) k < d, and k < d,.

e (Boundedness radius.) 1 < L.

o (Latent-arm margin.) 0 < my < 1/(2k).

e (Proxy-rank margin.) 0 < oy < 1.

Then there exists B € R such that
ds(s, 0) <B

for every s € .. Moreover, K is compact, and
K#o = M#*o.

Together, the definitions and propositions in this section identify the population object,
the observable summary space, and the compact domain on which the next section states the
gap-free Wy stability and estimation results.

!Formalization scope. This result uses the published conclusion [Virk et al., 2026] (Assumptions 1-2 and
Section 4.2 of arXiv:2607.10926v1). The cited source proof is not formalized here: Lean verifies its use and all
remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not certified.
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4 Main results: law stability and estimation

The preceding section reduced the proxy causal model to the observable summary S(P) and
the quotient law vp of latent-class average treatment effects. This section gives the population
stability statement that makes the quotient law a regular law-level target, then turns the modulus
into two estimators: a nearest-summary repair estimator defined on the compact summary
closure and a finite structured-lattice estimator evaluated from the empirical summary with
supplied k,d,,d,, L, m,009. The constants below depend only on those fixed dimensions and
conditioning constants.

Definition 44. [def:concentration-constant| (Simultaneous-concentration constant Cy) Fix
a simultaneous-concentration constant
Co > 1.

Definition 45. [def:summary-radius] (Summary radius r,,) Forn >1 and 0 < a < 1/2,
the simultaneous concentration radius is
log(Cy/
oy [EC)
n

The constant Cy calibrates a uniform finite-sample concentration inequality for all five co-
ordinates of S,,. The radius r, , is the corresponding dg-radius at confidence level 1 — a, with
the model envelope L scaling the observable moment fluctuations.

Definition 46. [synth_27] (Ambient summary space) For fived proxy dimensions d, and d,
the ambient five-block observable-summary space is

Sl = (Rdedz)4 X Rdz.

A point s € Sy is written s = (s1, S2, S3, S4, S5), with four matriz blocks and one target-proxy
mean block, and the summary metric is

4
ds(s,8') =Y |Isj = Sfllop + |55 — s5]]2-
j=1

The admissible image . and its closure K = .7 are subsets of .Zan, and the repair selector I1 is
a total Borel map from S to Fan.

The ambient space in Definition 46 lets the empirical summary be evaluated for every sam-
ple, while the feasible population summaries remain restricted to the compact closure IC from
Proposition 2. The repair construction projects an empirical summary back to that population
domain before applying the quotient-law functional.

Algorithm 1 (Summary-space repair map)

Fix k,d;,d,,n € N and L, my, 09 € R. Let

ALV,
L= v
o

I
<
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where . is the admissible image in the five-block summary space. A summary-space repair
datum consists of k > 0, L > 0, and maps

F:/C—)'Pk([—LT,LT]), H:yau —)yan,
with the following certified properties:

e (Extension.) The map F is continuous and, for every full-data law P in the uniformly
conditioned model class, sends its observable summary S(P) € K to the quotient latent-
effect law vp.

e (Nearest selector.) The map II is Borel measurable and, whenever K # &,
I(s) € K, ds(I(s),s) < ds(q,s) for every q € K.
e (Fallback.) Whenever K = @, the selector satisfies
II(s) =0
in the ambient five-block summary space for every s.

¢ (Repair measurability.) The sample-to-law map defined below is Borel measurable.

For an observed sample w : {0,...,n — 1} — Oy, 4, With empirical five-block summary S, (w),
the repaired estimator is the total map
~ 505 K= @7
Up(w) =< "~
F((Ea ), K42

The estimator in Algorithm 1 is the repaired-summary route: it expresses the quotient-law
estimator as a continuous extension evaluated at the nearest feasible summary. This directly
links observable-summary uncertainty to Wp uncertainty for the law.

The next construction replaces nearest-summary projection with a finite exhaustive lattice
over the spectral factors that determine the quotient law.

Definition 47. [def:structured-lattice-constant| (Structured-lattice constant Ciny) The
structured-lattice constant is

Clat = Clat(ka d:Cv dZ7 Lv o, 00)5

the explicit prescribed constant given by the maximum of the threshold-stability constants and
the grid-approximation constants displayed in the structured-lattice construction.

Algorithm 2 (Structured lattice program)

For integers k, d;, d,,n, constants L, g, 0o, and
L, :=4L+/d. /oy,
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a structured-lattice estimator A at radius L. is prescribed when, writing N4 for the candidate
count recorded in A, there exist candidates

v = (Vi, Riy piy Ti)s ie{l,...,Na},
and, for every sample w = (O, ...,0y) of records in Oy, 4,, a selected index
iw €{1,...,Na},
such that:

e (Well-formed exhaustive list.) Each listed candidate 9; is well formed for the param-
eters (n, L, mo, 00). Conversely, every well-formed structured lattice point ¢ = (V, R, p, 7)
at radius L, appears at some listed index ¢ with

Vi=V, R; = R, Di =P, TP =T.

e (No duplicates.) If two listed candidates agree in all four displayed coordinates,
Vi=1Vj, R; = R, Di = Dj, TP = Tj,
then ¢ = j.

e (Lexicographic order.) The index order agrees exactly with the lexicographic order on
structured lattice points:
1 < .7 — 02 Slex 79]'-

e (First minimizer.) For the empirical summary s = Sp (w), the selected index minimizes
the criterion J,, computed with threshold 7700'(2) /2:

Jn(Wi: Sp(w)) < Jn(95; 8n(w))  for every i € {1,..., Na}.
Ties are resolved by the first lexicographic index:

Jn(0i; Sp(w)) = Jn(95; 8n(w)) = iy <.

¢ (Returned law.) On every sample w, the estimator map recorded in A returns the atomic
effect law attached to the selected candidate:

The lattice program in Algorithm 2 searches over discretized signal bases, conditioning matri-
ces, latent masses, and effect locations. Its criterion matches the empirical compressed operator,
target-proxy mean, and anchor equation, so the returned law is tied to the same observable
structure as the population quotient law.

Lemma 1. [lem:uniform-summary-concentration| (Uniform summary concentration) Let
k,d;,d, € N, and let mg, 09 € R. Suppose that
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e (Dimensions.) 2 <k, k <d,, and k <d,.

o (Positivity calibration.) 0 < my and

e (Rank-margin calibration.) 0 < o9 and op < 1.

Then there exists a simultaneous-concentration constant Cy € R with 1 < Cy such that the
following holds. For every L € R andn € N with1 < L and 1 < n, every full-data probability law
P on records (U, T, X, Z,Y(0),Y(1),Y) € {1,...,k} x {0,1} x R% x R% x R3 in the uniformly
conditioned proxy causal model class M with radius L, latent-arm positivity margin m, and
proxzy-rank singular-value margin oo, and every tail probability n satisfying 0 <n < 1/2,

Q' {ds(§n,S(P)) > COLW} <

Moreover, for each treatment arm t € {0, 1},
QU Ny, =0} = (1= Po{O: T =t})" < (1 — kmp)™

The proof is deferred to Section D.

Lemma 1 is the sampling input for the law estimators. It gives a single high-probability radius
for the empirical five-block summary and also bounds the probability of an empty treatment
arm under the total empirical-summary convention.

Theorem 1. [thm:gap-free-positive-measure-modulus| (Gap-free modulus extension) Fix
natural numbers k,d,,d, and real constants L, my, 0g. Assume:

e (Latent dimension.) 2 <k, k <d,, and k < d,.
e (Bound and margins.) 1 < L, 0 < m < (2k)7!, and 0 < 09 < 1.

Let L, = 4L \/d, /oo, and let K = ./ be the summary closure from Definition 43. For two
summaries

SZ(M07M17N07N17mX>7 q:(M67M{7N(/)7N{7m§()?

write

) ) 1/2
ds(s,0) = 1Mo — M| + 1My = M| + | No = NGl + N = Nl + (D (max () = mix (1))

)

There exists a constant Cioq > 0 such that, for every pair of full-data laws P,Q € M,

Wl(l/P,T/Q) < Cmod dS(S(P)’S(Q))

Moreover, there is a map B
F: K- Pk([—LT,LT])

such that F is continuous and Borel measurable,

Wi(F(q), F(¢")) < Cmoads(q.q')  forallq.q € K,
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and

F(S(Q)) =g for every Q € M.

This map is unique among continuous maps G : K — Px([—L+, L;]) that obey

W1(G(q),G(d)) < Cmoads(a,q')  forallq,q €K
and satisfy G(S(Q)) = vg for every Q € M: every such G satisfies G(q) = F(q) for all ¢ € K.

Theorem 1 is the population result behind the statistical theory. It establishes a Lipschitz W3
modulus from observable summaries to quotient effect laws over the uniformly conditioned model
class, and it extends the summary-to-law map continuously from the admissible image to the
compact closure. The result is stated for the law that aggregates coincident effect values, so the
same bound covers homogeneous, partially colliding, and separated latent-effect configurations.

The intuition is spectral but the conclusion is metric. The proxy moments determine a
compressed effect operator through the VMW moment identity [Virk et al., 2026]; perturbation
control for finite-dimensional operators [Bauer and Fike, 1960, Kato, 1995] gives stable spectral
moments; and the quotient law is compared in W7, a metric that transports aggregate probability
mass between effect values. The continuous extension I’ then makes feasible-summary projection
a valid route from empirical summaries to law estimates.

Proposition 3. [prop:summary-repair-total-borel] (Total Borel repair) Let k,dy,d.,n € N
and L, g, 00, ,Cy € R. Suppose that:

e (Dimensions.) 2 <k, k<d,, and k <d,.

(Model radii.) 1 <L, 0<my <1/(2k), and 0 < op < 1.

(Sample size.) 1 <n.

(Confidence parameters.) The miscoverage level satisfies 0 < a < 1/2, and the
simultaneous-concentration constant satisfies 1 < Cj.

e (Empirical summary.) The empirical summary map §n of Definition 35 is measurable.

Then there exists repair data R of the form specified in Algorithm 1 such that the estimator
Uy, induced by R is Borel measurable. Moreover, writing KC for the dg-closure of the admissible
summary image, if I = &, then for every sample w,

Up(w) = dp.

For every sample w, the sharp summary-inversion confidence set Cy, (w) associated with R, with
singleton value {dp} when K = @& and otherwise consisting of the laws v = F(q) with ¢ € K and
ds(q,11(Sn(w))) < 21y q, is nonempty.

Proposition 3 supplies the measurable total version of the nearest-summary construction.
It also records nonemptiness of the exact repaired-image summary-inversion confidence set for
every sample, preparing the confidence-set construction in the next section.

The structured-lattice estimator uses the same observable ingredients and replaces projec-
tion over the compact summary closure by a finite lattice search. The work count below fixes
the computational scale certified here: a fixed-dimensional unit-cost exact-real benchmark, with
arithmetic, comparison, singular-value, polar-decomposition, and fixed-degree root-isolation op-
erations counted as unit primitives.

24



Definition 48. [synth_16] (Structured-lattice work count) For the explicit structured-lattice
estimator A, let Work,, denote the fized-dimensional exact-real operation count for forming §n,
enumerating the lexicographically ordered candidate lattice, evaluating the criterion Jy, and re-
turning the first minimizer ¥,. In the fixed-dimensional unit-cost exact-real model, Work,, counts
arithmetic, comparison, singular-value, and fixzed-degree root-isolation operations and satisfies

Work,, < C {n + n(dzk+k2+2k71)/2} 7

for a finite constant C' = C(k,dy,d,, L, 7o, 0p).

Proposition 4. [prop:polynomial-net-law-estimator| (Polynomial lattice estimator) Fix
integers k,d,,d, and constants L, g, 0qg. Suppose that

e (Dimension.) 2 <k, k<d,, and k <d,.
e (Radius and margins.) 1 < L, 0 < m < (2k)™!, and 0 < ¢ < 1.
Put L, :=4L+\/d, /oy and s := Woag. Define

4vELL 8 32L
oy = 4\/dk, Kp = L, Ap = — + 5,
oo 380 S0
16+/dy kL2 AkvVELL. 2VkL kL
Kfiziz, CD:ZQKDCV—I- 5 T—i— + T,
99 o) 00 o)
Cm = 2\//;LCV + k4 kL, e =k+ 2\/ELCV, Cgrid ‘= €D + Cm + Cy,

Bat := 2(AD + 1) + Cgrid Clat = max{ 881;7" (LT + Kp + LKf)Blat} .
Then Crat > 0, and there is a finite constant C' = C(k,dy,d., L, m,00) > 0 such that, for
every n > 1, there is a total Borel summary rule whose empirical-summary estimator A, is
the lezicographically first minimizer over the prescribed structured lattice with effect radius L,
atom floor my, and threshold so/2. For every sample, every distinct represented atom of A, has
aggregate mass at least my.
For every P € M in Definition 32, the stacked observable proxy moment at S(P), and at
every summary s with
7700'3
ds(s, S(P)) < 5

has exactly its first k singular values at least moo3/2 and all remaining singular values below
moos /2. The deterministic loss bound

WI(Xn(w)J/P) < Clag {dS(‘/S\n(W),S(P)) + \/1%}

holds for every sample w, where §n is the empirical summary in Definition 35. The candidate
list and exhaustive-search operation count satisfy

|Ap| < C nldekth*+2k-1)/2 Work,, < C <n I n(dzk+k2+2k71)/2> _

Finally, for every 0 <n < 1/2, every P € M, and the observed product experiment Qg),

log(C/n) } .

n =

Q%’{Wldn,up) >C
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Proposition 4 establishes the empirical structured-lattice law estimator used for the algo-
rithmic confidence set and cluster report. Its deterministic inequality converts summary error
and lattice mesh width into W7 error, while its high-probability conclusion follows by combining
that inequality with the summary concentration in Lemma 1. The candidate bound records
polynomial growth in n for fixed k,d,,d,, L,mg,00 in the exact-real operation model stated
above.

The role of the lattice is to preserve the stabilized spectral structure at empirical summaries
near the model image. The singular-value threshold keeps the compressed operator in the
uniformly conditioned rank-k regime; the grids over V', R, p, and 7 approximate the population
spectral representation; and lexicographic tie-breaking turns the exhaustive search into a total
Borel rule.

Theorem 2. [thm:collision-uniform-root-n| (Collision-uniform root-n rate) Fiz integers
k,dy,d, and constants L, my, oq. Suppose that

e (Dimensions.) 2 <k, k <d,, and k <d,.
o (Uniform bounds.) 1 < L, 0<my <1/(2k), and 0 < op < 1.

Then there is a constant C' = C(k,dy,d,, L, 7y, 00) > 0 such that, for every n > 1, there exist a
structured-lattice estimator Ay, taking values in Py([—L, L;]), with

L, = 4L\/d. /oy,

and a nearest-summary repair estimator U, = F(H(gn)) from Algorithm 1, such that N\, is the
first lexicographic minimizer over a finite exhaustive structured lattice of well-formed candidates
¥ for the criterion

Jn(ﬂy §n)7

with tie-breaking by the lattice order and output Ay. Both estimators are Borel sample maps.
For every n satisfying 0 <n < 1/2, every P € M, and ng)—sample,

n N —~ l
SJ{max{wlun,up>,W1<un,up>} e ng/’”} <n

Moreover, for each treatment arm t € {0,1},
QU Ny, =0} < (1 — kmo)™

Theorem 2 is the law-estimation conclusion. Under the fixed dimension, envelope, positivity,
and rank-margin conditions defining the uniformly conditioned class, both the nearest-summary
repair estimator and the structured-lattice estimator achieve the same root-n W7 tail rate uni-
formly over M. The statement also carries forward the armwise empty-sample bound, ensuring
that the total empirical-summary convention is accompanied by an explicit probability control.

The theorem separates the regular law target from label-sensitive quantities. At the level of
vp, coincident latent-class mean effects are represented by aggregate mass at a shared support
point, and the modulus in Theorem 1 transfers root-n summary concentration directly to Wj
law error. The next section uses the structured-lattice estimator as the center of exact-real
finite-constraint confidence reporting and then treats ordered weights on the gap-local stratum,
where effect separation determines the relevant local scale.
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5 Confidence sets, cluster reports, and ordered weights

The root-n law estimators from Theorem 2 lead directly to confidence reporting for the quotient
law of latent-class average treatment effects. The first construction keeps two complementary
objects in view: an exact repaired-image set of nearby feasible summaries through the repaired
summary map, and a lattice-centered finitely represented exact-real Wy outer set with an atom-
floor restriction. The exact-real operation model is fixed-dimensional and unit-cost, with arith-
metic, comparison, singular-value, polar-decomposition, and fixed-degree root-isolation primi-
tives counted as the operations certified in Definition 48 and Proposition 4. This follows the
econometric logic of confidence sets obtained by inverting sample restrictions [Robins and van der
Vaart, 2006], with the reporting metric adapted to discrete laws as in Wasserstein approaches
to mixture uncertainty [Deo and Randrianarisoa, 2023].

Algorithm 3 (Wasserstein confidence set CA8)

The inputs are fixed k,d;,d,,n € N, constants L, mg, og, a, Cp, Clat € R, an observed sample
w € ng, 4, With empirical summary S, repair data (F,1II) on K, and a prescribed structured-
lattice estimator.

1. The fixed constants satisfy
1
0< k, 0<mn, 1<L, 0 <m < (2k)71, 0<a<g, 1 < Cy, 0 < Clat.

Define the effect-support radius and assume its nonnegativity:

4L+/d
L, := = 0< L.
00

2. Define the simultaneous concentration radius by

Tna = CoL 7log(00/a)'
n

3. The repair data satisfy: F is continuous on K and extends the summary-to-quotient-law
map on model summaries; II is measurable; if I # @, then

I1(s) € argmin dg(q, s);
qeK

if £ =@, then
II(s) = 0;
and the induced repaired estimator is measurable.

4. Let Xn be the valid k-atomic law returned at w by the measurable prescribed structured-
lattice estimator at support radius L,, generated by an exhaustive duplicate-free lexico-
graphically ordered list of well-formed H,,, ¢, lattice candidates and the first lexicographic
minimizer of J,(J;S,) with threshold

7T00'8
5
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5. Define the original summary-inversion confidence set by

o JF@:ge K, ds(q11(5)) < 2me}, K#£2,
B R0 K=2.

6. Define the atom-floor constant and computable radius by
my 1= T, Ryo := Clat (Tma + (\/ﬁ)_l) .
7. Define the atom-floor subclass by

P<iom,([—L+, Lr]) := {§ € P<x([-L+, L7]) : AtomFloor(my,§)}.

8. Output the computable Wasserstein confidence set

C2¢ .= {¢ € Pey([~Lr, Ly)) : AtomFloor(m., ), Wi(€, M) < Rpal-

Algorithm 3 defines the exact repaired-image summary-inversion set C, , and the lattice-
centered outer set C?ji. The radius R, , combines the concentration scale r, , with the lattice
mesh scale, while the atom floor m, = my carries the latent-arm positivity margin into the
represented-law class. The lattice-centered set is finitely represented by the empirical lattice
center, the transport metric, and fixed finite-dimensional constraints in the exact-real model.

The computational guarantee is an exact-real finite-representation statement. In the fixed-
dimensional unit-cost model used in Definition 48 and Proposition 4, the lattice search has
polynomial candidate growth and exact evaluation over the stated primitive operations. The con-
strained representation of Cﬁtl’i gives finite atom, mass, and transport-plan constraints for mem-
bership and endpoint formulations. The exact repaired-image set C, o is represented through
F on the compact repaired summary image, and Remark 1 records the polynomial-time exact-
image problem for that original repaired set.

Algorithm 4 (Cluster report R, o)

The cluster report is computed from §n, S(P), mnas Rnas My, Xn, and CZ% as follows.

1. Define the simultaneous concentration event and association radius by

a Rna
EP = {dS(Sn7S(P)) < Tn,oz}7 Pn,a = —.

iy

2. Merge repeated atoms of Xn Join two distinct support points whenever their distance is
at most 4py, o, and define

—

Hn,a

)

as the set of connected components of the resulting graph.
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3. For each C' € Ji//;a, define the associated true and candidate support sets by
K¢ (P) :={x € supp(vp) : dist(z,C) < pnat, Ko (&) == {x € supp(§) : dist(z,C) < ppat-

4. Define the mass interval by

Io:= | inf §(Kc(S)), sup &(Kc(§))
geCn gecy's,

In the ordered-support and transport-plan representation of Cﬁ}i, each endpoint is the
value of a finite union of fixed-dimensional mixed-integer constrained programs. For each
1 <r <k, introduce binary variables

zq € {0, 1}, 1<a<m,

with
2o =1 <= min|z, —c| < ppas
ceC

and minimize or maximize
IS
5 WaZq
a=1

subject to the ordered-support, atom-floor, simplex, and transport constraints defining
Cch.

5. Output the report
Ry = {(C, min C' — py.o, maxC + ppal, Ic) : C € Ji?na} .
For each component C, define the external true-support gap by
Ac(P) :=inf{lz —y|: 2 € Kc(P), y € supp(vp) \ Kc(P)},

with value 400 when supp(vp) \ Ko (P) = 0.

The cluster report has a sample-facing layer and a theorem-side validation layer. The sample-
facing output is formed from the observed S, the supplied constants, the lattice center A, and
the constrained class Czl,ga: it merges empirical support points at threshold 4p,, , expands each
component by p, o, and computes mass endpoints over the same constrained class. The true-law
symbols S(P), Ep, Kc(P), and A¢(P) name the concentration event, associated true support
block, and external separation scale used to state coverage and width.

Theorem 3 establishes simultaneous coverage for both confidence constructions over the
uniformly conditioned model class. The statement also gives samplewise nonemptiness and W3-
diameter bounds, so the reported law-level uncertainty has root-n scale under the same constants
that control the estimator in Proposition 4.

The mechanism is the combination of summary concentration and the gap-free modulus.
On the event that §n lies within r,, o of S(P), the feasible-summary set includes a summary
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whose image is vp, and the structured-lattice center lies within the radius used to form Cf{lﬁ.
The transport representation in the theorem gives a finite-dimensional constrained problem over
atom locations, masses, and couplings.

Law-level confidence sets can be difficult to read directly when nearby support points are
statistically unresolved. The next construction converts the W; set into a component report:
estimated support points are connected at threshold 4p, ., and the mass attached to each
empirical component is summarized by an interval over the same constrained confidence class.

Algorithm 5 (Ordered-weight estimator py,)

The input is the positive estimated atomic law 7, on [—L;, L,].

1. Write 7, uniquely in increasing support order as
5n
Un = § wé,néﬂy,ﬂ Tin < < Tg,ns Wy,p > 0.
=1

2. Output the ordered-weight estimator

~ (ﬁ]\l,n; e 7,&319,71)7 /S\n = k:?
Pn =

(1/k,...,1/k), 3. <k.

Ordering the finitely many support points and extracting their jump sizes are Borel opera-
tions, so U, — ﬁz is a total Borel map into AF~1.

The report R, o replaces individual estimated atoms by empirical components formed at
connection threshold 4p,, . For each component C', the support interval expands the component
by pn.«, and the mass interval /¢ ranges over all laws in Cﬁ% whose atoms can be transported
to the lattice center within R, . The external gap Ac(P) is the separation scale relevant to

the component’s aggregate mass.

Theorem 3. [thm:honest-root-n-confidence| (Honest root-n confidence) Fiz integers
k,d.,d, and constants mg,oq such that

1
2§]€, kgdm, kﬁdz, 0<71’0§ﬂ, 0<og<1.
There exists a simultaneous-concentration constant Cy > 1 such that, for every boundedness
radius L > 1, there is a constant Cpoq > 0 for which the prescribed structured-lattice constant
Clat 1s positive and the following holds. For every sample size n > 1, there exist:

o (Structured lattice estimator.) a measurable estimator Ao taking values in
Pr([— L+, L:]), generated by a finite exhaustive list of well-formed structured-lattice
candidates, ordered lexicographically, with Xn equal to the effect law of the first lexico-
graphic minimizer of the structured-lattice criterion;

30



e (Summary repair data.) a continuous extension F' on the summary closure K, a mea-
surable nearest-summary selector 11 with its empty-closure fallback, and the associated
measurable repaired summary-to-law map.

For every miscoverage level a satisfying

1

I<a< 5,

let Cp o, Ry, and Cz% be the confidence-set objects of Algorithm 3 formed from this repair data

and this structured-lattice estimator, with m, = my and center A,. Then, on every sample, both
Cn,a and C%% are nonempty, and Cgl,% has the finite constrained transport representation

S Cffii <= AtomFloor(my,v) and there exists a transport plan vy from v to An with cost at most Ry
Moreover, for every full-data probability law P € M in Definition 32,
1—a< QW {Vp € Cpa mcgfi} .
Finally, on every sample,
diamw, (Cna) < 4Cmod Tnas  diamy, (CY8) < 2Ry, 4.

Theorem 4 establishes the coverage and width properties of the component report on the
concentration event. Every true support point is assigned to a unique empirical component, the
reported support interval contains the associated true atom, and the reported mass interval con-
tains the true aggregate component mass. When a component is separated from the remaining
true support by Ac(P), the mass-interval length contracts at the displayed inverse-gap scale.

The report is adaptive because transport cost controls how much mass can cross a gap.
If estimated support points connected to nearby true atoms fall within the 4p, , component
threshold, the construction pools them and reports aggregate mass. When a component is
externally separated, moving mass across that separation consumes Wj budget, and the interval
width reflects the ratio between the available radius and the external gap.

The final object in this section returns to effect-ordered latent weights. The quotient law
treats coincident class-average effects as a single atom, while the ordered-weight target attaches
masses to effect ranks on a gap-local stratum. The estimator below applies the repaired law
construction and then orders the labelled representative when all labelled atoms are positive
and distinct.

Theorem 4. [thm:cluster-adaptive-report| (Cluster-adaptive report validity) — Let
k,d.,d, € N, mg € R, and o¢ € R. Suppose that

e (Dimensions.) 2 <k, k <d,, and k <d,.
o (Latent mass.) 0 < my < 1/(2k).
e (Rank margin.) 0 < oy < 1.

Then there is a simultaneous-concentration constant Cy > 1 such that, for every L > 1, if

4L+\/d,
LT = ’
oo
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and

INEKLL,
S0 = 7700-(2)7 Cy = 4 V d:lfkv KD = La

00
8 32L 16y/d kL?
Ap= 4222 = V@R
p 350 + s% ’ ! 0’8 ’
4dkvkLL; 2VEkL kL

cp =2Kpcey + \/; + vk + —,
oy 00 g0

em = 2VkLey + k + kL, ey =k + 2VkLey,
Cgrid = CD + Cm + Cp, Biay = 2(Ap + 1) + cgrids

then the prescribed structured-lattice stability constant

8L
Clat = max{ s Ta (LT + Kp +LKf)Blat}
0

1s positive. For every n > 1, there exist a measurable structured-lattice estimator Xn and repair
data consisting of a continuous extension on IC and a Borel nearest-summary selector, such that
An s obtained from an exhaustive lexicographically ordered finite list of well-formed structured-
lattice candidates by choosing the first minimizer of J,(9;Sy).

For every a with 0 < a < 1/2, the estimator has atom floor my. Moreover, for every P € M
in Definition 32 and every sample,

W, (Xn,up) < Chas {ds <§n,S(P)> + \/15} .

Define

log(Cy/a)

n

1
Tna = COL 3 Rn,a = Clat (Tn,a + > 3 Pna = —

vn

with §n as i Definition 35, and set
Bp = {w:ds(8u(),S(P)) < rna}-

Then
W(Ep)>1-a.

For every sample w € Ep, the cluster report R, o centered at /)\\n(w) satisfies the following
properties for the representative atomic law vp:

e (Partition.) Each support point x € supp(vp) belongs to a unique empirical component
C e Ko withx € Ko(P).

e (Association.) For every C € Jz/;a, the set Ko (P) is nonempty and is contained in
supp(vp).

e (Support interval.) If C € J/f/;,a and © € Ko(P), then x lies in the reported support
interval for C.

e (Mass interval.) If C € J?;w then the reported mass interval I contains vp(Kc(P)).
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e (Singleton width.) IfC € ﬁya and card(K¢(P)) = 1, then the reported support interval
for C' has length at most 4p, o, and

8 Ry.o
length(Io) < — min< 1 = 5.
eng (C)_Womln{ ’5(P)}

e (External-gap width.) If C € j/;,a and Ac(P) = +o0, then length(Ic) = 0. For every
C e Hna,

8 Rna
length(I¢) < —min< 1 :
eng ( C) —_ 7_[_0 mln{ Y AC(P) } Y

with the displayed right side read as zero when Ag(P) = +o0.

e (Constrained representation.) The computable class Cf{% has the finite constrained-
program representation

e C#’i <= AtomFloor(my, &) and Iy with transport cost at most R, o from & to /)\\n(w)

Algorithm 5 defines ﬁﬁ as a simplex-valued ordered-weight rule derived from the repaired
quotient-law estimator. Its target is p'(P) from Definition 30, so the relevant population domain
is the gap-local stratum M(g) in Definition 41.

Theorem 5. [thm:labeled-weight-upper| (Ordered-weight upper bound) Let k,d,,d, € N
and L, 7,00 € R. Assume:

(Latent size.) 2 < k.

(Proxy dimensions.) k < d, and k < d,.

(Envelope.) 1 < L.

(Latent-arm margin.) 0 < my < (2k)~L.
e (Rank margin.) 0 < oy < 1.

Then there is a constant C = C(k,d,d,, L, m9,00) > 0 such that, for every n > 1, one can
choose the simplex-valued measurable ordered-weight estimator ﬁl from Algorithm 5 so that, for
every gap scale g satisfying 0 < g < 1/4 and every full-data probability law P € M(g),

Eqm H P —pT(P)HJ < Cmin{l, (\/ﬁg)_l}-

Theorem 5 gives the ordered-weight risk bound on the separated gap-local class. The rate
is clipped at one and improves as the product \/n g grows, capturing the scale at which effect
ordering becomes informative for latent-stratum masses.

The contrast with the preceding law results is the statistical role of the gap. For the quotient
law vp, Theorem 3 and Theorem 4 report uncertainty in W; and in aggregate component masses,
with collisions represented by shared atoms. For ordered weights, Theorem 5 works on M(g),
where distinct effects and the gap window make the effect order a stable object at the scale
shown in the bound.
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6 Lower bounds and sharp rates

Rate matching is proved on the explicit uniformly conditioned two-class specialization k =
dy = d, =2, L =2, mp = 1/10, and o9 = 1/10. The construction uses two related two-
class submodels. The first moves a collision witness away from a single class-average effect
value at n~1/2 scale; the second changes ordered latent masses along a factorization-preserving
path whose observed separation is proportional to the product of the effect gap and the weight
displacement. The lower bounds combine the displayed local Kullback—Leibler neighborhoods
with the standard two-point testing logic of Cam [1986] and Polyanskiy and Wu [2019].

Definition 49. [def:local-kl-radius] (Local Kullback-Leibler radius cp.) Fiz a local
Kullback—Leibler radius constant cioc satisfying

0 < cloe < 1.

The constant ¢ fixes the radius of the local experiments used below. Keeping this radius
bounded away from one gives a common testing scale for the two-point comparisons.

Definition 50. [synth_14] (Factorization-preserving two-class path law Py ;) For0<g <1/4
and |h| < 1/100, P,y is the full-data law on (U, T,X,Z,Y(0),Y(1),Y) with U € {1,2}, T €
{0,1}, X = (1,Xo)", Z = (1,29)", Y = Y(T), latent masses P,,(U = 1) = 2/5+ h and
Py (U =2) =3/5—h, and latent-arm weights

u=1 u=2
Pg,h(U =u,T=1)|4/25+3h/5 9/25—3h/5

Pyn(U=u,T =0)|6/25+2h/5 6/25—2h/5.

Thus Pyp(T =1 | U = u) = Pyp(U = u, T = 1)/Py,(U = w). Conditional on U, the
variables T, X2,Y(0),Y (1) are Bernoulli with the displayed treatment probability, with Ep, , [X> |
U =1 = 1/5, Ep,,[Xa | U = 2] = (12/25 — 1/5)/(3/5 — h), Ep,,[Y(0) | U = u] = 1/4,
Ep, [Y(1)|U =1 =1/2-g/2, and Ep,,[Y (1) | U = 2] =1/2 + g/2. Conditional on (U,T),
Zy is Bernoulli and independent of (X2,Y(0),Y (1)), with

225h + 28 3
quh[ 2 ’ U ? ] 20(15h+4)’ PQ,h[ 2 | U Y ] 47
35h +9 7
E Z | U=1,T=0=—++—, FE Zo | U=2T=0=—.
Pg,h[ 2| Y ] 10(5h+3)7 Pg,hl: 2| Y ] 10

With the induced feature matrices Ai(h) and B(h) and latent-arm weight vector wi(h) =
(Pyn(U = 1,T =1t),Py (U = 2,T =t)), the path preserves the armwise prozy factorization

Ai(h) diag(wt(h))B(h)T = A.(0) diag(wt(O))B(O)—r fort €{0,1}, and Pyo = Pg"%.

Definition 51. [def :path-law-family] (Pathlaw P, ;) For a gap g and displacement h, Py, is

the explicit two-class factorization-preserving path law obtained by perturbing the latent weights
while preserving the stated proxy factorizations.

The divergence Dy, is used only for the observed one-record margins that generate the
sample laws ng). Thus the lower bounds compare statistical experiments through the same
observed records as the estimators and confidence reports.

The local neighborhoods center the two testing problems at the relevant collision or separated
path endpoint.
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Definition 52. [def:published-vmw-regimes] (Published VMW scope handle) The published
VMW scope handle is the cited-publication interface for the proxy-model parameter class and re-

covery regime. For fized latent cardinality k, target-proxy dimension d, reference-proxy dimen-
sion d, and full-data law P on (U, T,X,Z,Y(0),Y(1),Y), it records three law-level predicates:

Modelyyw (k, dy, d, P), FiniteRegvyrw (K, ds, dz, P), Recoverymw (k, dy, d, P).

These predicates are publication-level gates whose concrete interpretations enter through separate
cited gates. The handle also includes the published estimator

@,\{MW : (Odw’dz)n s RF x Rd=xk Rk,

which maps an observed sample of size n from records (T, X,Z,Y) to a triple consisting of
treatment effects, an anchor-normalized target-proxy feature matriz, and real-valued weight co-
ordinates.

The quotient-law lower bound applies the Le Cam local testing framework of Cam [1986]
and Polyanskiy and Wu [2019] to Assumption 13. It keeps the observed experiment within
n~! divergence of the collision witness, so an n-sample comparison has bounded information
distance.

Definition 53. [synth_6] (Kullback—Leibler divergence Dgr,) For probability laws p and v
on the same measurable space, define Dxy,(pllv) = [log(du/dv)dp when p < v, and set
Dy (pl|v) == +o0o when p &L v. In the local experiments this divergence is applied to one-record
observed-data margins such as Po and (P{*)o.

The ordered-weight lower bound applies the Le Cam local testing framework of Cam [1986]
and Polyanskiy and Wu [2019] to Assumption 14. The center has effect separation indexed
by g, matching the gap-local target used in Definition 41. The next display repeats the same
divergence notation for the local-experiment statements that follow.

The witness laws are finite Bernoulli proxy models with explicit masses, treatment probabil-
ities, proxy features, and potential-outcome means.

Definition 54. [synth_15] (Kullback-Leibler divergence) For probability laws p and v on the
same measurable space, the Kullback—Leibler divergence from v to u is

Dy (pllv) = /10g(zllfj> du

when p < v, and Dk, (p]|v) == 400 when p & v. In the local experiments this divergence is
applied to one-record observed-data margins, including Po and (Py')o.

Assumption 13. [ass:local-quotient-neighborhood] (Local quotient neighborhood) The
Kullback—Leibler divergence from Pp, the observed-data marginal, to the observed margin of
Pyt the two-class collision witness at perturbation zero, satisfies

- c
Dy (Poll(Py™)o) < if:c-

Proposition 5 places the collision witness inside the same uniformly conditioned class used
for the upper bounds. The determinants and arm probabilities show that the testing pair is an
interior proxy model under the displayed margins, while the quotient law moves from a single
atom at € = 0 to two nearby atoms for positive e.

For labeled weights, the path changes latent masses while preserving the proxy factorizations
that determine the observable ZX T moments.
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Assumption 14. [ass:local-weight-neighborhood| (Local weight neighborhood)  The
Kullback—Leibler divergence from Pp, the observed-data marginal, to the observed margin of the
two-class witness at perturbation g/2 satisfies

i C
Dxr(Poll(P)j3)0) < 20-

Definition 55. [def:two-class-witness]| (Two-class witness law P¥) For k =d, = d, = 2,
the two-class witness law PX" is the law specified by

P(T=1|U=1)=04, P(T=1|U=2)=0.6,
X =(1,Xy)", Z=(1,2)",

B = (0?2 0%8)7 Ao = (0?3 0?7)7 Ay = (0.55 0.175)7
E[Y(0) | U] =(0.25,0.25),  E[Y(1)|U]=(0.5—¢,05+¢).

Conditional on U, the variables X2, Y(0), Y(1), and T are mutually independent Bernoulli
variables with the displayed conditional means. Conditional on U and T, the variable Zs is
independent of (X2,Y(0),Y (1)) and has conditional mean given by Ap. The observed outcome
18

Y =Y(T).

The family P, supplies the local perturbation for the ordered-weight converse. At h = 0 it
coincides with the separated witness at displacement g/2, and changing h changes the ordered
masses while retaining the displayed armwise proxy factorizations.

The two-class witness also gives a compact picture of the reporting geometry. In this special-
ization the class masses are 0.4 and 0.6, and the class-average effects are 0.25 — ¢ and 0.25 + €.
With association radius pj o, the empirical graph in Algorithm 4 connects estimated atoms at
threshold 4p,, ; the support interval then expands each empirical component by py, «.

witness regime quotient law component rule at radius p, o reported ma
e=0 00.25 one component around 0.25 1

0 <2 <4pna|0.4d0.25—c + 0.6 0.254¢ connected empirical component 0.4+

2e > 4pn.a 0.4 8p.25—¢ + 0.6 6.25+¢ | two empirical components when the center is separated 0.4, (

The table serves as a reading guide for the existing witness. It illustrates how quotient
aggregation and component reporting use the same masses while the merge threshold determines
whether the report presents one aggregate interval or two separated component intervals.

Definition 56. [def:local-quotient-experiment] (Local quotient experiment £V) The local
quotient-law KL experiment is

Ly :={P € M : P satisfies Assumption 13},

where M is the model class in Definition 32.
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Definition 57. [def:local-weight-experiment| (Local weight experiment £} ;) The local
labeled-weight KL experiment is

Lh = {P € M(g) : P satisfies Assumption 14},
where M(g) is the gap-local stratum in Definition 41.

The two local experiments distinguish the metrics under study. £V is centered at a collision
and measures the law-level W1 difficulty, whereas £}, ; is centered on the gap-local stratum and
measures the difficulty of recovering effect-ordered masses.

Proposition 5. [prop:two-class-witness-valid] (Two-class witness validity) For every
collision-witness effect displacement e satisfying

0<e<

9

oo =

the explicit two-class Bernoulli proxy witness law PEWit belongs to M with L = 2, mg = 0.1, and
oo = 0.1. Moreover, . .
PYY(T =0) = 0.48, PYY(T =1) = 0.52,
det(B) = 0.6, det(Ap) = det(A;) = 0.4,
det(Mo(P¥™)) = 0.06,  det(Mi(P¥)) = 0.4-0.6 %
and the quotient latent-effect law is

Vpwit = 0.40095—¢ + 0.6 (50,25+5.

At e =0, the prozy feature and observable moment matrices above are nonsingular, the quotient
latent-effect law is dg.25, and the two latent-class masses are distinct.

It is worth tracing the collision through the witness once, since every object in the paper
is visible on it. The latent effects of PY' are read off the displayed conditional means as
71 = 0.25 — ¢ and 19 = 0.25 + ¢, carried by the class masses 0.4 and 0.6, so the effect gap is 2¢
and the quotient law is

Vpwit = 0.400.25—¢ + 0.6 0g.251¢ (E > O), I/Pavit = 00.25.
regime latent effects gap quotient law effect-ordered masses
e=0 0.25, 0.25 0 one atom at 0.25 of mass labels carry no sepa-
1 ration
e>0 0.25 —¢, 0.25+¢ 2¢ 04 at 0.25 — ¢, 0.6 at (0.4,0.6)
0.25+¢

Transporting the mass 0.4 and the mass 0.6 each a distance € onto the common location gives
Wl(ypgvit, ypgm) = ¢, so the estimand moves continuously into the collision and the modulus of
Theorem 1 applies across the whole family at fixed conditioning constants. The two regimes
are distinguished by which report they support. The quotient law and its W; confidence set
of Algorithm 3 remain meaningful at ¢ = 0, where the two classes have become one atom of
mass 1. The effect-ordered masses (0.4,0.6) are separated only while 2¢ is positive, which is
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why Theorem 5 is stated on the gap-local strata and why its converse in Theorem 6 is driven by
displacement along this same family. The cluster report of Algorithm 4 interpolates between the
two pictures: while the estimated support points fall within the connection threshold 4p,, , they
are returned as one component whose aggregate mass interval covers the combined mass, and
once the separation exceeds that threshold they are reported as two components whose mass
intervals sharpen with the external separation, in the manner quantified by Theorem 4.

Theorem 6 gives the two local converse rates on the displayed two-class specialization. For
quotient laws, an n~1/2 displacement in the collision witness creates W separation of order n=1/2
while keeping the observed KullbackLeibler comparison at order n~!. For ordered weights,
the factorization-preserving path makes the observed divergence scale as ¢?h?, so the largest
indistinguishable mass displacement is clipped at min{1, (v/ng)~'}.

These local statements calibrate the upper bounds from the preceding sections on the same
explicit two-class specialization. The quotient-law lower bound matches the root-n law rate from
Theorem 2; the ordered-weight lower bound matches the inverse-gap upper bound in Theorem 5.

Theorem 6. [thm:matching-local-lower-bounds] (Matching local lower bounds) Fiz ¢j €
(0,1). There exist constants a,c,C € R such that

1
O<a§§, c >0, C >0,
and, for every integer n > 1, the following statements hold for the explicit submodel k = d, =
d,=2,L=2,m=1/10, and oy = 1/10.
¢ (Quotient-law risk.) For every measurable quotient-law estimator v, with support radius

4L+/d,
LT =
00
there is a law P in the local quotient-law experiment LY of Definition 56 such that

P=P" or P=Py.,

with P™Y as in Definition 55, and

£ <E

NG ol

e (Ordered-weight risk.) For every g € (0,1/4] and every measurable ordered-weight
estimator p, taking values in the simplex, there is a law P in the local labeled-weight
experiment L, 4 of Definition 57 such that

Wi (Vn,vp)].

P=P,0 or P=PFypng) h(n,g) = amin{

1
177 )
\/ﬁg}
and

. 1 ~
emin {1, 4 < B 17 - ' (P)IL].

¢ (Quotient-law certificate.) The laws P)'* and P;’V/i\t/ﬁ belong to the corresponding local
quotient-law experiments, and their observed-data marginals and quotient laws satisfy
C

Di((Bymol (B0 ) < o < Wi v ).
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o (Labeled-path certificate.) For every g € (0,1/4], with

1
h=h(n,g :amin{l,},
m.9) vng

the displacement h lies in the tangent-amplitude domain, the laws Py and Py o belong to
the corresponding local labeled-weight experiments, and

Dku((Pyn)oll(Pro)o) < Cg*h2, 3

7

PL(Py) = Pl (Pyo)| = 2Ih.

Proposition 6 converts the local quotient-law comparison into a same-class minimax state-
ment on the displayed uniformly conditioned two-class model. The proposition states that the
optimal uniform Wi risk for the quotient law is of exact root-n order on this specialization.

Proposition 6. [prop:same-class-quotient-minimax| (Same-class quotient minimax) For
the specialization k = dy = d, = 2, L = 2, my = 1/10, and oy = 1/10, let M be the uniformly
conditioned proxy causal model class in Definition 32. The derived effect-support radius is

L, = 4L\/d. /oo = 80V/2.
There exist real constants ¢ and C such that
0<e<C
and, for every sample size n > 1, the following two statements hold:

e (Lower bound.) For every measurable estimator v, mapping an n-sample of observed
records to a represented atomic law modulo the radius L., there exists a full-data probability
law P € M such that c

\/ﬁ — EQS})[Wl(V’na VP)]

e (Upper bound.) There exists a measurable estimator v, mapping an n-sample of observed
records to a represented atomic law modulo the radius L, such that, for every full-data
probability law P € M,

E () (W1 (Vn,vp)] <

Bl

Equivalently, on this same specialized class,

c C
—— <inf E ) [Wi(n,vp)] < ——
5 < lnf sup. o [W1 (7 VP)]—\/;Z

for every n > 1, where the infimum ranges over measurable estimators with output radius L.

Proposition 7 gives the corresponding same-class minimax statement for ordered weights on
the same two-class specialization. The rate is governed by the product \/ng: when the effect
gap is large relative to sampling noise, ordered masses are estimable at the inverse-gap scale,
and the bound remains clipped by the diameter of the simplex-valued loss.

The final comparison records how the same witnesses transfer to classes formulated in the
terminology of Virk et al. [2026]. The following definitions separate the published structural
gates, finite-regularity condition, and separated recovery regime used for that transfer.
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Proposition 7. [prop:same-class-labeled-minimax| (Same-class labeled minimax) There
exist real constants ¢ and C such that 0 < ¢ < C and, for every sample size n > 1 and every
gap scale g with 0 < g < 1/4, the gap stratum M(g) from Definition 41 satisfies

1 1
cmin<1l,—— » <inf sup FE (n)H 1,}.
{ \/ﬁg} Pn PeM(g) 9P Vng

Here the infimum is over all measurable simplez-valued labeled weight estimators based on n
observed records in the explicit submodel k = d, = d, =2, L = 2, mp = 1/10, and o9 = 1/10,
and p'(P) is the effect-ordered latent-mass vector with the barycentric collision fallback.

Pn —pT(P)HJ < Cmin{

Definition 58. [synth_31] (Calibrated path displacement) For a,g € R and n € N, define
calibratedDisplacement(a, n, g) = a min{1, (vng) '}.

Definition 59. [synth_12] (Published VMW finite-regularity condition) A law P satisfies the
published VMW finite-regularity condition when 0 < k, k < d, k < d,, and there exist constants
Lx,sz,Lyzx,ﬂ',U > 0 such that ||X||2 < Lx, ||ZXTH0p < LZX; and ||YZXTHOp < LYZX
almost surely, P(T =t) > 7 fort € {0,1}, and there is a top-k right singular basis V for the
stacked proxy moment [My(P); M (P)] satisfying o ([Mo(P); M1(P)]) > o and ok (My(P)V) > o
for each t € {0,1}.

Definition 60. [synth_11] (Published VMW structural model) Fizk,d,,d, with0 < k, k < d,
and k < d,. A one-unit full-data probability law P belongs to the published VMW structural
model when it satisfies the published qualitative prory model conditions: reference-prory separa-
tion Z L (X,Y) | (T,U), target-prozy separation X L (Y,T) | U, consistency Y =Y (T) almost
surely, armuwise latent ignorability Y (t) L T | U for t € {0,1}, full column rank of Ay, Ay, and
B, and strict latent-arm positivity P(U = u,T =t) > 0 for every u € {1,...,k} and t € {0,1}.

Definition 52, Definition 59, Definition 60, and Definition 61 provide the interface for com-
paring the present lower bounds with the published VMW recovery framework. The cited model
conditions and separated recovery regime are used as external publication-level gates, while the
converse below is stated in terms of exact containment of the two displayed witness pairs.

Definition 61. [synth_13] (Separated recovery regime) A full-data law P lies in the separated
recovery regime when it satisfies:

o (Structural model.) The published VMW structural model conditions.

e (Anchor normalization.) The first target-proxy coordinate satisfies X1 = 1 almost
surely.

e (Finite regularity.) The published VMW finite-regqularity condition.
e (Spectral separation.) The latent-class treatment effects satisfy T, # T, whenever u # v.

In this regime, the separated-recovery estimator analyzed by Virk et al. [2026] is evaluated under
its stated sample-size and radius conditions and returns simultaneous high-probability bounds for
the treatment effects, the anchor-normalized feature matriz, and the simplex-projected mixture
weights.
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The calibrated displacement in Definition 58 is the path amplitude used in the labeled-weight
two-point comparison. It is the same clipped scale that appears in the ordered-weight upper
and lower bounds.

Theorem 7. [thm:published-vmw-converse-transfer| (Published converse transfer)? Fiz
k=d,=d,=2, L =2, and op = 1/10. There exist constants a,c € R such that

O<a<

9 <
() C.

For every n > 1, the following hold.

e (Quotient witness pair.) The two laws Py and P(‘L’;i\t/ﬁ from Definition 55 belong to

the published VMW model and satisfy VMW Assumption 4, while P(‘)"’it lies outside the
published separated recovery regime.

o (Quotient lower bound.) For every class VY of full-data probability laws such that
every P € V¥ belongs to the published VMW model and satisfies VMW Assumption 4, if
V¥ contains laws equal to ngit and P;‘;i:“/ﬁ, then every estimator v, of the quotient effect

law with support radius 4 - 2+/2/(1/10) has worst-case risk at least c/\/n:

~ C
sup E_ ) [W1 (¥, vp)] > —.

pevy ©p Vn
e (Separated labeled path.) For every g in the gap-scale domain, define
h(n, g) := calibratedDisplacement(a, n, g).

Then h(n,g) is in the tangent-amplitude domain, and the endpoint laws Pyo and Py, g)
both belong to the published VMW model, satisfy VMW Assumption 4, and have spectrally
separated latent effects.

e (Labeled-weight lower bound.) For every g in the gap-scale domain and every class
VE ¢ of full-data probability laws such that every P € V% 4 belongs to the published VMW
model and satisfies VMW Assumption 4, if V¥ 4 contains laws equal to Pyo and Py n(
then every estimator p, of the ordered latent weights satisfies

n,9)’

pilé%gE 2 [Hﬁn —pT(P)HJ > cmin{1, (vVng) ™'}

Theorem 7 states the converse comparison with Virk et al. [2026]. Any comparator class
satisfying the cited VMW model and finite-regularity gates inherits the displayed lower bound
once it contains the two quotient witness laws or the two labeled-path endpoint laws. The
transfer is therefore tied to concrete witness containment: the quotient comparison uses the
collision pair, while the labeled-weight comparison uses separated endpoint laws at the calibrated
displacement.

*Formalization scope. This result uses the published conclusion [Virk et al., 2026] (Assumptions 1-2 and
Section 4.2 of arXiv:2607.10926v1) and [Virk et al., 2026] (Assumption 3, lines 261-263; Assumption 4, lines
321-337; and Theorem 7.2, lines 350-381 of arXiv:2607.10926v1). The cited source proof is not formalized here:
Lean verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that
depend on it are not certified.
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7 Discussion, extensions, and open questions

The results above identify the quotient law as the regular object for proxy-based latent-class
mean treatment-effect heterogeneity. Theorem 1 characterizes a Lipschitz map from observable
moment summaries to the aggregated latent-class mean effect law, and Theorem 2 transfers this
population regularity to collision-uniform root-n estimation in the observed i.i.d. experiment.
The estimand in Definition 40 is therefore the natural law-level target when the empirical ques-
tion concerns population mass at class-average effect values, with class labels handled through
the separated ordered-weight results.

The confidence constructions in Algorithm 3 give two complementary ways to report this tar-
get. The summary-inversion set C,, o preserves the repaired feasible-image construction induced
by F on K, while the algorithmic set Cf{% is centered at the structured-lattice estimator Xn and
has an explicit finite transport-plan representation in the fixed-dimensional exact-real model.
Theorem 3 establishes simultaneous coverage for both sets and root-n diameter bounds in W7,
so the two reports express the same law-level concentration through different computational
representations.

The cluster report in Algorithm 4 translates this law-level uncertainty into component-level
statements at the resolution delivered by the confidence radius. Estimated atoms are connected
at threshold 4p, o, while support association and interval expansion use p;, ; the report then
pools connected empirical components and attaches both a support interval and a compati-
ble mass interval. Theorem 4 establishes that, on the simultaneous concentration event, these
components partition the true support, contain the associated true atoms, and cover the corre-
sponding aggregate masses. The interval-length bounds show how the report becomes sharper
when a component is externally separated from the remaining support, with exact mass recovery
for a component whose associated block exhausts the true support.

This reporting layer also clarifies the role of the ordered-weight results. Theorems 5 and 6
and Proposition 7 characterize effect-ordered mass recovery on separated strata, where the pos-
itive gap scale converts law-level transport error into label-sensitive information. The quotient-
law statements remain organized around W; on aggregated laws, while the ordered-weight state-
ments quantify the additional inverse-gap cost of resolving labels by effect order.

7.1 Open questions

The computational distinction between the two confidence constructions leaves a sharp finite-
dimensional problem. The structured-lattice estimator and the outer W; set have explicit con-
strained representations, and the original summary-inversion set retains the exact repaired-image
target. The following remark records the corresponding exact-image question.

Remark 1. [oeq:constructive-total-repair| (Sharp summary-inversion computation) It
remains open whether, in the fived-dimensional exact-real model, one can compute exactly and
wn time polynomial in n the sharp summary-inversion image

Coa = {F(q): g€ K, ds(q,T1(S,)) < 20}

together with its exact support-dependent cluster extrema, using neither compact nearest-
summary optimization nor black-box evaluation of F. The positive real law estimator \,, the
honest outer set Cf{{%w and every interval in the report R, o have explicit fized-dimensional
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constrained representations, including cases in which the raw empirical operator has non-
real eigenpairs. The question concerns a sharp polynomial-time algorithm for the original
summary-inversion image and its extrema.

The question in Remark 1 concerns exact computation of the sharp repaired-image set and its
support-dependent extrema. A positive resolution would align the original summary-inversion
report with the same kind of explicit fixed-dimensional representation already available for the
lattice-centered outer report.

A second extension is adaptation to latent cardinality and unknown conditioning margins.
The present model class in Definition 32 fixes k, and the target space, structured lattice, confi-
dence sets, and ordered-weight stratum are all calibrated to that fixed finite value together with
supplied L, my, 0g. An adaptive formulation would need a data-dependent dimension choice or
margin choice together with a target convention for comparing quotient laws across candidate
values of k, while preserving the aggregation principle that makes vp stable at collisions.

Margin misspecification belongs to the same adaptation problem. The stated guarantees
attach to the supplied model class: conservative supplied constants that still satisfy the defining
inequalities yield valid conclusions after recomputing the displayed constants, whereas supplied
constants violated by the data-generating law place that law outside the certified class. A
diagnostic theory for selecting or stress-testing k, L, m, 0¢ is a natural extension of the fixed-
margin results.

The exact-real finite representations also leave ordinary computational questions for imple-
mentation work. The operation counts in Definition 48, Proposition 4, and Theorem 8 use
fixed-dimensional unit-cost primitives, and the endpoint descriptions in Algorithm 4 are finite
constrained programs over masses, support locations, and transport plans. Bit complexity for
these endpoint programs, numerical conditioning of the singular-value and root-isolation primi-
tives, and practical solvers for the reported intervals are open implementation questions beyond
the exact-real certification.

A third direction concerns application-specific proxy mappings. Assumptions 1 to 10 give a
finite proxy-causal environment in which the quotient-law and reporting results apply. In applied
settings, the substantive task is to justify how observed proxy measurements instantiate these
conditional-independence, normalization, boundedness, overlap, and rank conditions, following
the model-building role that proxy variables play in the broader causal literature [Virk et al.,
2026, van Amsterdam et al., 2022].

Appendices

A Probability, selection, and concentration

This appendix collects the auxiliary statements used by the population, estimation, confidence,
and lower-bound arguments. The first group supplies measurable selection and finite-sample
probability control for the observable summary space introduced in Definition 33. The compact-
selector statement is the measurable nearest-point device used by the repair map in Algorithm 1;
it is the form of measurable extrema needed for a compact feasible summary set, in the spirit
of Brown and Purves [1973].

Lemma 2. [lem:borel-nearest-point-selector| (Compact loss selector) For every d € N,
every set K C R%, and every loss dg : R x R* — R, suppose that
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e (Nonempty feasible set.) K is nonempty.
e (Compact feasible set.) K is compact.
e (Continuous loss.) The map (s,q) — ds(s,q) is continuous.

Then there exists a Borel measurable map II : R* — R? such that, for every s € R,
II(s) e K and dg(s,II(s)) < dgs(s,q) for every q € K.
Proof of Lemma 2. Identify R? with its standard finite-coordinate Euclidean realization. Define
f:R*xR? - R, f(s,q) :=ds(s,q).
By the continuity hypothesis, f is Borel measurable, and for each fixed s the section

qr— f(SaQ) = dS(57Q)

is continuous on K.
The compact measurable argmin selection theorem for a nonempty compact Euclidean action
set gives a map
I: R — RY

such that II is Borel measurable and, for every s € R?,
I(s) e K, Vgek, [(s1I(s)) < f(s,q)
Substituting the definition of f gives
M(s) e K, VYgek, ds(s,I(s))<ds(s,q),
which is the asserted selector property. ]

The selection lemma turns compactness of I into a Borel rule, so the nearest-summary
construction remains a sample-measurable estimator after applying the empirical summary map.
The remaining probability statements in this subsection record the arm-mass and concentration
primitives that support the total empty-arm convention.

Lemma 3. [lem:arm-mass-lower-bound] (Arm mass lower bound) Let P be a full-data prob-
ability law in the setting of Definition 32. Suppose P satisfies Assumption 9 with margin 7.
Then, for each treatment arm t € {0, 1},

kﬂ'o S P(T:t)

Proof of Lemma 3. Fix an arm t € {0,1}. The arm event is the disjoint union of its latent-arm
cells:

k
{T=t}=| {U=uT=t}

Therefore



By Assumption 9, each summand is at least my. Hence

k
P(T=t)=)Y PU=uT=t)>)Y m=kn.
u=1

O

The lower bound converts the latent-arm margin into an observed-arm margin. It is the
elementary probability input behind the empty-arm probability bound in Lemma 1 and behind
the observed VMW margin statement in Proposition 1.

The next statements collect the moment factorizations and envelope calculations that connect
the full-data restrictions to the observable five-block summary.

Lemma 4. [lem:observed-proxy-moment-factorization| (Observed proxy moment factor-
ization) Let P be a full-data probability law carrying (U, T, X, Z,Y (0),Y (1),Y), with fized target-
and reference-proxy dimensions dy,d., in the uniformly conditioned proxy causal model class M
of Definition 32. Suppose that:

e (Latent cardinality.) The number k of latent classes satisfies 2 < k.

(Target dimension.) The target-proxy dimension satisfies k < d.

(Boundedness radius.) The uniform boundedness radius satisfies 1 < L, with the
bounded-target-proxy condition as in Assumption 6.

(Latent-arm margin.) The latent-arm positivity margin satisfies mo > 0, with latent-
arm positivity as in Assumption 9.

(Proxy separation.) The reference- and target-proxy separation conditions hold as in
Assumptions 1 and 2.

Then, for each treatment arm t € {0,1}, the observable armwise proxy moment M;(P) from
Definition 28 factors as
My(P) = ATyBT,

where A; is the reference-proxy feature matrix of Definition 24, B is the target-proxy feature
matriz of Definition 25, and

P(U =u,T =1t)
P(T =t)

Ft:diag{ :1<u<k}.
Proof of Lemma 4. Fix t € {0,1}. Write
Arm; := {T = t}, Cellyt :={U =u,T = t}, Class,, := {U = u}.
For every latent class u, latent-arm positivity gives
P(Cell, ;) > m > 0, P(Class,) > P(Cell, ;) > 0.
Also, Lemma 3 gives

P(Arm¢) > kmg > 0.
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We prove the matrix identity entrywise. Fix coordinates 1 < ¢ < d, and 1 < j < d,. By
Lemma 5,
|Z;| < L, |X;| <L P-almost surely.

Thus Z; X is integrable on each Cell, ;. The observed arm pulls back to the full-data arm, so
Mt(P>Z‘j = EPO[Zin ‘ T= t] = EP[ZZ‘XJ' | Armt].

Since Arm; is the disjoint union of the cells Cell,;, normalized additivity over this finite
partition yields

k
P(Celly,)
u=1

) EP[ZZX] ’ Cellu’t].

On a fixed positive cell Cell,, put
clg(a) :== max{—L, min{a, L}}.

The coordinate bounds imply that clz(Z;) = Z; and cl(X;) = X; almost surely on the normal-
ized restriction to Cell, ;. Applying reference-proxy separation to the bounded tests z — clz,(2;)
and (z,y) — clp(x;), and then removing the clamps, gives

Ep|Z;X; | Cellys] = Ep[Z; | Celly ] Ep[X; | Cellyy].
It remains to identify the target-proxy mean in the cell with the latent-class mean. Let
fi(x) = clp(zy), q(y,t") = 1{t' =t}.
Target-proxy separation on the positive class Class, gives
Ep(fj(X)q(Y,T) | Class,] = Ep[f;(X) | Classu] Ep[q:(Y, T) | Class,].

The two factors involving ¢; are ordinary normalized cell masses:

Epl(X)ar(Y.T) | Class,] = picF = Enlf(X) | Cll),
and P(Cell,,)
Ep[q:(Y,T) | Class,] = P(Classy)’

Because this ratio is positive, cancellation gives
Ep[fj(X) | Cell,¢] = Ep[f;j(X) | Class,].
Using the same coordinate envelope to remove the clamps on the cell and on the class,
Ep[X; | Cell,s] = Ep[X; | Class,].

Combining the preceding displays and using Definitions 24 and 25,
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By the definition of I'y, the right-hand side is exactly
(AT:BT);;.

Since ¢ and j were arbitrary,

M,(P) = AIB".
The arm ¢ was arbitrary, so the factorization holds for both treatment arms. O

Lemma 5. [lem:proxy-coordinate-envelopes] (Coordinate envelope bounds) Let P € M
be a full-data probability law carrying (U,T,X,Z,Y(0),Y(1),Y), with M as in Definition 32.
Suppose that

e (Latent cardinality.) 2 < k.

e (Target-proxy dimension.) k < d,.

e (Envelope conditions.) P satisfies Assumptions 6 to 8.
o (Anchor normalization.) P satisfies Assumption 5.

Then the model envelope L bounds the target proxy, the reference proxy, and the outcome—
reference-proxry products P-almost surely:

I?Dr{\Xi] <L foreveryl <i<d,}=1,
1?3r{|Zj] <L foreveryl1 <j<d,}=1,

and
PL{[YZ| < L for cvery 1< j <d.} = 1.

Proof of Lemma 5. Since 2 < k < d,, the first target-proxy coordinate is available; write it as
coordinate 1. We use the following coordinate bound: for any real d, x d, matrix A,

[Ajil < Allop (1S5 <de, 1<0<dy).
Indeed, with e; the ith Euclidean basis vector,
[ Ajil = [(Aeqi);| < [ Aeill2 < [[Alloplleill2 = [[Allop-
On the probability-one event from Assumption 6,
X2 < L.
Hence, for every target-proxy coordinate 4,
| Xi| < [|X[[2 < L.
On the probability-one event where Assumptions 5 and 7 both hold,

Xi=1, || ZX|op < L.
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For every reference-proxy coordinate j, the (j,1) entry of ZX T is Z;X1 = Zj, so the coordinate
bound gives
1Zj| = 1(ZX ")l < 12X Mlop < L.

On the probability-one event where Assumptions 5 and 8 both hold,
X, =1, 1Y ZX T |op < L.
For every reference-proxy coordinate j, the (j,1) entry of YZX " is Y Z; X1 = Y Z;. Therefore
YZj| = |(YZX )| < Y ZX |op < L.

The three displayed coordinatewise bounds hold on probability-one events. Since the coor-
dinate sets are finite, these are exactly

I;r{\Xi| < Lforevery 1 <i<d,}=1,

f;r{|Zj| < Lforevery 1<j<d,}=1,

and
I;r{ YZ;| < Lforevery 1 <j<d,}=1.

O]

Lemma 6. [lem:latent-mean-envelope| (Latent mean envelope) Let P € M be a full-data
probability law carrying (U, T, X, Z,Y(0),Y(1),Y), as in Definition 32. Suppose that

e (Latent cardinality.) 2 < k.
e (Proxy dimensions.) k < d, and k < d,.
e (Model constants.) 1 < L, my >0, and o¢ > 0.

e (Model components.) The model class includes the bounded target-proxy condition of
Assumption 6, the latent-arm positivity condition of Assumption 9, and the proxy-rank
margin condition of Assumption 10.

Then, for every latent class u € {1,...,k} and every treatment state t € {0,1}, the latent
conditional potential-outcome mean (., of Definition 22 satisfies

L,

‘Ntu’ S 2

where Ly = 4L+\/d, /oy is the derived effect-support radius from Definition 26.

Proof of Lemma 6. Fix u € {1,...,k} and ¢t € {0, 1}. Define

Lat, := {U = u}, Cell, g :={U=u, T=a} (a€{0,1}).
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1. The condition in Assumption 9, together with my > 0, gives
P(Cell,q) >m >0  for each a € {0,1}.
In particular P(Cell, ) > 0. Since
Cell, o C Laty,

we have
P(Lat,) > 0.
Let P, :=P(-|U =u).
2. We first bound the observed outcome on the latent treatment cell. Put

00

0, = .
2vd,

Since 2 < k < d, gives v/d, > 0, and since og > 0, we have 6, > 0. The rank condition in
Assumption 10 gives

o0 < op(Ar).
Applying the least-singular-value lower bound to the uth canonical vector gives
0. 1/2
o0 < | Y A(j,u)’
j=1

Hence there exists j, € {1,...,d,} such that

g0 .
< |A¢(Jg, .
L < A (G, u)|
Let
PLCL?tH :P(‘U:U7T:t)7 Refj* = {|ZJ*|26Z}
Then

P (Ref;,) > 0.
Indeed, if this probability were zero, then

00

V.’

|At(j*7u)‘ = ’EP[Zj* ’ U:u7T:t” SEP[|Z]‘*| ‘ U:uvT:t] <0, <

contradicting the displayed coordinate lower bound.

3. Under P!, Assumption 1 makes Zj, independent of Y. Also, Lemma 5 supplies

u,t

|YZ;,| <L almost surely under Pﬁ?}ll~

L

YZ;| > L,

Define

On Ref;, N Out;,,
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and therefore
P (Refj, N Outy,) = 0.

Independence gives
0= P\(Ref;, ) PSS (Outy, ).

Since the first factor is positive,
P (Out;,) = 0.

Thus
L 2L\/d L
Y| < 7= = = ?T almost surely under P(- | U = u,T =t),
z 00

where the last equality uses Definition 26.
. Now work under P, = P(- | U = u), and define

Arm .= {T = t}.
The preceding positivity gives

P(Cell, )

PulArme) = 550

By Assumption 4, Y (¢) is independent of T', hence independent of Arm;, under P,. On
Arm;, Assumption 3 gives Y = Y (¢) almost surely, and the cell bound from the previous

step gives
L,

Y (1) < 5> almost surely on Arm; under P,.

With

Ly
PotLarge, := {|Y(t)| > 2} ,

we therefore have
P,(PotLarge, N Arm;) = 0.

Independence gives
0 = P,(PotLarge,) P, (Army),

and the positive arm probability yields
P, (PotLarge,) = 0.

Consequently
L,

Y (t)] < By almost surely under P,.

Finally, by Definition 22,
fitu = Ep,[Y (£)].

The almost-sure bound just proved gives integrability and

L,

peal = |EP,[Y ()] < Ep[[Y ()] < -

This is the desired bound.
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Lemma 7. [lem:latent-effect-envelope| (Latent effect envelope) Let k,d,,d, € N, let
L,my,00 € R, let P be a full-data probability law carrying (U, T,X,Z,Y(0),Y(1),Y), and fix a
latent class uw € {1,...,k}. Suppose that

e (Dimensions.) 2 <k, k <d,, and k <d,.
e (Margins.) 1 < L, mo >0, and op > 0.

e (Model membership.) P € M for the parameters (k,dy,d., L, my,00), as in Defini-
tion 32, with the bounded-proxy, latent-arm-positivity, and prory-rank-margin components
recorded in Assumptions 6, 9 and 10.

Then the latent-class treatment effect T, formed from the latent means in Definitions 22 and 23,

satisfies
4L+/d
|7—u| <L;= Z’
0o

where L, is the derived effect-support radius in Definition 26.
Proof of Lemma 7. Fix u. By Definition 23,
Ty = Hilu — HOu-
Thus the triangle inequality gives
[Tul = (10 — poul < |1l + |Houl-

Applying Lemma 6 to the two treatment states,

L L
’,Ulu| < ?Ta ’M0u| < ?T
Therefore
L L 41+/d
< g oo, = Ve
2 2 oo

O]

Lemma 8. [lem:witness-latent-mass| (Witness latent masses) For every collision-witness
effect displacement e € R with 0 < & < 1/8, let PY'* be the two-class witness law of Definition 55.
The latent-class masses p, := PY(U = u) from Definition 21 are

2 3

gu P2 = —.

p1 = 5

Equivalently, these masses are constant in € over this range and are distinct.

Proof of Lemma 8. Fix ¢ with 0 < ¢ < 1/8. For a Bernoulli success parameter § € R and

b e {0,1}, put
1-6, b=0
b P ) )
Ba(b) {9’ _—



For the two witness classes in the paper labels, define

2 3 2 3
o) =z @ =5 ) =5 P2 =,
1 4
x( =z px@) =z,
3 7 7
pZ(O7 1) - Ea pZ(07 2) - Ea pZ(la 1) = %7 pZ(172) =
and
=22 pre@=s+e
le,s - 2 ; Yi,e = 2 .

Thus Definition 55 assigns to the atom with
(Ua T7 X27 Z27 Y(O)7 Y(]-)) = (U7 tba Tbhy Zby yb,07 yb,l)
the elementary mass

Wtz (U, th, Tbs 2bs Yb,05 Ub,1) = PUV) By (v) (Bb) Bpx () (@) Bpg(t1,,0) (26) B174(Ub,0) Byy | - (v) (Ub,1)-

The bounds on ¢ place every Bernoulli parameter above in [0, 1], so these elementary masses are
nonnegative. By Definition 21 and the finite witness-law expansion, for u € {1, 2},

2
PWlt Z Z Wte (v, th, Tb, 2b, Yb.0, Yb,1) 1{v = u}.

V=1 th,, b ,2b,Yb,0,Yb,1€{0,1}
The indicator restricts the finite sum to the v = u slice, hence
wit
pU(PE ) = E Wta(u7tb7xb7vayb,anb,l)-
tbyThs2bYb,0,Yb,1€{0,1}
For fixed u and t},, summing over the nuisance Bernoulli coordinates gives

Z th(’LL, tb,xbvzbvyb,()ayb,l)
Th,2b,Yb,0,Yb,1€{0,1}

= pu(w) Bpp(u) (Z Box () (21 ) (Z Boa(tpu)(2b) ) > Brano) | | D Bey,owy (W)

Yb,0 Yo,1
= pu(u) Bppw) (th),
because 3 yer913 Bo(b) = (1—0) +60 =1.
Therefore
Pu(PX) = D pu) Byp(uy (o) = pu(u) {(1 = pr(w)) + pr(u)} = pu(u).

t,€{0,1}

Evaluating this identity at the two paper-labeled classes yields

i 2 i
pL(PX) =pu(l) = 5 p2(P™) = pu(2) = £
The displayed values are independent of €, and they are distinct since

2 3
575

3
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Together these factorization and envelope lemmas give the deterministic bridge from the
conditional-independence restrictions to the matrices used in the compressed operator. The
latent mean and effect envelopes place every quotient law in the common support interval fixed
by Definition 26.

The following algebraic facts are used to pass from factored proxy moments to the compressed
spectral representation.

Lemma 9. [lem:witness-latent-effect| (Witness latent effects) For every collision-witness
effect displacement ¢ € R with 0 < ¢ < 1/8 and every latent class uw € {1,2}, the latent-
class treatment effect T, from Definition 23 under the two-class Bernoulli witness law P¥' from

Definition 55 is
1
: -, u=1
T Pw1t — 4 ’ )
Proof of Lemma 9. Fix 0 <& < 1/8. For a Boolean variable b, write

b, bzl, R 1, bzl,
b:: b =
Bo(®) {lp, b=0, { b=0.

For latent class r € {1,2}, put

2/5, r=1, 1/2—¢, r=1,
Pr = qr =
3/5, r=2, 1/2+e, r=2.

The range of £ puts all Bernoulli parameters used below in [0, 1], so the finite weights of PEWit
are nonnegative.
The elementary mass assigned to the point indexed by (r,t,z, z,yo,y1) € {1,2} x {0,1}? is

wT(tv z, 2,90, yl) =DPr Bpr (t) Bbr (x) ﬁat,r (Z) 61/4(y0) ﬂQr (y1)7
where by = 1/5, bp = 4/5, and a;, is the displayed Z;-mean from Definition 55. At this point,
Y(0)=ys, Y(1) =y

For either s € {0,1}, the latent conditional mean from Definition 22 is the finite conditional
average

-1
:U‘ST'(PSWit) = ( Z wT(ta'IaZ’yanl)) Z wr(tvxvzaymyl)y(s)'

1,2,2,40,Y1 t,x,2,90,Y1

The denominator is
Z wr(t,x,z,yo,yl) = Pr,

t,$727y07y1

because each Bernoulli factor sums to one over its binary coordinate.
For s =0,

Z wr(taxaz7y07y1)yél$:pr Z /81/4(y0)y](]$:p7‘/47
£,2,2,90,Y1 y0€{0,1}
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SO .
Hor (PXY) = 1/4,
For s =1,

Z w?‘(tvxazay(hyl)y]ﬁ = Pr Z qu(yl)ylﬁ = Prqr,
1,2,2,50,Y1 y1€{0,1}

and hence .
,Ulr(Pgmt) = qr-

Using the definition of the latent-class treatment effect in Definition 23,

, - . 1
TT(PeWIt) = Nlr(Pngt) - /‘OT(PeWIt) =4qr — 1
Substituting the two values of ¢, gives
: 1 1 1 . 1 1 1
PWlt: - _ -~ _ PWlt: - - = )

O

Lemma 10. [lem:witness-observed-arm-mass| (Observed arm mass) For any collision-
witness effect displacement € and any treatment arm t € {0,1}, suppose that

o (Lower bound.) 0 <e.
e (Upper bound.) ¢ < 1/8.

For the two-class Bernoulli proxy witness law P> from Definition 55, its observed-data marginal
from Definition 20 satisfies

. 12/25, t=0
PYo(T =1t) = ’ ’
Fo(T =1) {13/25, t=1.

Proof of Lemma 10. Fix ¢ with 0 <e <1/8 and fix ¢t € {0, 1}.
1. Define the observed arm set
Army = {(T, X, Z,Y) € Ogp : T = t}.
For a full-data record w, let O(w) = (T(w), X (w), Z(w),Y (w)). Then
O~ Y (Army) = {w : T(w) = t}.

The coordinate map O is measurable and Arm; is measurable, so {w : T(w) = t} is
measurable. By Definition 20,

(PY %o (Army) = PYw : T(w) = t}.
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2. For g € R and r € {0,1}, put

Blg,r) = {q’ ril’

The finite witness law in Definition 55 assigns to the atom indexed by
u € {172}7 $,T,2,Y0,Y1 € {071}
the real weight

e (U, 8,7, 2,90, Y1) = Pu B(Pus ) B(Tu, T) 6(58,1“ z) B(1/4, yo0) B(Uu,sa Y1),

where
2 3 1 4
plzg, P2=3, h=z B=g
7 3 3 7
31,1 = 20° 31,2 = 1 30,1 = 10 302 = 10
and
1 1
01,525_57 02,625—1_6'
The bounds on ¢ give
0<p,e<1 (u=1,2),
and all the other displayed Bernoulli parameters also lie in [0,1]. Hence every

we(u, s, x, z,yo,y1) is nonnegative. Therefore the real mass of the full-data arm event is
the ordinary finite sum

2

PPw:Tw)=t}=> > we(uszz27y0)1{s =t}

u=1 Saz7z)y07y1€{011}

3. Selecting the treatment coordinate in the finite sum gives
2 2
Z Z ms(uasyx’zay[)ayl) ]-{S:t}zz Z ms(u7tam7zvy07yl)'
u=1 $,2,2,40,Y1 6{071} u=1 Z,2,Y0,Y1 6{071}
This is the two-case calculation ¢ = 0 and ¢t = 1: exactly one value of s has indicator one.

4. For each fixed u € {1,2} and t € {0,1},

Z ma(u)ta$727y07yl)
m,z,yo,y16{071}

=puBput) | Y Bwr) | | D BGru?) > B(1/4,50) > BOwe )

z€{0,1} 2€{0,1} yo€{0,1} y1€{0,1}

Since (q,0) + 5(g,1) = 1 for every ¢, the four nuisance factors sum to one, and hence

Z ms(u7taxuz7y07yl) :puﬂ(p’llnt)

Z,2,Y0,Y1 6{071}
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5. Combining the preceding identities,

2
(Pavm)O(T = t) = Zpug(pmt)-
u=1
If t =0, then
2
23 32 12
u u70 =Tz TE = A’
uzz:lp Blpu:0) 59 + 55 25
If t =1, then
2
22 33 13
u Uy 1)=—-- TE T A’
uzz:lp Blpu:1) 55 + 55 25
Thus
- 12/25, t=0
PYo(T =t) = ’ ’
(F)o(T =) {Bmat:L

O]

Lemma 11. [lem:witness-target-feature-determinant| (Witness feature determinant) For
every collision-witness effect displacement € € R satisfying 0 < e < 1/8, let PV be the two-class
Bernoulli proxy witness law from Definition 55, and let B be its target-proxy feature matrix from
Definition 25. Then

3
BooB11 — Bo1Bio = 5

Proof of Lemma 11. Fix ¢ € R with 0 < e < 1/8. By Definitions 25 and 55, the entries of the
target-proxy feature matrix are

Biu = Epwi|X; | U = u].

Since X = (1, X5) ", with conditional means E[X, | U = 1] = 1/5 and E[Xs | U = 2] = 4/5,
this gives, in the statement’s zero-based coordinate order,

(1 1
S \1/5 4/5)°

BooB11 — Bop1Bip =1+

Therefore

O

Lemma 12. [lem:witness-reference-feature-determinant] (Witness reference-feature de-
terminant) For the two-class Bernoulli witness law PX and the reference-proxy feature matriz
Ay in Definitions 24 and 55, suppose

e (Perturbation range.) The collision-witness effect displacement € satisfies 0 < e < 1/8.

o (Arm.) The treatment arm t is binary, t € {0,1}.
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Then 5
det(At) = g

Proof of Lemma 12. By Definitions 24 and 55, the entry A4(r,u) is the conditional mean of the
rth coordinate of Z = (1, Z3)" in latent class u € {1,2} and arm t. The first coordinate of Z is
identically one. Conditional on (U, T'), the variable Z3 is Bernoulli with the displayed conditional
means, while the remaining Bernoulli coordinates are nuisance factors whose conditional masses

sum to one. Thus
(1t 1 (o
= \3/10 7/10)° "o \7/20 3/4)°

3 7 7 3
At(17u) = 17 A0(27 1) = E7 A0(272) = Eu A1(27 1) = %7 A1(272) - Z

Equivalently,

The assumptions 0 < ¢ < 1/8 ensure that these conditioning cells have positive mass, so the
displayed conditional means are the ordinary finite conditional averages.
For a 2 x 2 matrix C, write

det(C) = CllCQQ — 012021.

There are two arm cases. If ¢t = 0, then

7 39
A)=1-——1.2 =%
det(Ap) 10 10 5
If t =1, then
3 7 15 7 2

det(A)=1-2—1. L —=2_" _2
et(41) 1 20 20 20 5

Since the arm assumption is exactly ¢ € {0, 1}, these two computations give det(A4;) = 2/5. O

Lemma 13. [lem:path-proxy-rank-margin| (Path proxy-rank margin) Let P, be the
factorization-preserving two-class path law of Definition 51. Suppose that

e (Gap range.) 0 < g <1/4.
e (Tangent amplitude.) |h| < 1/100.

Then Py, satisfies the prozy-rank margin in Assumption 10 with proxy-rank singular-value mar-
gin o9 = 1/10: the reference-proxy feature matrices Ay and Ay from Definition 24, and the
target-proxy feature matriz B from Definition 25, all formed from P, have smallest singular
value at least 1/10.

Proof of Lemma 13. 1. Definitions 24, 25 and 50 give the feature matrices of P, ;. Under
|h| < 1/100, the denominators below are positive, and

1 1 1 1
Ao(h)=| 35h+9 7|, Au(h)=| 225h+28 3
10(5h+3) 10 20(15h +4) 4
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while
1

1
B(hy= {1 12/25—h/5
5  3/5-h
Thus the matrices Ag, A1, B in Assumption 10, formed from P, j, are Ag(h), A1(h), B(h),
respectively.

. The undisplaced reference features have singular-value slack 1/5. At h =0,

11 11
AO(O):<3/10 7/10)’ Al(o)z(?/zo 3/4)'

For every v = (v1,v2) " € R?,

146(3v1 — Tg)? + (549v1 + 641v7)? -0
2883 =

1
100 (HAO(O)ng — 25|yvyy§> = 10503 +2420 V9414503 =

and

1
400 <|]A1(0)UH§ - 25||u||§> = 43303 +1010v V2460905 = 78399

The variational characterization of the least singular value therefore gives

1 1

omin(A0(0)) > 5 omin(A1(0)) > £

. Define the reference-feature entry displacements

35h +9 3 225h + 28 7

x1(h) :

h) - = conw e L
xo(h) 20(15h +4) 20

T 10(5h+3) 10
Then

Ao(h) = 49(0) + <><o(2h) 8) L Au(h) = A(0) + (Xfém 8) .

Since |h| < 1/100,

59
10(5h+3) > =, 20(15h+4) > 77,
and the algebraic identities
20h 120
By = hy=_ -2
o) = M= e
give
20/100 2 1 120/100 6 _ 1
h)| < = —< — < = — < —,
ol s 5075 =305 5500 b= — 85 = 50
For any real ¥,
0 0
<
H (x 0> < Ixl,

op

because its action sends v to (0, xv) .

therefore yields, for t = 0,1,

Weyl’s singular-value perturbation inequality

1 1 1
, > O - > >
Omin(At(h)) > omin(A¢(0)) 5 > % 2 10

Ut =

o8

2168(7v1 — 15v2)2 + (501501 + 5919v9)? -0



4. The target feature is handled in the same perturbative form, starting from

11
BO) = <1/5 4/5)'

For every v € R?,

159(3v; — 4v2)? + (187v; + 23603)?

1
25 <||B(0)v|y§ — 25||U||§) = 25024580 V9 +40v5 = IR >0,
SO 1
With
) 12/25 — h/5 4
XBUW =35 —h 5
we have (3/5)h
0 0 3/5
B(h) = B(0 h) = .
0 =50+ () (o) e = 42

The bound |h| < 1/100 gives 3/5 — h > 59/100, hence

(3/5)(1/100) 3 1
‘XB(h)| < W = ﬁ < %

G Y,

for any real x, since its action sends v to (0, XUQ)T. Another application of Weyl’s inequal-
ity gives

Also
< [x|

1 1 1
O'min(B(h)) > Umin(B(O)) - % > % > E

| =

5. Combining the three estimates,

. . 1
mln{Umin(A0)7 Umin(Al)a Umin(B)} = mln{amin(AO(h))y Umin(Al (h))) Umin(B(h))} > E
This is the proxy-rank margin of Assumption 10 with og = 1/10.

O

These linear-algebra statements justify the rank thresholding and anchored diagonaliza-
tion used by the lattice estimator. The condition-number bound provides an explicit finite-
dimensional constant for perturbing between feature coordinates and the compressed spectral
coordinates.

The Wasserstein comparisons use a one-dimensional dual potential and the coordinate rela-
tion between the Euclidean summary metric and dg.

Lemma 14. [lem:path-model-membership| (Path model membership) Let g,h € R. Suppose
that

e (Gap range.) 0 < g <1/4.
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e (Path displacement.) |h| < 1/100.

Then the path law Py, of Definition 51 belongs to the uniformly conditioned model class M of
Definition 32 with

k=d,=d.=2,  L=2  m=1/10,  oy=1/10.

Equivalently, Py satisfies the core numerical domain for k = d, = d, = 2, together with
Assumptions 1 to 10, using latent-arm positivity margin 1/10 and proxy-rank margin 1/10.

Proof of Lemma 14. 1. Write the two latent classes as v = 1,2, and write ¢, x, z,yo,y1 €
{0,1} for the binary coordinates in the finite support of the path. Put
2 3
=24, =2
PL=g P2 = ¢
and
‘ u=1 u =2
w1 (u) % + % 2% — %
wl) | §+% &%

For a Bernoulli coordinate r € {0, 1} and success probability 6, set

1-6, r=0,

bm(r; ) = {0 1

The path assigns the atom (u,t,x, z, Yo, y1) mass
Lwi(w)

1
Pu bm(t, ’ > bm(z; 5,) bm(z; o) bm(yo; 4> bm(y1; 7).

u

where 1 12/25 — h/5
B = 5 B2 = 3/57_]17
S 225h + 28 N 3 a1 — 35h +9 N 7
M oosn+4) T4 T T 106R+3) TP 100
and L )
_-_9 -9
m = 9 9’ 12 9 + 9"
Since |h| < 1/100,
2 39 3 59 77 59
4+ h>— - —h>— 15h +4 > — 5h+3>—.
5 th= 100’ 5 ~ 100’ ta= 20’ te= 20
A direct check of the two latent classes gives
o< o1 <<l 0famsl,
Pu

and 0 < n,, <1 follows from 0 < g < 1/4. Thus every displayed atom mass is nonnegative.
Summing first over the Bernoulli success and failure values gives

w1 (W 1
> bm(t; ;( )) bm(ﬂc;ﬁu)bm(Z;ozt,u)bm<yo; 4> bm(y1;7u) = p1 +p2 = 1.

u
u:t»172790791

Hence P, , is a probability law on the full-data record space with k = d, = d, = 2.
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. The numerical core domain in Definition 32 is
1

0< — <1.

1<2, 0< <L <
2. 10

L
10
. For Assumption 1, fix a latent-arm cell (U = u,T = t). For bounded measurable test

functions ¢z of Z and 1 xy of (X,Y), the finite conditional sums over the atom weights
factor as

Epg,h[g02(Z)¢Xy(X, Y) ’ U= U,T = t] = EPg,h[SOZ(Z) ’ U= u,T = t] Engh[wXY(Xa Y) | U= U,T = t] .

Indeed, conditional on (U = u,T = t), the factor depending on z is bm(z;at,,), while
the factors determining X and Y are functions of z,yp,y; and the fixed arm ¢. The
normalizing denominator is the same finite latent-arm mass in all three conditional means,
so expanding the four binary nuisance sums gives the displayed product identity.

. For Assumption 2, fix U = u. For bounded measurable test functions ¢x of X and ¥y
of (Y.T),

Ep, lox(X)yr(V,T) | U = u] = Ep, ,[ox(X) | U =ul Ep, ,[yr(Y,T) | U = 4] .

After conditioning on U = u, summing over z uses

1

Z bm(z; ony) =1

z=0

for each arm t. The remaining finite sum separates the z-factor bm(z; 5,) from the factors
depending on ¢, yo, y1, and hence on (Y, T).

. For Assumption 4, fix a treatment state r € {0,1} and a latent class w. For bounded
measurable test functions ¢, of the potential outcome Y (r) and i of T

Ep, [or(Y (r))r(T) | U =u] = Ep, ,[¢r(Y (1)) | U = ul Ep, ,[{7(T) | U = u].

This is the same finite-product calculation: the Bernoulli factor for Y (r) depends on u
and r, while the Bernoulli factor for T" is bm(¢; w1 (u)/py)-

. Every support point of P, records the observed outcome as Y = Y (T'), which gives
Assumption 3. Every support point also has X = (1,z)", which gives X; = 1 and hence
Assumption 5.

. The boundedness conditions hold supportwise. Since X = (1,2)" and Z = (1,2)" with
z,z € {0,1},
X2 < V2 <2.

For every vector v,
1ZX Tolla = 12112 1X "o < |1 Z]12 [ X Iz o]z < 2[jvll2,
50 |[ZX Tlop < 2. Since Y € {0, 1},
1Y ZX T lop < 12X lop < 2.

Thus Assumptions 6 to 8 hold with L = 2.
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8. The latent-arm cell masses are precisely the four displayed values w;(u). From |h| < 1/100,

4 3h 4 3 1 9 3h 9 3 1
mt =20 s 2 T — 2 =2,
25 5 — 25 500 — 10 25 5 25 500 10
and
6 2h 6 1 1 6 2h 6 1 1
mt = 20 T a5en 2 T 2= 2
25 5 — 25 250 7 10 25 5 25 250 10
Therefore 1
i P,U=uT=t)>—,
ue{l,g}l,l?e{o,l} ol b )2 10
which is Assumption 9 with 7y = 1/10.
9. By Lemma 13,
. 1
min{oy(Ap),02(A1),02(B)} > 10

for the reference- and target-proxy feature matrices formed from P, ;. Hence Assump-
tion 10 holds with og = 1/10.

10. Combining the core domain with the model restrictions just verified gives
Pg’h eM

fork=d,=d,=2,L =2, m =1/10, and oy = 1/10, as required by Definition 32.
O]

Lemma 15. [lem:path-gap-stratum-membership| (Path stratum membership) For real num-
bers g and h, suppose that

e (Gap scale.) The local effect-gap scale satisfies 0 < g < 1/4.
e (Path displacement.) The path displacement satisfies |h| < 1/100.

Then the path law Py, of Definition 51 belongs to the gap-local stratum M(g) of Definition 41,
with L = 2, mop = 1/10, and o9 = 1/10. Equivalently, Py; € M as specified by Definition 32
and Assumptions 6, 9 and 10, its smallest positive effect gap 6(Py ) from Definition 27 satisfies
the gap window of Assumption 11,

5 <0(Py) <20,

and its latent effects from Definition 23 are distinct as in Assumption 12.

Proof of Lemma 15. Write P = P, . The hypothesis 0 < g < 1/4 gives 0 < g. Also |h| <1/100

gives
1 1

- <h<—,
100 = — 100
Thus the detailed path construction in Definition 50 applies throughout the tangent-amplitude

domain and yields the full-data probability law P, .
Under the same bounds 0 < g < 1/4 and |h| < 1/100, Lemma 14 gives

hence —-1<h<1.

Pg7h eM
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for k=d, =d, =2, L =2, mp =1/10, and o9 = 1/10. This supplies the model restrictions in
Definition 32, including Assumptions 6, 9 and 10.

It remains to check the gap-local conditions. By the explicit construction in Definition 50,
the latent-class masses are

2 3
p1(P) = -+ h, p2(P)= ¢ —h
5 5
The displacement bound gives
2 1 39 3 1 59
P)>-——=—>0 P)>-——=—>0.
nP)ze-90= 100> % PP)Z5 755" 100~

These are the positive-mass classes entering Definition 27 and Assumption 12.
Again by Definition 50, the latent conditional potential-outcome means are

_ 1 1 g 1 n g
H01—M02—4, ,u11—2 9’ ,u12—2 9
Using Definition 23, the corresponding latent effects are
L g L g
P) = — = - — = P) = - =7 "
T1(P) = p11 — Hot 19 T2(P) = p12 — poz 4+ 9

Since g > 0, these two effects are distinct, and their distance is

n)-ne)l=|(3-5) - (5+4)|=1-d -

The same value is obtained with the two classes interchanged, while equal-index pairs are ex-
cluded by the condition 7, # 7, in Definition 27. Hence

{‘Tu(P) _TU(P)| :pu(P) > 0, pv(P) > 0, Tu(P) %TU(P)} = {g}v

and therefore

6(P)=yg
Consequently,
g <4(P) < 2g,
because 6(P) = g and g > 0. Also,
1 g 1 g
P)=-—-=<-+4+==7n(P

so the positive-mass latent effects take exactly 2 = k distinct values. This is Assumption 12.
Combining P, ), € M, the gap domain 0 < g < 1/4, the displayed gap window, and distinct
effects gives
Py € M(g)

with L =2, mp = 1/10, and oy = 1/10, as required by Definition 41. O

Lemma 16. [lem:path-local-weight-experiment| (Path local weight membership) Letn €
N, let cioc € R be the local Kullback—Leibler radius constant, and let g,h € R. Assume:
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(Local radius.) 0 < cjoc < 1, as in Definition 49.

(Gap scale.) The local effect-gap scale g is in the gap window of Assumption 11, with
0<g<1/4.

(Path displacement.) The path displacement satisfies |h| < 1/100.

(Observed KL calibration.)
16000 g2h2 < %’

Then the path law Py, from Definition 51 belongs to the local labeled-weight experiment L5, 4 of
Definition 57 with L = 2, my = 1/10, and o9 = 1/10. Equivalently, P, € M(g) as in Defini-
tion 41, and its observed-data marginal from Definition 20 obeys the neighborhood condition of

Assumption 14:
Cloc

DkL((Pyn)o || (Pao)o) < 2, Pyo=PUL.

n

Proof of Lemma 16. The bound |h| < 1/100 gives —1/100 < h < 1/100, hence also h € [-1,1].
On this range the latent masses

2 3
—+h ——h
5 +h 5
belong to [0,1]. The treatment Bernoulli probabilities are obtained by dividing
4.3, 9 3
25 57 25 5

by the corresponding latent masses, and the same bounds on A make each numerator nonnegative
and no larger than its denominator. The target-proxy probabilities

1 12/25 — h/5

5’ 3/5—h

also lie in [0, 1]. For the reference-proxy probabilities, |h| < 1/100 gives positive denominators

and

225h+28 o 85ht9
= 20(15h +4) — = 10(5h +3) =

while the remaining displayed values 3/4 and 7/10 already lie in [0, 1]. Finally 1/4 and 1/2+¢/2
are Bernoulli probabilities because 0 < g < 1/4. Thus all finite product weights defining P, 5 in
Definition 50 are nonnegative, and summing those product weights over

(RS {172}7 ta$727y0>y1 € {07 1}

leaves the two latent masses, whose sum is one. Hence Pj} is a probability law. The same
argument applies at h = 0, and Definition 50 gives

P, = Pg%t.
By Lemma 15, the hypotheses 0 < g < 1/4 and |h| < 1/100 imply

Pg,h € M(g)
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with L =2, mp = 1/10, and o¢p = 1/10. The local-radius hypothesis supplies
0<cpe <1.
It remains to verify the local observed-neighborhood inequality. Let

Cellyis := {0, 1}%.

For (t,z,z,7) € Cellyis, define

2
Y)Y PunU=uT=1,X=22=2Y0)=5Y(1)=9), =1,
. u=1goe{0,1}
- 2

Y PunU=uT

0, X

no
Il
&
N
Il
f\“
»~<
—
(@)
S~—
Il
<
>.<
—
—
N—
Il
<
s
S—
Sl
Il
(@)

Let Vis, , be the atomic law on Celly;s with these singleton masses. The map

Vis(f,7,2,9) = (£,(1,2)",(1,2)",7)
pushes Vis, ;, to the observed margin:
(Visgn) o UL = (Pya)o-
Therefore data processing gives

Dxr((Pyn)o |l (Pyg0)o) < DxrL(Visgn || Visgo) -

At h = 0, direct expansion of the sixteen visible cells gives

t=0, (z,2)| §=0 g=1 =1, (z,2) | 7=0 g=1
(0,0) 279/2500 93/2500 (0, 0) (253 + 163¢)/5000 (253 — 163g) /5000
(0,1) 171/2500 57/2500 (0,1) (247 — 23g)/5000 (247 + 23g)/5000
(1,0) 171/2500 57/2500 (1,0) (29 — 169) /625 (29 + 164) /625
(1,1) 279/2500 93,2500 (1,1) (71— 649)/625 (71 + 64g)/625.

Since 0 < g < 1/4, every entry in these two tables is at least 1/1000. Hence

Visg of{(t,Z,2,9)} > 1000 for every (1,7, z,7) € Cellyis,

and Vis, j, < Visy o.
For each visible cell, the same finite expansion gives the exact displacement

. _ _ . o 1 —2y) Buis x,z h7 17:1,
visg (t, T, 2, §) — visgo(t, Z, 2, §) = ( y) Buis(®:2) g _
0, t=0,
where
3 9 3 9
,BViS(O,O) = /BViS(()? 1) = Bvis(la 0) = Bvis(la 1) =

25 257 100 100°
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All four coefficients are at most one, and g > 0, so
|Vng7h{(t7, Z,Z, g)} - Vng70{(f, z,Z, Q)H < g|h|

for every visible cell.
For finite probability laws p < q with positive base mass on every cell,

Vi — v 2
Daple) <), )= 3 PSS
UECe”ViS

using logr < r — 1 for the first inequality. Applying this with p = Vis,j, and q = Vis, o, the
preceding floor and displacement bound yield, cell by cell,

(Visyn{v} — Visyo{v})?
Vng,O{U}

There are 16 visible cells, and therefore

< 1000 g?h2.

Dy (Visy, || Visgo) < 16000 g*h*.
Combining data processing with the last display and the assumed calibration gives

Dx((Pyn)o || (Pro)o) < 16000 g%h? < 2,

Using P, o = PQV%, this is exactly the neighborhood condition in Assumption 14. Together with
P,y € M(g), it proves
ngh S thg

as defined in Definition 57. O

The potential lemma is the dual device behind the W; modulus for represented atomic
laws. The two summary-metric lemmas place the finite-dimensional summary topology and the
selection loss on a common continuous footing.

The next group records the witness and path bookkeeping used in the lower-bound section.
The statements give explicit masses, effects, observed arm probabilities, determinant margins,
model membership, and local-experiment membership for the two-class laws.

Definition 62. [synth_26] (Ordered aggregate mass map) For a labelled representative & =
Zle w0z, € P<i([~Lr, L;]), define orderedMasses(¢) € R¥ as follows. If every labelled weight
is positive and the labelled atoms are distinct, then its jth coordinate is the mass of the atom
whose support rank is j:

k
orderedMasses(§); := Zwil{#{f cxp<wmit=7j}, j=0,....k—1
i=1

If some labelled weight is zero or two labelled atoms coincide, set orderedMasses(§) :=

(1/k,...,1/k).
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Lemma 17. [lem:ordered-masses-measure-invariance| (Ordered masses are representative-
invariant) Fiz k € N and a real support radius. Let v and & be valid labelled atomic representa-
tives with k slots in the corresponding compact interval, as in Definition 29. If v and & represent
the same aggregated probability measure, then their ordered-mass vectors coincide:

orderedMasses(v) = orderedMasses(§).

Proof of Lemma 17. Write the two labelled representatives as

V= ((wiy)iEIw (X{j)iefk)7 £= ((wf)iellw (Xis)iEIk)’ Iy = {07 N 1}'

Validity means
0 < wy, ngf, Zw{’zl, wazl,
i€l icly
with all labelled atoms lying in the prescribed compact interval. For any labelled representative
¢ = (@), (x0), put
supp, (¢) == {Xf el 0< wf}

If kK = 0, there are no vector coordinates to check.

1. The equality of represented probability measures gives equality of aggregate mass at every

real point:
Z wi = Z wf for every r € R.
b=t i =t

Indeed, by Definitions 6 and 29, the represented measure assigns {¢} the aggregate of

the positive parts of the labelled weights at r; validity gives max{w/,0} = w/ and

3

max{wf,O} = w;. Evaluating the common represented measure on {r} gives the dis-

played identity.

2. Consequently,
supp, (v) = supp  (£).

If r = x{ and 0 < @, then the aggregate mass of v at r is positive. By Item 1, the
aggregate mass of £ at ¢ is positive, and nonnegativity of the labelled weights yields some
j € I}, with

3

Xj =1, 0<wj5.

This proves one inclusion, and the reverse inclusion follows by interchanging v and &.

3. For a representative (, define the rank of a labelled slot by

rank¢(i) := #{q € I, : Xg < Xf}

The counted set excludes i, so
rank (i) < k.
Moreover, if Xf < xjc, then
ranke (i) < ranke(j),
because the first counted set is contained in the second and i belongs to the second but

not the first. Hence, whenever i — Xf is injective, the map i — rank(i) is injective, and
therefore bijective on the finite set 1.
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4. The following full-support criterion holds:

¢

#supp, () =k <= [(Vi €ly, 0<w;)andi— Xf is injective] .

For the forward implication, supp, (¢) is the image of {i € I}, : 0 < wic } under i — Xf, SO

#supp, (() <#{iel:0< wf} <k.

If the left side equals k, both inequalities are equalities; thus every labelled weight is posi-
tive, and equality in the image-cardinality bound gives injectivity of the labelled locations.
The reverse implication follows because all k labelled slots are then positive and distinct.

5. Suppose first that
#supp, (v) = k.

By Item 2,
#supp, (§) = k.

Then Item 4 gives
O<w’, 0<w  (iel),

and both labelled-location maps are injective. For either such full-support representative
¢, Definition 62 gives

17

orderedMasses (().ank, (i) = Z wgl —
q: rank¢ (q)=rank (i)

where the last equality uses the rank injectivity from Item 3.

6. Fix a coordinate v € I. Since the rank map for v is bijective by Item 3, choose i € I, such
that
v = rank, (i).

The support equality in Item 2 gives j € [}, with

szx{’, O<wf.

Using Item 1 at r = x{, and using injectivity of both labelled-location maps to collapse
the two sums, yields
_ _ E_ ¢
S S
9 Xa=X{ 9 XG=XY

7. For each q € Iy, Item 2 supplies a slot ¥(q) € I} such that

oV
Xop(q) = Xa-

The map 1 is injective: if 1(q1) = ¥(q2), then x, = xi,, and injectivity of the locations

3

of v gives q1 = q2. Thus % is bijective. Since also X; = xi, for every q € I,

G = X <
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The bijection 1 therefore identifies the two sets counted by the ranks, so
rank, (i) = ranke(j).
Combining this rank equality with Items 5 and 6 gives
orderedMasses(v), = wj = wf = orderedMasses(&)..

Since t was arbitrary, the ordered-mass vectors are equal in the full-support case.

8. It remains to consider
4 supp., (v) # k.
By Item 2,
# supp (£) # k-

Using Item 4, the positivity-and-injectivity condition in Definition 62 fails for both repre-
sentatives. Hence both ordered-mass vectors take the barycentric fallback value:

orderedMasses(v), = k~! = orderedMasses(£); for every v € I,.
Thus the ordered-mass vectors are equal in the complementary case as well.

The two cases prove
orderedMasses(v) = orderedMasses(§),

as required. O

Lemma 18. [lem:observed-outcome-proxy-moment-factorization| (Outcome proxy mo-
ment factorization) Let P, a full-data probability law carrying (U, T, X, Z,Y (0),Y(1),Y), belong
to the model class M in Definition 32. Suppose that

e (Latent classes.) 2 < k.
e (Positivity margin.) The latent-arm positivity margin satisfies mo > 0.

e (Model conditions.) The reference- and target-proxy separation, consistency, latent
ignorability, latent-arm positivity, bounded outcome-proxy product, and bounded target-
proxy conditions in Assumptions 1 to 4, 6, 8 and 9 hold.

Then, for each treatment arm t € {0,1},

PU=uT=t)
P(T =1)

Ny(P) = A, Ty diag{jupy : 1 <u<k}B', T,= diag{ l1<u< k:}

Here N¢(P) is the observable armwise YZXT population moment in Definition 28, A, is the
reference-proxy feature matriz in Definition 24, B is the target-proxy feature matriz in Defini-
tion 25, and py, is the latent conditional potential-outcome mean in Definition 22.
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Proof of Lemma 18. Step 1. Fix t € {0,1}. For 1 <wu <k, put
Uu = {U = u}, Rt = {T = t}, Hu,t = Uu N Rt.

For a full-data event ¢ and a real-valued measurable function ¢, write
B o)1= (P} [paP
4

with the total convention 0~! = 0. The latent-arm positivity assumption gives, for every u,
0 <my < P(Hyy) < P(Uy).

Also, Lemma 3 gives
k‘ﬂo S P(Rt),

and since 2 < k and 0 < 7,
0 < kmy < P(Rt)

Thus all normalizations used below have positive denominators on each latent class, each latent-
treatment cell, and the treatment arm.

Step 2. Let P be the normalized restriction of P to U,,, equivalently the probability law with
density P(U,) '1y, with respect to P. Latent ignorability in Assumption 4 gives independence
of Y(t) and T under P;. Therefore

Y(t)dP; = P;’(Rt)/Y(t) dpPS,  PS(R;) = :
Rt

Using the normalized-restriction formula on both sides,

1 B PHy:) 1
PG ., YO = 5 g [, Y0P

The positive denominators from Step 1 allow cancellation, giving

Efy, Y (1)] = B[V (8)] = pte,

where the last equality is Definition 22. On Ry, consistency in Assumption 3 gives Y = Y(¢)
almost surely, hence
Eﬁu,t [Y] = Eﬁu’t [Y(t)] = lu’tu‘

Step 3. Fix coordinates 1 <1, < d, and 1 < 1, < d,. Target-proxy separation in Assump-
tion 2, applied under Py, gives independence of X and (Y,T') conditional on U = u. Define

Uy, s) =y 1{s = t}, (y,s) € R x{0,1}.

The product identity under P, gives

/XLIM(Y,T) AP, = (/XLI dej) </¢t(Y,T) dPE).

The three terms are )
X Y. T)dP® = X, YdP
/ Lz/(/]t< 9 ) u P(Uu) Hu,t 12 )
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1

X, dP° = X, dP, / (Y, T)dP° = —— | YdP.
/ U TR = B0

Multiplying by P(U,)/P(H,+) and using Step 1 yields
Ef;, , [X.. Y] = E{, [X,)Ef, [V].

By Definition 25 and Step 2,
Efy,, [X., Y] = Blia u) v

Step 4. Let P, be the normalized restriction of P to H, ;. Reference-proxy separation in
Assumption 1, apphed under Py, gives independence of Z and (X,Y’) on the latent-treatment
cell. Applying the product 1dent1ty to Z,, and X, Y

/Z X, YdPy, = (/Z dP;,t) (/XLszP;’,t)-

Eﬁu,t [ZLZ XLZ Y] = Eﬁu,t [ZLZ] Eﬁu’t [XLI Y] °

Equivalently,

Combining this identity with Step 3 and Definition 24 gives the cellwise factorization
Eﬁu,t [YZLZ XLz] = At(LZ7 U) Mt B(L:L‘7 ’LL)

Step 5. Set
(PL27L:E = YZLZXLI'

The bounded outcome-proxy product condition in Assumption 8 implies
|(10Lzyl'z| = ‘YZLZXL1| S ”YZXTHOP S L

almost surely, since every matrix entry is bounded by the operator norm. Thus ¢,_ ,, is integrable
on every latent-treatment cell. The treatment arm decomposes as the disjoint finite union

k
Re= | | Hus,
u=1

SO

/ SOLZJJI d‘P Z/ SOLZJ’(L‘
Hu t

Dividing by the positive arm mass from Step 1 and rewriting each cell integral as a conditional
mean gives

k
P(Huy)
Rt @Lz’bz Z P(F;Lt) ]Eﬁu’t [gpbzyLz]'
u=1
Substituting Step 4,
PU=uT=t
EE[YZ,.X,]= ZAt o 0) = p—g ) iv Blow, ).
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Step 6. By Definition 20, Py is the pushforward of P by O = (T, X,Z,Y). Hence the
observed-arm conditional mean agrees with the corresponding full-data arm conditional mean:

Ep,|YZ, X, | T=1=E}[YZ,_X,]

The armwise Y ZX | moment notation in Definition 28 identifies the (¢, ¢,) entry of Ny(P) with
this same full-data conditional moment. Therefore

U=uT=1t)
P(T =1)

k
NP (t201) = 3 Arlozr) b Bliz. ).
u=1

With

Ft:diag{P(U:u’T:t) :1§u§k},

the (¢4, ty) entry of
ATy diag{ptn : 1 <u<k}B'
is exactly the displayed sum. Since ¢, and ¢, were arbitrary,
Ni(P) = ATy diag{pi : 1 <u <k} B
O

Lemma 19. [lem:latent-arm-weight-invertibility] (Latent-arm weight injectivity) Let
P be a full-data probability law carrying (U,T,X,Z,Y(0),Y(1),Y), and let mg > 0. Suppose P
satisfies latent-arm positivity with margin m, as in Assumption 9. Then, for each treatment
arm t € {0,1}, the diagonal matriz

I, = diag { P(UP(:T“’ZJ;): D.we a,... k}}

defines an injective linear map on RF.

Proof of Lemma 19. Fix t € {0,1}. For a latent coordinate u € {1,...,k}, set

P(celly)

cellyt :={U =u, T =t}, arm; := {T = t}, Yt = Parmy)

By the definition of I';, this matrix is diagonal and its uth diagonal entry is 7, ;.
We first show that every diagonal entry is bounded below by the positivity margin. By
Assumption 9,
7o < P(cellyy).

Moreover cell, ; C arm;, so monotonicity gives
P(cell,¢) < P(army).

Together with mg > 0, this implies
0 < P(army).

Since P is a probability law,
P(arm;) < 1.
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Hence, using mg > 0,
moP(army) < mp < P(celly ).

Dividing by the positive number P(arm;) yields

In particular 7, > 0, 50 v,,¢ # 0.
Now let z,y € R* and suppose I'yx = I';y. Taking the uth coordinate and using diagonality
gives
Yu,tLu = Yu,tYu-

Since 7y,,; # 0, cancellation gives
LTy = Yu-

This holds for every latent coordinate u, and therefore = y. Thus the linear map induced by
I'; is injective. ]

Lemma 20. [lem:moore-penrose-product-cancellation| (Moore—Penrose product cancella-
tion) Let C' € R™%S*" B € R®SX" and € R". Suppose that the linear maps represented by
C and by B, each with domain R", are injective. Then

(CB)I(C diag(u)BT) = (B")" diag(u)B".

Proof of Lemma 20. For any real rectangular matrix A, let AT denote its Moore-Penrose inverse,
characterized by

AATA=A,  ATAAT = AT (44T = 44T, (ATA)T = ATA

If the matrix map A is injective, then
ATA=1T.

Indeed, the first Moore—Penrose identity gives
A(ATA) = AATA = A.

Thus, for every vector z,
A{(ATA)z} = Az,

and injectivity of A gives (ATA)x = z. Hence ATA = 1.
Apply this observation to C and B. Then

c'c=1, B'B=I,
and transposing the second identity gives
BT(BHT =1,.

Set
G := (BN 'C".
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We verify that G is the Moore-Penrose inverse of CB'. First,
(cBNHG(CB"Y=cB"(B")'C'CB" =CI,I,B" =CBT,

and

G(cBNHG = BNH'cteBT(BY'¢t = (BN I,I,CT = G.
For the symmetry equations, the same cancellations give
(cB"HG =cB"(BN)'ct =ccr,
so (CBT@G)T = (CBT)G by the MoorePenrose symmetry of CCt. Also
G(CB") = BN 'ctcB" = (BB = (BB")" = BB,

so (G(CBT))T = G(CBT) by the Moore-Penrose symmetry of BBT. Thus G satisfies all four
Moore-Penrose equations for CBT, and uniqueness yields

(BN = (BHTCT.
Therefore, using associativity and CTC = I,
(CcB™)t (Cdiag(n)B') = (BNHYTCTC diag(p)B'
= (B")" diag(n)B".
This is the claimed cancellation identity. ]

Lemma 21. [lem:kantorovich-rubinstein-attaining-potential| (Attaining KR potential)
Let v and € be valid represented atomic laws with finite labelled slot sets: their weights are
nonnegative and sum to one. Let ¢, ¢ be the cumulative-distribution-gap sign Kantorovich—
Rubinstein potential selected for the pair (v,€). Then ¢, ¢ is one-Lipschitz, is normalized by

‘101/,5(0) = 07

and attains the Wasserstein distance of Definition 19:

Wi(v,§) = '/%,gdi/— /%,gdﬁ‘-

Moreover, for every e € R, if every one-Lipschitz function ¢ : R — R satisfying p(0) = 0 obeys

‘/s@dv—/wdﬁ‘Se,

Wl(V,f) S €.

then

Proof of Lemma 21. Write

V:Zpﬂ;x” fzij"syj’
i J
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with pi, gj >0, 325 pi = 3255 = 1. Define

F,(t) = Zpil{:vi <t},  Fe(t):= qul{yj <t},  A(t):=F(t) — Fe(t),

and let
1, A(t) >0,
s(t) =4 -1, A(t) <0,
0, A(t) =

The selected potential is

Since |s(t)| < 1, for all z,y € R,

‘QOV,E(:E) - Spu,ﬁ(y” =

S0 ¢ is one-Lipschitz. Also
0
o0e(0) = / s(tydt = 0.
0

We next record the finite one-dimensional transport identity used by the potential. For any
finite transport plan v = (v45) from v to &, put

Cy(t) ==Y vy (Hmi <t <ys} — Uy, <t <m:}).
1,3
Using the two marginal constraints of the plan gives

A(t) = C,(t) for every t € R.

Hence, with
Ey(t) == ~yijl{min(z;,y;) < t < max(z;,y;)},
12
we have

A1) < By (1),

Integrating and using
/ 1{min(z;,y;) <t < max(z;,y;)} dt = |z; — y;|
R

yields
/R|A<t>|dt§§j%j|xi—yj|.
%,

Conversely, the finite transport polytope is compact and the quadratic cost
2
Z Yig (i — yj)
i?j

75



therefore has a minimizer. If such a minimizer sent positive mass across some cut in both
directions, shifting ¢ = min{v;;, yu} from the crossing pairs (4, 7), (k,1) to (i,1),(k,j) would
preserve the two marginals and decrease the quadratic cost by

QE(SUk — x,)(yj — yl) > 0,

a contradiction. Thus the minimizer has no counterflow across any cut, and for that plan
|C5(t)| = E,(t) for every t. Consequently

S iles — il = [ B0 = [ 1a0) .
Together with the preceding inequality and Definition 19, this gives

Wi(n§) = [ 180 d.
R
It remains to evaluate the potential. For an atom a, set
Xa(t) =1{0 <t <a}—1{a <t <0}

Then
prela) = /R s(t)Xa(t) dt.

Interchanging the finite sums with the integral gives

[euctr=[oncdc= [ 5033 pa )= X a0 .
i J

For t > 0, the expression in braces equals (1 — F,(t)) — (1 — F¢(t)) = —A(t); for t <0, it equals
—F,(t) + Fe(t) = —A(t). Therefore

/eoy,gdv—/soy,gdfz —/Rs(t)A(t) dt = —/R|A(t)\dt.

Taking absolute values and using the preceding display for W gives

Wi (v, &) = '/cpy,gdu—/cpy,gdf‘.

Finally, suppose € € R and every normalized one-Lipschitz test function satisfies the displayed
bound. Applying that bound to the just-constructed ¢, ¢, which is one-Lipschitz and satisfies

0ue(0) =0, gives
Wl(u,é’) = ’/(Pu,édy_ /@V,{dg‘ <e
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Lemma 22. [lem:summary-metric-coordinate-comparison] (Coordinate metric comparison)
Let d, and d, be fized target- and reference-proxy dimensions, and let s, s’ be elements of the five-
block observable summary space in Definition 33. Equip this space with its coordinate Euclidean
distance psum- Then

ds(s,s') < (4Enta, 4, +dy) psum(s, 8),

where
Ent’r,c =cCr HJCH0P7

and J. : R — ({1,...,¢} = R) is the canonical coordinate identification.
Proof of Lemma 22. Write
Q= psum(37 8/)'

For d € N, put
[d]o:={0,1,...,d —1};

when d = 0, this set is empty and the finite sums below have value zero. Write

/ / / / / /
s = (817827 53, 84785)7 s = (817827837 84785)7

where s1,...,54 and s, ..., s} are d, x d, matrix blocks and s5, s5 € R% as in Definition 33.

1. Since pgum is the Euclidean distance on the full coordinate vector, each coordinate-block
projection is nonexpansive. Hence, for each £ =1,2,3,4,
1/2

> (Gse)y - (s))° <o,

i€[dz]o, i€[dz]o

and
1/2

3 ()~ (s5))° | <o

je [dL]O
In particular,

‘(Sf)ij - (slﬁ)l]| <o (K =1,2,3,4; i€ [dz]o’ j € [dw]0)7

and
[(s5); = (s5)i| <2 (5 € [dao)-

2. We use the following finite-dimensional entrywise estimate. Let ¥ € R"*¢, let ( € R satisfy
0 < ¢, and suppose
Uyl < ¢ (i€ rlo, i€ [co)-

For the canonical vector ej(c) € Re,

1Wel s < S W] < ¢

iG[T’]Q
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Thus, for every v € R with |[v[[2 <1,

1Wollz = || Y (Jev); Tel

i€lclo

2
<37 [(ew)il [[wel 2

i€lclo
<cr ||Jt2H0p ¢.

Using the ordinary matrix action and operator-norm convention in Definitions 8 and 11,
taking the supremum over the Euclidean unit ball gives

[¥]lop < Ent,.c ¢, Ent, . = cr || Jelop-

. Apply the preceding estimate with
r=d,, ¢ =dy, (=0

to the four matrix differences s; — s, £ = 1,2,3,4. The coordinate bounds from the first
step yield
|se — spllop < Entq, 4, o, 0=1,2,3,4.

. For the mean block, expand in the canonical basis of R%:

ss—s5= Y ((s5);— (Sé)j)e;(dm)-

iE[dz}o

The coordinate bounds and the triangle inequality give

lss = sklla < > [ (s5) — (s5)i] < da e
je[dac]o

. Substituting the four matrix-block estimates and the mean-block estimate into the defini-
tion of dg in Definition 33 gives

4
ds(s,s") = D llse = shllop + |55 — s5]I2
=1

<4 Enty, q, 0+ds0
= (4 Entg, 4, —|—dw)psum(s, s').

O]

Lemma 23. [lem:summary-metric-continuity] (Summary metric continuity) For fized
target- and reference-proxy dimensions d,d,, let dg be the summary metric on observable
moment summaries from Definition 33. The map

(37 Q) — dS(Sv Q)

from the product of the five-block summary space with itself to R is continuous.
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Proof of Lemma 23. By Definition 46, for the fixed dimensions d, and d, the ambient summary
space is
r5@11 = (Rdedz)4 X ]Rdz.

Write
s = (Mo(s), Mi(s), No(s), N1(s),mx(s)),  q= (Mo(q), Mi(q), No(q), N1(q), mx(q)).

The coordinate map
u(s) == (Mo(s), Mi(s), No(s), Ni(s),mx(s))
is continuous for the product topology, and therefore each coordinate projection

s+ My(s), s+ Mi(s), s+ No(s), s+ Ni(s), s~ mx(s)

is continuous. The same finite-product argument covers the zero-dimensional cases, where the
relevant products and sums have their usual singleton or empty interpretation.
For a pair (s, q), the four matrix-valued difference maps

(s,q) —> Mo(s) — Mo(q), (s,q) — Mi(s) — Mi(q),
(8,9) —> No(s) — No(q), (s,q) — Ni(s) — Ni(q)

are continuous by continuity of the coordinate projections and of subtraction. If T € R%*dx
the associated Euclidean linear operator

R% — RY, x— T,

depends continuously on T, because this matrix-to-operator assignment is linear between finite-
dimensional normed spaces. Composing with the continuous operator norm gives continuity

of
(s,q) — [[Mo(s) — Mo(q)llop,  (s,q) — [|M1(s) — Mi(q)l|op,

(s,q) — [[No(s) = No(@)llop,  (s,9) — [[N1(s) = N1(q)|lop-
The mean-coordinate difference
(s5,q) — mx(s) —mx(q)
is continuous as a map into R% . Its Euclidean norm is
1/2

Imx(s) —mx(@)llz = | S (mx(s)i — mx(a)i)’

1<dg

The summand coordinates are continuous, the index set is finite, and the square-root is contin-
uous on the nonnegative range of the sum of squares. Hence

(s,9) — [Imx (s) — mx(q)ll2

is continuous.
Using Definition 33,

ds(s,q) = [[Mo(s)=Mo(q)[lop+[|M1(s) = M1(q)lop+[| No(s) = No(@)llop+I[ N1 (s) = N1(q) lop+mx () —mx (q)|2-

This is a finite sum of continuous real-valued functions on % X -%,. Therefore

(S7Q) — dS(Sv Q)

is continuous. O
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Lemma 24. [lem:stacked-proxy-moment-signal-margin| (Stacked proxy signal margin) Let
P, a full-data probability law carrying (U,T,X,Z,Y(0),Y(1),Y), belong to the uniformly con-
ditioned proxy causal model class M in Definition 32. Suppose:

e (Dimensions.) 2 < k < d,, where k is the number of latent classes and d, is the
target-prozy dimension.

e (Radius.) L > 1, with the bounded target-prozy condition in Assumption 6.

e (Margins.) my > 0 and o9 > 0, with the latent-arm positivity and proxy-rank margin
conditions in Assumptions 9 and 10.

Then the vertically stacked observable proxy moment satisfies
7T00'8 < O'k_l{StaCk(Mo(P), M1 (P))} s

where oj_1 uses zero-based singular-value indexing and My(P), My(P) are the armwise ZX "
population moments from Definition 28.

Proof of Lemma 2. Set

Ao = (EplZ; |U =u,T =0)) B:= (Ep[X; | U =u])

y 7 y )
7,0 1,0

and
PU=u,T=0)

P(T =0)

Fo::diag{ :1§u§k}.

Let S = range(B) C R% . The proxy-rank margin in Assumption 10 gives
or-1(Ao) > 00, ox-1(B) > oo.

Since g > 0, the maps induced by Ag and B are injective. Hence

dim S = k.

The latent-arm positivity condition gives P(U = u,T = 0) > 7 for every u. Since 0 <
P(T = 0) < 1, each diagonal entry of I'g is at least 9. Therefore, for every y € R¥,

7ollyllz < [Toyll2-
Now fix x € S. The least-singular-value bound for B, restricted to its range, gives
oollzll2 < | B x|l
Applying the preceding diagonal bound to y = B'z gives
ol B 2|l < |[ToB 2.
The least-singular-value bound for Ay gives

UQHF()BT$”2 S ||A0F()BT$”2.
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Combining these three inequalities,
mo0p||zll2 < [[40ToB ' ]|2.
By the observable proxy moment factorization in Lemma, 4,
My(P) = AgTyB'.
Thus
w00 [[zll2 < || Mo(P)z]lo-

For
G = StaCk(Mo(P),Ml(P))7

vertical stacking gives the Pythagorean identity
G| = [|Mo(P)z[|3 + | M1 (P)|3,
and hence
[Mo(P)z2 < [|Gz|2.

Consequently,
moog||z||e < ||Gxll2 for every x € S.

Since S is a k-dimensional subspace and 7700(2) > 0, the variational subspace characterization
of zero-indexed singular values yields
m00g < ox-1(G) = op_1 {stack(Mo(P), M1 (P))} .
O

These witness calculations locate the explicit two-class comparisons inside the same model re-
strictions used for the upper bounds. The path-local statement calibrates the observed Kullback—
Leibler radius to the product g2h?, which is the scale used by Theorem 6.

The final two auxiliary statements concern ordered masses as functions of represented atomic
laws. They ensure that, when the support is separated, the ordered-weight target depends on
the aggregate measure and is invariant across labelled coordinate representations.

Lemma 25. [lem:model-compressed-spectral-certificate] (Compressed spectral certifi-
cate) Letk,d,,d, € N, let L, 7,00 € R, and let Q be a full-data probability law in the uniformly
conditioned model class M of Definition 32, with observable summary S(Q) as in Definition 33.
Assume that Q satisfies Assumptions 5, 9 and 10. Let M;(S(Q)) be the t-arm ZX ' moment
block from Definition 28, and set

G = stack(Mo(5(Q)), M1(S(Q)))-

Then there exist a signal basis V' spanning the signal row space of S(Q) and a real diagonalization
of the compressed effect operator AQ(Q) from Definition 39 such that:

1. for each arm t € {0,1}, the compressed map
x+— My(S(Q))Vx

18 injective;
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2. the stacked proxy moment has rank

rank(G) = k;

3. for every index j,
e

2

<0i(G) = j<k;
4. the eigenvalue vector of the diagonalization is the latent-effect vector (1,(Q))v from Defi-
nition 23;

5. writing R for the diagonalizing basis matrix, the left and right spectral anchors satisfy

a(@) =R 'p(Q),  R'¢(Q) =1
where p(Q) = (pu(Q))u is the latent-mass vector from Definition 21.

Proof of Lemma 25. 1. Write
B := B(Q) € R¥**

for the target-proxy feature matrix from Definition 25. The parameter domain in Defini-
tion 32 gives 2 < k, k < dp, 1 < L, mg > 0, and o9 > 0. With zero-based singular-value
indexing, Assumption 10 gives

op—1(B) > 09 > 0.

Hence the first k& singular values of B are positive. Choose the thin singular-value factor-
ization

B=VT,
where V € R%>k has orthonormal columns and Y € R¥*F ig invertible. Put
©:=B'v=1", o l.=1"

Then
e l=0"le = 1.

2. For each arm ¢ € {0,1}, define

(U=uT=t)
QT =1)

where A; = A4(Q) is the reference-proxy feature matrix from Definition 24. At the model-
generated summary S(Q), Lemmas 4 and 18 give

Ft :dlag{Q :1<u<k}, E.t ::AtI‘t,

M;(S(Q)) = AIyB' ==,B"
and
N(S(Q)) = ATy diag{(Q) : 1 <u < k}B' = Z; diag{1uu(Q) : 1 <u < k}B".
Multiplying by V' gives

My(S(Q))V =E:O, Ni(5(Q))V = Erdiag{pm(Q) : 1 < u < k}6O.
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Also,
M(S(Q)" = BE] = VYE],

so the row space of each M;(S(Q)) is contained in range(V). For ¢ = 0, latent-arm

positivity in Assumption 9 gives

QU =u,T =0) <
Q=0 —

for every u, since QU = u,T = 0) > mp and Q(T = 0) < 1. Combining this with
Assumption 10 and the standard product lower bound for the least signal singular value,

Lo(u,u) = o

or-1(Mo(S(Q))) = or—1 (AOFOBT)

> o1-1(Ao) ox-1(T0) ok—1(B) > moog.

Thus My(S(Q)) has row rank k. Its row space is contained in the k-dimensional space
range(V'), hence

range (MQ(S(Q))T) = range(V).

Since the row space of M1(S(Q)) is contained in the same space, the signal row space of
S(Q) equals

range(Mo(S(Q))T> + range(Ml(S(Q))T> = range(V).
Thus V spans the signal row space of S(Q).

. The same product-margin argument for each arm ¢ gives

Ty < ok—1(M(S(Q))) .

Because V is an orthonormal basis for the signal row space, compression by V' preserves
the k nonzero signal singular values:

ok-1(Mi(S(Q)V) = 011 (M:(5(Q))) -

Consequently
0 < moop < op—1(M(S(Q)V),

and the linear map
z— My(S(Q)Vz, xcRF

is injective for each ¢ € {0, 1}.

. Let
G = stack(Mo(S(Q)), M1(S(Q)))-

By Lemma 24,
moog < ok-1(G),

so rank(G) > k. On the other hand, if

Hy = stack(Z, Z1) € R¥M=xk,

83



then the proxy factorizations give
G =24B".

Hence rank(G) < k, and therefore
rank(G) = k.

The threshold characterization follows immediately. If j < k, monotonicity of singular
values gives

Thus, for every singular-value index j,

2
0 <oi(G) = j<h

. Since M(S(Q))V is injective, its Moore-Penrose inverse is a left inverse on its range:
{M(S@))VIM(S(Q)V = Ii.
Using the displayed factorizations,
N(S(@)V = {(Mi(S(Q)V} 0~ diag{uu(Q) : 1 < u < K},
Therefore
{M(S(Q)VIN(S(Q)V = 67" diag{p(Q) : 1 < u < k}O.
By the compressed-operator formula in Definition 39,

AQ(Q) = 0 ' diag{ynu(Q) : 1 < u < k}0 — O diag{p0u(Q) : 1 < u < k}O
= 0~ diag{p14(Q) — pou(@) : 1 <u < k}O
= 0 ' diag{ru(Q) : 1 <u < k}O,

where the last equality is Definition 23. Thus R := ©~! is a real diagonalizing basis for
AQ(Q), its inverse is R™! = O, and the eigenvalue vector is (7,(Q))x-

. It remains to identify the spectral anchors. The target-proxy mean factors through the
latent masses:

mx(Q) = Bp(Q).

Indeed, for each target-proxy coordinate i,

k
mx(Q)i = Eq[Xi] =Y Eq[Xi |U=u]QU =u) =Y _ B(i,u) pu(Q),

u=1 u=1
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using Definitions 21 and 25. The anchor condition in Assumption 5, together with Defini-
tions 25 and 36, gives
BTel = ].k,

because for each latent class u,
(BTe1)y = B(1,u) = Eg[X1 | U =] = 1.
By Definition 39,

a(@) =V'mx(Q), Q) =V'e.
Using B=VY,V'V=I,and R'=0="_"T,

a(Q) =V'Bp(Q) = Tp(Q),
and hence
a(@Q =p(@)TT =p(@) R

Similarly,
Rilc(Q) = @VTel = TTVTel = BT€1 = 1k-

These are the claimed left and right spectral-anchor identities.
O

Lemma 26. [lem:diagonalization-condition-number-bound] (Diagonalization condition
bound) Letd, > 1 and k > 1. Let B € R%“** and let F be a thin signal factorization of B,
written B = VY, with coordinate inverse Y~1. Let 7 € RF. Suppose that

o (Feature bound.) For a constant L > 0 as in Assumption 6, |B;,| < L for every row i
and latent index u.

e (Coordinate-inverse bound.) For a constant og > 0 as in Assumption 10, |(T71)| <
aal for every pair of coordinate indices r,u.

Define
Kiorw := Entg,  Enty  Enty g, 0‘0_1 + (Entdz,dz + Entg, 1 Entk,dz),

Kyack = Entdl’k Entk,k Enthdz (da;L) + (Entdl,dz + Entdz,k Entkdz),

and
o 2
Ry 1= Entdﬂ“dz Kfoerback7

where Ent,. . is the entrywise-to-operator norm constant of Lemma 22. Then the real diagonal-
1zation associated with F' and T has condition number at most k.

Proof of Lemma 26. 1. Write
E,.:=Ent,..

For these constants we use the following finite-dimensional entrywise comparison. If Agy €
R™€ 0 < Ment, and |(Aent)ap| < Ment for all entries, then

HAent HOp < Er,cMent‘
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(c)

Indeed, writing €; for the standard coordinate vectors and J, for the coordinate identifi-
cation in the definition of Ent, ., each column satisfies

HAente§‘C) HQ < rMept.

Thus, for every x € R,

C
Acnszllz < S 1(Je);] | Aene!l2
J
j=1
< CrMentHch”Q
< Er,cMentHxH%

which gives the displayed operator-norm bound. In particular E, . > 0. Since the columns
of V are orthonormal, every coordinate of V' has absolute value at most one, and therefore

”V”Op < Edz,ka ||VT||0p < Ek,dz-

The same comparison gives
HIdm HOP S Edmydac‘

. Let T and Y1 be the coordinate matrix and coordinate inverse from the thin factorization
B=VTY. Since V'V = I,
T=V'B.

Thus, for coordinate indices 7, u,

Yol = D VirBiu| <3 Viel [Biu| <Y L =d, L.
i=1 i=1 i=1
Consequently,
1T lop < Bipe(daL), (T T lop < Bpoy

. Define the forward and backward ambient maps
By = V(I )V 4 Iy, —VVT),  @paa=VY'V +(Iy, —VVT).
Using submultiplicativity, the triangle inequality, and the bounds above,

1Dforwllop < IV TV lop + [, = VV T lop
< Eq, kEx ik Era,00 " + (Ed,.d, + Ea, kErd,) = Ktorw

and similarly

1@backllop < VXV lop + [z, = VV T [lop
< Eq, kB Bk d, (deL) + (Ed,.d, + Edy kErd,) = Kpack-

Both constants are nonnegative because L > 0, o9 > 0, and E,.. > 0.
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4. Let (Qj);»lil be the ambient orthonormal extension of the signal columns used in the asso-
ciated real diagonalization, and let the diagonalizing basis vectors be

S5 = (I)foer_Ij7 J=1...,ds.

The backward map is the inverse of the forward map. To see this, put P, :=I;, — Vv,
Then
viP =0, P V=0 P2=Py,

and the identities YY1 = I;, and Y'Y = I, give
PporwPrack = VV'I + PL =10,  Poack®Prorw =VV' +PL=14,.

Hence the inverse-coordinate matrix of the basis (s;); is computed by first applying ®pack
and then taking coordinates in the orthonormal basis (g;);.

5. Let Basisgiag be the matrix with columns s;, and let Basisgi;g be its coordinate inverse.
For every pair of ambient indices 1, 7,

|(Basisdiag)ij| = [(s5)il < lIsjll2 = 1 Porwgjll2 < [ Prorwllopllgillz < Ktorw,
because ||g;|l2 = 1. Therefore
||Basisdiag |lop < Fd,.dy Ktorw-
Likewise, for the inverse-coordinate entries,
\(BaSiSEi;g)ij’ = (g, Pracke;)| < |laill2l|Pracke;ll2 < Kback,

S0
IBasis gia,llop < i, d, Kack-

The condition number of the associated real diagonalization is the product of these two
operator norms, hence

cond < (Edz,deforw) (Edz,deback) = EdzzydIKfoerback = Rx.
L]

The definition matches the ordering convention in Definition 30 and Algorithm 5. The
invariance lemma records the compatibility needed to read ordered masses from any valid rep-
resentative of the same aggregated atomic law.

B Spectral repair and finite-net benchmark

This appendix collects two auxiliary constructions used to connect the population modulus
with sample-level procedures. The first is a spectral repair handle that turns empirical spec-
tral information into a positive real atomic law even when eigenvalues are locally coalescent.
The second is a class-advised finite-net benchmark that selects a stored admissible summary
and then runs the exact spectral construction at that representative. Both constructions use
finite-dimensional perturbation ideas familiar from matrix spectral analysis [Bauer and Fike,
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1960, Kato, 1995, Davis and Kahan, 1970, Stewart and Sun, 1990] and the moment-recovery
perspective behind Wasserstein estimation from moments [Wu and Yang, 2020].

The repair handle records the finite moment target and the positive-law replacement used
in the modulus-to-estimation route.

Algorithm 6 (Constructive repair handle m)

The constructive repair handle is defined for laws in Definition 32 as follows.

1. At the realized empirical summary, define the first 2k spectral moments by
m = (m;)o<j<2k-

2. Among all valid positive k-atomic laws ), w;d,,, choose a minimizer of

o 0
m; E wiT; | -
i

2k—1

D

Jj=0

3. Extract the repaired real probability measure from the minimizing positive k-atomic law,
transporting aggregate projector mass across each cluster diameter after replacing indi-
vidual eigenvectors inside overlapping localization discs by Kato contour projectors.

4. For the labeled-weight converse, differentiate the Bernoulli factorization of P¥ and solve
the linear score-cancellation equations for the proxy and treatment primitives so that a
weight displacement h preserves the factorization and the observed score has order gh.

Algorithm 6 isolates the spectral information needed for positive real-law repair. The moment
vector m contains the first 2k empirical spectral moments, and the minimizing positive atomic
law supplies a real probability measure compatible with those moments. The contour-projector
clause expresses the standard perturbation treatment of clustered spectra: inside overlapping
localization discs, aggregate eigenspaces carry the stable law-level mass.

The finite-net benchmark makes this repair logic an exact-real finite search after a class-
dependent representative library has been fixed.

Algorithm 7 (Finite-net program NetProgram(A,w))

The inputs are a stored representative library A = (4;); and an observed sample w.

1. For each representative A;, let S; = (Mo, M1, Nos, N1, mx,;) be its stored five-block
summary, and let
rankjey (7)

be its position in the fixed lexicographic library order.
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2. Define the spectral law attached to representative A; by
ASPeC( 4,),
the real atomic effect law returned by the thresholded exact-real spectral run for A;.
3. For the empirical five-block summary
S (w) = (Mo, M, Nous Nigy x.0)s

define the comparison criterion

Ai(w) = || Mo;—Mopnllop+l| M~ Ml lop+l| Noi— Nojw lop | N1, = N1 lJop+H 72,5~ 0|2

4. If the library is nonempty, define the selected representative index by

i(w) € arg min (Aj(w), rankiex (i),

with the minimum taken in lexicographic order.
5. The finite-library spectral program returns the selected representative and its spectral law,

NetProgram(A,w) := (A )\SpeC(Ag(w))) ;

i(w)?

when the library is nonempty, and returns the canonical zero law when the library is empty.
Its returned effect-law component is

law(NetProgram(A, w)).

Algorithm 7 defines the library selector at the level of stored summaries. The criterion is the
same five-block dg-type comparison used throughout the paper, and lexicographic tie-breaking
makes the selected representative a total deterministic function of the sample and the library.

The estimator below specifies how the representative library is built from an €,-net of ad-
missible summaries and how the selected representative is converted into an atomic law.

Algorithm 8 (Finite-net estimator v2°t)

The input is the empirical summary §n; the tuning constants are
D :=4d,dy +dy,  b:=4\/dydy +\/dy, €, :=n""2

1. Partition the coordinate box [—L, L]” into a deterministic lexicographically ordered grid
of half-open cubes whose side length is at most

€n /.

2. If .¥ =@, set

and stop.
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3. For each grid cube that intersects &, choose one representative
qnye € .
Let ¢, be the smallest-index minimizer

gn € arg mein ds(qn.e, Sn)-

4. At g, form the vertically stacked proxy moment and retain the k right singular directions
whose singular values exceed 7'['00'8 /2. Denote the resulting orthonormal basis by

V.
Using this basis, form the compressed effect operator, left anchor, and right anchor
A, a, c
from the compressed-operator formulas.
5. For each distinct eigenvalue A of A, define the spectral projector
Ey = H A)\__Vylk,
yEspec(A): v#A
with the empty product equal to I.

6. Output the atomic law

s~net ,_ T
vt = Z a' Eycdy.
A€spec(A)

The estimator 7' is class-advised through the choice of admissible representatives n,¢-

n
Once the nearest representative is selected, the construction returns to the compressed-operator
formula from Definition 39: thresholding fixes the rank-k signal space, and the spectral projectors

aggregate the anchor weights attached to each distinct eigenvalue.

Theorem 8. [thm:polynomial-net-law-estimator| (Polynomial finite-net estimator) Fiz in-
tegers k,d;,d, and real constants L,my, 0q. Suppose

e (Dimensions.) 2 <k, k <d,, and k <d,.
e (Bounds and margins.) 1 < L, 0 < m < (2k)~!, and 0 < 09 < 1.

Then there are constants Cupoq > 0 and C > 0 such that, for every integer n > 1, there is a
class-dependent finite library A = (A;); of representative summaries as in Algorithm 8 with the
following properties. For every uniform provider of the fixed-parameter exact-real primitives on

the admissible core parameter domain, the finite-net estimator V2" is Borel measurable, and

|A’ < Cn(4dzdz+dz)/2.
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For every observed sample w = (O1,...,0,) € Oy, 4., the operation count of the same exact-real

execution that returns U2 (w) is at most

C{n + n(4dzdm+dz)/2}'

Its trace is exactly the empirical-summary trace, followed by the exhaustive finite-library search
trace, and followed by the selected spectral-run trace when a representative is selected; if no
representative is selected, the final spectral-run trace is empty.

If the program selects index i on sample w, then S; is a nearest library summary to the
empirical summary §n(w) of Definition 35:

ds(S;, 8n(w)) < ds(S;,8u(w))  for every j.

Among all tied nearest summaries, i has minimal lexicographic rank:

~ ~

ds(si, Sn(w)) = ds(Sj, Sn(w)) — ranklex(z’) < ranklex(j).

For the exact spectral run at S;, the estimator equals the run’s returned effect law. For each
treatment value t, the observed prory moment at S;, multiplied by the run’s basis matrixz, defines
an injective Euclidean linear map. The stacked prory moment at S; satisfies the exact threshold
characterization

2
TP < oj(stack(Mo(S)), Mi(S)) = j <k

for every singular-value index j. FEvery eigenvalue of the compressed operator formed at S; with
the run’s basis and spans appears among the eigenvalues returned by that run.

For every stored representative S; and every rectangular perturbation H € R?d=*dz

7T00'(2)

[Hlop <

implies that singular-value thresholding at 71'00(2)/2 recovers exactly the k-dimensional matriz
stgnal space for
stack(Mo(S;), M1(S;)) + H.

For every index i, there is a model law Q@ € M from Definition 32 whose observable summary
is S, and the exact spectral run at S; returns the quotient law vg. Each returned representative
effect law is a valid atomic law.

For every P € M, every observed sample w € ng,dz satisfies

Wi (ﬁget(w), I/p) < Chnod {st(gn(w)’ S(P)) + n—l/Q} ‘

Finally, for every tail level n with 0 < n < 1/2 and every P € M,
n N 1
B (WI(Vgetny) >C og(S/n)> <n

Theorem 8 establishes the finite-net benchmark. For fixed dimensions and fixed conditioning
constants, the representative library has polynomial size in n, the online exact-real operation
count is polynomial in the same sense, and the selected summary is the lexicographically first
nearest library representative. The deterministic W inequality converts empirical summary
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error plus the n=1/2 mesh scale into quotient-law error, and the final tail bound applies the

same concentration scale used for the main law estimator.

The intuition is that the admissible summary image is compact and finite-dimensional, so
an n~'/2-mesh supplies a representative close enough for the gap-free modulus to absorb the
discretization error. At the chosen representative, the proxy-rank margin makes singular-value
thresholding recover the correct k-dimensional signal space under perturbations below 71'00(2) /2.
The exact spectral run then returns the quotient law for a model law with that stored summary,
and the modulus transfers the distance from the empirical summary to W; distance between
effect laws.

C Proofs and verification note

This appendix collects the proof layer for the paper’s formal results. The arguments establish
the population stability statement in Theorem 1, the measurable repair and estimation claims
in Propositions 3 and 4 and Theorem 2, the confidence and reporting guarantees in Theorems 3
to 5, and the local converse statements in Theorems 6 and 7 and Propositions 6 and 7.

The proof of Theorem 1 uses the compact summary closure from Proposition 2 and the
quotient moment representation in Definition 43. The finite-dimensional moment map gives
a Lipschitz modulus from the observable summary coordinates to the W; law target on the
compact domain. The extension clause follows by completing the admissible image under dg,
with Algorithm 1 and Proposition 3 supplying the measurable nearest-summary selection needed
to evaluate the extended map at empirical summaries.

The estimation proofs combine this deterministic modulus with concentration for the empiri-
cal five-block summary in Definition 35. For the repaired estimator, nearest-summary projection
keeps the evaluated summary within the same concentration scale as the population summary.
For the structured-lattice estimator, Algorithm 2 and Proposition 4 give a duplicate-free finite
search whose deterministic error is bounded by the empirical summary error and the n~1/2
lattice scale. These two routes yield the joint root-n tail statement in Theorem 2.

The confidence-set proofs use the same concentration event with the objects in Algorithm 3.
The summary-inversion set inherits its diameter from the modulus on IC, while the algorithmic
outer set inherits its radius from the deterministic lattice bound. The transport-plan formulation
in Definition 2 gives the finite representation used in Theorem 3. The cluster-report argument
then applies the atom floor and W transport budget in Algorithm 4 to associate true atoms with
empirical components, yielding the support containment, mass-coverage, and interval-length
conclusions in Theorem 4.

For ordered weights, the proof of Theorem 5 works on the gap-local stratum in Definition 41.
The positive effect gap converts law-level transport error into an ¢; error bound for the effect-
ordered mass vector defined in Definition 30 and estimated by Algorithm 5. This gives the
clipped inverse-gap upper rate stated in the theorem.

The lower-bound proofs use the explicit two-class witness in Definition 55, its validity certifi-
cate in Proposition 5, and the local experiments in Definitions 56 and 57. Standard two-point
testing inequalities [Cam, 1986, Polyanskiy and Wu, 2019] convert the displayed Kullback—
Leibler bounds and target separations into the local risk lower bounds in Theorem 6. The same
comparisons give the same-class minimax rates in Propositions 6 and 7. The transfer statement
in Theorem 7 expresses the same witness-pair logic for comparator classes stated in the published
VMW vocabulary [Virk et al., 2026].
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Verification note. The Lean-checked scope consists of the matched theorem, proposition,
and lemma declarations listed in the verification manifest for commit

715add8e9475£5193526bce0c26baef559a47b68.

Definitions marked presentation-synthesized in that manifest are expository renderings of
paper notation; definitions marked matched have the Lean declarations recorded by the manifest.
The proof text in this appendix follows the matched declarations and preserves the % lean:
audit markers that identify certified proof steps.

The Lean toolchain is leanprover/lean4:v4.33.0. The CausalSmith package is
version 0.1.0; its manifest records the path dependency Causalean at the same reposi-
tory commit, inherited path dependencies optlib at ../third_party/optlib and FoML
at ../third party/lean-rademacher, and the following external revisions: mathlib
db584cd6d46c92£209a44c0£1c829460d327499d, plausible b7eb3304aeae834b12dda98993a37£f6a41£6£0bb,
LeanSearchClient 5£4d51b81cbd3£6b32b156bfad9056621a040404, importGraph 16£02aa7642864af59f1£ff0e
proofwidgets 4be2e3d5087eeb272c£5a8853b8£9dd025e£5957, aesop 3448cObccbce01b2d1546e483ec3620e32
Qq 92c15bel7b7caf78c2ad767ec40£89052d908d81, batteries 4488d40d070b9700d4d5a6aa342f0d40c31b2a2d
checkdecls 3d425859e73fcfbef85b9638c2a91708ef4a22d4, and Cli 6130a47896ce867c6a4ab5373441e59e56E
The verification build command for the paper module is

lake —-d CausalSmith build CausalSmith.Stat.STAT ProxyEffectlawEigencollisionFrontier_ Research.

Proposition 1 uses the VMW model-scope claim from [Virk et al., 2026, Assumptions 1-2
and Section 4.2]. Theorem 7 uses that model-scope claim together with the VMW separated-
recovery scope claim from [Virk et al., 2026, Assumption 3, Assumption 4, and Theorem 7.2].
The remaining matched declarations listed below are derived from their displayed hypotheses
and previously matched declarations.

93



paper object(s)

Lean source file and declaration(s)

Proposition 1
Proposition 2
Lemma 1
Theorem 1
Proposition 3
Proposition 4
Theorem 2
Theorem 3
Theorem 4
Theorem 5
Proposition 5
Theorem 6
Proposition 6
Proposition 7

Theorem 7

Theorem 8

appendix auxiliary lemmas

witness and path lemmas

metric, spectral, and ordered-mass lemmas

TObservedVMWMarginInclusion.lean:
observed_vmw_margin_inclusion
TSummaryClosureCompact.lean: summary_closure_compact
Helpers/Concentration.lean: uniform_summary_concentration
TGapFreePositiveMeasureModulus.lean:
gap_free_positive_measure_modulus
TSummaryRepairTotalBorel.lean:
summary._repair_total_borel
TPolynomialLatticeEstimator.lean:
polynomial_lattice_law_estimator
TCollisionUniformRootN.lean: collision_uniform_root.n
THonestRootNConfidence.lean: honest_root_n_confidence
TClusterAdaptiveReport.lean: cluster_adaptive_report
TLabeledWeightUpper.lean: labeled weight _upper
TTwoClassWitnessValid.lean: two_class_witness_valid
TMatchinglocalLowerBounds.lean:

matching _local_lower_bounds
TSameClassQuotientMinimax.lean:
same_class_quotient_minimax
TSameClassLabeledMinimax.lean:

same_class_labeled minimax
TPublishedVMWConverseTransfer.lean:

published vmw_converse_transfer
TFiniteNetLawEstimator.lean: finite net_law_estimator
Helpers/ObservedLawAdapters.lean,
Helpers/ObservedMarginAssembly.lean,
Helpers/ConditionalMomentAdapters.lean,
Helpers/OutcomeFactorization.lean,
Helpers/AmbientOperatorBridge.lean
Helpers/WitnessValidity.lean,
Helpers/PathModelCertificates.lean,
Helpers/PathLocalExperiments.lean,
Helpers/WitnessKL.lean

Basic.lean, Helpers/SummaryMetric.lean,
Helpers/StructuredLatticeFunctionalCalculus.lean,
Helpers/ModelSpectralConstruction.lean,
Helpers/RepresentativeSpectralCertificate.lean,
Helpers/OrderedMassStability.lean

Reader-facing sections use one-based singular-value notation. Lean-facing auxiliary displays

that expose array indices translate the kth signal singular value into the corresponding zero-
based index inside the verification layer.
D Proofs of the main results

Proof of Proposition 1. Fix P € M satisfying the displayed hypotheses, and set

ALVd,

]

L, :=
All model restrictions used below are the components of M in Definition 32.
1. For each treatment arm ¢ € {0,1}, Lemma 3 gives
P(T =t) > kmy.
Since k > 2 and my > 0, this arm probability is positive. Define

PU=u,T=t)

1<u<k
P(T =1 ==

I'y ;= diag
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The diagonal entries are

=PU=u|T=t),
so Lemma 4 yields
My(P) = AlyB" = A;diag{P(U =u|T=1t):1<u<k}B'.

. Latent-arm positivity gives, for every latent class u,

PU=uT=1)
PT=t —

because P(T = t) < 1. Hence, for every € R¥,

k k
ITeBIIE = Tulu, w8y > w3 > B2 = w1113,
u=1 u=1
and therefore
or(Ty) > mo.
The proxy-rank margin in Assumption 10 gives
or(At) > oo, or(B) > oo.
Using the product lower bound for full-column-rank factors in the factorization above,
op{M(P)} = O'k(AtFtBT) > ok (Ap)or(Ty)or(B) > 71'00(2).
. Let
H(P) := row(stack(My(P), M;(P))) C R,

and let V' € R%** have orthonormal columns spanning H(P). For the fixed arm ¢, the
row space of M;(P) is contained in H(P):

range{ M;(P)"} C H(P) = range(V').

The lower bound from the previous step gives or{M(P)} > 0, so this row space has
dimension at least k. Since range(V') has dimension k, the two spaces are equal. The
map r — V7 is an isometry from RF onto this row space, and composing M;(P) with that
isometry preserves its positive singular values. Thus

o {M;(P)V} = o3 {My(P)},  moop < op{My(P)V}.

. The stacked proxy signal margin is supplied by Lemma 24. Applied with the present model
membership and numerical hypotheses, it gives

mooa < op(stack(Moy(P), My(P))),

with the displayed one-based singular-value indexing of the statement.
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5. By Definition 28,
My(P) = Ep[ZX" |T =1,  N(P)=Ep[YZX"|T=t], mx(P)=Ep[X].
The envelope components of M give
1ZXTlp <L, [YZX|op<L,  [X|o<L Pas

Since P(T =t) > 0, Jensen’s inequality for the two conditional matrix means and for the
unconditional vector mean yields

[IMe(P)llop < L, [INe(P)llop < L, [mx(P)]l2 < L.

6. Fix ue {1,...,k} and t € {0,1}, and put
Cell,; :=={U =u,T = t}, Class,, := {U = u}.

Latent-arm positivity gives
P(Celly) > mo > 0.

Let e&k) be the uth canonical vector in R¥. The proxy-rank margin implies

1Ay > o (A) e |2 > o0.

Since d, > k > 2, some coordinate 7,; € {1,...,d,} satisfies

a0

NG

|Ep(Z;.,, | Cellugl| = [At(us, u)| =

Define
o)

Quyt = 27\/6727
If P(Large, ;| Cell, ;) = 0, then

Largeu,t = {|Z]u,t’ Z Cu,t}-

00

V.’

‘EP[ZJM ‘ Ce”u,tH < EPHZ]u,t‘ | Celly ] < Cuy <
a contradiction. Hence
P(Large, ; | Cell, ;) > 0.

By Lemma 5,
YZ,,,| <L P-as. on Cell,;.

The reference-proxy separation component in Assumption 1 gives Z,, , L Y | Celly;.
Therefore positive conditional probability for

L
Baduﬂg = {‘Y’ > }

u,t

would give

P(Large, ;N Bady; | Cell, ) = P(Large, ; | Cell, ) P(Bady,; | Cell,:) > 0.
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On this intersection,

L <|Y]|Z, Yz,

u,t| - u,t|7

contradicting the product envelope. Thus

L 2L+\/d L, -
Y| <— = = - P-as. conditional on Cell,;.

- Cu,t 0o 2

On {T = t}, the consistency component in Assumption 3 gives Y = Y'(¢) almost surely.
Inside the conditional law given Class,, the event {T" = t} has positive probability, and
the latent-ignorability component in Assumption 4 gives Y (¢) L T | U. If

{rors 4l

had positive conditional probability given Class,, independence would give a positive-
probability violation on Cell, ;, contradicting the displayed cell bound. Hence

L
Y (t)] < ?T P-a.s. conditional on U = w.
Finally, Lemmas 6 and 7 give
L
‘:utu, < ?Tv ‘Tu‘ <L,

7. It remains to identify membership in the published VMW parameter class. The scope
in Definition 52, together with the cited VMW correspondence recorded in Definition 60
and [Virk et al., 2026], identifies Modelyyw (k, dy, d, P) with the qualitative structural
conditions summarized there. Those conditions are supplied as follows. The proxy in-
dependences, consistency, and armwise latent ignorability are components of M. The
proxy-rank margin and ¢ > 0 give full column rank:

(fk(Ao) > o9 > 0, Uk(Al) > o9 > 0, O’k(B) > o9 > 0.

Latent-arm positivity gives
PU=u,T=t)>m>0

for every u and ¢, and hence the corresponding latent treatment probabilities are strictly
positive. Together with 2 < k, k < d,, and k < d., these are exactly the qualitative
conditions for P € Modelyyw (k, dy, d2).

O
Proof of Proposition 2. 1. First record the coordinate estimate used to pass from operator
envelopes to coordinate boxes. For any H € R%*% any ., € {1,...,d,}, and any ¢, €

(1,....d,},
(Hoo| = (Hew,)o || < [[Hew,ll2 < [[Hllopllew. 12 = [H [lop,

where e, is the ¢;th canonical basis vector of R

97



2. Define the finite coordinate boxes

Honae (L) = {H R, [ < H,, <L forall i, Lx},

Hx (L) = {h €R%: L <h, <L forall Lm},
and
Hs(L) = Hmat(L)* x Hx (L).
Each factor is a finite product of closed intervals, hence compact, and therefore Hg(L) is
compact. For a five-block summary s = (Mg, M1, Ny, N1, mx), define the coordinate map
®(s) = (Mo, My, No, N1, mx).

This map is a homeomorphism from the space of five-block summaries onto this finite
product coordinate space. Thus

o~ (Hs(L))
is compact in the summary topology.
3. Let P € M. For t € {0,1}, put
Army(P) = {T = t}.

By Assumption 9, together with 2 < k and 0 < 7, the arm Army(P) has positive mass.
Let PA™ be the probability law obtained by restricting P to Arm(P) and normalizing by
this positive mass. By Definition 28, the armwise blocks in S(P) are conditional means;
on this positive arm, equivalently,

M,;(P) = / ZX"dPM™ Ny(P) = / YZXTdpPm,

and mx(P) = [ X dP. By Assumption 7, the proxy-product envelope restricts to PA™:
1ZX T ||op < L PP™-almost surely. Since 1 < L, the matrix-valued integral is integrable
and

AP lop = H [ X7 apzen

op
< / 1ZX T |op dPF™ < /LdPﬁrm = L.
The same normalized-restriction argument with Assumption 8 gives
[INt(P)lop < L.

Likewise, Assumption 6 gives

(Pl = [ xap

g/HXHQdP <L
2

Hence every coordinate of mx (P) has absolute value at most L. Combining these inequali-
ties with the coordinate estimate from the first step and the summary tuple in Definition 33
gives
S(P) e @1 (Hs(L)).
Since P € M was arbitrary,
7 C O (Hs(L)).
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4. The same block envelopes give the stated uniform dg-bound. For s = S(P) € .7,
5 \1/2
d5(5.0) = [Mo(P)op + M1 (P)op + [N (Pep + 13 (P + (3 mx(P)2)

For the final term,

(S = [Pl

, < > Imx(P),,| < d.L.

Therefore
ds(S(P),0) <AL +dyL = (4+d;)L.

Taking the scalar bound
Baum = (4+d,)L

and then instantiating the existential bound with Bgu, proves the boundedness claim.
5. Since @~ 1(Hg(L)) is compact and closed and contains .7, it also contains
K=.7.

The set K is closed by definition as a closure, so it is a closed subset of the compact set
®~1(Hs(L)). Hence K is compact.

6. Finally,
K#o — Y+,

because a closure has the same nonemptiness as the set it closes. By the definition
& ={S(P): Pe M},

the condition . # @ is equivalent to M # @: a law P € M gives S(P) € ., and any
element of . is S(P) for some P € M. Thus K is nonempty if and only if M is nonempty.
O

Proof of Lemma 1. Fix k,d,d.,m, 0o satisfying the displayed hypotheses. Let Z;, 4, be the
finite disjoint union of the following scalar summary coordinates:

{prox,out} x {0,1} x {1,...,d,} x {1,...,ds}, xcoord x{1,...,dz}, arm x{0, 1}.
For O = (T,X,Z,Y) € Og, 4, from Definition 18, define
Pproxt56(0) == T = 1} Z; X, Qout,t50(0) := HT = 1}Y Z, X,
Pxcoordx(0) 1= Xy, Parm,¢(0) := {T = t}.

Set

(L) L, .is a proxy, outcome, or target-proxy coordinate,
a(L) =
' 1, ¢ 1is an arm coordinate.

The bounded target-proxy, bounded proxy-product, and bounded outcome-proxy components
of Definition 32, namely Assumptions 6 to 8, give, for every ¢ € Zg, 4.,

|, (0)| <¢,(L) for Pp-almost every O,
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where Pp is the observed-data marginal of Definition 20.
Let kg, 4, > 0 be a finite coordinate-to-operator-norm constant such that, for every d, x d,
real matrix H and every ucoord = 0,

H;%X |H3;| < Ucoord — ||H||0p < Rd,,d, Ucoord-

Such a constant exists because, if each coordinate of a vector in R" has absolute value at most
Ucoord, then its Euclidean norm is at most rucoorq; applying this to each column and then taking
the supremum over unit input vectors gives a finite constant depending only on d,, d,. We shall
also use the corresponding vector estimate

mIaX |U;| < Ugoord — ||U”2 < dpUcoord-

Put
Xsum = ’Idx,dz’ = 4dzdx + da: + 2,
16k
Koy 1= —dzds dy, Kig = 4(kq, 4, + 1) +dz + 1,
ko
and choose

4K,
Cp := max {Xsum +1, 2Kgn, hg} .
k‘ﬂ'o

Then 1 < . Since 2 < k and 0 < 7, the product kmy is positive, so all denominators in this
definition are positive.
Now fix L>1,n>1, P € M, and 0 < n < 1/2. Define

log(C
Cn,n = M; Bn,n = 2Cn,n~

n

For each ¢ € Z,, 4,, Hoeffding’s inequality under Qg”) = Pg” gives

Q( { Bn,n > ZSOL _/SDLdPO

Indeed, ¢, € [—¢, (L), (L)] Po-almost surely, the interval length is 2¢,(L), and the choice 3, =
log(Co/n)/n reduces the exponential factor to exp{—2log(Co/n)}.

Let

Baev := {W cdve z-dl,dz; §L ﬁnn > ‘ ZSOL /‘pb dPo

By the union bound and ygum < Co,

2
n 2
Qg?)ugdev) < Xsum2 (T/> < i < 2n2 <.

Also set
Bsupp :={w : I, I € Iy, a., |0.(Or)| > <,(L)}.

The Pp-almost-sure coordinate envelope transported to the product experiment gives
CQgL)(Bsupp) = 0.
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The population summary blocks obey
[IMe(P)llop < L, [INe(P)llop < L, [[mx(P)[l2 < L.

For the armwise blocks, Lemma 3 gives positive arm probabilities, and Jensen’s inequality ap-
plied to the conditional moments in Definition 28 transfers the almost-sure bounds on ZX "
and YZX . For mx(P), Jensen’s inequality applies directly to the unconditional target-proxy
mean.

It remains to prove a deterministic implication off the two bad events. Write

0y := Po{O : T =t}, 0, (w) := Nt’:l(w).
By Lemma 3, transported through Definition 20,
kmo < 60, (t€{0,1}).
First suppose that
By < %
On BY.. -
00 = 01 < Byn, 01> ?

For e € {prox, out}, put
—o 1 ¢
D5 (W) = n Z Pot,5.:(Or).-
=1

The coordinate integral identities are
/SOprox,t,;),; dPo = 0; Mt(P)ap /900ut,t,3,; dPo = 0, Nt(P)gp

Because @\t > 0, the total empty-arm convention in Definition 34 gives

{Eprox

t3.r gtMt(P);,g} + (9t — et)Mt(P)g,;

04

I

(M — My(P))y;

and the same identity with ]/\7157”, N¢(P) and 3", Since each population entry is bounded by L,
the preceding displays imply, for both matrix types,

4LByn
kﬂ'o ’

4L By n

M, — M,(P)).| <
(M, t(P))s o

(New — Ne(P))e| <

The matrix norm conversion and the mean-coordinate bounds

[(Mxn — mx(P))el < Lfyn
therefore yield

~ ( 16K4, 4,

ds(Sp,S(P)) < = + dz> LBy n = 2KsnL{yn < CoL(yn.
0
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Now suppose that

ko
o =0

On Bg,pp, €very empirical arm matrix has entries bounded by L: if N;,, = 0, the convention in
Definition 34 gives the zero matrix, and if Ny, > 0, the matrix is an average of entries whose
absolute values are at most L. Hence each empirical matrix block has operator norm at most
Kd, d, L, and

[Mxnll2 < daL.
Combining these empirical bounds with the population envelopes gives

ds(Sn, S(P)) < {4(Hdz,dz + 1) +d; + 1}L = KlgL.

Since kmo/2 < By = 2(pn,
ko

T g gn,Tﬁ

and therefore

4K;
KlgL < TlgLCr],n < COLCH,n-
0

The two cases imply

. 1
{ds(sn, S(P)) > CyL Og(i(]/n) } C Bgev U Bsupp'
Consequently,
n ~ log(C n n
QW {dg(Sn, S(P)) > CoL g(no/”)} < QW (Baev) + QY (Baupp) < 1.

Finally fix t € {0,1}. The event Ny, = 0 is the event that all n observed records have T" # t.
Since le) = Pg",

QYN =0} = (PofO: T #})" = (1— Po{O: T = t})".
The lower bound from Lemma 3, again through Definition 20, gives
kmog < Po{O :T =t} <1.

Thus
0<1—-Po{O:T=t}<1-—km,

and monotonicity of x — z™ on [0, 00) gives
(1-Po{O:T=1t})" < (1—km)"™

This proves both asserted conclusions. ]
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Proof of Theorem 1. 1. Put

6 o2 I 4L+/d,
% 1= TOQ, = :
g0
For matrix sizes rrow, Tcol, Write
EntT'row:"'col ‘= Teolrow HJ'r'col ||Op7

with J,, as in Lemma 22. Define

Ktorw := Enty,  Enty,  Enty g, O'al + Entg, g, +Entg,  Entg 4.,

Kpack := Entg, p Enty ;. Enty, g, (dzL) + Entg, g, + Entg,  Enty g,
and

2
kx := Enty g KforwKback-

The assumptions L > 1 and op > 0, together with nonnegativity of the entry-norm
constants, give
0 < Ky

Set
Chase := fixLy + Ld2k2{3s; L + s; 1}, Chod := Chase + 1.

Since s, > 0, L; > 0, and k4 > 0, we have

0< C’basea 0< C’mod-

2. Fix P € M. Let B(P) be the target-proxy feature matrix of Definition 25. The proxy-rank
margin gives
oo < o, (B(P)).

Choose a thin singular-value factorization
B(P)=VpYp, VpVp=1I, Yp'Tp="pYp =1

The singular-value lower bound implies

(T w| <og' (1<a,b<k).
For every coordinate i and latent class u, latent-arm positivity gives

0<PU=u,T=0)<PU=u).
Under the normalized restriction of P to {U = u}, Lemma 5 gives

| X;| <L almost surely.

Therefore
|B(P)iu| = |Ep[Xi | U = u]|

:‘/XidP(-|U:u)

g/]Xi|dP(-|U:u)§L.
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Thus Lemma 26 applies to B(P) = VpYp.
Define the ambient contrast
Dp := My(P)'Ny(P) — My(P)TNo(P).
By Lemmas 4 and 18, for each ¢ € {0, 1},
My(P) = A(P)T«(P)B(P)",  Ni(P)= Ay(P)T4(P)diag{uw(P)}s—1 B(P),

where

P(U =u,T =1)
P(T =1t)

The proxy-rank margin and Lemma 19 make A;(P)I';(P) injective, and the proxy-rank

margin makes B(P) injective. Hence Lemma 20 yields

Ft(P)—diag{ :1§u§k}.

My (P)'N,(P) = (B(P)")T diag{suu(P)}i=1 B(P)".
Subtracting the two arms gives
Dp = (B(P)") diag{ru(P)}i—1 B(P)".
Let
Forwp := Vp(Yp) TV + (Iy, — VpVp),  Backp:=VpYLVp + (Ig, — VeVE).

Then
ForwpBackp = BackpForwp = I, .

Extending the columns of Vp to an orthonormal basis of R%, the columns obtained by
applying Forwp form a real eigenbasis for ©® p. The signal eigenvalues are 7,(P), and the
remaining eigenvalues are 0. Consequently

Dp :Spdiag(a]{l,...,Ckp7dz)81;1, (1)

with
||SPHOpH51;1HOp < Ky, ‘aP,j’ <L

The eigenvalue bound uses Lemma 7 on the signal coordinates and 0 € [—L,, L;] on the
remaining coordinates.

It remains to record the two anchor identities used by the spectral representation. For
each coordinate j,

mX(P)j :/deP
k
= Z/ X; dP
u—1 7 {U=u}
k
=Y Ep[X; |U=u]P(U =u)
u=1

k
= B(P)jupu(P),
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where the latent classes form a finite measurable partition and X is integrable by Lemma 5.
Hence
mx (P) = B(P)p(P).

Also, since X; = 1 almost surely and P(U = u) > 0,
B(P)iw=Ep[X1 |U=u]=1 (1<u<k),
so the first canonical basis vector e; € R% satisfies
B(P)"e; =1;.
Therefore, for every one-Lipschitz ¢ : R — R satisfying ¢(0) = 0,
v(@p) = (B(P)")" diag{(7.(P))}i1 B(P)"
and

k
/ pdve =3 pu(P)p(r(P)) = (mx (P), o(Dp)er)
u=1

. Fix P,Q € M. For each arm t, Proposition 1 supplies
Sy < o (M(P)), 5, < o (My(Q)), [ Ne(P)lop < L.
Together with the proxy factorization, these inequalities give
rank M;(P) = rank M(Q) = k.

We first record the armwise perturbation estimate. Let H, H € R% >4 have the same rank
k, and suppose
Sx S Uk(H), Sk S O-k(H/).

Then
||HT||0p < 811, ||H/THOp < 5*_17

because the operator norm of the Moore-Penrose inverse is the reciprocal of the smallest
nonzero singular value. The Penrose equations, applied with the common rank condition,
give the exact moving-space identity
HY —H'T = — HI(H = H)HT + HI(HD) T(H — H) (1 — H'H'T)
+ (I = HTH)(H — H) T (H'T) TH'T.
Here I — H'H'T and I — HH are orthogonal projection residuals, so their operator norms
are at most one. Taking norms term by term gives
IHT(H = H)Hlop < 52 2(1H = H'[lop,
IHTHDT(H = H)T(I = HH)[lop < 572 [H = H'||op,
I(1 = HTH)(H = H) T(H) TH |y < 572 (1H — H'[lop.

Hence
|||'”L - H/THOp < 33:2||H - H/HOp-
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For matrices N, N’ € R%*% the algebraic split
HIN — H'TN' = (HT — H'")N + H'T(N — N')
therefore implies, whenever ||N||op < L,
IH'N — HIN'[lop < 35 2L [H — H'llop + 55 IN = N'[[op.
Applying this estimate with
H=M(P), H =M(Q), N=N(P), N =N(Q)

gives
1M (P)TNe(P) — My(Q)' N (@) lop
< 35, 2L | My(P) — My(Q)llop + 55 [ Ne(P) = Ne(Q)op-
Summing over ¢t = 0, 1 and using the definition of dg yields
1Dp —Dgllop < {3s7°L + 57"} ds(S(P), S(Q)).
Moreover,

[mx(P) —mx(Q)ll2 < ds(5(P),5(Q)),  [mx(@)l2<L,  leilla=1.

. Let ¢ be the normalized attaining Kantorovich-Rubinstein potential for (vp,vg) from
Lemma 21. Then

©(0) =0, Lip(p) <1, Wi(vp,vg) = ‘/@dVP /sﬁdVQ

Use the diagonalizations in Equation (1) for P and @, written
Dp=38p diag(aRl, cee ap,dz)Sgl Do =So diag(an, cee anz)Sél.

Let
Qp:={ap;:1<j<d;}, Qg :=1{ag,;:1<j<d.}.

For any real number (, define the aggregate projectors
Projp(¢) := Spdiag{1(ap; =) : 1 < j < d,}Sp",

and
Projg(¢) == Sq diag{1(aq,; = ¢) : 1 <j < ds}S,".

The diagonal 0-1 matrices have operator norm at most one, so for (p € 2p and (g € Qq,

IProjp(Cp)llop < ki, IProig(CQ)llop < A

The projectors extract their spectral values on the appropriate side:

Projp(Cp)®p = (pProjp(Cp),  DqProjo(Cq) = (qProjg(Cq)-
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Hence
Projp(Cp)(Dp — QQ)PrOJQ(CQ)

= (¢Cp — ¢@)Projp(Cp)Projo(¢q)-

In particular, when (p = (g,

Projp(Cp)(Dp — Dq)Projg(¢q) = 0.
Functional calculus with the two diagonalizations gives
p(Dp)= D ¢(pIProip(Cp),  9(Dq)= Y @(Cq)Projg(Ce)-
(peQp (o€q

Since the aggregate projectors sum to the identity for each diagonalization, subtraction
and expansion over Qp x Qg yield

p(Dp)—9@o) = Y. > E(r.Co)
CPEQP (Q€flg

where

0, Cp= CQv

=(Cp. Cq) = W Projp(Cp)(®p — Dg)Projo(Ca), (p # Co-

The equal-spectral-value branch is zero by the preceding vanishing identity. In the unequal
branch, the one-Lipschitz property gives

‘@(CP) —¢(Ce) ’
Cp—CQ

<1

— I

and therefore
12(CPs C@)llop < “EHQP —Dqllop-
Because [Q2p| < d, and |Qg| < d,, the triangle inequality gives
le(®p) = ¢(D@)llop < Az Dp = Dglop-

Also,
le(®Dp)llop < KaLsr,

because ¢(0) = 0, ¢ is one-Lipschitz, and every eigenvalue of ® p lies in [— L., L.].

Using the representation identity for P and @,

Wi(vp,vq) < [[mx (P) —mx (Q)ll2[(Dp)llopllerll2
+ [[lmx (@)l le(Dp) — (D) loplle1l2
< Chase dS(S(P)?S(Q)) < Ciod ds(S(P),S(Q))

This proves the asserted modulus on model summaries:
Wl(VP,VQ) < CmoddS(S(P)’S(Q)) (2)
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5. Let
S ={S(P): P e M}.

For ¢ € ., choose a representative law P, € M with
S(Pq) =4q,

and define
Fy(q) :==vp,.

This definition is independent of the representative. Indeed, if another @ € M has S(Q) =
q, then the modulus just proved gives

0< Wl(VPq, VQ) < Crnod dS(q7Q) =0.

A zero finite transport cost between quotient atomic laws forces the same aggregated mass
at each support point, so the two quotient laws are equal. Hence

Fz(5(Q) =ve  (QeM),

and, for all ¢,¢ € .7,
Wi (Fy(Q)v FY(q/)) < Cmod dS(Qa q/)

6. Let psum be the ambient product metric on the five summary blocks: each matrix block
has its Frobenius norm, the mean block has its Euclidean norm, and the finite product
uses the maximum of the five block distances. Set

Agum = 4Entg, 4, +d,.
By Lemma 22,
ds(q,q") < AsumpPsum (¢, q") for all summaries ¢, ¢'.
For a matrix block A € R%*9%  each entry obeys
| Aas| < [ Allop,
so summing the squared entries gives

HAHF < Vv d.dy HAHOP'

Since pgum is the maximum of the four Frobenius block distances and the Euclidean mean-
block distance, while dg is the sum of the four operator-norm distances and that same
mean-block distance,

psum (¢, q') < max{1,+/d.d,}ds(q,q')  for all summaries ¢,¢’.

(The assumptions 2 < k < d,,d, cover the positive-dimensional case used here; in a zero-
dimensional matrix block the unique empty matrix contributes zero.) Thus dg and psym
induce the same topology and the same closures.

The first comparison and the dg-control on F» give

Wi (Fjﬁ(Q)a FY((]/)) < CmodAsumpsum(Q7 q,) (Q7 q, € ,5/)
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Hence F& is Lipschitz on the summary image in the ambient metric.

Inside K = .7, put
Ik ={qeK:qe s}

The equality of closures just proved makes .k dense in K. The quotient atomic-law space
Pr([— L+, L;]) is complete for Wi: in labelled coordinates it is the metric quotient of the
compact set

Ap_1 X [-Ly, Ly]".

Apply the dense-set extension theorem to the ambient-Lipschitz map
Fy(q) == Fy(q), q € k.
The dense-set extension construction gives a Lipschitz, hence continuous, map
F:K— Pr([—L+, L))

that agrees with F'¢ on ., and the uniqueness property of this construction makes it the
unique continuous extension with that agreement.

It remains to transfer the sharper dg-control. Fix ¢,¢" € K. Choose sequences ¢, q,,, € -
converging in the ambient metric to ¢, ¢, respectively. Continuity of F' and Lemma 23
give

Wi(F(qm), F(d4m)) — Wi(F(q), F(d"),  ds(gm:qn) — ds(a,q).

For every m, agreement on . and the model-summary control in Equation (2) yield

Wi (F(qm), F(d,,)) = Wi(Eo(qm), F () < Cmodds(@m, dh)-

Passing to the limit proves

Wi(F(q), F(¢)) < Cmoads(¢:d)  (q,4 € K).

Continuity of F, together with the Borel structure on the quotient atomic-law space, makes
F Borel measurable.

. For every Q € M, the summary S(Q) belongs to ., and hence
F(S(Q) = Fs(5(Q)) = vq.

Let
G:K— Pk([—LT,L.,—])

be continuous, satisfy the stated Cl,oq-Lipschitz bound, and agree with @ — v on all
model summaries. For any q € IC, choose ¢, € % with

dm — (.
Continuity and agreement on . imply

G(q) = lim G(gm) = lim Fy (qm) = F(q)-

Thus G(q) = F(q) for all ¢ € K. Combining the model-summary modulus, the continuous
extension, the Borel measurability, and this uniqueness proves the theorem.

O
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Proof of Proposition 3. 1. Write
K=7"%=cly {S(P): P e M}.

By Proposition 2, K is compact. Also 2 < k gives 0 < k, and Definition 26 with L > 1
and 0 < g9 < 1 gives L, > 0. These two inequalities supply the positivity data needed for
the atomic-law fallback dg. From Theorem 1 we take a continuous, hence Borel, extension

F:K— Pk([—LT, LTD
satisfying, for every admissible model law P,

F(S(P)) = vp.

2. First suppose K = @. Define the selector on the full five-block summary space by
II(s) =0 for every summary s.

This map is Borel. The extension condition over model summaries is vacuous, because
any admissible P would give

S(P)e.7 CK,

contradicting K = @. The nonempty-X nearest-point clause in Algorithm 1 likewise has
a false premise. Thus these choices define admissible repair data R. For every observed
sample o1.,, € Og% 4 Algorithm 1 gives

Un(01:1) = o,
SO Uy, is the constant Borel map. In the same case, Algorithm 3 gives the retained set
{60},
which is nonempty.

3. Now suppose K # &. Let
dsum = 4dzdz + dz

be the number of real coordinates in a five-block summary, and let
Vsum(s) = (S.M(), s.My, s.No,s.Nl,s.mX) € R%um
be the coordinate homeomorphism from the summary space to Euclidean space. Set
KY = Ugum(K)
and, for Truc, Yrue € R%™ | define the transported loss
0y (TBuc, YBue) = ds (Vo (YEuc) s Vi (TEuc)) -

The set ¥ is nonempty and compact, and £y is continuous because Vg is a homeo-
morphism and Lemma 23 gives continuity of dg. Applying Lemma 2 to (KY,fy), then
transporting the selector back through Wy, gives a Borel map

II: summary space — summary space
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such that, for every summary s,
H(S) € K and v‘]sum ek, ds(H(S), 5) < dS(qumv S)'

Together with the F from the first step, this defines repair data R as in Algorithm 1; the
fallback clause has premise KC = &, which is false in the present case.

4. For K # @, the repaired estimator is
D\n(olzn) — F<H(§n(oln))> 5 O1:n € 0317(12-

The empirical summary map §n is Borel by hypothesis, II is Borel by the preceding step,
and F' is Borel because it is continuous. Hence 7, is Borel measurable.

5. It remains in the nonempty case to verify nonemptiness of the retained summary-inversion
set. By Definition 45,

Foe = CoL log(Co/a)
n

Sincen > 1,0 < a<1/2, Cy > 1, and L > 1, one has Cy/a > 1, hence log(Cy/a) > 0,
and therefore
0<7rna and 0<2rp 4.

For a fixed sample 01.,, put

~

Gret = H(Sn(oltn))'
The selector property gives gret € K, and the defining formula for dg gives

dS(Qreh Qret) =0< 2rn,a-

Moreover,

/V\n(olzn) - F(Qret)-
Thus et Witnesses membership of 7,(01.,) in the displayed retained set, so that set is
nonempty for every sample.

6. The two cases K = @ and K # @ cover all possibilities. In each case the constructed
repair data R has Borel selector II, continuous extension F', Borel repaired estimator 7,
the asserted dg fallback when L = &, and a nonempty retained summary-inversion set for

every sample.
O

Proof of Proposition 4. Set
4L+/d
S0 1= 7['()0'(2], L;:= =
00

and order singular values nonincreasingly.

1. Let H,, gn, ¢, and
Apn =V X Ry X P X Tp
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be the structured lattice of Definition 13. Its four factors have cardinalities bounded by

fixed-parameter constants times
dek k2 k-1 k
H.=", H, H™, H,.

n

Since n > 1, the lattice height satisfies

for a finite Cy = Cy(k, dy, m0,00). Hence there is a constant Cy > 0, depending only on
the displayed parameters, such that

’An‘ < C#n(dzk+k2+2k_1)/2.

In the fixed-dimensional exact-real model of Definition 48, the work is the empirical-
summary pass plus one fixed-size objective evaluation for each candidate, so

Work,, < Cx {n 4 n(dzk+k2+2k71)/2} _

. Choose Cy > 1 from Lemma 1. Thus, for every P € M, n>1,and 0 <n < 1/2,

Q% {ds<§n,S(P)) > COL\/W} <n

The assumptions imply d, > 0, L; > 0, and sg > 0. Therefore

L, L,
0< 8 < Clat = max{8 ,(L: + Kp +LKf)Blat} .
S0 S0
Define
Chtail := max{Cp, e, Clat(CoL + 1)}, C = max{Cy, Ctail }-
Then C > 0.

. Fix n > 1. The lattice factors are finite and nonempty: canonical coordinate columns
furnish an element of V,, a rounded scalar multiple of I furnishes an element of R,,
the inequality k¢, < H, furnishes an element of P,, and 0 € 7,. Enumerate A, in
duplicate-free lexicographic order as

Vi = (Vi, Ri, pi, Ti), i=1,...,|Al
For a summary s, put

in(s) = min arg min J,(9;; s), An(s) ==

>\79- )
lex 1<i<| A,| e

where J,, is the criterion in Definition 16. Thresholded singular-value pseudoinversion is
Borel, each score s — J,(¥;; s) is Borel, and a finite first-minimizer rule over Borel scores
is Borel. Hence R R

An(w) = Ap(Sn(w))
is a total Borel empirical-summary rule, with S\n as in Definition 35, and it is the first
minimizer prescribed by Algorithm 2. Every coordinate of every p; € P, is at least mg, so
aggregating coordinates at repeated effect locations gives

~

AtomFloor(mg, A\, (w))

for every sample w.
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4. Fix P € M, and put
Gp = stack(My(P), M1(P)).

Lemma 25 gives rank(Gp) = k and the threshold characterization at S(P). In addition,
Lemma 24 gives the population signal margin; since the singular values are nonincreasing,

0j(Gp)zs0 (1<j<k), 0;(Gp)=0 (j>k)
In particular, Gp has exactly its first k singular values at least so/2. Now let s satisfy
ds(s, S(P)) < s0/2,
and set G4 := stack(My(s), Mi(s)). The stacked-block comparison gives
|Gs = Gpllop < ds(s, S(P)) < s0/2.
Weyl’s inequality yields
0j(Gs) —0j(Gp)| < s0/2  for every j.

Thus, for 1 < j <k,
0;(Gs) > s0/2,
while, for j > k,
0;(Gs) < s0/2.
This proves that G also has exactly its first k£ singular values at least sp/2 and all remaining

singular values below sq/2.

5. Fix a sample w, and write
Sy 1= §n(w), Ew,p = ds(sw, S(P)).
Choose the population signal tuple

T k k
B(P) - VPOPRpop7 Ppop = (P(U = u))u:l? Tpop = (TU<P))u:1'

By Definitions 21 and 25, and because the latent classes partition the record space with

positive class masses,

k
mx(P) = Ep[X] =Y P(U=u)Ep[X | U =u] = B(P)ppop-
u=1

The chosen signal factorization B(P) = VpopRI—)rop therefore gives

mx (P) = VpOPRgoppmp-

Using Assumption 5, the first target-proxy coordinate has conditional mean one in every

latent class: i

u=1

B(P)'e1= (Ep[X1 |U=1])._, =14
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Since B(P)" = RpopV,h

bops this yields

RpopVipope1 = 1.

The proxy and outcome moment factorizations from Lemmas 4 and 18 give, for each arm
t,
My(P) = AT B(P)",  Ny(P)= AT, diag(p)B(P)".

The proxy-rank margin in Assumption 10 supplies injectivity of the linear maps represented
by A; and B(P). By Lemma 19, T'y is injective, so A;I'; is injective. Applying Lemma 20
with C' = ATy, B = B(P), and pu = (¢ )y yields

M(P)N(P) = {B(P)!} T diag(ua) B(P) "

Subtracting the two arms and using Tpopu = f1u — Hou, together with B(P) = VpOpR;Op,
gives
Dp := My (P)Ni(P) — Mo(P)"No(P) = Vipop Rpap, diag(Tpop) Rpop Vi

pop*

Moreover,
ok (Rpop) = 00, [ Rpopllop < \/EL

Ppop,u > 2mo, prop,u =1, ‘Tpop,u| <L,

where the effect envelope is supplied by Lemma 7. The associated quotient law is

k
vp = prop,u(sfrpop,u-
u=1
. Recall that ¢, = H,;!. The definition of H,, gives the four mesh inequalities

Vidgkan < =,

For the signal basis V},op, each entry has absolute value at most one because its columns
are orthonormal. Coordinatewise clipped rounding therefore gives a grid matrix Vj, raw
with

(Vn,raw)ij = (nZij (Zij € Z), |<Vn,raw)ij‘ <1, ” n,raw pop”op < Vdzk qn.

Weyl’s inequality and the first mesh bound give

(Vnraw >1*\/ anz

Let V,? be the polar factor V;, raw (V) aw
at an orthonormal basis yields

||Vr;j - VpOpHOp <4\ dik qn = cvgn.

Next, since || Rpopllop < VEL, coordinatewise clipped rounding in the radius 2vkL gives
R, with grid entries and

kgn < % kgn < VEL,  [my'] < H,.

%\H

w
l\D\»—\

Vn,raw)_l/ 2. The polar-factor perturbation estimate

||R$z - Rp0p||0p < kqn.
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Using kg, < 0¢9/2 and Weyl’s inequality,

Uk’(RZ) > Uk(Rpop) — kgn > %,

and using kg, < VkL,
1B lop < [ Rpopllop + | B, = Rpopllop < 2VEL.

For the weight vector, set b, = |Hpppopul- Since ppopy > 2m and [walw < H,, the
quantities x := moH,, and y, := H,ppop,u satisfy 1 <z and 2z < y,. Because y, < b, + 1,
this implies = < b,, hence

(7TOHn1 < bu.

The floor vector satisfies ), b, < Hy, and H,, <), b, + k. Choose a subset of indices of
size H, — ), b, and add one to b, on that subset, obtaining integers a, with

Gy

k
Zau = H,, (WOHn] < Qs F — Ppop,u < Gn-
u=1 "

Thus p, := (ay/H,)*_, belongs to P,, and summing the squared coordinate errors gives

u=1

& 0y 1/2
° a
Hpn_ppopHQ: {z :(Hu _pp0p7u> } S\/EQn
n

Finally, since |Tpop.u| < L, coordinatewise clipped rounding on the effect grid gives 7,0 € 7y,
with
[ Tou = Tpopyul < an (1 <u<k).

n,U

Combining these four rounded components gives a well-formed lattice comparator

192 = (V7(L)7 ;)up(r)wTri) €Ay,

satisfying
Vi = Voopllop < cvan, 1B, — Rpopllop < Kan,
”proz _ppOpH2 < \/Eqn, ’T;Z,u — Tpop,u‘ < qn.
. Assume first that
Ew,P < 50/4.

For each treatment arm,
[Mi(sw) = Me(P)llop < €wps [ Ne(5w) = Ne(P)llop < ew,p-

The population armwise proxy block has rank k, kth singular value at least sg, and
|Nt(P)|lop < L. If My(s,) denotes the rank-k truncation retained at threshold s¢/2,
singular-value perturbation gives

(My(s) gy o = Mi(s)Ts on(Mi(s.) 2 3s0/4,  [|Mi(s0) = My(P)op < 250, p-
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Define the thresholded empirical compressed operator, in the notation of Definition 16, by

D(s) := Mi(50) 5.0 /2N1 (50) — Mo(50) 5.6 /2N0(50)-
The equal-rank Moore-Penrose perturbation identity gives
4" =V lop < 3max{ U2, V2, HIU = Viiop,
and therefore
ID(s) = Dpllop < Apewp,  mx(sw) —mx (P < ewp.
For the comparator ¥J;, the mean residual decomposes as
vy (R;)Tp%_VPOPR;oppPOP =V, _VpOp)(RZ)TP;"‘VPOP(RZ_RpOp)Tp%"‘VPOPR;op (P _ppop)v
so the bounds [[Vpopllop < 1, [Ippllz < 1, [[Ry[lop < 2VkL, and [ Bpopllop < VEL give
1V (R2) 05, = Viop RpopPpopll2 < Cmtn-
Similarly,
RSL(VO) RPOPVpOp = (R, — RPOP)VpOpel + R, (V,y — VPOp)Telv
and Jlet]l2 =1, [Vpopllop < 1, and || R;|lop < 2VEL yield

IR, (Vi) Ter — x|z < cogn-

For the operator residual, write

Dy — Dp
= (Vi — Vpop)(RfL) " diag(rs) Ry (Vie) |
+ Voop {(B7) ™! = Rpop } diag(m) Ry (Vie)
+ VpopRpop diag (7, — Tpop) R, °(veyt

+ VPOPRpop dlag( )( RPOP) (VO)
+ VPOPRpop diag(mpop) Rpop(V;, — VPOP)T'

The inverse identity

pop

(Rp) ™" = Rpop = (R7) ™ (Rpop — By Ry,

and the singular-value bounds give

2 1 2kq
o 1 oy—1 -1 n
1) Mo < 20 I Rpapllon < o N0 = Ryl < 5%

Bounding the five displayed summands with || diag(7;;)||op < L7, || diag(7pop)|lop < L7, and
| diag(7,; — Tpop)llop < ¢n gives

||D19$L - DP”op < CDAn-
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Consequently
Jn(ﬂfﬁ sw) < (AD + 1)5w,P + Caridqn -

Let R L
1971<w) = (Vnaanﬁn7?n)

be the first minimizer. Minimality and the nonnegativity of the three terms in J, imply
D5 = Dpllop < (2Ap + 1)ew,p + Criddn,

ViR B — mx(P)ll2 < (Ap + 2)ew,p + Cariadn,
and
IR, V. er — 142 < (Ap + )ew.p + Cariadn.
Since
Biay = 2(Ap + 1) + cgrids

all three residuals are bounded by

Blat (Ew,P + Qn)-

. Let ¢, be the attaining Kantorovich—Rubinstein potential for (/):n(w),up) supplied by
Lemma 21. Thus

¢w(0) =0, Lip(p,) <1,

/cpw d/)\\n(w) — /cpw dvp

The selected structured operator and Dp, extended by zero on the orthogonal complement
of their signal spaces, have real diagonalizations with spectra in [—L,, L;]. Put

AVEkL
KR .= .
o]

and
Wi(An(w),vp) =

For either signal factorization with coordinate matrix Rcoorq, the ambient eigenbasis uses
the signal coordinates and an orthonormal basis on the orthogonal complement. Hence its
condition number is bounded by

cond < max{||R;)10rd||0p, 1} max{|| Reoord |lop: 1}
For the selected lattice tuple, the defining lattice constraints give

ox(Rn) > 00/2,  ||Rullop <2VEL,  [Faul < L.
Therefore

~ 2 ~ 2 ~
1Bt lop € = (IR ops 1} € = (| Rullp. 1} < 2VRL

where the last two inequalities use 0 < g9 < 1, 2 < k, and 1 < L. Thus the selected
diagonalization has condition number at most . For the population tuple,

Uk(RpOP) > 0y, ||RP0p||0p < \/EL, |7'p0p,u| <L;
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so the same calculation, with

1

2
|R < e < oo max{|| Rpopllops 1} < 2VEL,

popHOp
gives the condition-number bound k for the population diagonalization as well. For the
diagonalizations

Dy = ZhatAhach Dp = ZpopApopZype ;

at’ pop’

the divided-difference identity gives

{Ww(Ahat)ZhatZPOP ZhatZ Op‘Pw(Apop)} ij — dij {Ahatzhatzpor) Zha%nZPOPAPOP}i]' ) |dij‘ <1,

with d;; = 0 when the two eigenvalues coincide. The coordinate perturbation in the last
display is

AhatzhatZPOP ZhatZPOPAPOP = Z}?alt(D On Dp)Zpop-

Since |d;;| < 1, each column of the Schur product has Euclidean norm bounded by the
corresponding column norm of this coordinate perturbation. The fixed-dimensional column
estimate therefore gives

HSOW(Ahat)ZhatZPOP ZhatZ 0p90w(Ap0P)Hop < Vg h_a%c(Dan —Dp)Zpop

‘Op

Multiplying by the exterior diagonalizer factors yields

H@w( ) ¢w(Dp)llop < Vd HZhatHOpHZhatHOPHD DPHOpHZpt)pHOpHZ;;olpHop
<V x"‘fZHD@n — Dpllop-
Because k = 4\/EL/00, this is

16\ﬁ k;L2

‘70

lew(D5.) = €u(PpP)llop < Kfl|D5 —Dpllop, Ky =
For the selected law, put L
X@,u = (RnVnTel)u-

Since YA/nT‘A/n = I} and ﬁnﬁg 1 = I, the functional calculus of the selected structured
operator gives L L
pu(Dg ) = Vo, diag{pw (Fou) : 1 <u < k}R,V,,

because ¢,,(0) = 0 on the orthogonal complement. Therefore
(VaRtyBn) T pu(Dj Jer

—an VTV R dlag{apw(Tn u)}R V el
k
= ﬁ;zr diag{cpw(?n,u)}RnVnTel = Zﬁn,u@w(?n,u)xau-

u=1

The labelled integral of A, (w) is

/(Pwd/\ anu@w Tnu
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and hence
/ P (@) — (VaR) pn) 00D an uPeo (P (1= X5,)-

Because ||p,|l2 < 1 and

[P0 (Tnu)| = 0w (Tau) = €w(0)] < [Tnul < L,

Cauchy’s inequality yields
'/gow (@) = (Va R Pn) T 0u(D5 Jer| < Lel|RnV, e1 — 1 l2.

For the population tuple, functional calculus gives

Puw ( ) VPOPRpop dlag{(pw (TPOP)}RPOP pop’

since ¢,,(0) = 0 on the orthogonal complement. Using mx (P) = VpopRgopppop, szprop =
I, and Rpopropel = 1;, we obtain

k
mx (P) (Pw(DP €1 = z:ppop,uSOw(Tpop7 ) /Sow dvp.

u=1

Together with ||mx(P)|2 < L and
lew(Dy )erll2 < KLy = Kp,
the residual bounds from the previous step give, in the small-error case,
Wi (w),vp) < (Lr + Kp + LE}) Biat(6w,p + @n).

If instead €, p > s0/4, both laws are supported on [—L, L;], so the diameter bound from

Definition 19 gives

~ 8L,
W1 (An(w),vp) <

Finally ¢, < n=1/2, Combining the two cases with the definition of Ci,; proves, for every
sample,

Wl(Xn(w), vp) < Clat {ds(é\n(w), S(P)) + \}ﬁ} )

. The choice C' > Cy gives the displayed candidate-count and work bounds with the same
C'. For the tail bound, fix 0 <7 < 1/2. Since

C > Cy, C >e, C > C]at(COL + 1),

we have

log(Co/n) <log(C/n),  1<log(C/n), \} M
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On the event

ds(S,, S(P)) < CoL log(Cno/n),

the deterministic inequality gives

WI(X’VU VP) < Clat(COL + 1)\/10g(7f/n) < C\/log(g/n)
Therefore
{Wl@mwa) e lgw} . {ds@n,sm) > o 1g<0/n>}

Applying Lemma 1 under le) yields

QL {W1<Xn,up> e l"g(c/")} <n

n

Proof of Theorem 2. 1. Let
S ={S(P"): P e M}, K=%

in the finite-dimensional summary space equipped with dg. By Lemma 1, choose a si-
multaneous concentration constant Cy > 1. By Proposition 4, choose a positive lattice
tail constant Ci,; associated with the structured-lattice estimator. By Theorem 1, choose
Cmod > 0 and a continuous extension

F:K = Pyu([~Lr, L))

such that
W1i{F(s),F(s")} < Cmoa ds(s,s’), 5,8 €K,
and B
FS@Q)=vg, QeM.
Set

C = maX{QCtaﬂ, maX(QCg, 4CmodCQL)}.
Then C' > 0, and C depends on (k,d,d,, L, 7, 00).

2. Fix n > 1. The empirical summary S, is a Borel sample map: its coordinates are fi-
nite sums of Borel coordinate maps, treatment-arm indicators, products, and the total
empty-arm normalizers in Definition 35. Applying Proposition 4 at this n, choose the
structured-lattice estimator Xn Its finite list contains each well-formed candidate once, in
lexicographic order, and the returned law is

o~

Anl@) = A5,y
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where 1/9\n(w) is the first lexicographic minimizer of J, (9; S, (w)) over the structured lattice
in Algorithm 2, with threshold 7700(2) /2. The same result gives Borel measurability of A\,
and, for every P € M and every 0 < { < 1/2,

<¢.

n -~ 1 C ai
gﬂ) {Wl()\mVP> > Chail og(Crain/¢) 72 I/C)}

. Proposition 2 gives compactness of K. If = &, take the selector
II(s) =0

for every ambient summary s, and define the repaired estimator by the zero-law branch
in Algorithm 1. If K # &, identify the finite-dimensional summary space with Euclidean
space. The loss (s,q) — dg(q,s) is continuous by Lemma 23, so Lemma 2 gives a Borel
map IT such that

II(s) € K, ds(I(s),s) < ds(q,s) forall g€ K.

With this selector, set
50, K= J,

)= {F{H<§n<w>>}, Ko,

Continuity of F, Borel measurability of II, and Borel measurability of §n make U, a total
Borel estimator into Pk ([—L-, L7]).

. Fix P € M. Then S(P) € ¥ C K, so K # @. For every sample w, nearest-summary
optimality gives

ds{I1(Sp(w)), Sn(w)} < ds{S(P), Sp(w)} = ds{Sn(w), S(P)}.
By the triangle inequality for dg,

d{TI(S,(w)), S(P)} < ds{I1(Sp(w)), Sp(w)} + ds{Sn(w), S(P)}
< QdS{gn(w)’S(P)}

Since F(S(P)) = vp, the Lipschitz extension bound gives
W1(Pn(@), vp) < Cinoa ds{T1(Sa(w)), S(P)}
< 2Cimod ds{Sn(w), S(P)}.

. Fix 0 < < 1/2, and define

O\ = Ctaﬂ\/log(Cta;;/(n/Q))’ Os = CoL log(CoT/L(n/Q))’

oc = ¢y 15T

The definition of C' implies

2C"nauil < C, 2C'O < C, 4CmodCOL <C.
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Hence
Ctait _ 2Can _ C Co _2Gy _C
n/2 noT o om/2 n T
Monotonicity of log and of the square root gives

O\ < O6¢
and
2010405 < O¢.

Therefore
{max [Wl (/):n, l/p), W1 (f/\n, Vp)] > @C}

C {W1(An,vp) > 03} U {ds(Sn, S(P)) > Os}.

Indeed, on the complement of the right-hand union, the lattice error is at most Oy < O¢,
while the repaired-summary error is at most 2C,,qOs < Oc¢.

6. Apply the lattice tail bound with ¢ = /2 and Lemma 1 with ¢ = n/2. The displayed set
inclusion and the union bound yield

Q' {max[wl(xn,up),wl(ﬁn,up)} e, log(C/n)}

n

< QUHWI(n,vp) > O3} + QW {ds(S,, S(P)) > O5)
<n/2+n/2=n.

The arm-count conclusion is also supplied by Lemma 1: for each ¢ € {0, 1},
(n) _ B n
QP {Nt,n - 0} < (1 k‘ﬂ'o) .
O

Proof of Theorem 3. 1. By Lemma 1, choose Cy > 1 such that, for every L > 1, n > 1,
PeM,and 0 < a < 1/2,

QY {ds(§n,S(P)) - Oy k’g(cn()/o‘)} <a

Fix L > 1, and put
ALVd;

g0

L, =

Let

K=15(P): Pe M

be the summary closure from Definition 43. By Theorem 1, choose Cpoq > 0 and a
continuous extension

F: K — Pk([—LT, LT])

such that B B
Wi{F(x),F(X)} < Cmoads(x,X')  (x,X €K),
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and
F(S(P)) =vp (PeM,).

By Proposition 4, the prescribed structured-lattice constant Ciy; is positive. For each
n > 1, Proposition 4 supplies a measurable structured-lattice estimator \,, generated
by the finite exhaustive duplicate-free lexicographic list of well-formed lattice candidates
and by the first minimizer of J, (1J; §n), such that, for every sample o € Ogﬁ 4, and every

PeM,
Wi (An(0), ) < Gl {ds(8(0), S(P)) + (Vi) '}

The same cited result gives, for every sample,
AtomFloor (m, An (0)).

For 0 < o < 1/2, define

log(Co/ax
Tn,a = CoL g(n()/)’ Rn,a = Clat (Tn,oé + (\/’TZ)—I) :

The parameter domain gives 7, o > 0, and Clyy > 0 gives Ry, o > 0.

. Construct the repair selector II. By Proposition 2, K is compact. If I = &, set
II(s) =0 for every ambient summary s.

If K # @, then Lemma 23 and Lemma 2 give a Borel map II such that, for every ambient
summary s,

II(s) € K, ds(s,11(s)) < ds(s,q) (g€ K).

Together with F, this is the repair datum of Algorithm 1; the induced repaired summary-
to-law map is measurable, and the displayed Lipschitz bound for F is retained on K.

. Fix a sample 0 € Oy ;. If K = @, then C;, o(0) = {0}, hence Cy,(0) is nonempty. If

K # &, then II(S,(0)) € K, and
ds{I1(S,(0)),TI(5p(0))} = 0 < 27y 4.

Thus R
F{II(Sn(0))} € Cnalo),

50 Cpo(0) is nonempty. The algorithmic set is nonempty because
AtomFloor (10, An(0)),  Wi{Au(0), An(0)} = 0 < Ry

By Algorithm 3, m, = mp and membership in CZ% is membership in the atom-floor subclass
together with R
Wi(v, An(0)) < Ry a-

By Definition 19, this last inequality is equivalent to the existence of a finite nonnegative
transport plan from v to A, (o) whose absolute-distance cost is at most R, . This gives
the asserted finite constrained transport representation.
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4. Fix P € M. Since S(P) € K, the closure K is nonempty. Define the bad event
Badp = {0 € Of 4. Tna < ds(5a(0), S(P)) } .

The concentration bound gives
Q" (Badp) < a.

The empirical summary is Borel by Definition 35, and (s, q) — ds(s, q) is continuous by
Lemma 23; hence Badp is measurable. Therefore

Q" (Badg) =1 - QW (Badp) > 1 — .

For every o € Bad§, .
ds(Sn(0), S(P)) < Tna-

Nearest-summary optimality gives
ds{8n(0), T1(S,(0))} < ds{Sn(0), S(P)} < rn,a,
and the triangle inequality gives

ds{S(P),T(S,(0))} < ds{S(P), $n(0)} + ds{Sn(0),T1(Sn(0))}
< 2rp q.

Since F(S(P)) = vp, the summary S(P) itself witnesses

Vp € Cn,a (O)

5. On the same sample o € Badp, Proposition 4 gives

W1{Aa(0),vp} < Crat{rna + (V) ™'} = Ry

By symmetry of W7, R
Wl{VP, An(o)} < Rn,ow

It remains to verify the atom floor for vp. For each latent class u, Assumption 9 as included
in Definition 32 gives

PU =u,T =0) > m, PU=u,T=1)>mn.
The two treatment cells partition the latent class, so
pu:P(U:U):P(U:U,TZO)‘l-P(U:u,T:l) > 2wy > g,

where p,, is the latent mass from Definition 21. For the raw latent law

k

Z pu(sma

u=1

the aggregate mass at any distinct support value ( is

Z Pu 2 T,

Ty =C
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because the displayed sum contains at least one latent class. Passing to the quotient law
vp of Definition 40 only aggregates equal atom locations, so Definition 31 gives

AtomFloor(mp, vp).

Thus
vp € C48/(0).

Combining the two memberships on Badp,
1—a<QW {up €Cha mcg}g} .

. Fix a sample o. For the theoretical diameter, take any
1,82 € Cha(0).
If K = @, then both elements equal the zero-law fallback, so
Wi(&1,&2) =0 < 4CmodTn,a-
If £ # @, then by Algorithm 3 there are x1, x2 € K such that
G=F0y),  ds{xs1(Sn(0))} < 2rna (i =1,2).
By symmetry and the triangle inequality,

ds(x1, x2) < ds{x1,T1(Sn(0))} + ds{II(Sa(0)), x2}
< A1y q.

The Lipschitz bound for F gives

|41 (fla ‘52) < CmoddS(Xla XQ) < 4Cmod7“n,a'
Taking the supremum over all pairs in the nonempty set C, o(0) yields

diamyy, (Cn,a) < 4CmodTna-

. For the algorithmic diameter, take any
&1,& € C2% (o).
By Algorithm 3,
Wi{€1, M (0)} < Ruar  Wi{€2, M(0)} < Ry
By symmetry and the triangle inequality,

Wi (&1, &2) < Wi{€r, An(0)} + Wi{An(0), &2}
S 2Rn,a-

Taking the supremum over all pairs in the nonempty set Cgl,% (o) gives

diamyy, (Cf;li) < 2R, 4.
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Proof of Theorem 4. 1. By Lemma 1, choose Cy with Cy > 1 such that, for every L > 1,
n>1, PeM,and 0 <n<1/2,

Q) {ds@n,S(P)) > ot log(CnO/”)} <

Fix L > 1. With the displayed definitions of L+, so,cv, Kp, Ap, Ky, cp,cm, b, Carids Blat,
Proposition 4 gives
Clat >0

and, for every n > 1, a Borel structured-lattice estimator Xn obtained from the exhaus-
tive duplicate-free lexicographic list of well-formed candidates and the first minimizer of
Jn(¥; Sp). It also gives, for every sample w,

AtomFloor(my, }\\n (w)),

and, for every P € M,

Wi (An(w), vp) < Clay {ds(§n(w), S(P)) + ;ﬁ} .

The extension F on K is supplied by Theorem 1. By Proposition 2, K is compact, and by
Lemma 23, (s,q) — dg(s,q) is continuous. If K # (), Lemma 2 supplies a Borel selector IT
satisfying

Ii(s) € K, ds(II(s), s) < ds(q,s) (g€ K).

If K = (), set TI(s) = 0 for every ambient summary s. Together with F, these maps are
repair data of the form specified in Algorithm 1; the induced sample-to-law map is Borel
measurable by composition in the nonempty case and by the constant fallback in the empty
case.

2. Fix0<a<1/2, Pe M, and n > 1. Define

log(C 1 Ry
Tna = CoL Og( O/CV)’ Rn,a = Clat <7"n,a + > ) Pn,a = —.
n \/ﬁ 0

Since Clpt > 0,Co > 1, L>1,n>1,and 0 < a < 1/2, we have
Rn,oé > 0, Prn,a > 0.

The event

Ep = {w - dg(S,(w), S(P)) < rn,a}
is the complement of the deviation event in the first display with n = o, and hence
M(Ep)>1-a.
For every w € Ep, the deterministic lattice bound gives

~ 1
Wl()‘n(w)v VP) < Clat <Tn,a + \/ﬁ> = Rn,oc-
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3. The representative law vp has atom floor my. Indeed, for each latent class u,
pu(P)=PU=u,T=0)+PU =u,T =1) > m+m > 7o

by the latent-arm positivity component of P € M. After coincident latent effects are
aggregated as in Definition 40, every distinct support atom has aggregate mass at least
. Since W7 is symmetric on represented atomic laws, the preceding step gives

Wi (vp, An(w)) < Rp.a.

Thus
Vp € Calg

n,Q

because Algorithm 3 defines

Cits = { & AtomFloor(mo, §) and W1 (&, Xa(w)) < Rna } -

4. We shall use the following finite-transport implication. If two finite atomic probability
laws y and x’ have atom floor m > 0 and

Wi(x, x') < mp,

then

dist(z,suppx’) <p (xz €suppx),  dist(y,suppx) <p (y €suppx’).

For the first assertion, put
dy () := dist(z, supp x').

If dy(x) > p, then every coupling in Definition 19 moves the aggregate mass at x, which is
at least m, by distance at least d, (z). Hence every transport cost is at least md, (z) > mp,
contradicting the displayed Wasserstein bound. The second assertion follows by applying
the same argument after transposing a coupling. Applying this implication with

m = T, X:)‘n(w)a X/:va P:Pn,a,
and using mopp,a = Rn.a, gives mutual p, o-closeness of the two supports.

5. The components Jg/;a are the connected components of supp(Xn(w)) under links of length
at most 4p;, o. For such a component C,

Kc(P) = {z € supp(vp) : dist(z,C) < pna}t-

The mutual support closeness from the previous step implies that every x € supp(vp)
belongs to at least one such set. If x belonged to two components, choose center atoms in
the two components within p, o of . These two center atoms are within 2p,, o < 4py. of
each other, so they lie in the same connected component. Hence

x €supp(vp) <<= 3Ce J/f;,a with z € Ka(P).
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For every component C, reverse support closeness supplies a true atom within p,  of any
center atom in C, so K¢(P) # (). The inclusion

Kc(P) C supp(vp)

is part of the displayed definition of Ko (P). If © € Ko(P), then some y € C satisfies
|z — y| < pn.a, and therefore

minC — pp.o <2 <maxC + pp.a,

which is the reported support interval in Algorithm 4. Since vp € CZ%,

vp(Ko(P)) € {v: 3¢ € Cl%, v = €(Ke() |

Consequently

inf §(Kc(€)) <vp(Kc(P)) < sup £(Kc(§)),
gechy, gecals,

which proves the mass-interval containment.
. Fix £ € CZ%. Then
AtomFloor(mg, &), Wi (f,xn(w)) < Rpa,
and the triangle inequality gives
Wi(€,vp) < Wi(€ An(w)) + Wi (An(w), vp) < 2Ry 0.

The transport implication applied to £ and n (w) shows that their supports are mutually
Pn,a-close. For a component C, write

K= Ko(€),  KE:=Ko(P),  Ab:=(Ac(P))eal

when Ac(P) < 400, where Ay, is the finite real external gap.

If A¢(P) = 400, then
supp(vp) \ K& = 0.

The partition just proved makes C the unique empirical component associated with the
true support. The same partition argument for £ gives

supp(€) C K.

Thus
E(Kg) =1=vp(KE).

Now suppose Ac(P) < +o00. The finite sets K& and supp(vp) \ K are nonempty in this
case, SO
c>0.

Let v be any transport plan from £ to vp. If

;z%é = {i::L"fEKg}, = {j:xfEKg},
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then marginal balance gives
SUE) —ve(KE) =D > w= 2 D v
il it AL igos AL

Every positive-mass crossing pair in these two sums is separated by at least Ap — 2pp q-
For the first crossing case i € %5, j & @k choose z € C with

‘xf - Z’ < Pn,a-
Since z is a center atom, support closeness from the center to vp gives y € supp(vp) with

|z —y| < Pn,oc

Then y € K}. Because azf ¢ K[, the definition of Ac(P) gives
AL < |y — 2P,

Also
ly = 25| < |y — 2| + |2 — 25| < 2pna;
and therefore

& = 2pna < laf — a7

For the second crossing case i ¢ szfé, je szfg , support closeness from £ to the center gives
a center atom z with

‘xf - Z’ < Pn,a-
Let C, be the empirical component containing z. Support closeness from the center to vp
gives y € supp(vp) with

|z =yl < pn,as
soy € Ko, (P). If y € Ko(P), the uniqueness of the true association would force C, = C;

then z € C, and
dist(xf,C’) < ]:Bf — 2| < pPn,a;

contradicting ¢ ¢ 42%05 Hence
y ¢ Ko(P).
Since xf € K¢ (P), the external-gap definition yields
AL < Jzf —yl.
Together with
ly = 2§| < ly = 2l + |z — 2§| < 2pna,

this gives
AL = 2ppa < |25 —2f)|.

The preceding crossing estimate and the displayed marginal identity imply
(AL = 2pn.a) |6(K) — vp(KE)| < cost(y).
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Taking an optimal plan and using W1(&,vp) < 2Ry, o, if 4pp.q < Af, then

2Rn0 ARy
AL — 2000 = AL

§(KE) — v (KE)| <
Since 4pp.o = 4Ry o/m0 < Af and 7o < 1, this is bounded by
4 min < 1 Fon,a
— mi .
0 T AL
If 4pn,a > Af, then both cluster masses lie in [0, 1], so their difference has absolute value

at most 1. When R, o/Af > 1, this is at most 4/m9. When R, o/Af < 1, the inequality
AL < 4R, o /T gives

and hence

Thus, in all finite-gap cases,

4 Rn,a
€(e(€) - ve(Ko(P)] < - min {1, v

with the top-gap case giving equality of the two masses.

. For a fixed component C, let

Val(C) = {v: 36 € Cif5, v = E(Ko(9)) } -

The preceding step bounds every v € Val(C') within

err ,__ 4 . Rn,a
Be't = p— mm{l, AC(P)}

of vp(Kc(P)) when Ac(P) < 400, and within 0 when A¢(P) = 4o00. Since vp(Kc(P)) €
Val(C), the elementary extremal implication

(v —wo| < B for all v € Val(C), vo € Val(C)) = sup Val(C) — inf Val(C) < 2B
applies to the endpoints of I. Therefore, if Ag(P) = +o0, then
length(I) =0,

and, for every component,

8 Rna
length(lo) < —min< 1, : ,
g (C)_WO { AC(P)}

with the displayed right side read as zero when Ag(P) = 4o0.
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8. If Kco(P) = {z}, every center atom z € C is within p, o of a true atom y. That true atom
satisfies y € K¢(P), and hence y = z. Thus

|z — 2| < pna (z € C).

Applying this to the minimum and maximum points of the finite component C' gives
max C' — minC' < 2py, 4.

The reported support interval therefore has length

(max C + pp o) — (MinC — pp o) < 4pn.a-

9. In the same singleton case, the external gap dominates the global effect gap. If A (P) <
+o00, then for every y € supp(vp) \ Kc(P),

because x and y are distinct positive-mass support points of vp. Taking the infimum over
such y gives
§(P) < Ac(P).

If Ac(P) = +o0, the preceding zero-width conclusion applies. Since R,, o > 0 and w9 > 0,
substituting the finite-gap comparison into the external-gap interval bound gives

8 Ry.o
1 h(Io) < —min<{1 = .
engt (C)_Womm{ ’(5(P)}

10. Finally, Definition 19 defines W; as the minimum finite transport cost over couplings with
the prescribed marginals. Therefore, for every represented atomic law &,

£e CZ{%Y <= AtomFloor(mg, &) and 3y with transport cost at most Ry, o from & to An(w).

The forward implication takes an optimal finite transport plan attaining W7i; the reverse
implication uses that any feasible plan upper-bounds the minimum. This is the finite

. . 1
constrained representation of Cp .

O]

Proof of Theorem 5. 1. Let Cquo > 0 be the constant supplied by Theorem 2. Define

2
Xtail VT
Xtail = max{Cquo, 2}7 Bmean = Xtail 10g(2Xtail) + tagxrv

16
Kord := 8 + 7]_707 C:= maX{2> ’{ordﬁmean}-
The hypotheses give Xtail > 2, 10g(2Xtail) > 0, Bmean > 0, and korg > 0, hence C' > 0. Fix
n > 1. By Theorem 2, choose the measurable nearest-summary quotient-law estimator 7,

from Algorithm 1. Set
Phw) :=p'(a(w)), weOy 4,

which is exactly the ordered-weight estimator of Algorithm 5. Its measurability follows
from the measurability of 7, and the Borel ordered-mass map; its values lie in the proba-
bility simplex by the ordered-mass construction, including its barycentric fallback branch.
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2. Fix g with 0 < g < 1/4, and fix P € M(g). Write
Zpw) = Wi(tn(w),vp),  weOg 4.,
where vp is the quotient latent-effect law of Definition 40. The support radius L, =

4L+/d,|oq gives
0< Zp(w) < 2L,

for every w, so Zp is integrable under Qg;z). For every 0 < n < 1/2, the tail bound in
Theorem 2 and the inequality Cquo < Xtail give

n lo ai
%){Xtail g(X;Ll/n) < ZP} <.

Indeed, the displayed event is contained in the corresponding collision-uniform event be-

cause
log(Cquo/n lo i
C / g( Z /n) < Ytail / g(XTtLal/U)‘

To integrate this tail, put

b 1og(2xtail) _
mean -— Xtail ’ Omean ‘= 35
" Xtail

For & > byean, define
Mz = Xtail €XD(—Omeant”).
Then 0 < 1, < 1/2 and
log(Xtail /1)

Xtail =T
n

Thus
le){ZP > 1‘} < Xtail eXp(_QmeanfL'Q)a Z > bmean-

The layer-cake identity and the Gaussian tail bound yield

Bmean

v

0o
E gl) [ZP] < bmean + Xtail/ eXp(_Qmeanxz) dx <
bmcan

3. Let
vt = ((pu(P))iy, (ru(P))EZ))

be the k-slot representative of vp. By Lemma 17,
p'(P) =t (v),

because V%Qt and vp represent the same aggregated atomic law. The gap-stratum assump-

tions give, for every latent class u,

mo < P(U=u,T=0) < P(U =u) =pu(P),
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and Definition 41 gives distinct latent effects and

5 Slu@ =) (o).

Consequently, if £ = 25:1 Dad7, is any valid k-slot atomic law and

W, (V%lot75> < WO(Z/Q)’

then
8
E ‘pj —p; VSPIOt)‘ < 7 W1<Vsp10t,§) .

For this last implication, take an optimal transport plan . Each true atom 7, (P) must
have a positive-mass atom ?@(u) of ¢ within distance g/8; otherwise the mass p,(P) > mo
transported from that atom alone would cost at least mo(g/2)/4. The map ¢ is injective,
hence bijective, because two g/8-close images of distinct g/2-separated true atoms would
violate the triangle inequality. It also preserves the increasing order. Therefore

k
> ’p}( —phpt ‘ = Z Do) — Pul(P)| -
j=1
With
k
diag, := Z%‘:‘P(“)’ offy :=1—diag,,

the row and column marginal identities give

Z‘pw P)| <2 off,.

All off-matching mass moves at least g/4, so
g T. < W ( slot )
4 o v = 1 I/P ? § Y

and the displayed local stability bound follows.

. Apply the preceding bound to the representative &, of v, (w). Since &, and v, (w) represent

the same law,
( SlOt7§w) _ (w)

If

then
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If instead Zp(w) > mo(g/2)/4, the simplex diameter gives

Thus, for every sample w,

B (@) p}(P)| <
7=1

5. Integrating the samplewise inequality and using the mean bound for Zp,
Equw 1P [

Independently, both ;52 (w) and p'(P) lie in the simplex, hence

H ] ford g Eqw[ZP] < ForaPmean (Vng)™

for every w, and therefore
EQEZ”[ P P)HJ =2

6. If (\/ng)~! < 1, the preceding rate bound and orqBmean < C give
Eq |76 = 2'(P)|,] < c(vig) ™ = Cmin{1, (viig) ).
If 1 < (y/ng)™!, the simplex-diameter bound and 2 < C' give
gy |[ph = #'(P)|,| < € = Cmin{1, (vag)™'}.

The constant C depends only on k,d,,d,, L, 7,09, and the construction above supplies
the required estimator for every n > 1.

O]

Proof of Proposition 5. 1. Fix 0 <e <1/8. For b € {0, 1}, write

97 bzla

Berg(b)z{l_e b—0

The law in Definition 55 is the finite law on points
X = (LF)T, Z = (173)T7 Y(O) = 9o, Y(l) =91, Y = Y(T)a
where t,1,3,90,91 € {0,1}. Its elementary mass at (u,t,r,3,00,01), for u € {1,2}, is

01 Bergr (1) Bergx (1) Beryz (5) Bery/a(vo) Bergy (1),

2 3 2 3 14
(91792)_<575>) (91792) <575>7 (61702) (575>7
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3 ., T ., 1T ., 3 . 1 1

GIZ’O:TO’ 9270257 91,1:%’ 92,1:? 9125—6, 02:—-1-5
The perturbation range gives
3 < 1 < 1 1 < 1 < 5
8~ 2 €= 2’ 2 — 92 =8’

so every displayed Bernoulli factor is a probability mass function. Summing successively
over 91,0, 3,1, t leaves 8V, and 9? + Hg = 1. Thus P* is a probability law.

. The parameter domain in Definition 32 is satisfied because

1
0<—=<1L

1
2<2, 2<2, 2<2, 1<2, 0< <7 <
2. 10

1
10
The finite product form gives the conditional factorization requirements. For bounded
measurable test functions ¥z, VY xy, ¥x, Yyr, ¥yv;, Y1,

Ez(Z2)pxy(X,Y) | U =u,T =t] = E[Yz(Z2) |U =u,T =t| E[yxy(X,Y) [ U =u,T = 1,

Elx(X)yr(Y,T) | U =u] = Ex(X) | U = u] EYpyr(Y,T) | U = u,
and
Elpy,(Y()Yr(T) | U =u] = ElYpy,(Y(#)) | U = u] E[pr(T) | U = u].

These identities give Assumptions 1, 2 and 4. The construction gives Y = Y(T') and
X1 = 1 almost surely, which are Assumptions 3 and 5. Since X, Z € {(1,0)",(1,1)"} and
Y €{0,1},

Xl <v2<2, 12X lop <1 Z]2IXMl2 <2, YZX Tlop < 2,

so Assumptions 6 to 8 hold with L = 2. The latent-arm masses are

6
25° c

: 4
P (U =1,T=0)= 50 L2

and each is at least 1/10, giving Assumption 9. The feature matrices are

11 11 11
:<1/5 4/5)’ A°:<3/1o 7/10)’ A1:<7/20 3/4)'

For every v = (v1,v2) € R2,

fllvllg < |1Bvl3,

A
= = S0l < Al

A
ol < Aol

Indeed, after multiplying the three differences by 100, 100, 400, respectively, the differences
equal

116 \* 3333 ,
1 fnlnha 2999
03 (”1 + 103U2> 103 2
121 \? 1343
1 141 1945 9
08 (Ul + 108U2> RISTSREE

135

Wi wi 6 Wi
P U=1,T=1)=—, P""U=2T=0)=_—, P"U-=



and

445 g9
Thus the smallest singular value of each of B, Ay, A is at least 1/10, proving Assump-
tion 10. Hence

505 \? 4264
445 (’U1 + U2> -+ 2

- . 1 1
PEWItGM with L:2, WO:E’ UOZE.
. Lemma 10 gives
. 12 ) 13
PYM(T=0)=—-=04 PMY(T =1) = — =0.52.
Also, Lemmas 11 and 12 give
3 2
det(B) = F= 0.6, det(Ag) = det(A;) = F= 0.4.

It remains to compute the observable proxy moment determinants. For ¢,) € {1,2} and
t € {0,1}, put
r(r) =1,  ®@)=r 2@ =L  20) =3
After summing out 1y and t, Definition 28 gives the conditional-normalized finite sum
2
M (Pwit) > u—1 Z;,ge{o,l} 0y Bel"eg(t) Bergx (x) Bereit(é)zb (3),(x)
fhe w >-2_, 6V Bergr (¢) '

u=1"u

Since the p- and 3-sums are Bernoulli means, this is

2
M(PY™),;, =) PM(U = u| T = t) A(t,u)B(3,u).

u=1

For t = 0, the conditional latent weights are (1/2,1/2), and for t = 1 they are (4/13,9/13).
Therefore

wity _ 1 1/2 wity __ 1 8/13
Mo(PI™) = (1/2 31/100> ’ My(P2T) = <163/260 142/325> .

Taking 2 x 2 determinants,

det(Mo(PI1)) = s = 1 = o = 0.06,
and ; 142 8 163 216 2 3 36
detMA(P™) = 550 = 135960 = 1925 =5 5 169
. Lemma 8§ gives
pl(PaWit):gv p2(P€Wit):§
and Lemma 9 gives
T (P :i—e, o (P :i—l—s.

Since vp in Definition 40 places latent mass p,, at latent effect 7,

2 3
Vpyit = ¢ 01/4—c + 5 01 /446 = 0.460.25— + 0.6 60.25+¢-
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5. At € = 0, the singular-value inequalities in the second step give injectivity, hence nonsin-
gularity, of B, Ag, A1. The determinant identities in the third step give nonsingularity of
My(Py™) and M;(Py™). The quotient-law identity in the fourth step becomes

2 3
Vpyit = 5 O1/a + 5 d1/4 = 0174 = dp.25.

Finally, Lemma 8 gives
2

5 )
and these two latent-class masses are distinct.

3

Pwlt
( ) 5 ’

PPy =

Proof of Theorem 6. 1. Define

Since 0 < ¢pc < 1,

11
O<a<< — < = >0 C>0
“=300 8 77 ’
and
160000 < €, 16000a% < < =

Fix n > 1, and put

Then 0 < ¢, <1/8, and

16000a?
160002 = ——— < Hoc,
n n
Let
Qvis = {Oa 1}4a C = (t,:E, Z, y) € Qvis:
and let

ot x,z,y) == (t,(1,2) ", (1,2) T, y) € Oap,
with Og 2 as in Definition 18. For g € [0, 1] write

Bern,(1) = ¢, Bern,(0) =1 —gq.
For 0 <& < 1/8, define the finite visible witness cell mass by

Bern1/4(y)> t=0,
Bern1/2+sgnu€(y)7 t=1,

(p1,p2) = (; g) ;o (01,62) = (; g) o (B, B2) = <;7§> ;

3 7 7 3
(ap1,002) = (; ) , (a1, a19) = <207 4> ., (sgny,sgng) = (—1,1).

Vit (¢ 2, 2, y) Z pu Berng, (t) Berng, () Bernat,u(Z){

where

10" 10

137



The pushforward of this finite law by ¢ is (PYi*)p, the observed-data marginal of Defini-
tion 20. At € = 0, every visible cell is bounded below by the first-class contribution:

2 2111 i S 1
- 5 5 5 4 4 500~ 1000
Only the treated outcome factor varies with e, and hence

‘wwn Bmt(c)’ <e.

For Kullback—Leibler divergence as in Definition 53, the elementary finite-carrier compar-
ison is )
() —s
— (0

whenever t and s are probability vectors on a finite carrier and s(¢) > 0 for every (; this
follows from logxz < x — 1. Therefore

Dk ((PMoll(PF™)o) < > {2 (©) Wlt — O < 16 - 1000 = 16000¢?,
et b5 (€)

where the first inequality also uses data processing under ¢. Taking ¢ = &,, Proposi-
tion 5 gives POV‘”t,P&VZlt € M, and the displayed KL bound places both laws in £} from
Definition 56.

. We use the following two-point expected-risk inequality. Let Ry < Ry be one-observation
laws with integrable log-likelihood ratio and suppose

nDkr,(R1||Ro) < =

Tensorization and Pinsker’s inequality give

N)\»a

IRE™ — R5" < 5 Pra R IRG) <
For an estimator 0 in a metric space with targets ©1, O, set

~ A ~ A
A = d(@l,@()), Bl = {d(@,@l) 2 2}, Bo = {d(@,@o) 2 2}

The triangle inequality gives B C By when A > 0, and the case A = 0 is immediate.
Thus ]

RE"(B1) + RE"(B0) = 1 [RF" — R§" |y = 1
so one of the two probabilities is at least 1/4. Since

A _ A _
5 Pr{d(@,@i) > 2} < Ed(6,9,),

one of the two expected risks is at least A/8. For simplex-valued estimators the same
argument applied to one coordinate gives

p1J) —pold ~ .
W0l < -] or PO oy,

because |p(j) — pi(7)| < ||p— pil|1. The Wi loss is bounded on the stated compact support
radius, and the simplex ¢! loss is bounded by 2, so the expectations used below are finite.

[p1(5) = po(4)]
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3. Apply the two-point inequality with
Ri=(P")o,  Ro=(F")o.

The KL calculation gives
nDxk1(R1||Ro) < 16000a® <

(G2 )

By Proposition 5,

2 3
Vpwit = 01/4, Vpwit = 651/4—5n + 551/4—1—5"'
Every coupling from the point mass at 1/4 to the second law transports total mass one
over distance &,. Hence, using Definition 19,
a

Wl (I/Pazvit, VP;&;th) = &p — %

Thus every measurable quotient-law estimator 7, has one of the two local witness laws
satisfying

~ En c

E_o|Wilv,,vp)] > — = —.

QSP)[ 1( ns P)]— S \/ﬁ
This proves the quotient-law risk assertion.

4. Fix g € (0,1/4], and define

1
h:=h(n,g ::amin{l,},
(m9) Vvng

the calibrated displacement of Definition 58. Since n > 1 and g > 0,
Tn,g =g >0, 0< min{l,x;}g} <1.

Together with a > 0, this gives

In particular h € [—1,1], so h lies in the tangent-amplitude domain. Moreover,
n,gmin{l, a7, 0} <1,

and therefore )
ng*h? = a* (x5, min{l,m;}g}) < a?.

Consequently
1600092h2 < o
n
The hypotheses of Lemma 16 are satisfied for P, j, and also for P, . Hence
Pg7h’ P970 6 Eg’)l,g'
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5. We prove the labelled-path KL and ordered-mass certificates. For (t,x, z,y) € (s, define

2 1
Y PaU=uT=1X=0,Z=2Y0)=y,Y(1)=y), t=1,
ePAn (L) =
NN PpU=uT=0Xs=2,2=2Y(0)=y,Y(1)=y), t=0
u=1y1=0

The pushforward of this finite law by ¢ is (P, 1)o. At h = 0, Definition 50 gives P, g = Pg“g.
For t = 0, the first latent class contributes at least

6 1.3 1_ 18 _ 1

25 5 10 4 5000 — 1000°

For t = 1, because 0 < g < 1/4, both treated outcome probabilities lie in [3/8,5/8], and
the first latent class contributes at least

41 73 2 1
25 5 20 8 5000 — 1000
Therefore 1
ng)th(t,x,zay) > 1000 for all (t,z,2,y) € Quis.

For |h| < 1/100, all denominators appearing in Definition 50 are bounded away from zero;
for example

2/54 h > 39/100, 3/5—h >59/100, 15h +4 > 77/20, 5h 4+ 3 > 59/20.
Substituting the displayed path probabilities of Definition 50, summing out the inactive
potential outcome, and reducing the four (z, z) cases gives

2 2
ZPJL(U:U,T: 1,Xo=x, 7y =2) :ZPg,O(U:u,T: 1, Xy =, 7 = 2),
u=1

u=1

and

2 2
D sgn, Pyn(U=uT=1,Xy=2,Zy=2)— > sgn, Ppo(U=u,T=1,Xy=1,2 = 2)
u=1 u=1

= —2Kgh,
where sgn; = —1, sgn, =1, and

9 3
ﬁ’ K10 = ﬁa Ro1 = %, Koo = %

Since the treated outcome mass is

R11 =

1 sgn,, g
Berny o yoqn, g/2(y) = 5 + 2y —1)=5,
the visible-cell displacement is

d};)’ahth(taxvzay) - w;%th(t?xazvy) = 1{t = 1}(1 - 2y)’{ngh
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Thus
[t 2, ) — UBE" (82, 2,9) | < gl

The same finite KL.—chi-square bound, now applied with the KL divergence of Definition 53,
and data processing under ¢ give

path path
Dxr((Pyp)oll(Pyo)o) € 3 {vpn () —po ()}

212 212
2 wpath(C) < 16000g°h% = Cg?h?.
SE

The latent effects on the path are

1 g 1. g
Po)=-—12 Pop)=-+7
Tl( g7h> 4 27 7_2( gvh) 4 + 27
so their order is fixed for g > 0. Also |h| < 1/100 gives
2 3
-+ h>0, - —h>0.
) * 5

Using Definition 30,
2 3 2 3
T p = | Z4+Lh = —h T p Y
p( g,h) (5+ 75 )7 p( 9,0) 575 bl

)>

(2

and hence

PL(Py) = L (Py0)| = bl + | = b] = 2]l

. Apply the coordinate form of the two-point inequality to

Ri=(FPyn)o,  Ro=(Fyo)o,
and to the ordered coordinate corresponding to the lower effect. The preceding bounds
give
nDx1,(R1||Ro) < 16000 ng%h* < 160004 < %
and
Pl (Pyn) = P (Pyo)| = h.

Therefore every measurable simplex-valued ordered-weight estimator p,, has one of the two
local laws satisfying

By [Hﬁn—pT(P)Hl] > h “mm{ fg} :cmin{l,\/%g}.

The quotient-law certificate follows from the witness KL calculation with € = ¢,:

2

wi wit a*> _ 16000 _C
< <

DKL((Pa/f) (P )o) < 16000 < —— = —,

and from c

— < i = W1 (I/Pwic, Vpwit ) .

Vvn T Vn 0" Ta/vm

The labelled-path membership, KL bound, tangent-amplitude statement, and ordered-
mass identity were established above for every g € (0,1/4]. All four asserted conclusions
hold with the constants a, ¢, C fixed at the start.

O
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Proof of Proposition 6. Apply Theorem 6 with local radius 1/4. It gives a constant ¢, > 0 such
that, for every n > 1 and every measurable quotient-law estimator 7, there is a probability law
P in the local quotient experiment £} satisfying

Cy
/i

By Definition 56, this law belongs to the fixed model class M. Hence

< EQ<n> (W1 (U, vp)].
P

~ C
sup E o) [W1 (0, vp)] > —=.

pPem ©p Vn

Taking the infimum over the same admissible estimators gives
. ~ Cy
inf sup E_)|[Wi(vn,vp)] > —.
of sup o [Wa(Pn P)]_\/ﬁ

1. For the upper bound, Theorem 2 applies at k = d, = d, = 2, L = 2, mp = 1/10, and
o9 = 1/10. Thus there is a constant C¢, > 0 such that, for every n > 1, there is a
measurable structured-lattice estimator

At 08y = Peo([~ Ly, Lr])

and a measurable repair estimator 7y, such that, for every P € M and every 0 < n < 1/2,

n =

" b\ 7 1 co
gv){maX<Wl(/\mVP),W1(fop,up)> > Cool Og(cl/n)} <

Set

Ceol := max{Cqo, 2}.

Coul /IOg(C;;:ol/n) < Cuy / lOg(C;%col/n) :

because Cgop < Ceol, the logarithm is monotone on positive arguments, and n > 1. There-
fore, with

For 0 <n<1/2,

Zp(w) = Wi (Xn(w), yp) . we 0y,

we have the uniform tail bound

log(ccol/n)

ng?) ZP > Ecol n

2. The one-Wasserstein loss is nonnegative, so Zp(w) > 0. Define

— log(2C., n
577, = Ccol 7g( 1), Xn ‘= —-
n C

col

Since Cgo > 2, both 8, and Y, are positive. For every ¢ > 3,, put
¢ = Ceot exp(—xn(?).
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Then 0 < n¢ < 1/2, and

- lo co - n 2
Ccol g(nl/nﬁ) Ccol ch :C~

Substitution in the preceding tail bound gives
S;I){ZP > g} < 6col eXp<_XnC2)a C > 571-

Using the nonnegative-tail identity and the trivial bound ng){Z p>(}<1lfor0< (<P,

o0

Q(n) [ZP] < ﬁn + Ccol exp(_XnCQ) dC

< Bn + écol exp(*XnCQ) dC
0

3. Let

Cmean,u = 6(:01 \/ log(26col) + é301\/77—/27 CI/ = maX{Cmean,u; 261/}-

The first term is positive, so C, > 0, and ¢, < C,. The estimator Xn is admissible for the
infimum, and the preceding display holds uniformly in P € M. Hence, for every n > 1,

C C
inf sup E ) [W1(0n,vp)] < sup E [Zp] < —=2 < 2

Un peMm P pPem “p T Vn T n

Taking ¢ = ¢, and C = C,, gives 0 < ¢ < C' and both displayed minimax inequalities.

Proof of Proposition 7. For n > 1 and 0 < g < 1/4, set

)
"Vng)'
Let Est,, be the class of measurable simplex-valued labelled weight estimators based on n ob-
served records in the specialized model

Bn,g = min {1

and define

Risk, 4 := _inf sup E () H
) pn€Esty, PeM(g)

KA
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1. Apply Theorem 6 with ¢, = 1/4. It gives a constant ki, > 0 such that, for every n > 1,
every 0 < g < 1/4, and every p,, € Est,, there is a law P € L}, ; satisfying

o« g e

By Definition 57, L5 ; C M(g). Hence, for every admissible py,

sup FE Sjn) H Dn _pT(P)HJ > "iloﬁn,gy

PeM(g)

and taking the infimum over p,, € Est,, yields

RiSkn,g > "iloﬁn,g-

2. Apply Theorem 5 with

1 1

kzdl:dZ:Q’ L =2, WO:E’ UOZTO.

It gives a constant sy, > 0 such that, for every n > 1, there is an estimator
Pl € Est,

satisfying
E (n) H ﬁrTz - pT(P)H ] < Kup/@n,g
Qp 1

for every 0 < g < 1/4 and every P € M(g). The target is the ordered aggregate mass
vector of the quotient law vp from Definition 40: Definition 30 defines it as p'(P), and
Lemma 17 makes this ordered vector depend only on the represented probability law.
Therefore

Risk, 4 < sup EQEQ”H

PeM(g) A= (P)||] < ruos

3. Define .
c:= min{/ﬁlo,%}, C = Kup.

Since K1, > 0 and Kyp > 0,
Kup
0<c and c§—2 < Kup = C,

s0 0 < ¢ < C. Combining the bounds from the preceding two steps gives, for every n > 1
and 0 < g < 1/4,

1 1
cmin § 1, ——— ¢ < Risk, 4 < C’min{l, }
{ \/ﬁg} ! Vg

This is the asserted minimax inequality.
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Proof of Theorem 7. 1. Apply Theorem 6 with

1

Cloc = Z’

which lies in the domain of Definition 49. This gives constants a,c € R, and an auxiliary
positive Kullback—Leibler constant, such that

1
0<a§§, 0<ec,

and all conclusions of Theorem 6 hold for every n > 1. In the present specialization,

ALVd,  4-2V2
R VT

L,

We record the published-scope implication used for the endpoint laws. Let P € M for

1

k=d,=d, =2,  L=2 =09 = —.
™0 (o)) 10

The restrictions in Definition 32 supply the qualitative proxy separations, causal consis-
tency, armwise latent ignorability, anchor normalization, boundedness, latent-arm positiv-
ity, and proxy-rank margin. The proxy-rank margin gives
(Ag) > (A) > (B) > —
o — o — o —
2(Ao) 2 150 24 2 160 2 =10’
so the three proxy feature matrices have full column rank. Latent-arm positivity gives
1
P(U:u,T:t)zl—O>0, we {1,2}, te{0,1}.

Thus P satisfies the qualitative structural conditions in Definition 60. The cited VMW
model-scope correspondence, [Virk et al., 2026, Assumptions 1-2 and Section 4.2], identifies
these qualitative conditions with membership in the published VMW model predicate
attached to Definition 52.

It remains to verify VMW Assumption 4 in Definition 3. Put
Mitack = StaCk(MO(P)v M, (P))

Choose a singular-value decomposition

Mgtack = ZSjEjTjTy 812832 .
J
By Proposition 1,
1
SZ(MstaCk) = UQ(MstaCk) > 7700-(% = m > 0.

Let V' = (r1,7r2). Then the columns of V' are orthonormal and satisfy

T 2 .
MstackMstaCij = sjrj, ] = 1, 2,

145



so V is a population top-two right singular basis. Since s; > 0,
—1,T .
rj =5; My aaclis j=1,2.
For y = (yo,y1) € R @ R%,

Mzacky = MO(P)TyO + Ml(P)Tyl-

S

Hence each r; lies in the signal space generated by the two armwise row spaces. The
factorization in Proposition 1 gives rank at most 2 for this signal space, while so(Mggack) > 0
gives rank at least 2. Therefore the span of V is exactly the signal space. Applying the
compressed-margin conclusion of Proposition 1 to this basis gives

oo {My(P)V} > moop = t € {0,1}.

1
1000’
Together with

1

IXla<2, 112X Tlop <2, |YZXT|lop <2,  P(T=1t)>2m= 5

these are the finite envelope, treatment-arm, top-right-basis, stacked-margin, and
compressed-margin clauses of Definition 3, with

1
Lx =1L =L =2 = - .
X zZX YZX ) m 5’ 1000
4.

Thus every such P € M satisfies VMW Assumption

. Fixn > 1. The quotient-law certificate in Theorem 6, together with Definition 56, supplies
probability laws _ .

Pamt’ P;N/I\t/ﬁ7
belonging to M with the fixed parameters above. By the implication from the preceding
step, both endpoint laws belong to the published VMW model and satisfy VMW Assump-

tion 4.

At the collision endpoint, Lemma 9 gives

Wi 1 Wi
71 (P t) = 1 m2(Fy t) =

1

T

The cited recovery-regime correspondence, [Virk et al., 2026, Assumption 3, lines 261-263,;
Assumption 4, lines 321-337; and Theorem 7.2, lines 350-381], identifies the separated
recovery predicate attached to Definition 52, for k = d, = d, = 2, with the conjunction in
Definition 61, including spectral separation of the two latent effects. The displayed equal-
ity violates that spectral-separation clause, so ngit lies outside the published separated
recovery regime.

. Let V) satisfy the quotient-class hypotheses, and choose

PYo, P eVy

v,00
with

YV _ pwit V _ pwit
PV,O_PO ) Pu,l_ a/\/mn
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For any estimator v, with support radius L., the quotient-risk conclusion of Theorem 6
gives an endpoint

P e { B P

such that

% < By [Wi(Fa,vp..)] -

If P,, = P use Pl}fo; it P, = P(;"’/i\t/ﬁ, use P,)f |- Equality as full-data laws identifies the

observed product law and the quotient law, hence

_ c
n >
o Q;)[Wl(l/ruVP)] z =

This is the quotient lower bound.

. Fix g in the gap-scale domain, so

0<g<

and set

hn, g) ::amin{l,\/%g}.

The labeled-path certificate in Theorem 6 supplies the tangent-amplitude condition
h(n7g) € [_17 1]7
and places

Pg70’ ngh(n7g)

in the local labeled-weight experiment £, ;. By Definition 57, both laws belong to the
gap stratum M(g), and therefore to M with the fixed parameters. The implication from
the first step gives published VMW model membership and VMW Assumption 4 for both
endpoint laws.

Let Penq be either Py o or Py j(5.9)- Since Peng € M(g), Definition 41 supplies the distinct-
effects condition of Assumption 12. Latent-arm positivity gives

1
Pog(U =u) > Popg(U = u, T =0) > 0 >0, u € {1,2}.

Thus both latent classes have positive mass, and the distinct-effects condition yields

Tl(Pend) 7’5 TQ(Pend)'

This is the two-class spectral-separation condition in Definition 61.

. Let V% ; satisfy the labeled-weight comparator-class hypotheses, and choose
% %

Ppﬁo’ Pp,l € V’r];,g

with

Vo _ Vo
Pp70 o Pg707 Pp71 - Pg,h(TL,g)'
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For any ordered-weight estimator p,,, the ordered-weight conclusion of Theorem 6 gives an
endpoint
Fpx € {Pgﬁv Pg,h(n,g)}

. 1
cmm{l, \/ﬁg} EQPP* {

1] '
If P,, = P, use Ppo? if Py = Py pin,g), use P}}f 1- Equality as full-data laws preserves

the observed product law and the ordered-mass target, hence

B —pT(P)HJ > cmin{l,\/%g}.

This proves the labeled-weight lower bound.

such that

i)/n - pT(prk)

sup F (n)[
pevh, P

Proof of Theorem 8. 1. Put

D :=4ddy +dy,  bi=4\/dody +\/dy.

By Theorem 1, choose Ch,oq > 0 such that, for any two model laws P, P» € M,
Wi(vp,, vp,) < Cimoa ds(S(FP1), S(P2)).

Let Ceara > 0 and Clyorc > 0 be the finite-library cardinality and work constants con-
structed below, and let Cy > 1 be the constant supplied by Lemma 1. Define

C'tail = maX{CO7 eXP(l), C’mod(2610-[/ + 1)}7 C = maX{Ccard7 Cwork7 Ctail}-

Then C' > 0, and this single constant dominates the constants used for the library size,
work bound, and probability bound.

2. Fixn > 1, and set
€n

€n = n_l/Q, Op = B
The library is the deterministic half-open coordinate-grid library in the D-coordinate sum-
mary box, with side length J,,. Its coordinates are the entries of the four d, x d, matrix
blocks and the d, entries of the mean block. For each grid cube meeting the admissible
image . = S(M), choose one representative S; € . and order the representatives by
the lexicographic order of the cube lower corners. The coordinate bounds following from
Proposition 1 place every admissible summary coordinate in [—L, L]. If ¢ € . and S; lie

in the same cube, then every scalar coordinate differs by at most d,, so

| M (S;) — Mt(Q)HOP < Vdxdy Op, [N (Si) — Nt(‘J)HOP < Vdxdy op
for t € {0,1}, and

lmx (S:) = mx (92 < V/dx 6.

Using dg from Definition 33,

ds(Si,q) < (4/dody + /)b

Thus the stored representatives form an n~Y2-net of .#; when . = @, the index set is
empty and the program uses the fallback law in Algorithm 7.
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. Each coordinate lower corner has at most

2L
2]

possible values. Since 6, =n~'/2/b and n'/? > 1,

Eﬂ +1 < (2Lb+2)n'/2.

The lower-corner code is injective, hence
|A| < ((2Lb+2)n?)” = (2Lb 4 2)PnP/? < Cppan(tt=datd2)/2.
After enlarging C', the asserted cardinality bound follows.

. Fix a uniform provider of the exact-real primitives. The estimator is the law component
of NetProgram(A,w) in Algorithm 7. On a nonempty library, enumerate the finite index
set as ug, ..., tm—1 and update the current index by choosing the smaller pair

(dS(SZ-, s), ranklex(i))

in lexicographic order. For each fixed representative, s — dg(S;,s) is continuous by
Lemma 23; therefore every update is Borel, being defined by finitely many weak and strict

Borel inequalities. The empty selection is constant. Since S, is Borel by Definition 35,

and the selected finite index is mapped to a stored spectral law, 72" is Borel measurable.

. The exact-real trace is assembled from the empirical-summary trace, the finite-library
search trace, and the selected spectral run:

Tspec(9:), if the search selects representative 4
F(w) = Temp(n) || =, A P ’ ’
@) eanp (1) || Tscaren(A) | {@ , if the search has empty selection.

Thus the returned law and the displayed trace come from the same execution.

. The empirical-summary trace has nD arithmetic operations. FEach library comparison
uses D scalar arithmetic operations, four fixed-dimensional singular-value or operator-
norm operations, and one comparison. The selected spectral tail has three singular-value
operations, one root-isolation operation, and one arithmetic operation. Therefore, for
every sample w,

ops(w) < nD + |A|(D +5) +5.

Combining this with the cardinality bound gives

0ps(w) < Cuorcdn +nP/?} < Cln + nltdedstds)/2)

. If the program selects ¢ at sample w, put
Sw = Sp(w).
The exhaustive fold preserves domination, where ¢ dominates j at s, when

ds(Si, 8u) < ds(Sj, sw)
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10.

and equality implies
ranklex(i) < ranklex(j)-

Induction over the scanned list yields, for every library index j,
ds(Si, 5(w)) < ds(Sj, 5u(w)).

and

~

ds(Si, Sn(w)) = ds (S}, Sp(w)) = rankje (i) < rankey(5).

. Let R; be the exact spectral run at the selected representative S;. By the definition of the

program output,
vt (w) = law(R;). (3)

n

. The same spectral execution supplies a basis V;, its signal spans, and an eigenvalue list

(Nir)r<k- Its output fields give, for each t € {0,1},
x — M(S;)Vix
injective, the exact threshold characterization

Too8

< oj(stack(Mo(S;), M1(S;))) <= j < k,
and completeness of the returned eigenvalue list:
z € spec(A;) = Ir < k such that z = \;,,
where A; is the compressed operator formed from S;, V;, and the run’s spans.
Fix any stored representative S;. Since .S; € ., choose @); € M with

S(Qi) = Si.

Let p; 4 = Qi(U = u), write p; := (pw)ﬁ:l, and set

Ti = P1u(Qi) — pou(Qs)-

The latent-arm positivity condition in Assumption 9 gives p;, > 0 for every u. Let R; be
the exact spectral run at S;, with signal basis V;, spans, anchors a;, ¢;, returned eigenvalues
(Air)r<k, and compressed operator

Aj = (M1(S;)Vi) N1(S:)Vi — (Mo(S;) Vi)' No(S;) Vi

Set
Qi :=B(Q:) Vi eR*, Ty i=diag{Qi(U =u|T=1t): 1 <u<k},

and
Dy = Ay(Q)Typ € REXF,

Lemmas 4 and 18 give, for ¢t € {0,1},

M (S;)Vi = ©;482;, Ni(S;)Vi = ®; ¢ diag(pe1 (Qi), - - -, pr(Qi) ).
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The run’s armwise full-rank certificate makes = +— M;(S;)V;x injective for each t. Taking
t = 0, the first factorization shows that €2; is injective and hence invertible. The same
factorization also gives injectivity of ®;¢: if ®;gv = ®; v’ for v, € RF, then

Mo(Si)ViQ; to = ®; gv = ®; 00" = Mo(S;) Vi, 10/,

so injectivity of My(S;)V; gives Q;lv = Q;lv’, and hence v = v’. The proxy factorization
before postmultiplication by V; is

Mo(S;) = ®;,0B(Qq) "
Since ®; o is injective, its Moore-Penrose inverse is a left inverse on its range, and therefore
(I)ioMO(Si) =B(Q:)".

Transposing gives
B(Qi) = Mo(5:) T (®],) "

By construction of the run’s span certificate,
range(V;) = range(Mo(S;)T) + range(M, (S;) T) € R%,

and consequently
range(B(Q;)) C range(My(S;) ") C range(V;).

The second factorization can therefore be rewritten as

Ni(Si)Vi = My(Si)Vi{Q; " diag(pun (@), - - - » b (@))€ -
Since the Moore—Penrose inverse is a left inverse on the range of an injective linear map,

(My(Si)Vi)IINL (i) Vi = ;" diag (41 (Qi), - - -, ik (Q4)) .
Subtracting the two treatment-arm identities gives

A; = Q7 diag(ig, - Tig)
Finally, the law of total expectation gives
mx (Si) = B(Qi)pi-

The column-space inclusion just proved implies that the orthogonal projector V}Vi—r fixes
B(Q;). Since Q] = V."B(Q)),

B(Q;) = ViV, B(Q:) = Vi, .

Thus
a; = V;me(sz) == Q;rpl
The target-proxy anchor condition gives B(Qi)Tel = 1g, while ¢ = V;Tel and
B(Q:)"ViV;T = B(Qy)", so
Q,L'Ci = 1k~
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11.

For the polynomial projector attached to a returned slot r,

Pip = H (Ao — i) T (A = Nie),
i 0FE i

the diagonalization gives

I Q; M diag{1(Tiw = M) Y1, Ny € {Tin i 1 <u <k},
" o, Nir & {Tiw 1 <u <k}

Hence the returned slot weight
Wiy = a; PipCi

Wi,y = E Diu

WiTsu=Ai,r

satisfies

for a spectral value and w;, = 0 for a listed value outside the spectrum. The output
validity of R; gives w;, > 0 and Zr <p Wiy = L. Completeness gives at least one returned
slot for each latent-effect value, and the positivity of the corresponding cluster mass

mi(A) == Z Piyu

WiTi =N

forces exactly one positive returned slot for each distinct latent-effect value; otherwise the
total Y _, w;, would exceed )y m;(A) = 1. Therefore, for every bounded test function
p:R—=R,

k
Z wi,r@()\i,r) = Z pi,u@(Ti,u)-
u=1

r<k

Thus the induced atomic measures agree:

k
Zwi,ré)\i,r = Zpi:u(sTi,u = VQZ"
u=1

r<k

with coincident effects aggregated as in Definition 40. The exact spectral run at S; returns

vQ,:
law(R;) = vg,. (4)

The validity certificate of the same result-bearing spectral execution states

Wi 2> 0, Zwi,r =1, |>\i,r| <L; (’l“ < k)
r<k

Consequently the returned weights form a probability vector and every returned atom lies
in [-L;, L;], so the represented finite atomic measure is a probability law supported on
that interval.

152



12.

13.

For a stored representative S; = S(Q;), put
Gi := stack(Mo(S;), Mi(Si)),  s0 := m00p.
Lemma 25 supplies the rank identity, and Lemma 24 supplies the singular-value margin:
rank(G;) = k, s0 < ok-1(Gi)-

If H € R2d=%dx gatisfies
[ Hllop < s0/2,

Weyl’s singular-value inequality gives, for every r,
|0v(Gi + H) — 00 (Gi)| < [|H]lop-

Thus
or(Gi+H)>s0/2 (r<k),

while rank(G;) = k gives 0,.(G;) = 0 for r > k, and hence
or(Gi+ H) <s9/2 (r>k).

Consequently the perturbed stacked moment satisfies the two threshold clauses

50

N0 < oG+ HY (r<k), oG+ H) < (r=h).

2
Equivalently, exactly k singular values of G; + H meet the threshold so/2 = w03 /2.

Fix P € M and a sample w. If P € M, then . is nonempty, so the library has a selected
nearest index . By the covering property, choose j such that

ds(S;, S(P)) < n~ /2

Nearest-library optimality and the triangle inequality yield

By Equations (3) and (4),

Applying the modulus from Theorem 1 gives

~

Wi (75 (w), vp) < Cinoa { 2ds(Su(w), S(P)) +n 712}
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14. Fix 0 <n < 1/2. Since C > Cp, C > exp(1), and n < 1,

1 <log(C/n),  log(Co/n) < log(C/n).

12 < [los(C/n) \/bg(Co/n) S\/log(C/n)_

ds(S,, S(P)) < CoL log(Cno/n),

Therefore

On the event

the deterministic inequality gives

W1 (02, up) < Crmoa(2CoL + 1) log(g/”) <C k’g(g/ﬂ

Thus the bad event in the theorem is contained in

{ds(ﬁn, S(P)) > CoL lc’g(i‘)/m} .

By Lemma 1, its ng)-probability is at most 7.
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