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Abstract

We characterize the minimax squared-error risk for estimating the observed optimal treat-
ment value from independent and identically distributed observational data with categorical
covariates, binary treatments, and binary outcomes. For sample size n, number of covariate
cells d > 2, and public treatment-overlap floor 0 < € < 1/2, the risk is of order
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with universal comparison constants. The characterization is uniform over unknown cell
masses, propensities satisfying the public floor, and conditional outcome means, including
treatment-effect ties and null cells. We construct a deterministic observed-data estimator
that attains this rate through armwise localization, Jackson polynomial approximation, fac-
torial statistics, and conditional averaging of an auxiliary capped-Poisson construction. The
matching lower bound uses weighted approximation and moment-matched probability priors
with prescribed common mean, together with a comparison of the full observed likelihood.
Consequently, uniform mean-square consistency along growing-cell and shrinking-overlap
sequences is possible exactly when d/[nelog(ed)] — 0. Under consistency and armwise con-
ditional exchangeability, the same risk characterization applies to the causal oracle value.

1 Introduction

The population value of individualized treatment choice averages the best conditional outcome
attainable in each covariate cell. We establish its minimax squared-error risk in a finite ob-
servational experiment with independent and identically distributed observations, categorical
covariates, binary treatments, and binary outcomes. With n the sample size, d > 2 the number
of covariate cells, and 0 < € < 1/2 the public treatment-overlap floor, Theorem 1 gives the rate
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with comparison constants universal in all three parameters. The result characterizes the joint
cost of an expanding covariate alphabet and weakening overlap for estimation of a scalar opti-
mized population value.
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This target follows the optimal-regime and welfare-based treatment-choice formulations of
Murphy [2003], Manski [2004]. In each cell, it selects the larger of the two conditional outcome
means and weights that choice by the population cell probability, as specified in Definition 3. Un-
der consistency, armwise conditional exchangeability, and the public overlap restriction, Propo-
sition 1 identifies this observed functional with the causal oracle value. It also establishes that
every admissible observed law has a causal completion. These properties connect the observed-
law minimax problem to estimation of the causal oracle value over the corresponding full-data
class.

The uniformity domain is central to the result. The class in Definition 2 permits arbitrary
unknown cell probabilities and conditional outcome means, together with heterogeneous un-
known treatment propensities satisfying the public floor in every occupied cell. It includes null
cells, boundary outcome means, exact treatment-effect ties, and arbitrarily small positive treat-
ment contrasts. The risk comparison holds for every admissible sample size, alphabet size, and
overlap floor. In particular, its constants remain universal as overlap shrinks.

The rate yields a necessary and sufficient condition for uniform mean-square consistency.
For sequences d,,, the cell counts, and €,, the public overlap floors, satisfying d, > 2 and
0 < e, < 1/2, Theorem 2 establishes that uniform consistency is possible exactly when

dn

—_— 0.
ne, log(ed,) -

The quantity ne, is the rare-arm sample-size scale allowed by the overlap restriction. The
criterion therefore compares that scale with the number of cells divided by its logarithm. For a
fixed alphabet, the risk has order min{1, 1/(ne¢)}, with constants depending on the alphabet; for
fixed overlap, it has order min{1, d/[nlog(ed)]}, with constants depending on the overlap floor.

The upper bound is attained by the deterministic armwise factorial estimator in Algorithm 1.
Its active branch uses pilot counts to localize the four observed atom probabilities in each cell,
approximates the cell contribution with a tensor Jackson polynomial, and estimates polynomial
terms through factorial count statistics. Armwise clipping accounts for the sensitivity of the un-
known treatment denominators. Conditional averaging over an auxiliary capped-Poisson count
and its allocation marks produces a deterministic function of the observed sample. The pa-
rameterized definition also includes empirical estimation for bounded alphabets and a midpoint
statistic in the saturated regime. Theorem 3 guarantees a universal bounded-alphabet cutoff
Dg > 2; the attaining estimator uses the branches specified in Algorithm 1.

The converse combines weighted polynomial approximation with constrained moment pri-
ors. For K, the polynomial degree, and M, the scalar intensity support endpoint, Theorem 4
establishes that weighted approximation error and target separation between moment-matched
probability priors of common mean one have order v/M /K, uniformly for K > 2,2 < M < K2,
and 0 < € < 1/2. A localized Jackson packet and common-atom completion construct the
required priors. The statistical reduction retains normalization of the sparse alternatives and
the information carried by both treatment arms, yielding the lower bound for every measurable
estimator in Theorem 5.

The closest estimand-specific literature develops inference for optimal treatment values
under differentiability, convergence, variance, or smoothing conditions [Luedtke and van der
Laan, 2016, Theorems 1-2]; [Shi et al., 2020, Theorems 2-3]; [Whitehouse et al., 2025, Theo-
rem 3.3 and Corollary 3.4]. Archive [2026, Theorem 3] prove the same-target fixed-overlap rate
min{1,d/[nlog(ed)]} for every fixed € € (0,1/2), with constants allowed to depend on that floor.
Our result is uniform for 0 < e < 1/2 as the floor shrinks: it identifies the extra ! factor with



universal comparison constants. The proof of this extension uses armwise sensitivity control,
weighted common-mean priors, and comparison of the full boundary-propensity likelihood. The
discrete causal analysis of Zeng et al. [2024, Theorems 1-2] provides a nearby comparison for
linear arm means and treatment effects. Here the cellwise maximum introduces a nonlinear
target. Methodologically, the construction adapts polynomial approximation and unbiased
polynomial estimation from discrete-functional estimation [Jiao et al., 2015, 2018] to maxima
of unknown observational arm ratios.

Section C develops the statistical lower bound containing Theorem 5.

The paper proceeds through related work, the observational model and causal interpreta-
tion, the minimax rates and consistency criterion, the attaining estimator, and discussion of
implications and open questions. The appendices develop identification and the upper bound,
weighted approximation and constrained moment priors, the statistical lower bound and verifi-
cation scope, and proofs of the main results.

2 Related work

The comparison with existing work turns on three distinctions: the population quantity being
estimated, the information supplied by the statistical experiment, and the class over which
performance is uniform. Our target is the scalar optimized value in Definition 3, with its causal
interpretation established in Proposition 1. The finite observational experiment has categorical
covariates, binary treatments, and binary outcomes. Its sample size n, number of covariate cells
d, and public overlap floor € jointly index the risk comparison. Under Assumptions 1 and 2,
the uniformity domain is the observed-law class in Definition 2. Within that class, Theorems 1
and 2 characterize squared-error risk and the conditions for uniform consistency as the number
of cells grows and overlap shrinks.

The closest estimand-specific literature studies differentiability and inference for the mean
outcome under an optimal treatment rule. Luedtke and van der Laan [2016, Theorem 1 and
equation (3)] characterize pathwise differentiability under strictly positive propensities, bounded
outcomes, and finite variance of the candidate gradient. Their condition permits treatment-effect
ties when both conditional outcome variances vanish on the tie set. Their online estimator also
supports asymptotic inference at exceptional laws under conditions controlling standardized
increments, variance estimation, the nuisance remainder, and the value loss of estimated rules
[Luedtke and van der Laan, 2016, Theorem 2, conditions (C1)—(C5)]. The efficiency conclusion
in their Corollary 3 adds fixed positivity, boundedness, convergence, and variance conditions.
These results describe inference under specified asymptotic conditions at the underlying law; the
present comparison describes worst-case squared-error risk over an entire finite-cell class indexed
by sample size and overlap.

Subsample aggregation provides another approach to inference for the same optimized-value
estimand. Shi et al. [2020, Theorems 2-3] combine treatment-rule estimation on subsamples with
evaluation on complementary observations. Their analysis assumes fixed positivity and an ex-
pected value-loss rate with exponent greater than one half, together with compatible subsample
growth [Shi et al., 2020, conditions (A3)—(A4)]. For a rule obtained from an estimated treat-
ment contrast, their margin and contrast-estimation conditions provide sufficient conditions for
this value-loss requirement [Shi et al., 2020, conditions (A5)—(A6)]. The feasible inference result
additionally imposes variance and nuisance-estimation conditions [Shi et al., 2020, Theorem 3
and equations (9)—(11)]. This approach explains how aggregation can accommodate nonunique



optimal rules while supporting asymptotic inference. Our finite-cell risk characterization instead
takes the uniformity domain directly from the observed-law and overlap restrictions.

Softmax smoothing connects optimal-value inference to estimation of a differentiable surro-
gate. Whitehouse et al. [2025, Theorem 3.3 and Corollary 3.4] establish asymptotic linearity
and studentized inference under strong positivity, controlled density of positive suboptimality
gaps near zero, suitable growth of the inverse smoothing scale, and nuisance-estimation condi-
tions [Whitehouse et al., 2025, Assumptions 1-2]. Their density condition permits an atom at
zero, thereby accommodating ties. The theorem balances smoothing bias against a smoothing-
dependent mean-square rate for the outcome regression and a product-rate condition for the
regression and its representer; boundedness and positive limiting variance also enter the in-
ference guarantee. The corresponding distinction here is the uniformity domain: Theorem 1
evaluates estimation risk across the finite-cell class, including laws with ties and arbitrarily
small positive treatment contrasts, as the public overlap floor varies.

The nearest comparison in the discrete causal experiment is Zeng et al. [2024]. Their June
2026 revision studies arm means and average treatment effects with many discrete covariate
categories. For a treated-arm mean, their Theorem 1 gives a uniform mean-squared-error upper
bound of the form

(1-e2d®> C
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where C' is an absolute constant [Zeng et al., 2024, Theorem 1]. Their minimax lower bound
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in the regime d < nlogn, with a comparison constant depending on overlap [Zeng et al., 2024,
Theorem 2]. These results expose the interaction between sparse cell counts and propensity
denominators for a target that is linear in the arm-specific outcome means. The optimized value
adds a maximum within each cell. Our comparison retains the overlap dependence in both sides
of the risk characterization for this nonlinear target.

The approximation architecture draws on the literature on estimating functionals of discrete
distributions. Jiao et al. [2015] combine polynomial approximation in nonsmooth regions with
unbiased estimation of polynomial terms and bias correction in smooth regions. Their entropy
characterization applies when the sample size is at least a constant multiple of alphabet size
divided by its logarithm, and separates approximation bias from a variance contribution [Jiao
et al., 2015, Theorem 1]. Thus the logarithmic improvement has an estimand-specific risk
expression and a stated sampling regime. In our experiment, the localized approximation is
applied to the armwise extension in Definition 6, and the attaining construction estimates its
polynomial contributions through factorial statistics Algorithm 1. The propensity denominators
make the overlap floor part of the approximation and statistical analysis.

The L;-distance results of Jiao et al. [2018] provide a particularly close comparison because
absolute-value nonsmoothness is closely related to the maximum of two arm means. They treat
both estimation relative to a known reference distribution and estimation from samples from
two unknown distributions. For alphabet size d, their worst-case squared-error rate d/(nlogn)
applies in the regime n 2 d/log d and logn < log d, with the precise distribution-specific qualifi-
cations stated for the known-reference problem [Jiao et al., 2018, Theorems 2—4 and 6, Remark 1].
These regime restrictions matter when comparing logarithmic improvements across estimands.
Here, weighted approximation and priors with prescribed common mean and matching mo-




ments connect the scalar approximation problem to the causal experiment Definitions 8 and 9
and Theorem 4.

Policy learning evaluates a different statistical decision. Kitagawa and Tetenov [2018, As-
sumption 2.1 and Theorems 2.1-2.2] establish uniform welfare-regret bounds for empirical welfare
maximization over a policy class, with class complexity and overlap entering the comparison.
Athey and Wager [2021, Theorem 1] use estimated doubly robust scores to obtain asymptotic
regret guarantees under nuisance-estimation, policy-class, and outcome conditions. Jin et al.
[2025] construct pessimistic policy choices using known behavior propensities, with guarantees
governed by coverage of an optimal policy and the complexity of the candidate class, including
settings with adaptive data collection. In these problems, the statistical output is a treatment
rule, and loss measures its welfare shortfall relative to a policy-class optimum. The rigsk in Def-
inition 4 instead measures squared error in a scalar population value optimized over all cellwise
treatment choices.

Specified-policy evaluation offers a further useful distinction. Ma et al. [2022] characterize
minimax performance for evaluating a given target policy in a multi-armed bandit experiment,
separating known, unknown, and partially known behavior policies. Their partial-knowledge
analysis also uses polynomial approximation when a public lower bound on behavior probabilities
is available [Ma et al., 2022, Section 3.3]. This supplies a related treatment of limited sampling
probabilities, while the present target incorporates optimization over the conditional outcome
means.

The closest same-target predecessor is the fixed-overlap result of Archive [2026, Theorem 3].
For every fixed € € (0,1/2), it proves the rate min{1, d/[nlog(ed)]}, with comparison constants
that may depend on ¢, using the same Jackson—factorial architecture. The present result iden-
tifies the joint rate for 0 < € < 1/2 when that floor may shrink: min{1, d/[nelog(ed)]} with
universal comparison constants, and the corresponding consistency threshold in Theorem 2.
The additional argument controls the maximum through separate armwise sensitivities, con-
structs weighted moment-matched priors with prescribed common mean, and compares the full
observed likelihood at boundary propensities. Thus the fixed-overlap specialization is recovered
while the dependence on overlap is made uniform and explicit.

3 Observational model and causal interpretation

Throughout, ¢ and C' denote positive universal constants whose values may change between
occurrences. The notation ||v||; denotes the sum of the absolute coordinates of a finite vector.
We use <, 2, and =< for comparisons up to positive universal constants, and all logarithms
are natural. Sample indices run from 1 to n, treatment and outcome indices take values in
{0, 1}, and covariate indices use the zero-based alphabet defined below. The statistical analysis
concerns n > 1 observed units, d > 2 covariate cells, and a public overlap floor 0 < e < 1/2; the

cell count and overlap floor may vary with sample size.

3.1 Observed experiment and loss

We first state the sampling condition shared by every observed law in the experiment.

Assumption 1. [ass:iid-sampling] (Independent and identically distributed observations)
For each P € Dgtf, the observed-law class, the observed units O1,...,0O, are independent and
have common law P.



Independent and identically distributed sampling controls dependence across units within
each experiment; allowing d and € to vary with n specifies a sequence of such experiments [Zeng
et al., 2024].

The next definition fixes the covariate alphabet [d] and observed atom index set J;. We
write x for a cell index, a for a treatment index, and y for an outcome index.

Definition 1. [synth_1] (Covariate alphabet and atoms) The finite covariate alphabet [d] and
observed atom index set Jy are defined, for each nonnegative integer d, by

[d ={x€Z:0<zx<d}, Ja = [d] x{0,1} x{0,1}.

Cell masses determine how much each covariate category contributes to the population tar-
get. Propensities allocate that mass between treatment arms, while outcome means summarize
the observed response within each arm. The model restricts treatment allocation through the
following public floor.

The restriction in Assumption 2 is the triangular-array version of standard strong positivity:
both arms have positive conditional probability in every occupied cell, with a floor that may
shrink along the sequence of experiments [Zeng et al., 2024]. A public floor supplies a common
bound for the statistical analysis and estimator tuning, while permitting heterogeneous propen-
sities across cells. Null cells follow the zero-ratio convention in Definition 2. These quantities
specify the observed-law class Dg}’es of Definition 2.

Assumption 2. [ass:shrinking-overlap| (Public treatment overlap restriction) Let p, de-
note the probability of covariate cell x, and let ., denote its conditional treatment-one probability.
For every x € [d], the finite covariate alphabet, with p, > 0, the overlap parameter e satisfies

e<m,<1l-—c¢

The following definition collects the atom probabilities, cell masses, propensities, outcome
means, and their probability constraints into the observed-law class.

Definition 2. [def:observed-class| (Observed laws under overlap) The observed class ngf

consists of probability laws P on [d] x {0,1}? satisfying Assumption 2 on every cell with p, > 0.
Its parameters are d € N and € € R, and the covariate alphabet is

[d:={x€Z:0<xz<d}.

For the coordinate variables X, A, and Y, representing the covariate, treatment, and observed
outcome, respectively, the observed atom probabilities, cell probabilities, treatment propensities,
and arm-specific outcome means are defined by

Qay,x ‘= P(X = -T7A =a,Y = y), Dz = Z Z Qay,x,
a€{0,1} ye{0,1}
410,z + Q11,2 Qalx
Ty = ) ar = )
Dz a0,z + Gal,x
with each ratio defined as zero when its denominator is zero. These quantities satisfy, for every
x € [d] and a € {0,1},

dal,x = pxﬂ-g(l - Ww)l_aﬂaxy 4a0,x = pxﬂ'g(l - Wx)l_a(l - Maz)a
PxZ(L przlv Haz € [071]
z€[d]



The class allows arbitrary cell masses and outcome means subject to the displayed probability
constraints, and arbitrary propensities satisfying the public floor.

The scalar target is the observed optimal treatment value W(P) of Definition 3. It chooses
the larger conditional outcome mean in each cell and averages those choices using the population
cell masses.

Definition 3. [def:observed-value] (Observed optimal treatment value) The observed value
of a probability law P on [d] x {0,1} x {0,1}, for a nonnegative integer d and the zero-based
covariate alphabet [d] of Definition 1, is

\II(P) - Z Pz mMax [figg.
=) ac{0,1}

Here the observed atom probabilities, covariate cell probabilities, and arm-specific outcome means
are defined by

dal,
Qay,x :]P(X:xaA:aaYZy)a Pz = Z Z Qay,x> Hax = %’
ac{0,1} ye{0,1} a0,z Gal,x

with a zero demominator giving e, = 0. Fach null-cell summand is therefore zero.

The maximum introduces the cellwise optimization into the functional, while the zero-
denominator convention gives every null cell a zero contribution. We assess estimation of this
scalar under squared error, uniformly over the observed-law class, through the minimax risk
Rn.d,c defined next.

Definition 4. [def:minimax-risk] (Minimax risk R, 4.) The minimaz squared-error risk is

~ 2
Ryac = inf sup Ep [{V(Ol,...,On)—\I/(IP)} ]
V peDyh

where O1, . .., Oy, denotes the observed sample, ¥(IP) denotes the observed value, and the infimum
ranges over all measurable real-valued estimators.

Under Assumption 1, the expectation is taken over the product sampling law. The supremum
varies the cell masses, propensities, and outcome means within Definition 2, so the risk measures
uniform performance when those quantities are unknown. The subsequent rate comparisons use
the logarithmic alphabet scale Ly, defined by

Ld = log(ed).

This convention fixes the logarithmic factor in the risk bounds and consistency criterion.

3.2 Causal interpretation and cellwise representation

The observed functional acquires a causal interpretation through a binary potential-outcome
overlay. We introduce the full-data notation together so that the causal restrictions and com-
pletion class refer to the same experiment.

The oracle value chooses a treatment separately for each covariate cell using its conditional
potential-outcome means. Relating those means to observed outcomes requires consistency and
armwise conditional exchangeability. The first restriction connects the realized outcome to the
potential outcome under the treatment received.



Assumption 3. [ass:consistency| (Consistency of observed outcomes) The observed outcome
Y equals the potential outcome Y (A) under the realized treatment A almost surely:

Y =Y (A) almost surely.

Consistency is the standard condition that gives the observed outcome its treatment-specific
potential-outcome interpretation [Zeng et al., 2024]. The second restriction addresses treatment
selection within covariate cells.

Assumption 4. [ass:conditional-exchangeability] (Conditional exchangeability of treat-
ment) For each treatment a € {0,1}, the potential outcome Y (a) is conditionally independent
of the treatment A given the categorical covariate X :

Y(a) L A X.

Armwise conditional exchangeability is the standard condition under which conditioning on
the covariate accounts for treatment selection relevant to each potential outcome [Zeng et al.,
2024]. Its substantive interpretation is that the recorded covariate provides sufficient adjustment
for that selection. Together with consistency and positive overlap in occupied cells, it supplies
the conditions for the value identification in Proposition 1. We collect these restrictions in the
causal completion class Pg..

Definition 5. [def:causal-class| (Causal-law class Pq.) Define
Pae:={P: P is alaw of (X,A,Y,Y(0),Y (1)) satisfying the conditions below} .
Here Obs(P) denotes the observed marginal law of (X, A,Y).
e (Consistency.) P satisfies Assumption 3.

e (Exchangeability.) P satisfies Assumption 4.

e (Observed marginal.)
Obs(P) € D},

whose overlap restriction is given in Assumption 2.
This definition applies for everyn >1,d > 2, and 0 < e < 1/2.

The statistical problem is defined over observed laws, while this class specifies their causal
interpretation. To connect value identification to the estimator construction, we also introduce
a representation of each cell’s contribution in terms of its four observed atom probabilities.

The armwise extension F¢(u) of Definition 6 represents the contribution of an admissible
cell and supplies a function on arbitrary nonnegative four-vectors for the estimator. For a
generic nonnegative four-vector u, its arm mass s,(u), total mass s(u), and overlap-truncated
arm denominator D,(u) are defined together with the extension.

Definition 6. [def:armwise-extension| (Armwise extension F,) The armwise extension is

s(u)ugr
max ———, u # 0,
Fu(u) = { ac(01} Da(u) 7 ueRY,
0, u =0,
where the coordinates of u are indexed by a,y € {0,1}, and
Sa(u) = Ugo + Uq1, s(u) = so(u) + s1(u), D, (u) = max{sq(u),es(u)}.



The denominator uses the larger of the arm mass and the public floor times total mass, and
the zero branch retains the null-cell convention. The following result connects this representation
to the observed target and connects that target to the causal oracle value.

Proposition 1. [prop:identification] (Completion and value identification) Let d be the
number of covariate cells and € the overlap floor, with

e (Cell count.) de N and d > 2.
e (Positive overlap.) 0 < e.
e (Overlap range.) ¢ < 1/2.

The following statements hold.
FEvery observed law P € ngf of Definition 2 admits a full-data completion P € Py, of
Definition 5 such that 7
Obs(P) =P,
where Obs(P) is the marginal law of the categorical covariate X, binary treatment A, and binary
observed outcome Y .
Every P € Py, satisfies

V*(P)= Y P(X ==z) max Ep[Y(a)| X =] = U{Obs(P)},
ae{0,1}
z€[d]

where [d] is the finite covariate alphabet, Y (a) is the potential outcome under arm a, V*(P) is
the causal oracle value defined by the displayed sum, and ¥ is the observed-value functional of
Definition 3. Conditional potential-outcome means in cells of zero probability are assigned zero.

For every P € nges and every x € [d], define the four-vector of observed atom probabilities
and its cell mass and armwise outcome means by

Qay,x = IP)(X =Z, A= a, Y = y)7 qz = (QOO,m qo1,xz, 410,z q11,x)v

1 1
Pz = Z Z Qay,x» Hax = fal,e

a=0 y:O QaO,x + qgl,a: ’
with a zero denominator giving e, = 0. The armwise extension of Definition 6 then satisfies

Fe(qz) = pa D, faz-

In particular, both sides equal zero when p, = 0.

Proposition 1 gives the observed estimation problem its causal scope. Every law in the
observed class has an admissible causal completion, and every such completion has the same
oracle value determined by its observed marginal. Consequently, the minimax risk in Definition 4
also describes estimation of the causal oracle value over Definition 5 using observed samples.
The cellwise identity supplies the representation

\II(P) = Z FE(QJJ)'
z€[d]

This representation preserves the target on the overlap-constrained observed class while ex-
tending each cell contribution to the nonnegative vectors used in the estimator construction.
Identification therefore connects the causal target, the observed loss, and the cellwise estimation
problem under the stated sampling and causal restrictions.



4 Minimax rates and consistency

The minimax squared-error risk R,, 4, defined in Definition 4, measures the precision attainable
uniformly over the observed class. Its rate depends jointly on the number of covariate cells and
the sample-size scale associated with the public overlap floor. The following result characterizes
this dependence with universal comparison constants and identifies a deterministic estimator
attaining the rate.

Theorem 1. [thm:matched-frontier| (Universal matched risk frontier) There exist universal
real constants cy, Cy, Hy, Kk and an integer Dy satisfying

0 < e <O, Hy > 0, k>0, Dy > 2,
such that the following bounds hold for every:
e (Sample size.) Integer n > 1.
e (Alphabet size.) Integer d > 2.

e (Overlap.) Real overlap parameter 0 < e < 1/2.

Write Lq = log(ed) for the logarithmic alphabet scale, and let ‘775‘56 be the prescribed determinis-
tic armwise estimator with calibration constants Hy, k, Dg. The observed minimaz squared-error
risk,
Rpge = inf sup Ep [(17 - \IJ(IP))Z} :
V' PeDgbs
where the infimum ranges over measurable real-valued estimators based on n observed umnits,
satisfies

. d -~ 2 . d
¢, min {1, neLd} <Rpae < nggbs Ep[(VT‘ﬁEZE — \P(P)) } < C, min {1, neLd} )

For the causal class, the same estimator and constants satisfy

Cx Min {1, } <inf sup FEopp) [(‘7 — V*(P))Q]

neLq V PePy.

=5 2
< sup EObS(P) |:(VnA,5,e - V*(P)) :|
PPy .

d
<Ciyminql,—— 5,
- i { neLd}

where the infimum again ranges over measurable real-valued estimators based on n observed
units, V*(P) is the causal oracle value, and the expectation is under the observed marginal law

Obs(P).

The ratio d/(neLg) summarizes the joint statistical cost of many cells and weak overlap. Here
ne is the rare-arm sample-size scale permitted by the overlap floor: when an arm’s treatment
probability equals that floor throughout the population, its expected sample count is ne. Holding
n and e fixed, the characterized comparison scale increases with d through d/log(ed). In the
saturation regime ne < d/L,, the minimax risk is bounded above and below by positive universal

10



constants. When ne > d/Lg, the squared-error rate is d/(neLgy). The causal interpretation of
these bounds follows from Proposition 1, which connects the observed target and class to the
causal oracle value and its admissible completions.

Along sequences in which the cell count and overlap floor vary with sample size, the same
bounds give an exact criterion for uniform mean-square consistency.

Theorem 2. [thm:consistency-threshold] (Consistency threshold and fixed-parameter rates)
Let R, g be the minimax squared-error risk in Definition 4. Consider sequences (dp)nen of
alphabet sizes and (€,)nen of overlap floors satisfying:

e (Integer alphabet.) d,, € N for every n.
o (Alphabet size.) d,, > 2 for every n.

e (Positive overlap.) €, > 0 for every n.
e (Overlap range.) €, < 1/2 for every n.

There exists a sequence of measurable real-valued estimators XA/n, each based on n independent

observed units, such that R
sup  Ep[(V, — ¥(P))?] — 0
PGD;ZS’ETL
if and only if
dn,
— 0 — 00).
ney log(ed,) (n = o0)
For each fized integer d > 2, there exist real constants ¢, C, depending on d, with 0 < ¢ < C,
such that for every integer n > 1 and every overlap floor 0 < e < 1/2,

1 1
cmin{l,} < Rpde < Cmin{l,}.
ne ne

For each fized overlap floor 0 < € < 1/2, there exist real constants ¢,C, depending on €, with
0 < ¢ <, such that for every pair of integers n > 1 and d > 2,

d d
i —— s < < i —_ .
cmln{l7 nlog(ed)} <Rpae < C’mln{l, nlog(ed)}

The criterion requires the rare-arm sample-size scale to grow faster than the cell count
divided by its logarithmic scale. It therefore allows growing alphabets and shrinking overlap
simultaneously, provided their joint burden vanishes relative to the available sample. For a fixed
alphabet, the cell-count factor is absorbed into constants depending on that alphabet, yielding
the rate min{1,1/(ne)}; consistency then requires ne, — oco. For fixed overlap, constants may
depend on the overlap floor, and the rate becomes min{1, d/[nlog(ed)]}. These specializations
make the joint criterion directly interpretable for designs with either a stable covariate alphabet
or a stable overlap floor.

The attaining construction is specified in Algorithm 1, and its uniform risk bound is es-
tablished in Theorem 3. The converse in Theorem 5 applies to every measurable estimator.
Its central ingredient is the weighted approximation and constrained-prior separation result in
Theorem 4, which supplies the target separation used in the statistical lower bound. Sections B
and C develop the approximation results and the associated experiment construction.

11



5 An attaining estimator

The armwise factorial estimator 17”/?5 . attains the rate in Theorem 1 using the observed sample
and the public overlap floor. Its construction separates three regimes. The bounded-alphabet
branch uses empirical cell frequencies and arm-specific outcome means. For larger alphabets,
the saturated branch returns the midpoint of the value range when ne < d/Lg, where Ly is the
logarithmic alphabet scale. The active branch, used when ne > d/ L4, combines pilot localization
with polynomial approximation and factorial estimation of the cell contributions. The following

algorithm specifies all three branches and the averaging that produces a deterministic statistic.

Algorithm 1 (Armwise factorial estimator)

The estimator ‘A/néi . is a deterministic function of the observed sample O; = (X;, 4;,Y;) €
[d] x{0,1}x{0,1},7 =1,...,n, using the zero-based alphabet [d] = {0, ...,d—1} of Definition 1.
Its parameters satisfy:

e (Tuning.) The pilot-radius constant Hy and degree constant  satisfy Hy > 0 and x > 0;
the integer alphabet cutoff Dy satisfies Dy > 2.

e (Sample and alphabet.) The integers n and d satisfy n > 1 and d > 2.
e (Overlap parameter.) The parameter e satisfies 0 < e < 1/2.

Define the logarithmic scale, evaluation intensity, and approximation degree by
n

L = L; = log(ed), m= g, K, = max{2, |kL|}.

Write [T}, (2) = min{u, max{l, z}} for projection onto an interval [/, u].
For d < Dy, define the full-sample counts

n

Ne=> 1X;=a}, Nop=Y HXi=uA4i=0a}, Se=)» Yil{X;=2,A;=a}, z€cld, ac{
=1 =1 =1

and set

R N, S,
AF B x ax
Vsd.e = o) ;M 0 aefon { Nax } ’

where each ratio Sg;/Ng, is defined to be zero when Ng, = 0.
For d > Dy and ne < d/L, set
par _ 1

n,d,e — 2"

For d > Dy and ne > d/L, define the estimator by the following auxiliary construction.
Independently of the observations, draw

M ~ Pois(n/4).
On {M < n}, draw independent fair marks, independently of the observations and of M,

B; ~ Bernoulli(1/2), i=1,...,M.
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Define the pilot and evaluation atom counts by

M
Noyo =) UXi=2,Ai=0aY;=yB; =1},

ay,T
i=1

Nay,z: l{XZ:x7AZ:a7)/:L:vaZ:0}7 a/7y€{071}7 HAES [d]

NE

i=1

All subsequent cellwise quantities are defined on {M < n}. Set

N/ Cayzl L
Cays = —, hay,:c:HO{ e e

m m m
an,(ﬂ = max{cﬂ'yvx - hay7x7 0}’ ully@ = Cay7l' + h(zy,xa
b . gay,z + Uay,z _ Ugy,x — an,:p
ay,x = B ) Tay,x = 9 )

by = (bay,:r)a,ye{o,l}, Ty = (Tay,w)a,ye{o,l}a Qz = H [fay,za Uay,x]-
a,ye{0,1}

Use Fy, s, and D, from Definition 6. Define the normalized Jackson kernel by
. 4
5 [sin(K,t/2) /7r
= _— = 1
JKn (t) cKn { sm(t/2) ) . JKn (t) dt )

where removable values are filled continuously and cJKn > 0 is the unique normalizing constant.
With ® denoting componentwise multiplication and cosine applied componentwise, define the
algebraic polynomial P, g, on Q. by

P, Kk, (by + 1y ®cosf) = / Fe(by + 1y ®cos(6+ 1)) H JK, (Tay) d, 0 € R
(=t aye(0.1}
Its degree in each coordinate is at most
D =2(K,—-1).
Define the coefficients /3, o by the unique expansion
Vay = bay,a )
Py k, (v) = Fe(bz) = Z Bz,a H . , v E Qy.
acl{0,...,D}* a,ye{0,1} YT

For nonnegative integers N and ¢, define the falling factorial by

t—1

(M= =-4), (N)=1

=0
For an integer £ > 0 and a real center (, define

Up(N;¢) = zk: <k> (=)t (N):

t mt ’
=0

13



and set

Uaa N, ,x;ba T
Lo=Fp)t Y e [ Ceeesibuo)
ac{0,...,D}* a,y€{0,1} Tay.e

Define the armwise clipping scales and clipped cell contributions by

s(by)
Dq(bs)’

Ra,ac = Ta0,z + Tal,xs Wa,x = 1+

1

aw § :

ng =2 wa,a:Ra,a:7
a=0

To = Wip, h,)—ar/asaw, Fuv)+ar/asaw)(Za)-

Finally, set

e II T:p ) M < ) 17 17
V = [0,1] x%:d] n ande,e =E[V |O1,...,0,].

0, M > n,

The conditional expectation integrates the auxiliary count and marks. Equivalently, on this
branch,

PAF _ Zn o /4 (n/4)F Z o=k 1T Z T
n,d,e k' [0,1] x ’
k=0 " (Bi,...Br)E{0,1}* €ld]

where each summand uses the counts and cell contributions constructed from the first & ob-
servations and the displayed mark vector. This defines a deterministic measurable real-valued
function of the observed sample.

The calibration proved in Section D takes

1

Hy = 102 -
0=1025, R = Toaeo

Dy = 2.
With this choice, the admissible range d > 2 uses the saturated and active branches. The
parameterized definition in Algorithm 1 also records an empirical branch for a general cutoff.

In the bounded-alphabet branch, the full-sample cell count N, supplies the empirical cell
weight, while the arm count N,, and success count S, supply the empirical outcome mean. The
zero-count convention completes the definition for empty arms. In the saturated branch, the
midpoint 1/2 has squared error at most 1/4 because the observed value lies in the unit interval.
These branches address the regimes in which a fixed alphabet or a constant risk bound suffices.

The active branch first localizes each cell’s four observed atom masses. The auxiliary count
M selects an initial portion of the sample, and the fair marks B; allocate its observations to
pilot and evaluation counts. The pilot counts N, , determine a localization rectangle @, with
center b,. Its radii combine a term that varies with the estimated atom mass and an additive
term that remains positive when the pilot count is zero. Thus the polynomial construction has
positive coordinate radii even in cells with empty pilot atoms.

Within this rectangle, the tensor Jackson polynomial P, g, approximates the extension F,
defined in Definition 6. The approximation degree K, grows with the logarithmic alphabet
scale. The evaluation counts Ng, , then enter through the centered factorial statistic Uy (N;(),
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which replaces centered powers in the polynomial expansion by falling-factorial count terms.
This produces the cell statistic Z,. The separation of localization and evaluation is motivated
by Poisson splitting: in the auxiliary uncapped Poisson experiment, pilot and evaluation atom
counts are independent, and falling factorials estimate powers of atom masses. The displayed
cap incorporates this construction into a sample of fixed size.

Clipping adapts to the sensitivity of the cell contribution in each treatment arm. The armwise
weights w, , compare total cell mass with the overlap-truncated arm mass at the pilot center.
They enter the clipping scale SZ% together with the arm-specific localization widths. Each
clipped contribution T; consequently remains within a prescribed interval around the center’s
contribution, and projection of their sum yields the bounded auxiliary statistic V.

Finally, conditional averaging integrates the auxiliary count and every mark allocation with
their specified probabilities. The finite sum in Algorithm 1 makes the resulting dependence
explicit: for every k < m, it enumerates 2¥ mark vectors, and each summand also requires
the four-dimensional Jackson integrals or their polynomial coefficients. The formula defines
a deterministic theoretical statistic through finite averaging over auxiliary counts and mark
allocations. For any fixed target value, conditional averaging cannot increase squared-error risk,
by conditional Jensen’s inequality. The uniform guarantee for this statistic is as follows.

Theorem 3. [thm:observable-upper| (Uniform observable risk bound) There ezist universal
constants Hy > 0, k > 0, 0 < Cy < 00, and an integer Do > 2 such that, for every choice of:

e (Sample size.) An integer n > 1.
o (Alphabet size.) An integer d > 2.
e (Overlap.) A public overlap parameter 0 < e < 1/2.

the estimator ‘A/dee specified in Algorithm 1, with these tuning constants, is a measurable, deter-
ministic functioﬁ 70f the observed sample. For every family of sampling laws satisfying Assump-
tion 1 for each P € nges, the class of admissible observed laws with public overlap floor €, its
squared-error risk for the observed value U (P) defined in Definition 3 satisfies

~ 2 d
sup Ep [{VnAdFE — \II(IP’)} ] < Cy min {1, } , Lg =log(ed).
PeD9bs v nelq

The armwise sensitivity bound in Lemma 1 explains the scaling of this guarantee. Changes
in the four atom masses affect the cell contribution through the mass available in each arm, so
localization and clipping retain separate armwise sensitivity weights. Polynomial approximation
addresses the maximum over arm-specific means within the pilot rectangle, and factorial esti-
mation translates that approximation into observed count statistics. Together, these ingredients
yield the logarithmic improvement in the risk bound while accounting for the public overlap
floor. Section A organizes the analytic ingredients, and Section D gives the detailed proof and
calibration. Combined with Theorem 1, the guarantee establishes attainment of the minimax
rate by the deterministic statistic in Algorithm 1.

6 Discussion and open questions

The consistency criterion in Theorem 2 links sample size, categorical support, and overlap
through a single joint requirement. With n observed units, d covariate cells, overlap floor e,
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and logarithmic alphabet scale L4, consistency requires

d
neLy

— 0.

Thus, sample growth must compensate jointly for an expanding covariate alphabet and declining
overlap. The criterion makes this tradeoff explicit: the relevant comparison is between the
number of cells and sample size multiplied by the overlap floor and logarithmic alphabet scale.

For categorical treatment-choice problems, the minimax comparison in Theorem 1 provides a
benchmark for assessing the precision of optimal-value estimation. In the nonsaturated regime,
the squared-error scale is d/(neLg), up to universal comparison constants. This scale supports
assessments of how changes in sample size, covariate resolution, and overlap affect the smallest
achievable worst-case risk. The guarantee in Theorem 3 supplies an observed-data estimator
attaining that scale, linking the precision benchmark to the construction in Algorithm 1.

The benchmark also accommodates heterogeneity in treatment assignment and indifference
between treatment arms. Within the class in Definition 2, propensities may differ across occupied
cells while satisfying the public overlap bounds. The value in Definition 3 uses the larger condi-
tional outcome mean in each cell, including cells where the two means coincide. Such ties leave
the value well defined even when either treatment attains the same cellwise optimum. Under the
consistency and conditional exchangeability conditions in Assumptions 3 and 4, Proposition 1
gives this observed-law benchmark its causal interpretation.

6.1 Limitations and future work

The attaining estimator is explicit as a measurable finite-sample statistic, but its displayed
conditional average enumerates 2¥ mark assignments for each auxiliary count k < n, in addition
to evaluating four-dimensional Jackson integrals or precomputed polynomial coefficients. The
result therefore establishes statistical attainment rather than an efficient numerical algorithm.
Finding a polynomial-time approximation with the same uniform risk guarantee, and quantifying
the numerical error permitted without changing the rate, remain open computational questions.
The proved rate comparison determines the order of minimax risk. Leading-constant con-
vergence is a separate question, particularly when the covariate alphabet grows and overlap
vanishes together. The following question isolates that issue within the nonsaturated regime.

Remark 1. [oeq:sharp-path-constant] (Open questions on path constants) Consider ad-
missible nonsaturated sequences satisfying

e (Growing alphabet.) d — .

e (Vanishing overlap.) ¢ — 0.

e (Nonsaturation.) d/(neLy) — 0, where Ly is the logarithmic alphabet scale.
For R, 4., the minimazx squared-error risk, consider the normalized sequence

neLy
d

9{n,d,e-
It remains open whether there exists a single finite positive constant to which the entire

normalized-risk sequence converges along every admissible path. Alternatively, do there exist
two admissible overlap paths along which the entire normalized-risk sequences converge to
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distinct finite positive constants? Failure of convergence along an admissible path is a further
possibility.

Future work could investigate a cone-constrained approximation—moment saddle for the
boundary-propensity likelihood and an observable no-loss transfer.

The nonsaturation condition places these sequences in the region where the minimax risk
tends to zero. Along them, Theorem 1 bounds the normalized risk above and below by uni-
versal positive constants. Convergence to a common constant would sharpen that comparison
into a path-independent calibration of leading risk. Distinct limits along two admissible paths
would instead reveal dependence on how sample size, support, and overlap evolve jointly. The
alternatives in Remark 1 concern convergence of entire sequences; convergence along selected
subsequences would leave the stated question unresolved.

The proposed approximation—moment direction seeks a sharp characterization compatible
with the boundary-propensity likelihood and the constrained prior pairs in Definition 9. An
observable no-loss transfer would aim to carry the resulting leading constant into the observable
statistical problem without deterioration. Developing these two steps could connect sharp ap-
proximation and moment calculations to a leading-risk calibration beyond the established rate
comparison.

Appendices

A Identification and upper-bound proofs

This appendix collects the analytic ingredients for Proposition 1 and Theorem 3. The causal
argument connects the observed-law class to admissible full-data completions. The upper-bound
analysis uses armwise sensitivity to organize localization, polynomial approximation, factorial
estimation, and clipping. Throughout, the estimator and its sampling conventions are those of
Algorithm 1; the detailed arguments appear in Section D.

A.1 Causal completion and value identification

The two causal clauses of Proposition 1 have distinct mathematical roles. Existence of a comple-
tion ensures that every law in Definition 2 has a causal interpretation satisfying Assumptions 3
and 4. Value identification then establishes that all completions in Definition 5 yield the observed
value of their marginal law. Together, these clauses connect the observed statistical problem to
the causal oracle value under the stated overlap restriction.

Positive overlap supplies both conditional outcome means in every occupied cell. Consistency
and conditional exchangeability relate these observed means to the corresponding conditional
potential-outcome means. The oracle can choose an arm separately in each cell, so its value takes
the cell-mass-weighted maximum appearing in Definition 3. Cells of zero probability contribute
zero under the conventions of Proposition 1.

The final clause of Proposition 1 supplies the cellwise representation used in estimation. At
an admissible vector of observed atom probabilities, the overlap-truncated denominators in Def-
inition 6 agree with the arm masses. The extension therefore represents the target contribution
of that cell, including its zero-mass case. Its domain also accommodates the nonnegative vectors
generated by pilot localization.
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A.2 Armwise sensitivity

The local analysis retains the sensitivity of each treatment arm separately. The following bounds
control perturbations of the extension and relate the resulting armwise weights to the observed
atom masses.

Lemma 1. [lem:armwise-modulus| (Armwise perturbation and mass bounds) Let € be the
overlap parameter, with 0 < e < 1/2. For every pair of four-vectors u,v satisfying

e (Nonnegativity.) u,v € Ri.
e (Nonzero comparison.) v # 0.

define the armwise perturbations by
1
:Z\uay—vay , a € {0,1}.
y=0
With F,, s, and D, as in Definition 6,

1 1
R - FWl <23 Ac+2 30 Ska,
a=0 a=0 9@

For every observed law P on {0,...,d—1} x{0,1} x {0,1} and every cell x € {0,...,d— 1},
let v = q, be its vector of observed atom probabilities and p, its cell probability:

Vay = P({(x,a,y)}), Pz = szay-

If
e (Dimension.) d is an integer with d > 2.
e (Observed class.) P € Dg}f, as in Definition 2.
e (Positive cell mass.) p, > 0.

then, with s, as in Definition 6,

1

1
p Dz
> e S < ovay

X
e v) ‘

Proof of Lemma 1. 1. Mass and denominator perturbations. Use the quantities in Definition 6,

and define
= Z A,.
a=0

Each A, is nonnegative, so 0 > 0. The triangle inequality gives, for each a € {0, 1},

|8a(u) — sa(v)| = ‘ U0 — Va0) + (Ua1 — 'Ual)’ < A,

|s(u) — (v)l [so(u) = so(v)| + [s1(u) — s1(v)| < 0.
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Because the coordinates of v are nonnegative, s(v) > 0; equality would force every coordinate
to vanish. Thus v # 0 implies

Comparing the two entries of each maximum yields

| Da(u) — Da(v)| < max{|sq(u) — sa(v)], [es(u) — es(v)[}
< max{Ag, ed} < A, + €.

Here € > 0 gives |es(u) — es(v)| = €|s(u) — s(v)| < €.
2. The zero-vector case. Suppose u = 0. Nonnegativity and the definition of the denominator
imply

0 < va1 < 84(v) < Dy(v), 0< 31(37;)(1;@)1 < s(v)
Taking the maximum over the two arms gives
0 < Fe(v) < s(v).
Also,
~ s(v)
) = lst) s <5 7820

a=0
3. A coordinate-ratio estimate. Now suppose u # 0. The same nonnegative-coordinate
argument gives s(u) > 0, and hence, for each arm,

Dy (u) > es(u) > 0, 0 < ugr < Dy(u), 0 < w41 < Dg(v).

We first establish
Uql Val

Da(u)  Da(v)
If Dy(u) < Dg(v), the identity

< [ua1 — va1| + | Da(u) — Da(v)|'
- D, (v)

Da(v)ual - Da(u)val = Da(u)(ual - 'Ual) + (Da(v) - Da(u))ual
and 0 < ug1 < Dy(u) give

’Da(v)ual - Da(u)va1| < Da(u)|ua1 - Ua1| + (Da(v) - Da(u))ual
< Da(u)(|ua1 - Ua1| + |Da(u) - Da(’U)D.

If Dg(v) < Dy(u), use instead

D, (v)ug1 — Dg(u)vg1 = Da(v)(ta1 — va1) — (Da(u) — Dg(v))va1.
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Since 0 < vq1 < Dg(v) < Dg(u),

|Da(v)ta1 — Da(u)var| < Da(v)|tar — va1| + (Da(u) — Da(v))va1
< Da(u)(‘“al — Va1| + [Da(u) — Da(v)’)-

In both cases, divide by the positive product D,(u)D,(v), using

Ugl Val Do (v)ugr — Do(u)va1

Da(u) - Dy (v) B Dq(u)Da(v) ’

to obtain the coordinate-ratio estimate.
4. Scaling the ratios and comparing the mazima. For the two nonzero vectors under consid-

5(€)&a1
Dy(§)

eration, define

ga(g) =

¢ e{u,v}, ae€{0,1}.

The identity

gives

Indeed, 0 < ug1/Dg(u) < 1, and |ug1 — va1] < Ay. Moreover,

Substituting the denominator perturbation bound therefore yields

s
(1) = g 0)] < 0+ 5 05 (20 + )

s(v)
< —A,.
< 26+2Da(v)Aa

Finally, comparison of the two entries of the maximum gives

|Fe(u) — Fe(v)| = [max{go(u), g1(u)} — max{go(v), g1(v)}|

< max [ga(u) — ga(v)]

ae{0,1}
< max {25—{—2 5(v) A }
" ae{0,1} D, (v) “

1
s(v)
<2042 E —=A
a=0 Da(v)

The last inequality uses the nonnegativity of both weighted perturbations. This proves the first
assertion.
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5. Observed arm-mass floors. For the second assertion, fix the stated law and cell, and take
v = ¢;. The atom probabilities are nonnegative. The definitions in Definitions 2 and 6, together
with p, > 0, give
pr=s0(v) +51(v),  peme=s1(v),  pa(l—m) = s0(v).

The last identity follows by subtracting the second from the first. Membership in the observed
class supplies Assumption 2, so
€ < Ty, e<1—m,.

Multiplication by p, > 0 gives, separately for the two arms,

epr < p:r:(l - ﬂ'a:) = 50(”)7 €Dz < PpTy = Sl(v)-

Consequently,
Sq(v) > epy > 0, a € {0,1}.

6. The weighted square-root estimate. For each arm, nonnegativity of its two coordinates

gives
254(v) = (v0a0 + vVa1)? = (\/Va0 — VVa1)> > 0
(V/Va0 + Va1)? < 254(v).

Both sides of the resulting square-root comparison are nonnegative, hence

Va0 + Va1 < v/ 25@('0)-

Multiplying the squared bound by p2, and then using the arm-mass floor, yields

(paz(\/ﬁ_}_ \/ﬂ)) < 2pm8a(v)

2ol

< 72]%8&(@) Sa(v)
€
2
= s (v)?

= (\/?6@(@) 2 :

The compared quantities are nonnegative. Taking square roots and dividing by s,(v) > 0 proves

L (Vi + Vi) <2 a0,

7. Summing the two arms. Adding the two armwise bounds and factoring the square root

gives
1 e
> Z Vi <24/ =7
a= 0 €
—2v2, /P
€
This proves the second assertion and completes the proof. O
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The armwise perturbation A, measures the total coordinate change within one treatment
arm. Nonnegativity preserves the mass interpretation of the extension, while a nonzero com-
parison vector makes each overlap-truncated denominator positive. The first inequality applies
even when the perturbed vector is zero, which is useful for localized estimation near empty cells.

The second inequality concerns occupied cells in the observed-law class. It combines the
armwise sensitivity weights with square roots of atom masses, the quantities governing count
fluctuations. Its dependence on overlap is proportional to the inverse square root of the overlap
floor. This mass-sensitive control is the analytic ingredient supporting the single inverse power
of overlap in the squared-risk guarantee of Theorem 3.

A.3 Factorial statistics and sampling conventions

Polynomial estimation requires statistics corresponding to powers of atom probabilities. A deter-
ministic split gives a multinomial construction, which we record before discussing its relationship
to the active estimator’s Poisson construction.

Definition 7. [def:fixed-sample-factorial] (Centered factorial statistic Up) The centered
multinomial factorial statistic is

Un(N%b) = H<hj><bj)hj‘tf M |h| < ne.

i<n e, N (ne)

Here Jq is the observed atom index set, b = (bj)jeq, is the centering vector, and h,t are
nonnegative integer multi-indices, with componentwise ordering and total orders

Bl= D hi =)t

JE€ETq VISNE

The deterministic sample split and its atom counts are

n, = |n/2], Ne =N — Np, I, ={1,...,np}, I.={np+1,...,n},

NJp:Z]‘{Ol:j}a Nje:zl{olzj}7 Ne:(N]e)JEJd

i€l icle

The falling factorials are
(m)k=m(m—-1)---(m—k+1), (m)p = 1.

The centered multinomial statistic Up (N¢; b) uses the joint factorial moments of a fixed-size
evaluation histogram. Its denominator depends on the total order of each term, reflecting the
common multinomial sample size. The order restriction ensures that these normalizations are
defined. Under Assumption 1, the two deterministic subsamples are independent, allowing the
centering vector to be selected from the pilot sample.

The active branch of Algorithm 1 uses a separate sampling convention: an auxiliary Poisson
count and fair marks generate pilot and evaluation counts. In the uncapped Poisson experiment,
the evaluation atom counts are independent Poisson variables. The coordinatewise statistic de-
fined there consequently normalizes each falling factorial by a power of the evaluation intensity.
Both constructions translate centered polynomial terms into count statistics, with their respec-
tive multinomial and Poisson normalizations. The risk guarantee in Theorem 3 concerns the
capped Poisson construction specified in Algorithm 1.
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A.4 Risk analysis by estimator branch

The branches of Algorithm 1 separate the roles of empirical estimation, bounded loss, and
local polynomial estimation. For a bounded alphabet, the relevant quantities are empirical cell
weights and arm-specific outcome means, including the prescribed zero-count convention. Since
the alphabet cutoff is universal, the logarithmic alphabet scale remains bounded in this branch.
Its contribution to Theorem 3 is therefore assessed within a fixed range of alphabet sizes.

For larger alphabets in the saturated regime, the estimator returns the midpoint of the unit
interval. The target lies in that interval by Definition 3, giving a squared-error bound of one
quarter. This branch supplies the constant-risk part of Theorem 3.

The active branch assigns separate mathematical roles to localization, approximation, fac-
torial variance, and clipping. Pilot localization determines a rectangle for each cell’s atom
probabilities. Its radii include both a mass-dependent fluctuation term and a positive additive
term, so the polynomial coordinates remain defined when pilot counts vanish. The perturbation
bound in Lemma 1 measures variation over these rectangles through the armwise widths and
sensitivities.

Polynomial bias concerns the discrepancy between the extension and its tensor Jackson
approximation on the pilot rectangle. The approximation degree grows with the logarithmic
alphabet scale, while localization determines the region on which the approximation is used.
Factorial estimation then represents the polynomial through evaluation counts. Independence
in the uncapped Poisson experiment separates the pilot choice of polynomial from evaluation
noise; factorial moments govern the variance cost of estimating its centered terms. The tuning
constants in Theorem 3 calibrate these approximation and variance roles jointly.

Clipping uses the same armwise geometry. The interval around the center’s contribution is
scaled by the armwise localization widths and sensitivity weights specified in Algorithm 1. It
bounds each polynomial statistic before aggregation. Projection of the aggregate onto the unit
interval aligns its range with that of the target and cannot increase squared error for a target
in that interval.

Finally, the Poisson cap connects the auxiliary experiment to the available sample of exactly
n observations. On the cap event, the statistic uses the selected initial observations and their
marks; overflow receives the prescribed value zero. The bounded range permits the overflow
probability to enter the risk accounting as a controlled discrepancy. Conditional averaging over
the auxiliary count and marks then produces the deterministic observed-data estimator. With
the proved calibration Dy = 2 and the admissible range d > 2, Theorem 3 supplies the uniform
risk bound through the saturated and active branches. The empirical branch belongs to the
general parameterized definition and is inactive under this calibration.

B Weighted approximation and constrained moment priors

The observable upper bound in Theorem 3 combines polynomial approximation with factorial es-
timation. The complementary lower-bound argument requires probability priors whose moments
agree while their target values remain separated. This appendix presents the scalar approxima-
tion problem underlying that construction, the localization bounds used to obtain the priors,
and the resulting comparison between approximation error and constrained prior separation.
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B.1 The scalar functional and probability constraints

The scalar target combines a change in slope at intensity one with the overlap-dependent weight-
ing. We introduce its formula before defining the approximation problem.
The weighted scalar positive-part functional ¢¢(z) is

{(1 —€) + ez} max{z — 1,0}.
142

¢e(z) =

It is continuous and vanishes below intensity one. Its change in slope supplies the local approx-
imation difficulty. The polynomial degree K and support endpoint M determine the approxi-
mation scale. Weighting the uniform error by 1 + 2, where z is the scalar intensity, also aligns
the approximation criterion with the common-mean restriction on the priors.

Definition 8. [def:weighted-error| (Weighted approximation error £ ,,.) The weighted
best uniform polynomial approximation error is

. |¢€(Z) — P(Z)|
ERppe:i= inf  sup ——=
KM, PeRk (2] ngé)M 1+z2

)

where ¢, is the weighted scalar positive-part functional and Rg|[z] is the set of real polynomials
in z of degree at most K.

The weighted approximation error SI“(” M, measures the discrepancy after allowing the point-
wise error to grow with intensity. For probability measures of mean one, the weight 1 4 z has
integral two. This normalization gives approximation error a direct role in bounding target
differences between moment-matched priors. The admissible probability pairs are defined next.

Definition 9. [def:constrained-prior-separation| (Constrained prior separation Ag as )
The normalized constrained prior separation is

M
/0 be(z) (v — n0)(2)]

Ag Me = sup
(vo,v1)ENK, M

where ¢, is the weighted scalar positive-part functional and the parameters satisfy
e (Degree.) K is an integer with K > 2.
e (Support endpoint.) M is real with 2 < M < K2.
e (Overlap.) 0 <e<1/2.

The set Ny consists of pairs (vg,v1) of probability measures on [0, M| satisfying

/OMzdyo(z) = /OMzdyl(z) =1

M . M .
/ 2! dvy(z) = / 2! dvi(z), j=01,...,K.
0 0

and
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The constrained prior separation Ag ar, therefore incorporates both moment agreement and
an absolute normalization of the first moment. Moment agreement cancels polynomial target
components through the prescribed degree, while the common mean fixes the average intensity.
The parameter range in Definition 9 is the range covered by the comparison below, including
zero overlap for this scalar approximation problem.

A signed measure supplies the target contrast; a common atom completes its two nonnegative
parts into probability priors. We define that completion as a map on measures. The support and
normalization properties needed for the constructed packet inputs are established in Theorem 4.

Definition 10. [def:weighted-handle] (Common-atom completion map ") The common-
atom completion map s

A (04,0-) = (0 + (1= 1)40:, o + (1—)16s,),
with

1—wu
1—t°

t=o04(R), u:/ZdJ+(Z)? 20 =
R

Its inputs satisfy the following conditions:
e (Measures.) o1 and o_ are finite nonnegative measures on R.
e (First moments.) Each measure has a finite first moment.
o (Mass.) t <1.

Here (r)4+ = max{r,0}, and &, is the unit point mass at z.

The common-atom completion map 7% adds the same measure to both inputs, preserving
their signed difference. Its location uses the positive input’s remaining mass and first moment.
For the packet inputs in Theorem 4, the stated bounds place this atom inside the intensity
support and certify that both completed measures have total mass and mean one.

B.2 Fourier coefficients and packet localization

A modulated Jackson function provides a localized signed contrast with a prescribed frequency
band. Its twice antiderivative separates the response at the change in slope from the contribution
spread across the interval. The following grouped notation fixes the periodic normalization,
coefficient conventions, and endpoint extension before stating the localization bounds.

The shifted squared frequencies in Lemma 2 encode two integrations of the modulated func-
tion. The endpoint calculation concerns the coefficients after extension by zero: forward dif-
ferences crossing either end of the coefficient band enter the same sum as interior differences.
This convention gives a bound for the complete Fourier expression. The localization statement
records that coefficient bound together with frequency cancellation, the value at the periodic
origin, and spatial decay.

Lemma 2. [lem: jackson-packet-localization| (Jackson packet localization bounds) There
exist real constants 0 < ¢ < C' such that the following holds for every integer N > 2. Define the
normalized periodic Jackson function by
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with removable values filled continuously. Set

L =4N, kn(u) = In(u) cos(Lu), h(j) = /7r h(w)e™"9u dﬂ

- 27

For j € Z, define the zero-extended coefficient sequences and their forward differences by

L JIND L £ il <2N -2, B )
E {0, j| > 2N — 2, (0a)j = ajer —aj,  (870); = aj2 = 251+ aj.
Define also
| 22
Gn(u) = 3 Z {a;“ cos((L +j)u) +aj cos((L—j)u)}, |lul|T = inf |u — 27j].
JEZ
j=—(2N-2)
Then - p
u

—T

For each sign, the second forward differences are absolutely summable and satisfy
C
2 +
> 16%F] < 4
JEZL
The differences include the endpoints of the displayed zero extension. For every r € Z satisfying
|r| <2N+2 or |r|>6N—2,

the trigonometric integrals vanish:

/7T kn(u) cos(ru) du = 0, /7r kn(u)sin(ru) du = 0.

—Tr —T

The function Gy satisfies

G (u) = kn(u) for every u € R, Gn(u)du =0,
and the bounds
c C C T du C
— < |GN(0)] £ = G < R G — < —=.
FEIOVOI< 5 IONWI < gy freevueR [ jaal g <
Proof of Lemma 2. 1. We first establish the coefficient representation needed for the center

estimate. For integers N > 1 and real u, write

{ W }4, sin(u/2) £ 0,

N4, sin(u/2) = 0.

Ry(u) =

The sine addition formulas give

sin?((N + 1)u/2) — sin?(Nu/2) = sin((2N + 1)u/2) sin(u/2),
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and, for every positive integer j,
sin((25 4+ 1)u/2) —sin((25 — 1)u/2) = 2 cos(ju) sin(u/2).

Summing the latter identity, then using the former, yields

N
VRN1(u) = VRy(u) =142 cos(ju)  when sin(u/2) # 0.
j=1

When sin(u/2) = 0, one has cos(u/2) = 1 or —1, and the same identity reads (N + 1) —
N2 =1+ 2N. Starting from R;(u) = 1, induction therefore gives

VR N—i-QZ ) cos(ju).

For N > 2 and j € Z, define

g =max{N —|j,0}, ;= TNuTNj-ji» SN ={j€Z:|j|<2N -2}
J1EL

These sums are finite. The sequence 7y ; is even and vanishes for |j| > N, so yy; is even,
nonnegative, and vanishes outside Sy. The preceding expansion becomes

VRny(u) = Z Tn,j cos(ju).
JEZ
To square it, use

cos((j1 + j2)u) + cos((j1 — j2)u)
: .

cos(j1u) cos(jou) =

Evenness makes the two resulting double sums equal after replacing jo by —j2. Reindexing
their common value by j = j; + j2 gives

R (u Z TN TN > €08((J1 + j2)u Z YN,j cos(ju).
J1,J2€Z JESN

At frequency zero,

N-1
. 2N3 + N
'YN,O:N2+2Z(N_J)2:73 >0,
=1

where the last equality follows from the finite sum of squares. Integrating the cosine
expansion consequently gives

T du 1
/ RN(U) % = YN,0, CN = Tno-

—T

Define, for every j € Z,
YN,j

Ing = :
YN0
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Thus

In(u) =Y fujeos(ju),  fn; =0,  fy-j=Ing  fng=0 (G ¢Sn)

JESN

For completeness, cosine orthogonality reads, for ji,j € Z,

. du L j1=7=0,
[ costivwyeostin) 3% =4 3, 1l = il £ 0,
- 0, otherwise.

This follows by the cosine product identity and integration of the integer modes. The sine
part of the Fourier integral vanishes because Jy is even. Hence

i) INo, J=0,
NJ) = fN,'—f_fN,f' ) =
S J#0,

I

In particular, the zero-extended sequences in the statement satisfy

i_{MALiﬁﬂ,je&w
£

a .

2. We now obtain the center bounds. Summing the triangular sequence gives
N-1
d rni=N+2) (N-j)=N
JEZ j=1
Reindexing the finite convolution sum yields
4 4
dong=NY o Y vl <) g = N
JEL JEL JJ1€L

Using the value of vy, we obtain

Indeed, the lower inequality is equivalent to 4N? > 1, which holds for N > 2, while
N4/’YN,0 < 2N follows directly from vy, = (2N3 + N)/3.

For j € Sy, both shifted frequencies obey
2N <L+ j<6N, 2N <L -7 <6N.

Their reciprocal squares therefore satisfy

1o 1 _ 1
36N2 = (L)% ~ 4N2’
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and nonnegativity of fy ; gives
In v, - N
18Nz =% T S o

At u = 0, every cosine equals one and every coefficient is nonnegative, so

GO0 =5 3 (af +ay).

JESN

Consequently,
1 1 NJ/2 1 2N 1

72N 218N2—‘ ()‘—zzNQ_ﬁ'

. To prepare the pointwise estimate, we bound the full-line second differences of the weighted
coefficients. Directly from the triangular sequence,

1, —N <j< -1,
Orn)j=< -1, 0<j<N-1, Y |(6rn);l=
0, otherwise, JEL

Shifting the finite convolution sums gives
)i = D OV (6*w); = Y (675 (07N s -
J1EZ NEZ
The triangle inequality, followed by reindexing j — j1, now yields
Z| dvN);| < Z‘ (67N )1 | TN =1 = 2N?,

Jhj1

Z (8% )il < D 16N 1678 ) 5] = AN,
j

j7j1

Division by the positive constant vy commutes with differences. Thus

2N3 4N
S 1wl < 2N, Z\éfw\<7<4 Z\éQfN ,Ys;.
i
For ¢ € {—1,1} and j € Z, define
-2 + _
=Lt gl WAL o Je o=
J J 0, ws =0, J a;, <=-L

The convention at a zero denominator makes p° a sequence on all of Z. Since fy vanishes
outside Sy and the denominators are positive on Sy,

= fnjr;  (JEZL).

If |j| < 2N, then N > 2 ensures
N S S S —
wj 2 N, wiyr = N, wiye = N, Wipr — W5 =6
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Factoring the first difference gives

1 1

(66°);1 = +
1T WP

< 2 < 16

~— N3~ N¥

For the second difference, the unit spacing of the three denominators gives the exact
identity
2(3(w5,,)% — 1)

(WJS)Q(WJSHP(%SH)Q '
Its numerator is nonnegative, and hence

6 6 _ 64 c o]
R EE CEb GRS T

(0%p°); =

|(82p%);] <

The forward-difference product identity is
(6%a')); = fnj12(0%0%);
+{(0fN)j41 4 (6FN);H(6p); + 51 (62 fN);-

For |j| < 2N, the preceding estimates imply

(8%a9);] < N4rfNj+2\ - N3!(5fN)J+1!
Sl + 5 6 )il

For [j] > 2N, all three values fv ;, fN7j+1, and fn jy2 vanish, so this inequality also holds
there. In particular, 62a() has finite support. Summing and using invariance of full-line
sums under integer shifts gives

Z|<62a<§>>j|s Z|fm|+ waw 1+ 3 Z|62fN
J

262 _ 512
= N3 = N3

. We next derive the pointwise localization bound. The reciprocal-square bound on the
coefficient support gives, for either sign,

Sl < =5 Z\fN,]

JEZ.

2
N’
For ¢ € {—1,1} and u € R, define the finite Fourier sums

Fi(u) = Z ag.g)eij“.

JEL.

The definition of G gives

1 ; ; _
Gn(u) = —3 Re [e’L"}"}V(u) + eZL“}“Nl(—u)] .
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Since the modulation has modulus one,

Fr )]+ [Fy' (—u)l _ 2
G < < .
(Gi(w)] < ) <
For real u, introduce
U 1
n(w) = llullr, — Jw)=|=+5|€Z  v(u)=u-—2mu).
2 2
The defining property of the nearest integer gives
] <7, 0<n(u) <fuv(u)] <

Also, replacing the integer in the defining infimum by its negative shows

If Nn(u) <1, then

2 8192
N(1+ Nn(u))?*

(1+Nnw)* <4, |Gyl <

This case includes n(u) = 0.

Suppose instead that Nn(u) > 1, so n(u) > 0. For every integer jo, shifting the finite
Fourier sum gives

D€t = e IEy )
J
Applying this with shifts one and two yields
D (6%a)) e = (e = 1)2 3 (w).
J

Therefore,
i 512
e 1P F ()] < 3100 < o

J

Periodicity and the elementary sine bound on [—7/2,7/2] give

n(u)

e = 1] = 2fsin(u(w)/2)| 2 ~fow)] 2 Zn(w) = 2,

where the last inequality uses w < 4. It follows that

2048
Fi < —.
Applying this estimate at u and —u in the representation of G gives

2048

|G N (u)] < W
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Finally, Nn(u) > 1 implies
(1+ Nn(u))? < 4(Nn(u))?,

and hence
2048 8192

G (u)] < Non()? = N1+ Ny(w)?

Together, the two cases establish

< 8192
~ N(1+ Nu|r)?

|G (u) (u e R).

. We obtain the normalized integral bound by integrating a rational envelope. First, for
|u| < 7, the integer zero in the defining infimum gives n(u) < |u|. For every j < —1,

|lu—27j| > u+27 > 7 > |ul,

and for every j > 1,
|lu—27j| >2m —u > 7 > |ul.

The remaining case j = 0 gives equality. Thus
n(w) =lul (=7 <wu<m).

Since
L+ (Nu)? < (1+ Nlu|)?,
the pointwise estimate implies

Gn(w)| _ 8192 1

—7r<u<m).
2r 7 27N 14 (Nu)? (-rsusm)
The rational envelope has integral
/7r du _arctan(N7) — arctan(—N)
oL+ (Nu)?2 N

7r

< AT

- N

because the arctangent takes values between —7/2 and /2. Both integrands in the com-
parison are continuous on the compact interval. Consequently,

™ du 8192 © 4096
=< — = .
/_7r Gl o <N N = N

. All these estimates hold uniformly for N > 2. Choose

c= %, Ceenter = %, Choint = 8192, Chntegral = 4096,
and set
C' = max {512, max {Ceenter, max{Cpoint; Cintegral } } } = 8192.
Then

0<e<C, 512 < C, Ceenter < C, Opoint <C, Cintegral <C.

We now fix any integer N > 2 and verify the assertions with these common constants.
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7. The positive normalizing denominator computed above gives

T d d

I (u) 2 /WR () & = A7 1
u)— ==c u) — = =1.
N or N . N o TN,0TN,0

—T
8. For either sign, the zero extension implies
(6%a%); =0 (ljl > 2N).

Hence the absolute second differences are summable, and their full-line sums satisfy

2N
512 C
DoI@a*)l = Y 1)l < 55 < 7

JEZ j=—2N

Because the differences are taken after extending the coefficients by zero, these sums
include the differences crossing both endpoints of Sy.

9. Multiplying the cosine expansion of Jy by cos(Lu) gives

() = 5 37 v feos((L -+ )u) +cos((L — j)u)}.
JESN

Every frequency appearing here satisfies
OIN+2<L+j<6N -2

Let r € Z satisfy the stated alternative. If |r| < 2N + 2, both shifted frequencies exceed
|r|; if |r| > 6N — 2, both are smaller than |r|. Thus

IL+4l#Irl,  |L=3dl#Ir  (j€SN).

Cosine orthogonality consequently gives

/7r cos((L = j)u) cos(ru) du = 0.

—T

For the sine integrals, the product identity gives
/ cos((L % j)u) sin(ru) du
1 ™
= 2/ {sin((r + L £ j)u) +sin((r — (L £ j))u)} du = 0.

Here every integer sine mode has integral zero; the zero mode is identically zero, and
the other modes have equal cosine values at the two endpoints in their antiderivatives.
Linearity in the finite expansion therefore yields

/ " k() cos(ru) du = 0, / " k() sin(ru) du = 0.

—T —T
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10. Termwise differentiation of the finite cosine polynomial gives, for every real u,

Gy =5 32 {af (L +d)sin(L + Gy + a5 (L~ ) sin((L — j)u) }
JESN
and then
Gl (u) = % 3 {aj(L + )2 cos((L + j)u) +aj (L — )2 cos((L — j)u)} .
JESN

The shifted frequencies are positive on Sy, so their squares cancel the denominators:
af (L+j)°=fng,  aj(L—j)°=fn,
Using
cos((L + j)u) 4+ cos((L — j)u) = 2 cos(ju) cos(Lu),

we conclude that

G (u) = Z fnjcos(ju) | cos(Lu) = Jn(u) cos(Lu) = ky(u).
JESN

11. Every frequency L + j, for j € Sy, is a nonzero integer. Its cosine integral vanishes by
direct integration. Thus
™ 1 s ™
Gn(u)du = ) Z {aj/ cos((L + j)u) du + aj_/ cos((L — j)u) du} =0.

- jeSy -7 -

12. Finally, enlarging the three upper constants to the common constant C' gives

c Ceenter C

— << < < —

v SIGh(0) = —F— < &
Choint C

Gn(u)| < -
CN Wl S Fa TNz S N T N2

(u S R)?

nd g du _ C c
U integral

4 Zintegral -

[ e e < Sl <

These bounds, together with the preceding identities and summability statements, estab-
lish every assertion.

O]

Frequency cancellation and spatial localization play complementary roles in Lemma 2. The
frequency band supplies the cancellation required for matching low-order moments after the
packet is transferred to the intensity interval. The twice antiderivative has an origin value of
order N~! and an integrated absolute magnitude of order N~2. These two scales distinguish
the localized response at the scalar target’s change in slope from the contribution distributed
away from that point.

The second-difference bound includes the Fourier endpoints explicitly. Together with the
spatial bound, it controls the entire periodic twice antiderivative, including the tails measured by
distance from the periodic origin. The normalized packet used below combines this localization
with a calibration that leaves sufficient mass and first moment for the common-atom completion.
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B.3 Weighted separation and statistical consequences

The packet localization lemma supplies low-frequency cancellation and spatial concentration,
and the weighted-separation theorem converts the packet into common-mean moment priors and
an approximation lower bound. Section C uses those priors in the statistical comparison. The
detailed approximation, sparse, dense, transfer, and concluding arguments are divided explicitly
in Section D.

The next result collects the approximation comparison and the completed-prior construc-
tion. It also records their statistical consequences alongside the attaining upper bound. Within
the scalar parameter range, weighted approximation error and common-mean moment-prior
separation have the same order, uniformly over the overlap parameter.

Theorem 4. [thm:weighted-separation-and-frontier| (Weighted separation and minimax
frontier) There exist universal real constants 0 < ¢ < C' < oo and an integer Ag > 1 such
that the following approximation and separation guarantees hold for every choice of parameters
satisfying:

e (Degree.) K is an integer with K > 2.
e (Support.) M is real and 2 < M < K?.
e (Overlap.) 0 <e<1/2.

For the weighted error and constrained-prior separation in Definitions 8 and 9, with scalar
functional

((1 —€) + ez) max{z — 1,0}
142 ’

VM VM

¢ S Ek e S ArMe S 48K < O

Pe(z) =

one has

Moreover, let o4 and o_ be the positive and negative Jordan parts of the normalized Jackson
packet with calibration Ag, pushed to [0, M]. These are finite measures with integrable first
moments. Their positive mass and common completion location satisfy

1—u 1
1—¢’ 2

t=0+(R) < < zp < 2.

N |

, u = /zd0+(z), 20 =

There exists (v, v1) € Nk v, the constrained prior class of Definition 9, such that the common-
atom completion of Definition 10 satisfies

HV(op,0-) = (vg,11) = (60— + (1 = )84, 04 + (1 — £)d,),

and

Cc

/cZ)E(z) dvy(2) —/gﬁe(z) dvp(2)]| .
There also exist universal real constants 0 < ¢, < Cy < o0, Hy > 0, and k > 0, and a

universal integer Do > 2, such that the armwise estimator VAE with these calibrations satisfies
the following risk guarantees for every choice of parameters satisfying:

\/M<‘
K=

n,d,e
e (Sample size.) n is an integer with n > 1.
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e (Alphabet.) d is an integer with d > 2.
e (Overlap.) 0 <e<1/2.

The observed risks obey

: d SAF 2 : d
) ,—% lem .. < B | {VAY gl <o, ,—& b
Co i { nelog(ed) } o P:%gbs ¥ {{ 4 ( )} } i { nelog(ed) }

The causal minimazx risk obeys

d ~ 2 d
,min {1, ———— & < inf Eops V-ViP); | <Ciminql, ————0,
‘ mm{ nelog(ecn}”% p Fows(r) [{ ”}] m{ nelog(eco}

where the infimum ranges over measurable real-valued estimators based on n observed units.
Finally, consider any sequences satisfying:

e (Sample sizes.) The integer sample sizes ny tend to infinity.
o (Alphabets.) Each dy, is an integer with dj > 2.
e (Overlap.) 0 < € < 1/2 for every k.

There exists a sequence of measurable real-valued estimators YA/k, each based on ny observed units
with alphabet size dy., such that

~ 2
sup Ep[{vk - \II(IP’)} ] 0
PeDys

if and only if
dy,

NEkE€k log(edk) — 0

The approximation comparison expresses the same difficulty in two forms. Polynomial ap-
proximation measures how accurately the scalar target can be represented through low-order
moments; constrained separation measures how far target values can differ when those moments
agree. The packet construction realizes a separation of order v/ M /K using probability priors
with common mean one. Adding the shared completion atom preserves the target contrast,
while the bounds on its location place the completed priors within the prescribed support.

The factor four in the upper comparison reflects the normalization in Definition 9: each
prior assigns integral two to the approximation weight 1 + z. The remaining inequalities in
Theorem 4 establish both the reverse comparison and the uniform approximation scale. In
particular, the explicit completed pair achieves the stated lower order under the probability and
mean constraints.

The statistical clauses connect this scalar construction to the main-body results. The con-
strained priors supply the separation used by the all-estimator lower bound in Theorem 5, while
Theorem 3 supplies the attaining risk bound for the estimator of Algorithm 1. Their combination
gives the matched observed and causal rates stated in Theorem 1, with the causal interpretation
supported by Proposition 1. Along the admissible sequences, the same two-sided risk comparison
yields the necessary and sufficient condition for uniform consistency in Theorem 2.
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C Statistical lower bound and verification scope

This appendix specifies the experiments used to pass from the constrained priors to Theorem 5.
The detailed sparse and dense comparisons, fixed-sample transfer, and final consequences appear
in Section D.

The constrained priors of Definition 9 connect the scalar separation in Theorem 4 to a com-
parison between observed-data experiments. The statistical construction has three components:
normalization into admissible observed laws, comparison of their full armwise likelihoods, and
transfer from an auxiliary count experiment to the fixed-sample risk in Definition 4. We first
specify the family on which these components operate.

Definition 11. [def:sparse-family] (Sparse observed law) The sparse observed law P7° is
defined for a covariate alphabet size d € N, an overlap parameter ¢ € R, an intensity support
endpoint M € R, and a vector of cell intensities z, with

e (Alphabet.) d > 0.
e (Overlap.) 0 <e<1/2.
e (Intensities.) z € [0, M]%.
For each covariate cell x € [d], define the unnormalized atom masses by

€l —€)z e(1—e)

- ~ - ~ (1—€)? + €22,
qQ11,z = T’ 410,z = T’ 400, = Q01 = — 55, -

2d
Their total mass is _
50 - XYY e
z€[d] a=0 y=0

The normalized probability law of the categorical covariate X, binary treatment A, and binary
observed outcome Y 1is

PP(X =z, A=a,Y =y) = ‘g(yzﬂg zeld, aye{0,1}.

The normalizing mass S(z) in Definition 11 equals
€
S(z)zl—e—ka sz.
z€[d]

Consequently, the common-mean-one restriction on the constrained priors centers this mass at
one when intensities are drawn independently across cells. The deterministic bound S(z) >
1 — € > 1/2 also holds throughout the parameter range used below. These two properties give
normalization a distinct role: it produces a probability law for every intensity vector while
preserving a controlled connection between the scalar contrast and the observed value.

For the auxiliary experiment, fix B, the Poisson inflation parameter, with B > 2. Conditional
on an intensity vector, observe independent counts in every cell and arm-outcome category, with

Nay,o ~ Poisson(Bngay,q(2z)).
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The total count, denoted Nyt = ZLG’y Nay., has mean BnS(z). Conditional on that total,
the atom counts have the multinomial law associated with Definition 11. Thus the auxiliary
experiment retains both treatment arms and all outcome categories. Its one-cell comparison
uses the reference intensity z,, equal to M /2, and the likelihood ratio L,, defined explicitly in
the following statement.

Lemma 3. [lem:sparse-likelihood| (Sparse law and likelihood identities) Let the parameters
satisfy:

e (Sample and alphabet sizes.) n,d € N, n > 1, and d > 2, with the zero-based cell
alphabet [d] of Definition 1.

e (Overlap.) 0 <e<1/2.
e (Intensity support.) M > 2 and z € [0, M]°.
e (Poisson inflation.) B > 2.

The normalized sparse law P of Definition 11 belongs to Dg})es of Definition 2. For every cell
x € [d], its cell probability, treatment propensity, and conditional outcome means satisfy

Cl—etez el =) (1 + z) 1 2z

Define the scalar functional

(1 — e+ ez)max{z — 1,0}
142 '

(z)E(Z) =

The observed value of Definition 3 is

o1 1
P = 5 205 %;ﬂ ooz

For the one-cell Poisson experiment, write qay (%) for the unnormalized atom mass in Def-
inition 11 with cell intensity z, and set the reference intensity z, = M /2. Under intensity z,
the four counts Ngy », a,y € {0,1}, are independent Poisson variables with means Bnqay q(2).
Define their likelihood ratio relative to intensity z, by

a Nay,z
LZ(N) - H exp{Bn(aay#E(Z*) - aay,x(z))} <W> .

{01} Qay,z(Z*)

Writing E,, for expectation under these independent Poisson counts at reference intensity z.,
for every z,w € [0, M],
E. [L.L,] = exp{a(z — z)(w — 24)},

where the Gram coefficient is

Bn [e(1—¢) et < 2Bne
24 (1 —€)2+ €2z, dM -

_|_
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Proof of Lemma 3. 1. By Definition 11, the normalized atom probabilities are

_ aay,ac
Qay,x S(Z) .

Summing the four unnormalized masses in each cell gives

_ el—e)(1+2,)+(1—€)?+ €2, 1—e+ez
Z Qay,x = = .

d d
a,y€{0,1}
Consequently,
€ 1
S(z):1—6+g22x21—625>0.
x€[d)
Since d > 0 and z, > 0, we also have
1l—€e+e€ez, >0.

Summing the normalized atom probabilities therefore yields

1 —e+ ez e(l—e€)(1+ z)
P = ——Fa > Z Qly,x =

dS(z) o) dS(z)
Taking their ratio, as in Definition 2, gives
el =) (1 + z)
T l—e4ezy

The overlap inequalities follow by clearing the positive denominator:

€(1 —2¢€)z, (1 —e€)(1—2¢) > 0.

1l—€e4ezy — 1—e+ez,

Ty — € , l—€e—m, =

Here 1 —2¢ > 0, z, > 0, and 1 — € > 0. Thus the sparse law satisfies Assumption 2 and
belongs to the observed class of Definition 2.

2. The preceding calculations establish the asserted cell probability and propensity. For the
conditional outcome means, the arm masses and outcome-one atom probabilities are

(1—€)?+ €2, (1—€)?+ €22,
Z Qoye = g Qe = oo
dS(z) 2dS(z)
ye{0,1}
Z el —e)(1+ 2z) (1 =€)z
Q1y,x - dS(Z) , 11,z = dS(Z) .
ye{0,1}

Both arm masses are strictly positive, because
(1—€)?>+ €%z, >0, €l —e)(1+2)>0.

Dividing the outcome-one probabilities by their respective arm masses, using Definition 2,

gives
Zz

142z,

Hox = Hiz =

1
2 )
These divisions remain valid at z, = 0.
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3. To evaluate the observed value, split each cell according to whether z, < 1 or 2z, > 1.
Since 1 + z; > 0,

<1 = —® <! >1 = 2 >1
z = z —.
° 142z, = 2 = I+2z, — 2
In the first case max{z, — 1,0} = 0, and in the second it equals z, — 1. Hence, in both
cases,
1 oz 1 max{z, — 1,0}
max =4+ —— =
2°1+ 2z, 2 2(1+ zz)
Using the definition of ¢, in the statement, the cell contribution becomes
Pe(
P max{ flog, i1z} = 26;(9(36))

Moreover, the normalizer identity from the first step gives

. er[d](l —€+ 6233) o dS(Z) .
g{;ﬂp’” - dS(z) = 4S@ -

Summing the cell contributions according to Definition 3 therefore yields

\IJ(PSP) 2dS Z ¢6 zx

4. Fix a cell z. For z € [0, M] and a,y € {0,1}, define the Poisson means and their reference
values by

Aay,a:(z) = anlvay,x(z)y )\*,ay,a: = )\ay,x(z*)'

Explicitly,
Bn Bn
Mig(2) = 76(1 —€)z, Moz (2) = 76(1 —€),
Bn
A00,z(2) = Ao1,2(2) = ¥ —((1—e)?+e2).

These means are nonnegative throughout [0, M]. Since B > 2, n > 1, d > 2, and z, =
M/2 > 1, all four reference means are strictly positive. Powers at zero are interpreted
with 00 = 1.

For each coordinate and every 7 € R, the Poisson exponential series gives

e e}

N, _ j : Ak ay,acT
EZ* |:T ayyz] eXp * Y,z
p=0

= exp{ A ayz(T—1)}.

Here p ranges over the nonnegative integers; the series converges absolutely, as is seen by
replacing 7 with |7|. Combining the two likelihood factors for this coordinate and applying
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the identity with 7 = /\ay7x(z)/\ay7x(w)/)\z,ay7x gives

Aay,e(2) ) Vv Ay, (w) ) Vors
{exp()\*,ay,:c - )\ay,x(z)) ( )\y > } {exp(A*,ay,x - )\ay,x(w)) ( )\y
*,0Y,T *,0Y,T

- eXp{Z)\*ﬂy’z = Aayx(2) = Aaye (W) + Asayz (Aay’x(z)AGy’x(w) — 1) }

22
_ eXp{ O‘ay,x(z) - )‘*,ay,w)()‘ay,z(w) - /\*,ay,:v) } _

*,aY,T
A‘AV7(J/y7:1:

E,,

Independence of the four reference counts now implies

)\a z — )\* ay,x >\a T - )\* ay,x
EZ* [Lsz] = exp Z ( Y, (Z) 5 y}\ )( Y, (’LU) ,ay, )
*,QY,T

a,y€{0,1}
The treated-success contribution is

Mi1.2(2) = Aane) Mie(w) = Aine)  Bne(l —€)
)\*,11,95 d Zx

(z — z)(w — zy).

The treated-failure contribution equals zero because its mean is constant. The two control
contributions sum to

Aoy (2) = Moye) Aoye(w) — Moyz) B 4
Z ( Oy’ (Z) *70y;\ )( 0y7 (w) *70?]7 ) — 7“1%(/2 - Z*)(w - z*).
ye{0.1} *,0y,x ( - 6) T €724

Thus their total is a(z — z4)(w — 24), with « exactly as in the statement, proving the
likelihood identity.

. Finally, M > 0 and
(1—€)?+e2M/2 > 0.
Clearing these positive denominators, the required inner bound follows from
2¢2((1 — €)* + €M/2) — Me*
=23(1—¢€)2>0.
Indeed, this is precisely the numerator obtained by subtracting the left-hand side from the
right-hand side of
e(l—e) et 2¢
+ < —
M/2 (1—-e24eM/2~ M

and multiplying by M((l -+ €2M/2). Multiplication by the nonnegative factor Bn/d,
together with z, = M /2, gives

C=Ta M T aM

Bn 2e 2Bne
< -

41



The Gram coefficient « in Lemma 3 records the information carried by the complete one-
cell experiment. Its first term comes from treated successes, and its second term includes the
intensity dependence of both control counts. The bound therefore supports a comparison using
the full observed likelihood. The same statement places every normalized alternative within the
public overlap class, including intensities at the support endpoints.

The constrained-prior construction in Definition 10 and Theorem 4 supplies probability priors
with common mean one and matching moments through the prescribed degree. Drawing cell in-
tensities independently under each prior gives two product mixtures of the auxiliary experiment.
Their statistical role is to combine a scalar target contrast with likelihood agreement governed
by Lemma 3. Because the observed value divides the scalar sum by the random normalizing
mass, target separation is assessed for that normalized value. The common first moment and
the bounded support are the conditions controlling this additional source of variation.

The many-cell comparison uses the constrained priors over their admissible support range. In
the dense regime, where rare-arm observations per cell support local comparisons, the boundary-
propensity construction places treatment probabilities at the overlap floor and outcome means
near the point at which the preferred arm changes. This supplies the corresponding local com-
parison for the maximum of the two conditional means. For bounded alphabets, a rare-arm
two-point comparison supplies the risk scale governed by the total rare-arm information ne;
its bounded-separation branch also covers small ne. These comparisons serve complementary
parameter ranges in the universal bound below.

The fixed-sample transfer concerns bounded squared loss. An estimator may be projected
onto [0, 1], since the observed value lies in that interval. In the auxiliary experiment, randomly
ordering the recorded atoms gives independent observations from the normalized sparse law
conditional on the total count. Applying the fixed-sample estimator to the first n records on
Niot > n, and assigning a value in [0, 1] otherwise, charges at most one unit of squared loss on
the insufficient-count event. Its probability is uniformly bounded by

Pr{Poisson(Bn/2) < n},

using the deterministic normalization bound. The inflation parameter controls this explicit
transfer cost. Accordingly, the auxiliary comparison yields a statement about exactly n obser-
vations and the full estimator class in Definition 4.

The resulting lower bound combines the normalized many-cell comparison with the dense
and two-point regimes.

Theorem 5. [thm:all-estimator-lower| (Universal minimax risk lower bound) There ezists
a universal constant c, > 0 such that, for every sample size n € N, alphabet size d € N, and
overlap parameter ¢ € R satisfying

e (Sample size.) n > 1.
e (Alphabet size.) d > 2.
e (Overlap.) 0 <e<1/2.

the minimax squared-error risk R, q. satisfies

R de > Cxmin {1 } , Lg = log(ed).

"neLy
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The lower bound expresses the joint effect of dividing observations among covariate cells
and observing the informative treatment arm with probability near the overlap floor. Matching
low-order moments makes the scalar contrast difficult to distinguish across many cells, while the
full likelihood identity accounts for the information available in both arms. The truncation at
one describes the bounded-risk scale when the combined information is small. Because the risk
in Definition 4 ranges over all measurable estimators, the comparison applies throughout that
estimator class.

Combining Theorems 3 and 5 gives the two-sided observed-risk comparison in Theorem 1.
The identification and completion statement in Proposition 1 supplies its causal interpretation
under the stated causal assumptions. Along the admissible sequences of Theorem 2, the two-

sided comparison makes vanishing risk equivalent to
d
ne, log(ed,)

Here d,, is the sequence of alphabet sizes and €, is the sequence of public overlap floors. The
attaining estimator supplies sufficiency, and the universal lower bound supplies necessity.

Verification scope. The formal theorem statements and their supplied proofs are machine-
checked in Lean 4. The sampling, overlap, and causal assumptions specify the models to which
those statements apply. The theorem-local verification disclosures separately identify any cited
dependency inputs and their trust boundaries.

D Proofs of the main results

Proof of Proposition 1. 1. Completion. Fix P € Dgtf, and use its cell quantities from Defini-
tion 2. Define the Bernoulli probability weights by

1-9, y=0,

9 e0,1], ye{o1}.
9, g1, [0,1], ye{0,1}

Bern(v;y) = {

For x € [d] and a,y,y0,y1 € {0, 1}, define the full-data atom probabilities by
PX =z,A=aY =y,Y(0) =y0,Y(1) = y1)

B {Qay,x Bern(/ﬁl—a,x; yl—a)7 Y = Ya,

0, Y # Ya
where
yO’ a = 0, yl, a = O7
Ya = Yl—a =
y17 a = 17 y07 a = 1‘

The bounds gayz > 0 and fiq, € [0,1] from Definition 2 make these masses nonnegative.
Summing first over the potential-outcome coordinates gives

o) PX=x,A=0aY=yY(0)=y,Y(1)=y)
z€l[d] a,y,y0,y1€{0,1}

- Z Z qayJ{Bern(,ul,a’x;O) + Bern(p1—q,z; 1)}

z€[d] a,ye{0,1}

= Z Z Qay,x = 1.

z€[d] a,ye{0,1}
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Thus the construction defines a probability law. Its atoms with y # y, have zero mass, so
P{Y =Y(A)} =1,

which is Assumption 3.
Summing over the observed outcome, and then using the observed-atom factorization
supplied by Definition 2, yields
P(X = :Z:vA = CL,Y(O) = y0>Y(1) = yl)
= lday,,x Bern(ﬂlfa,x; ylfa)
= py Bern(m,; a) Bern(uoz; yo) Bern(pi.; y1)-

Consequently, summing these factors over the remaining binary coordinates gives, for
a7a/7y € {07 1}7

= PDx Bern(ﬂaz; y))
= p, Bern(my; a/) Bern(ftaz;y)-

Multiplication therefore gives

P(X=2,A=d,Y(a) =y)P(X =)
=P(X=2,A=d)P(X =1z,Y(a) =y).
On positive-mass cells, division by p2 proves Assumption 4; on null cells both products
are zero.

For each observed atom, the construction also gives

PX=zA=aY =y) = qayyx{Bern(ul_a@; 0) + Bern(pt1—a,4; 1)}

= Gay,x-

Hence
Obs(P) =P.

The observed marginal inherits the overlap restriction of P. Together with consistency and
conditional exchangeability, this puts P in the class of Definition 5, proving the completion
assertion.

. Value identification. Fix P € Py, and use qay z; Pz, Ta, flar for the quantities of its ob-
served marginal defined in Definition 2. Marginalization gives

PX=r= ¥ WX =nAmaY =y =p
a,ye{0,1}

We compare the two value sums cell by cell. If p, = 0, their cell contributions are both
ZETO:

. EplY(a) | X = 2] = p, e = 0.
Pe maX, p[Y(a) | z]=p o
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Here the conditional potential-outcome means use the stated zero convention.
Suppose now that p, > 0. The lower overlap bound in Assumption 2 gives
q10,z + Q11,0 = P2 Tz > epy > 0.

The decomposition of the cell mass and the upper overlap bound give

Pz = (Qooz + qo1,2) + (102 + ¢i1.2)s
G0z + Q11,0 < (1 —€)pg,

and hence
900,z + o1,z = Pe — (q102 + q11,2) > €pz > 0.

Thus both arm masses are positive.

For either a € {0,1}, Assumption 4 supplies
P(X=2,A=aY(a)=1)p, =P X =2,A=a)P(X =2,Y(a) =1).
Consistency, as specified in Assumption 3, identifies the selected atoms:
PX=z,A=0aY(a) =Y) = qayar  y€{0,1}

Summing this identity over y, and substituting its outcome-one instance into the exchange-
ability identity, gives

P(X =, A= a) = qa0,x + qal,x> Gal,xPx = (QaO,x + Qal,x)P(X =@, Y(CL) = 1)

Division by the positive cell and arm masses now yields

P(X = x,Y(a) = 1) _ Galx
Dz Ga0,z + Qal,x

EplY(a) | X =2 = = lag-

Combining the positive- and zero-mass cases and summing over x proves

V*(P)= ) P(X ==z) max Ep[Y(a)| X = 1]

=) ac{0,1}
— S, oo = T{Obs(P)},
g{;ﬂp max p {Obs(P)}

where the last equality is the definition in Definition 3.

. The armwise extension on observed cells. Fix P € ngj and x € [d]. The cell vector and
the quantities in Definition 6 satisfy

S(Qw) = Pz, Sa(Qz) = Ga0,z t 9al,z> (qyc)al = {Gal,z ac {07 1}-

Every coordinate is nonnegative, so p, > 0. If p, = 0, then

0< Qayz < Pz = 0 (a7y € {07 1})7
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and therefore g, = 0. The zero branch of Definition 6 gives

Fe(qa:) =0=p; aggﬁ} Kaz-

Suppose instead that p, > 0. The lower overlap bound gives
Pz < Q100 + Q1,0 = $1(qa)-
For the other arm, the upper overlap bound and the cell-mass decomposition give
51(¢e) < (L = €)pzy 50(qz) = Pe — 51(¢z) = €pa-
Thus, for each a € {0, 1},
Sa(qz) 2 €pz >0, Da(ge) = max{sa(¢z), €pz} = $a(qa)-
Fach armwise term consequently reduces to

S(Qx)((h)al _ DPzdal,x
Da(Qm) Qa0,z t+ Qal,z

= Pzlazx-

Since s(q;) = py > 0, the vector ¢, is nonzero. Using the nonzero branch of Definition 6
and factoring the nonnegative p, out of the maximum gives

F, = max = max .
e(q:t) ae{o,l}pmﬂax Dz a{0.1} Hax

This proves the displayed armwise identity, including its null-cell case.
O

Proof of Theorem 1. 1. Choose the universal constants ¢, Cy, Ho, k, Do supplied by the risk
guarantees in Theorem 4. They satisfy

0 < e <, Hy > 0, k>0, Dy >2

Fix integers n > 1, d > 2, and an overlap parameter 0 < ¢ < 1/2. Define

d
Ly = log(ed g =mindl, —2 4
4 = log(ed), Pn.d, mm{ neLd}

For the estimator of Algorithm 1 with the chosen calibrations, Theorem 4 gives

=5 2
Copnde < Pnae < sup Bp| (VA ¥(P)*] < Cupne
PeDgbs

and

. > 2
Cepnae <10l sup Eoup)|[(V = V(P)’] < Copnae
V. PeEPy.

The infimum is over measurable real-valued estimators based on the observed sample.
Thus the observed chain and the two causal minimax bounds are already established with
the same universal constants.
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2. We next establish equality of the causal and observed worst-case risks for each estimator.
Fix any measurable function

V([ x {0,1} x {0,1})" — R.
By Proposition 1, every P € P, satisfies
V*(P) = U{Obs(P)}.

Consequently,

= N 2 - 2
Eobs(p) [(V —V*(P)) ] = Eobs(p) [(V — U{Obs(P)}) } :
Here both expectations use the independent sample of size n from the observed marginal,

as in Assumption 1.

Every causal law has an observed marginal in Dg}f by Definition 5. Conversely, Propo-
sition 1 supplies a causal completion for every law in that observed class. The displayed
risk identity therefore gives both inclusions in the equality of attained risk sets:

{EObS(p) [(17 _ V*(P))Q} . Pe Pd,e}
—{B:[(V-w@)’] ;P eDi}.
Taking suprema yields

sup EObs(P) |:(‘7 - V*(P))2:| = Sup E]p |:(‘7 - \I/(P))Q:| .
PEPq,e PeD3"s

3. Taking the infimum of this identity over the common estimator class gives

inf sup Eops(p) [(‘7 — V*(P))z} =Ry de.

\%4 PEPGLE

Applying the same identity to the prescribed armwise estimator gives

sup Eops(p) |:(‘7nA,5,e - V*(P))Q}
PePy,.

= sup Ep[(‘/}AF W(P))ﬂ

n,d,e
PEDEI’:

Substituting these two equalities into the middle observed inequality from the first step,
and then substituting the second equality into its upper inequality, yields

. - 2 = 2
inf sup EObs(P)[(V_ V*(P)) } < sup EObs(P)[(VrfcIZe —V*(P)) ]
1% PEPd’e Pepd,e
< C*pn,d,e-
Together with the causal lower bound from the first step, these are the asserted causal
inequalities. Since n,d, e were arbitrary in the stated range, all bounds hold with the

chosen universal constants.
O
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Proof of Theorem 2. 1. Fix the universal constants and estimator supplied by Theorem 1.
For integers n > 1, d > 2, and 0 < € < 1/2, write

. d
Lq = log(ed), Pn,d,e = MU {L neLd} .

The supplied constants satisfy 0 < ¢, < C,, and the observed-risk bounds are

=5 2
CxPn,d,e < SR'n,,d,e < Supb EIF’ [(Vrf(g:e - \IJ(IP))) j| < C*pn,d,e-
HDED;:

2. Apply the final equivalence in Theorem 4 with the sample size equal to the sequence index.
These sample sizes tend to infinity, and the stipulated alphabet and overlap conditions
satisfy its remaining hypotheses. It gives precisely

3 (‘A/n)neN of measurable real-valued estimators based on n observations :

dn
=5 2 <—
sup  Ep|(V, = w(P)’| —0 nenly, O
PG'DEZS@T

Here the ratio is evaluated for n > 1; the limit is unchanged by the initial index. At
n = 0, the estimator may be assigned the constant value Vy = 0. Since L4, = log(ed,),
this proves the consistency assertion.

3. Fix an integer d > 2. The logarithmic bounds
0<logd<d-1

follow respectively from d > 1 and the standard inequality logd < d — 1 for d > 0.

Consequently,
d
Lg=1+logd, 0< Lg <d, Ad:2721.
d
Choose J
Cd ‘= Cx, Cy:= C*L—d.
Because C, > ¢, > 0 and Ay > 1,
0<CdZC*SC*SC*)\d:Cd.
We will use the elementary comparison
min{l, fcmp} < min{l, )\cmpfcmp} < )\cmp min{l, fcmp}y )\cmp € [17 OO), gcmp € [07 OO)

For the first inequality, &emp < Aemp&emp, S0 monotonicity of the minimum gives
min{l, gcmp} < min{L )\cmpgcmp}-

For the second inequality, if {cmp < 1, then

min{L )\cmpgcmp} < )\cmpgcmp = )\cmp min{L fcmp}-
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If {emp > 1, then
min{1, Aemp&emp} < 1 < Aemp = Aemp min{1, Eemp -

These two cases include the common boundary &cmp = 1.
Now let n > 1 and 0 < € < 1/2, and define

1
fn,e =—2=>0.

ne
The denominator is positive, and direct rearrangement gives
Pnde = min{1, Agénc}.
Applying the comparison with Aeyp = Ag and Eemp = &n e, the frontier bounds yield
camin{1,&, e} < comin{l, A\g&n.e} < Rpae

and R
9{n,d,e < sup Ep |:(VA5€ - \I’(]P)))z}

obs e,
PEDS:

< Cr,min{l, \g&p ¢ }
1
< Cedgmin{1, &, } = Cgmin {1, } )
ne
Thus ¢ = ¢4 and C' = Cy give the fixed-alphabet bounds throughout the required range.

. Fix 0 < € <1/2, and choose

C
Ce i= Cx, C, .= ==,
€
Since € > 0 and € < 1/2 < 1,

Ae :i= — > 1.

A=

It follows that
O0<ce=c <C,<Ch=C..

For integers n > 1 and d > 2, the logarithmic bounds established above give Ly > 0.

Define J
=—>0.
gn,d nLd =
Then
Pn,de = min{L )‘egn,d}'

Applying the same elementary comparison with Acrp = Ae and Eemp = 5,4, We obtain
cemin{1,&, 4} < comin{l, A& a} < Rpde

and N
%n,d,e < sup Ep |:(VA56 - \I’(P))Z}

obs e,
PEDSY:

< Cy min{l, /\egn,d}

d
< ' _ : _* v
< CeAemin{l, &, 4} = Cemin {1’ nlog(ed) }
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Taking ¢ = ¢, and C' = C¢ proves the fixed-overlap bounds.

Proof of Theorem 3. 1. Pilot calibration and auziliary experiment. Choose
Hy = 1025.

Thus Hy > 0, Hy > 1, and Hy > 1024, the universal self-normalization multiplier.
We first establish the auxiliary risk bound for integers n,d > 1, an overlap parameter 0 <
€ <1/2, and a law P € D>, Write

L=Lg= log(ed), m = g, (sp = £, Qe = (Qay,x)a,yE{O,l}'
m
The atom probabilities are those of Definition 2; in particular, m > 0 and L =1+ logd > 1.
Consider the auxiliary experiment that draws M ~ Pois(n/4) and, conditional on M, draws
M independent observations with law P, together with independent fair marks. Its law on the
disjoint union of all finite marked samples is

o0 k
Qp = Z e_”/4(néi4) (P ® Bernoulli(1/2))%" .
k=0 )

Write E,ux for expectation under this law. Construct the counts and cell statistics of Algorithm 1
for every finite marked sample, with the auxiliary count unrestricted. For arrays P, t® € [0,1]7¢,
indexed by the observed atom set defined in Definition 1, the count generating function is

IEaux H (tgy,x)Nay’x (tZy,z)Nayw = exp {m Z Qay,x(tgy,z - 1) +m Z qayyl“(tZy,z - 1)} .

z,a,y z,a,y z,a,y
Indeed, conditional on the auxiliary count, each marked observation contributes one category

factor; summing over the Poisson count gives the displayed exponential. Consequently,

Ny s Nay,z ~ Pois(mgay. ),

ay,r’

and all these counts are mutually independent. In particular, the complete cell statistics T, are
independent across distinct cells.

2. Polynomial oscillation and coefficient control. Use the centers, radii, rectangles, polyno-
mial, and clipping scales of Algorithm 1. Every coordinate radius is positive, since

h
hay,a: = HO (\/ Cay,a:5p + 5p> > O, % < Tay,z < hay,x-

Moreover,
Cay,x < bay,x < Cay,z T hay,z-

Thus b, # 0. Applying Lemma 1 with comparison vector b, for every v € @, gives

1
) — s(by) _ caw
(o)~ Ebn)| <23 <1+ Da(bw)>Ra,x v,
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The Jackson convolution is positive and normalized, so the same bound holds for its polynomial:

sup | Py i, (v) — Fe(be)| < S3™.
VEQ

For completeness, define the Chebyshev polynomials by

Cho(fo) = ]-a Chl(éo) = 507 Chj+1(§o) = 260Chj(§o) - Chjfl(éo)v j > 1.

Here &, is a real scalar. The recurrence implies

>l €]y (&)
=0

by induction and the identity (1 +v/2)? = 2(1 + v/2) + 1.
With D = 2(K,, — 1), expand the normalized polynomial as

Px,Kn(ba: +ry© f) - Fs(bx) = Z Yz,v H Chuay (gay)v 5 € [_17 1]4‘

VG{O,,D}4 a,y

< (1+v2),

Cosine orthogonality expresses each coefficient as an integral of the bounded polynomial against
cosine factors, with normalization factor at most 16. Hence

V| < 1653

Converting the tensor Chebyshev expansion to the monomial expansion defining 3, o yields

Z |Bz,a| < 16(D + 1)4(1 + \/5)4Dsgw.

The numerical factor satisfies
{16(D+1) (1+\[)4D} < 250+24D - 304Ky

Indeed, D +1 <eP, 1+ 2 <e€?, 256 < e?®6 and D < 2K, K,, > 1.
3. Factorial second moments and universal degree tuning. Define the successful-localization
event by

Gs = {Qm S Qx}

On this event,
Jayx §

2 —
mrgy o L

‘QQy,it - bay,x’ < Tay,x,

To verify the second inequality, the coordinate formulas give

h
2 ay7x
Cay, x5 < hay ) 6p < hay,aca Tay,x > 9

because Hy > 1. Since quy,z < Cayz + hay,z,
qayw’f?ép < (cay,:c + hay7x)5 < 2h2 87"2

ay,x — “'ay,x’

which proves the claim.
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For a Poisson count N, with mean mgq,, where ¢, > 0, the factorial identities are

E(No); = (mgo)’,

URYIEA ()(0)e e sken

(=0
The first follows by shifting the Poisson series. The second counts the overlap of two ordered
selections of distinct indices. Substituting the first identity into the centered factorial statistic
of Algorithm 1, for every real ¢, and applying the binomial theorem gives

EU(No) = 3 (.j )(—o“mwz;mw:(qo—c)ﬂl

jr'1 =0 ]raw

For the mixed second moment, substitution of the raw factorial product identity gives the finite
triple sum

E[U;(No; ¢)Ux(No; €)] zj: zk: <]T;W)<raw)(_c)j—jraﬁkz—kraw

w=0 kra

mll’l aw s raw) . ]{
Jraw raw 4o +k 20
X EI (7) ]raw raw — 44
; ( 0 ) ( 0 ) m) ©
Fixing the overlap order and regrouping the finite sums factors this expression as
min(j,k)

B[V, (N OUNez )] = > 01 (%)’

m
=0

J . .
A2 ()0 e

S \Jraw
Jraw=

k
kN (Fraw - _
A3 () () et
— Taw

Terms with a raw order smaller than ¢ vanish because the corresponding binomial coefficient is
zero. For the remaining terms, the shifted binomial identity is

j—t

J . . . .
J Jraw J—Jraw Jraw—f _ <]> <] - E) _ J—C—ishift ,ishift
~ZZ <jraW> ( ¢ >( C) o l) . ZO ishift ( C) @

Jraw= Tshift

= @ (o —¢)~"  0<e<y

The first equality substitutes jraw = £ + isnie and uses

J £+ ighife I\ (714 . )
= , shift € 0, ey ) = V4 ;
<€ + ishift) < 14 ) <5> (%hift) fshite € { i=4

52



the second is the binomial theorem. Applying this identity to both factors yields

min(j,k)

E[U;(No; O)Uk(No3 Q)] = > <;> (§>€!<Z;)Z(QO‘-C)j+k_24

=0

Taking k = j therefore gives

()oY o

Thus, conditional on a pilot in G, for 0 < j7 < D,

Eaux

27 L

Tay,

Lj<“ayw‘bayw)2‘ /] d j2€<8)£ 8§2/L
Dol | N <N (2) < e
< ' <
= /!

Here N’ denotes the complete pilot-count array. Evaluation-coordinate independence therefore
gives
Eaux[Z ’ N/] =Py Kn(q )

EauX[(Zx - F( 2 ‘ N (Z |/6 a‘) 32D2/L on Gg.

For the last inequality, each normalized factorial product has second moment at most e32D?/L ;

Cauchy—Schwarz bounds each cross term in the polynomial square by this same envelope.
Choose the numerical constants

1

1
= — Cac = 1632
17952° fac = EXP ( * 16)

This choice satisfies )
304k + 256K2 < —.
K+ k™ < 16
The degree definition gives, for every d > 1,

L
%<K <92+ kL.

For the lower bound, split according as kL < 4 or kL > 4, and use respectively K, > 2 or
|kL] > kL — 1. Also,
K2 <8+ 2r* L%

Combining these inequalities with the coefficient estimate gives

2
(Z |8z a\> e32D%/L < (gaw)2304Kn +128K7 /L
’ — x
«

< (SaW)2€1632+L/16
_ Cfacdl/lﬁ(szw)2.

Thus the degree tuning is uniform over the entire auxiliary alphabet range.
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4. Clipping on successful pilots. On G, the polynomial oscillation bound places Py k., (¢z)
in the clipping interval, since d*/* > 1. Projection onto that interval consequently gives

Eaux[(T — Py i, (%:))2 | N/] < Cfacdl/m(s;w)2-
Indeed, projection contracts distance from P, g, (g, ), and
Eaux[(Ze = Pui, (42))? | N'| < Baux[(Ze — Fe(b2))” | N'].

For the clipping bias, the scalar projection inequality

2
t’clip
’

’H[—uchp,uchp}(t’chp) — vip| < Ucip > 0, beip € R,

Uclip

follows by considering [vjip| < Uelip and [vejip| > Uelip. Applying it with clipping radius A4S >
0, and using factorial unbiasedness, yields

|Eaux[Te | N'] = Pr., (42)] < Cracd™*'053"  on G
5. Approzimation error in occupied cells. For p, > 0, define
Ple = Tz, pox =1 —my.
By Definition 2 and Assumption 2,
$(qx) =Pz, 8a(qe) = Papaz >0, Daldz) = 8a(qz),  paz > €.

It follows from Definitions 3 and 6 that

Fe(q:c) = Pz mgxﬂaxa ‘II(P) = Z Fe(qgc)-
z€[d]

The same cell identity holds when p, = 0, because then ¢, = 0.

We record the kernel moments used in the approximation. Define, for ¢ € [—m,x], the

continuously extended sine ratio and its fourth-power mass by

sin.(Knt/Q)’ £, . \
Sk, (t) = sin(t/2) Ak, = Sk, (t)* dt.
K, t=0, -
The finite cosine expansion is
Kn—1
Sk, () = K, +2 Z n — J) cos(jt).

Indeed, multiplying the right side by 2(1 —cost) and using the cosine product identity telescopes

to 2(1 — cos(K,t)); division by 4sin?(t/2) proves the identity for ¢ # 0, and continuity supplies
its value at zero. Cosine orthogonality and the finite square sum give

K,—1 K,—1

> {2(K, - j)) =4 Z j — 1)K, (2K, — 1),
j=1
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where the square-sum formula follows by summing the successive differences of cubes. Conse-
quently,

K,—1
Ak, =2nK] +7 Y {2(K, — §)}°
j=1
2 4 Sk (t)4
g ek ) s TR g ) = Sk
3 3 Ak

n

The same cosine expansion, integrated without squaring, yields
s
Sk, (t)*dt = 21K,,.
—T
For |t| < 7, the sine lower bound gives
t| < m|sin(t/2)],  ¢* < 7?sin®(¢/2).
For t # 0, it follows that
t2Sk, ()* < 7?sin’(K,t/2)Sk, (t)*
< 7Sk, (t)2.

At t = 0, this inequality follows directly from its zero left side. Integrating and normalizing
therefore gives
24 64

"o 4 3 " 9
/Wt Sk, (t)" dt <27°Kp, /wt Jk, (t)dt < w2 < ok

using the mass lower bound and 72 < 16. Finally, the nonnegative square (K,|t| — 2)? implies

Bnpy 1

t| < —.
||_4 K,

Since the kernel is nonnegative and integrates to one, we obtain

vy K ™
/ [t| Tk, (t) dt < T" 2Tk, (t) dt + —
—T —TT n
7 32
< —— < =
KTL n

For qay,s = bay,x + Tay,z €08 Uyy », define

da ,r ba ,T
Oay» = arccos (H on G,.

Tay,x

Taylor’s formula gives

Tay,ac| Cos(eay,:v + t) — COs 0ay,:p| < \/(Qay,a: - an,z)(uay,x - Qay,x) |t|

Tay,x ,2
+ —=t".
2

Applying Lemma 1 at g, inside the tensor convolution therefore gives

14 Dz Zy \/(qay,ar — lay,2)(Uay,e — ay,a) n Rg .
Sa(qz) K, K2

n

1
Pric, (42) = Fls)] < 643
a=0
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The localized coordinate formulas imply

hayz<H0 H0+2 (\/Qaym "‘(5)

To see this, the lower-endpoint inequality implies

Cay,x — HO (\/ Cay,acép + 5p> < Qay,x-

Solving the resulting quadratic inequality in ,/Cqy» gives

\/Cayﬂr(sp < \/q@yyxdp + (Ho + 1)dp,

which yields the stated half-width bound.
There is also the boundary-sensitive estimate

\/(Qay,a: - gay,ac)(uay,ac - Q(zy,ac) < 2HO(HO + 2) \V Qay,ac(sp-

For quy.. < 6p, bound the left distance by gqy 2, the right distance by 2hgy ;, and the half width
by 2Ho(Ho + 2)6p. For quyz > 0p, the product of the two distances is at most h? and the
half-width bound applies. Summing coordinate radii also gives

R < 2Ho(Ho +2) <\/m + 5p> :

For d > 2, the mass bound in Lemma 1 supplies

aya:<2\f Dx
> g S <2/

For d = 1, the unique cell has p, = 1, and the same bound follows directly from the two arm
masses. For each arm, Cauchy—Schwarz and s,(q;) > ep, > 0 give

1

V2Zps 2p
> Ve < V/25a(a), <[5
y=0

Sa QI

ay,r’

qg,ym >

Adding the two arm inequalities proves the displayed mass bound also in this case. Together
with 14+ pz/Sa(¢z) < 2pz/Sa(qz), this bound now yields

V2 1 pL L
P _ < 512Hy(Hy + 2 — — |t
P, (42) — Fe(ga)| < 512Ho(Ho + >{Kn + K? me + me

Define
Dz 1
mel + meL’

Ne =

1 1
Coce = 512Ho(H, 20V2 | — 4+ —= | .
e = o120+ 2V (5 )
Using K, > (k/2)L and L > 1, we conclude that

|P£E,Kn (qgv) - Fe(q:r)’ < Oocc'r/a: on gz, Pz > 0.
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Combining this estimate with the clipping bounds and integrating over the pilot gives
Eaux[(Tx - Fﬁ(ql'))Zlgz} S 2Cfacd1/16Eaux(S;W)2 + QCgccnga

‘Eaux[(Tac - Fe(Qac))]-gz” < Cocc77:c + Cfacdig/lﬁEauxS§W~

The squared bound uses (v + w)? < 2v? + 2w?; the mean bound uses the triangle inequality.
6. Null cells and uniform successful-pilot bounds. If p, = 0, every pilot and evaluation count
in that cell is zero almost surely. Hence
HyL
= 5 an,x = 07 Paux(gz) =1.

Qm:O ba,a::ra,w
’ Y Y ™"™m

At the lower corner, the factorial statistic equals the polynomial value:

This follows either by substituting zero counts in the factorial expansion or by its expectation
identity, since the evaluation counts are constant. The polynomial oscillation bound places this
value inside the clipping interval, so

T, = Py i, (0).
From Definition 6,
0 < Fe(v) < s(v), veR].
At the null corner, a displaced coordinate in the convolution is 74y 5 (1 — cost) < ray,xtQ /2. The

second kernel moment thus gives

32 64HyL
T, — F.(0)| < — = —.
T (0)] < K%az’yray@ mK?2

Define 64
0
Cnull = Wv C'app = C'occ + Cnull-
Since K, > (k/2)L and € < 1, the null-cell error is at most Cpun7s.
Therefore, for every cell, occupied or null, the successful-pilot estimates take the common

form
Eoux[(Te — Fi(q2))?1g,] < Cod R0 (S2%)% + Con?,

Banx[(T: = Fe(2))1g,]| < Gy (me + ¥/ OB 52 ),

where the universal constants are

Ov = 26’faca Ce = 202

app’

C’b = Capp + Cfac-

These enlargements use the nonnegativity of the clipping scales and of 7,.
7. Unconditional clipping-scale moments. For each pilot, the coordinate inequalities 74y, <

R < 2H (, /50 (b2)8p + 5p> .

57

hay,x and Cay,z < bay,:c imply



Using Dg(bs) > sq(bz) and Dg(by) > es(bs), separately according as sq(bz) > €s(by) or sq(bs) <

es(by), gives
sbo) < om, ( s0e)p | 51’) .
€

D, (by) €

The unweighted radius satisfies this same bound, since s,(b;) < s(b;) and € < 1. Consequently,

S < 16H, ( 5(ba)lp | 5p> ,

€ €

52
(52%)% < 512H? <S(bi)5p + p) .

2
The midpoint formulas also give

bay,x § (1 + HO)Cay,x + 2I_[O5pa S(bx) S (1 + HO) Z Cay,:): + 8H05p-
a?y

For example, use by s < Caya + haye a0d \/Caya0p < Cayx + 0p. Because EquxCayz = Gay,zs
integration yields

0 62 2
Eaux(sgw)z S 512H§ {(1 + Ho)px p -+ 8}[07p + % .
€ € €
Define, for every cell,

L L2
p=L | -
me m-e

Cy = 512HZ (1 4 9Hy).

Ay =

Since € < 1,
Eaux(sgw)2 S Csax-

8. Fuailed-pilot moments. Define the nonnegative coordinate scores by

p — _ J L § p
eay,x - |Cay,x Qay,x| + hay,xa €r = ezzy,r'
a?y

We need both a probability bound and moments retaining the cell mass:

]P)aux(g;) S 86740[/’
4 Hy ! 20( /7 5 4
Eaux(egy@) S (1024> 10 ( qay@&p + 6p) s

H
Eauxlef1g5] < 1577 10106 (\/pzvép n 5p) .

Here are the underlying calculations. For any A, > 0 and N, ~ Pois(\,), define

1
50 = /AL + L, eo:\NO—AO]+1024<\/NOL+L>, N ——

- 25,
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The centered Poisson generating function is
Eet(No—Ao) — exp{)\o(et —1—-1)}.

If A\ = 0, then N, = 0 almost surely, and both tail events below have probability zero. For
Ao > 0, define the deviation threshold and exponential tilt at an arbitrary nonnegative level by

L
Ztail € [07 OO), Lup = V 2 Ztail + 22¢ail,s ﬂup = 10g (1 + )1\11)) > 0.

o

Exponential Markov inequality and the generating function give

Pr{No — Ao > fup} < exp {—ﬁupgup (e — 1 — ﬂup)}
= exp {—[(Xo + Fup)Vup — Tup) } -

The logarithmic lower bound follows from

2§log } _ 51205 >0 {1 c [0 OO)
dflog §log +2 (1 + flog)(flog 4 2)2 =Y og , ,

since the difference is zero at &g = 0. Applying it at rup/Ao gives

{log(l + glog) -

2
r
()\o + Iup)ﬁup — Lup > ﬁ > Ziail-

2Lup
Dyp > —— 22
P20 + Lup

The last inequality follows by expanding the threshold:

x121p — Ztaﬂ(on + Iup) = 3Ztailm + 2Z‘?auil > 0.

Thus the upper-tail probability is at most e~*til. Taking z;,; = 40L, and applying the lower-tail
exponential Markov inequality with e™* — 1 +¢ < #2/2, ¢t > 0, gives

Pr{NO — A > V/SOAL + 80L} < 0L Pr{)\o “No > \/80)\OL} < e t0L

The event

{]No—)\o| >1(1424(\/N07L+L)}

is contained in the union of these two tail events: on their complement, substitute A\, < N, +
INo — X\o| and square the nonnegative terms. Since Hy > 1024, failure of a pilot coordinate
implies the corresponding event above. A union bound over the four coordinates proves the
probability estimate.

For the moments, square-root subadditivity and \/|No — Ao|L < {|No — Ao| + L}/2 imply

¢o < 1536 (50 + [No — Ao|) -

Also 50 > 1, Ao < 52, and \o¥2 < 1/4. Using |ef — 1 —t| < 2 for |[t| < 1 in the generating
function therefore gives

Eexp (40;%50> < el/? (Eeﬁc’(Nr/\") =+ Eefﬁo(NrM)) < 2¢3/4 < 8.
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Thus, for j = 2,4, the inequality v/ < jle?, v > 0, yields
Eel < 85!40967s] < 10457,
Substituting Ao = mgqay,, gives the displayed fourth-moment bound, because

Hy
oy = To2am

o-

We next localize the scalar moments before summing over failing coordinates. For the scalar
Poisson count above, define

Ao=INo =Xl Bo={A.>256 (VNL+L)}.

Applying the exponential Markov calculations at level 80L gives

Pr{No — Ao > V160N L + 160L} < e 80L Pr{)\o “ N > \/160)\0L} < eSO,

To compare B, with these events, first suppose Ny, > Ao. On B,,

V160AL + 160L < 16y/NoL + 160 < 256 (\/NOL n L) <A,

If Ny < Ao, then Ao = No+ A,. The defining inequality of B,, and monotonicity of the quadratic
above that threshold, give

A2 —160LA, — 160N, L > 65376No L + 90112L+/No L + 24576 L% > 0.
Thus A, > /160X, L. The two cases prove
Pr(B,) < 2¢780L,
The exponential score bound above also yields, for every integer 1 < jom < 8,
Ee/mom < 8jmom! 4096/mem gimom < ] (4jmom 4 gjmom

For jmom € {1,2,4}, define the positive balancing coefficient by

e—4OL

Uo7jmom = ; .
5,(ijom

The nonnegative square (v, glmom _ 1)2, on B, proves the pointwise inequality

sJmom

: 1 : B
e lp, < 5 (Uo,jmomegj'“"'" + 5 1&) :

O:jmom
Outside B, its left side is zero and its right side is nonnegative. Integration therefore gives the
localized scalar bound —
. 1(0®Jmom + 2
Efefomip,] <
< 108jmom+86*40L5gmom.

6740L5gm0m
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For each (a,y) € {0,1}? and each cell z, define the raw score, raw local scale, and raw failure
event by

Capr = | Noyw = Moyl +1024 (/N oL+ L), Saye = /My L+ L,
Bayw = {INayw = mayal > 256 (\ /Ny L+ L)}, B2 = Bayr-
a7y

The interval-failure criterion and Hy > 1024 imply

Hy

U
G: C€Br,  enya < 10247 fv®

For jmom € {1,2,4}, consider the contribution of one coordinate’s score on another coordinate’s
failure event. If (a,y) = (a’,y'), the localized scalar bound gives
Eaux [ejmom 1Bay,x:| S 108jmom+86_40[/5jm0m

ay,xr ay,r °

If (a,y) # (a’,y'), independence of the pilot coordinates factors the expectation:

Eaux [e]mom 1Ba/y/7x} = Eauxely o Pr(Ba’y’,x)

ay,xr ay,xr
<2. 104jm0m+4€*40L5£1;?%n’

where the scalar probability bound was enlarged from 2e~80L to 2¢ 401, Hence both cases satisfy

ay,r ay,r

]Eaux |:e]mom ]-Ba/y/ Z:| S (108]1}10m+8 _|_ 2 . 104]tnom+4) 6—40L5]xnom .

The union indicator and the finite-sum power inequality give the pointwise bound

jmom
oy A
(E :eay,m> gy <47ty Y elnrls,,.,
a7y

a'y ay

To sum the local scales, Cauchy—Schwarz and ), y day,z = Pz give

jIﬂOm
D Saye < 2¢/mp,L+4L < 4 (\/mpr + L) ;) shmem <4 (Z 5aw> :
a,y a,y a,y
Integrating the pointwise bound and inserting the two coordinate cases therefore yields
jmom ]
ay

S 1080(jmom+1)€*20L ( /mme + L)jmom .

The last enlargement uses, for the three moment orders,

42jmom+1 (108]m0m+8 _|_ 2 . 104]m0m+4) S 1080(Jmom+1)7 8740L S 6720[/.
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Finally, the raw-score comparison and

\/ - L
vmpsL ¥ L s s,

prove the normalized aggregate bound

. H jmom . _ jmom
Eaux[(eg)“omlg;] < (10204> 10800mom+1) ,—20L (\/ZT(Sp-F%) .

Taking jmom = 1 gives the stated aggregate first-moment estimate with numerical constant
10160‘
The midpoint error satisfies

‘bay,:v - qdy,:v’ < egy,:cv 5(bz) < px +€b.

Using the clipping-scale square bound from the preceding step, we obtain

B[ (S2)?1ge] < 512H§{8@40La;,; + %’1](;[20410160@2“ (M + 5p) }
Since 5
2 (Vpalp +0p) < 20,
where \/]7513 < pg + 6p and € < 1, this becomes
Eaux[(S2%)?*1ge] < Crannse 2 a,
with

H
g = 2 0 1160
Chails = 512H, <8 +2—— 1024 10 > .

For an occupied cell, Lemma 1 gives

|F.(by) qx\<4z Dr_en.

S Y,z
a,y a $

The fourth-moment and probability estimates imply
1/2
Eaux((€5y 0)2165] < {Eaux(el, )} Pr(g5)!/?
—— ( Hy \? 2
< V8-102 (10204) e 20k (\/ Qay,z0p + 5}))

For each arm, the overlap floor gives

<Sa]()zx)>2 2 (\/MJF 5p)2 < 8a,.

Indeed, the left side is at most

2 252 52
2 P9 +4 P p2 < 2pz(5p —|—4%.
Sa(q;v) Sa(Qac) € €
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Squaring the four-coordinate sum consequently yields
Eaux [(Fe(bx) - F€(Q:c))2 1g£] < Cfail,f€_2OLax,

where

=1024v8 - 1020
Cfallf 0 020 <1024>

Clipping supplies the pathwise bound
T2 — Felge)| < V4S5 + |Felby) = Felgn)|.

Hence, with
Ca = 2(Chails + Chailf),

we have

Eaux[(Tx - Fe(Qz))ngg] < Cdd74ax.

Here
1/2_—20L —4 —20L —4
d'/?e <d™* e <d

for every d > 1. For null cells, GS has probability zero, so the same bound follows directly.
9. Independent-cell risk assembly. Define, on the whole auxiliary sample space,

EF°Y = (Ty — F(ga))lg,, B = (Ty — Felga))1gs-

Then
T, — F. (q:v) _ E§00d + E;)ad’ E:%oodE;)ad —0.

All these variables have finite second moments by the preceding estimates. Independence of the
complete cell statistics gives

2 2
IEaux (Z Tac - \I/(IP)> = Zvaraux(Tac) + {ZEaux(Tx - Fe(q:v))} .

The disjoint error decomposition implies
Vara(Te) < B (BE)? + B (52

Applying (v + w)? < 2v? + 2w? to the total bias, and Cauchy-Schwarz to its failed-pilot part,
therefore gives

2
(ZT U(P ) < Z]Eaux EEod)? +2{ZEaung°°d}
+(1+2d) ) Fau (EP)?.
x

10. Absorption of the pilot scales. Assume the active-branch condition d/L < ne, and define

d L dL?
Taux = ) Msum = E Ay = + .
- me

melL m2e?
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Then
L? +8L*

0 < taux < 8, Mgum <
melL

The second inequality follows by substituting d < 8melL into its second summand.
For a positive real dqec, define the numerical envelope

5 e(sdec/2 2 e(sdec /4 1
M( dec) - 5dec/2 + 8 5dec/4 .

The elementary inequality log z < z"/u, z > 1, u > 0, applied with z = ed, gives

(L2 + 8L*)d % < M(Ggec)-

Set
Cvar = M(15/16)7 C'bias = M(3/8)7 C(baLd,surn = M(l)

Thus
A1) " Faux (52)? < CoCuartaus.

The probability-mass identity and Cauchy—Schwarz give

2
Z Nz < VTaux + Taux, Z 773; < (Z 7736) < 18taux.
x x x
Also,

2
(zramsgw> A3 B (S
and hence

2
d_3/8 (Z Eauxsgw> S Cstiastaux~

The successful-pilot estimates now imply

D Eaux(EE°Y)? < (CyCsClar + 18Ce)taus,

2
(Z Eaung%OOd) S 20}3(18 + Cstias)taux'
x
For the failed-pilot term, dd—* < 1 gives

bad\2
dZEaux(Exa ) < Cdmsum < Cdcbad,sumtaum
T

o, since d > 1,
(1 + Qd) Z Eaux(EEad)Q S 3Cd0bad,sumtaux'
xX

Define
CP - CVCSCVar + 40}%(18 + Cstias) + 3Cdcbad,sum + 1809 + 1.
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This is a positive finite universal constant. The independent-cell assembly yields

2
d
§ _ < )
Eaux< a T, \II(IP’)> < CPmeL

Finally, define the projected auxiliary statistic by

Vaux = H[O,l] (Z Tx> .

Since ¥ (P) € [0, 1], projection contracts its squared error, giving

d
meL’

IEaux(‘/aux - ‘II(P))Q < CP

11. Fized-sample transfer. Set
Do = 2, C* =3+ 810g(2e) + 8CP.

Then Dy > 2 and 0 < C < co. For the admissible theorem parameters n > 1,d > 2, the finite
sample alphabet makes the estimator in Algorithm 1 measurable. Its auxiliary variables are
integrated by the specified finite sum, so it is a deterministic function of the observations.
Fix an admissible observed law and its sampling law from Assumption 1. First consider
d < Dg. With the chosen cutoff this branch has an empty parameter range, because d > 2 = Dj.
Next suppose d > Dy and ne < d/L. The estimator equals 1/2, and

~ 2 1 d
Ep (Vrﬁe - \I/(IP’)) <7 min{l, neL} -1

This proves the desired bound on that branch.
On the active branch, put the auxiliary count and marks alongside the fixed observed sample.
Conditional averaging of squared error gives

Ep <‘//\;LA7£E — \II(P)>2 < Eaux [(Vaux - \I/(IP)>21{M§”}]
+ Pr(M > n)¥(P)>.

Indeed, the auxiliary mixture has value zero on overflow. For each k < n, the first k observations
have law P®*; consequently the integrated nonoverflow loss is exactly the corresponding part of
the unrestricted finite-Poisson experiment.

The quarter-mean Poisson cap satisfies

Pr(M > n) < e ™2,
For example, exponential Markov inequality at ¢t = log 4 gives
Pr(M > n) < 6—n(log4—3/4) < e—n/2'
Also, e"/? > n/2, L < d, and € < 1/2 imply
2 d
2 Z<og
c ~n = nelL
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Since ¥(P)? < 1, the auxiliary risk bound and m = n/8 therefore give

~ 2 d
Ep (V% — W(P)) < (8Cp+2)-——.
P\ Vn,d,e ( ) = ( p+ )REL
The estimator and target both lie in [0, 1], so the risk is also at most one. Splitting according
as d/(neL) > 1 or d/(neL) < 1, we obtain

Ep (Vrf}ze - \I/<IF’)> < (8Cp + 2) mm{l’neL} < C*mjn{L neL}

12.  Uniformity over sampling laws. The preceding estimates hold for every admissible
observed law and every family of sampling laws satisfying Assumption 1. If the admissible class
is empty, its worst-risk value, with the empty-class convention zero, satisfies the bound because
the right side is nonnegative. Otherwise, taking the supremum of the pointwise bound gives

sup Ep [{Vﬁie - ‘P(P)} ] < C*min{L neLd}'

PeDgbs
Together with measurability and determinism, this proves the claim. ]
Proof of Theorem 4. 1. Approximation and constrained priors. We first establish the

packet lower bound. Throughout the approximation argument, assume
K>2  2<M<K? 0<e<?i,
and write

M
E=ER Mes A =AK Me, zp(w) = 7(1 + cosw), Iy = arccos(2/M — 1).
Thus zp(9y7) = 1. For integers N > 2, use Jn, kn, Gy from Lemma 2, and define the
Lebesgue-normalized kernel
IN(w)

IR (w) = 5 w e R.

We will use the following two kernel moments:

T 64 T 32
2 7J J
/ﬂw Iy (w) dw < N2 /7r |w| Iy (w) dw < N
Here is a direct derivation. Set, with removable values filled continuously,

in(Nw/2 T
M Z}{[: Dy (w)* dw.

Dyiw) = sin(w/2) ’ _

The finite geometric-sum identity and orthogonality give

N-1
Dy(w)> =N +2 Z(N — 1) cos(tw),
/=1
T 2 4 D3
Dn(w)?dw=2rN,  Zk="TNE@N?4+1)> —N°,  Jk =N
_W 3 3 zl
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For |w| < 7, the inequality |sin(w/2)| > |w|/m implies
wrDpy(w)t < w2 Dy (w)?.

Consequently,
i 213N 24 64
27J
J dw < —— - < — < —.,
/,rw Nw)do = GeNE S NE S
Finally, integrating
1
< w4
lw| < Y + N

against J J{,, whose integral is one, proves

J

—Tr

/7r N 24 1 32
<

. Define the nonlinear remainder and its angular version by

g =ci-2+ 120" a0 ) =), weR

Splitting at z = 1 gives

de(2) = €(z — 1) + ge(2).
For later integration, define the smooth curvature on the entire circle, including the kink
locations, by

M
€ cosw, zp(w) < 1,
anre(w) = 4 A1 —26){2] (W)} 2(1 —2€)27,(w)
el TP T (s M@ >1
0, zp(w) = 1.

On each open smooth arc this equals f}; .. Since

M M
2y (w) = - sin w, 2 (w) = - cos w, {zf\/l(w)}2 = zy(W){M — zp(w)},
we have
lans,e(w)| < 5M.

Indeed, the lower branch is bounded by M /4, while on the upper branch

AM zpr(w) M
S TR T O =M

The scalar derivative jump is

|lans,e(w)

12, 1
T ‘T

9:(14) = gc(1-)
Thus the angular derivative has a positive jump of size

M—-1

e = Y

67



at each of —v)s and 9.

Twice integrating by parts on the three arcs [—m, —¥/], [=Uar, Ias], and [Pas, 7] therefore
yields

ko =0 55 = [ anw)Grw—an) 57

—T —T

+ Lir_l{c;N(O) + G (20

The endpoint terms at —7 and 7 cancel by periodicity; the two remaining boundary terms
are the displayed derivative jumps. The bounds in Lemma 2 supply universal constants
Clocs Cloc > 0 such that

Cloc T dw Cloc
w<lenOl [ a5 < G

In particular, with

Csm = 5Cloc:
the smooth contribution satisfies
dw CsmM
G - .
‘/ﬂ_aMe WGN(w =) 5 < —5
To control the other kink, put
By =m— .
Since M > 2, one has ¥y € [7/2,7), and hence
2

120n]lT = 280, cos By =1— 7.

The inequality 1 — cos By < (5%,/2 gives

By > 120 |7 >

3

\/7

Applying the localized bound for Gy gives, with

Cloc
16 °

Cloc < CoppM
N{1+ N[20n|r}? = N3 °

COPP =

|GN(200)] <

Choose a universal integer Ag satisfying

2C 27Csm
Ao>max{ Opp,B mCs }7 N = AK.
Cloc Cloc
Then
2Copp < ClocAl,  327Cm < Croc Ao,
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so M < K? implies

Cloc Cloc
< —= > .
|GN(219M)| SoN |GN(0) +GN(219M)| Z 5N

Also,

vM CsmM  cloceVM
vM—-12> < .
- 27 N2 = 327N

The integration-by-parts identity consequently proves

4 dw Cloc VM
k — ) —| > .
‘ Jud@kn(@ =) 50 = o
. Define the two-center packet and its normalization by
i dw
Hy v (w) = kn(w — ) + kn(w +90r), Wi = | {1+ zm(w)HHg m(w)] o
-7
The frequency exclusions in Lemma 2 imply
g dw
Ptest{ZM(w)}HK,M(w) % - 07 deg ]Dtest < K.

Indeed, composing such a polynomial with z;; produces a trigonometric polynomial with
frequencies of absolute value at most K, whereas the translated packets have frequencies
between 2N + 2 and 6N — 2. Translation preserves these exclusions.

Both fue and ky are even, so their pairings with the two translates agree. The affine
term in ¢, = €(z — 1) + g, is annihilated. Thus

T dw T dw

[ ottt 2| =2| [ fdointo -0 5
Cloc \/M
— 164y K ’

We next verify the normalization over the whole parameter range. The nonnegative Jack-
son kernel has a strict maximum at the periodic origin: the geometric-sum representation
of Dy gives

|Dy(w)] < N when cosw < 1, |Dn(0)] = N.

Since cos(29xs) < 1,
HK,M(QSIM) = jN(O) + jN(Q’ﬂM) COS(8N19M) > jN(O) — jN(QﬁM) > 0.

Continuity and nonnegativity of the integrand defining Wi as therefore give Wi pr > 0.

For the upper bound, use
| Hi v (w)| < In(w —Inm) + In(w +Inr)
and the identity

2y (w+9y) + zp(w—Yp) =2+ (M —2)(1 — cosw).
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After translating the two periodic integrals,

Wrm < {4+ (M —2)(1 — cosw) } 3 (w) dw
M—-2 [T
<4+ 5 / W2 IR (W) dw
32(M —2)
N2

<4+ < 36.

Define
Cloc

= > 0.
P~ 57674,
Dividing the packet response by Wi py < 36 proves

VM

HK,M(w) dw
—_— Z Cp K .

Wi 27

[ otetn

. The packet parts in the statement are explicitly

o= Gy | (T2) o = (g | (i)
R ANT Yy 7 3 B AT STy T

where both measures inside the brackets are restricted to [—m,w|. They are finite and
supported on [0, M], and therefore have integrable first moments. The packet is even,
and the fibers of z;; consist of points with equal packet sign; these are the positive and
negative Jordan parts of the pushed signed packet.

The annihilation and normalization established above give

/zedmr:/zéda_, £=0,....K,

/(1+Z)d(a++a) =1

Writing, as in Definition 10,

t=o04+(R), u:/zda+, 20 =

the degree-zero and degree-one identities imply
1
o_(R) =t, /zda_:u, t—i—uzi.

Since t,u > 0,

0<t<

) 20 =

N =

In particular ¢ < 1, so the completion map is defined, and its positive-part coefficient
equals 1 —t. Set
vo=0_~+ (1 —1)0s,, vi =04 + (1 —1)04,.
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Their masses and first moments satisfy
wR)=v1(R)=t+(1—-1t)=1, /zdyo = /zdu1 =u+(1—t)zg=1.
The common atom cancels in every moment difference, so
(vo,v1) € NK M A (o4, 0-) = (v, 11).

It also cancels in the target difference:

Hpm(w) dw
Wim 21

[ocan— [ 6. - ;@va»

Hence the explicit completion has gap at least ¢, vV M /K.

5. For any real polynomial Piest of degree at most K, define

e(Piest) = sup \6256(7:)1— Ptest(Z)|.
2€[0,M] T2

The supremum is finite by continuity. For any feasible prior pair, polynomial moment

matching gives
/-Ptest dvy = /Ptest dvy,

and probability normalization with mean one gives

/(1+z)du0:/(1+z)du1:2.

U@Am—/hwm

Therefore

= ‘/((Z)e — Ptest) dvy — /(¢e - Ptest) dVO

1
< 6(f)‘cest) Z /(1 + Z) dv, = 4€(Ptest)-
=0

Applying this bound to the packet completion and then taking the polynomial infimum
yields, with

In particular £ > 0.

6. We now prove the reverse comparison £ < A by a finite weighted dual construction. Define

Fy(z2) = 9e(2) Vi = {z — P{ejt_(j)

_1+z7 :degptest<K}CC([0>M]7R)-
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This is a finite-dimensional subspace. Its closed ball of radius
Rbest - 2HFWHOO +1

is compact, so the distance from F,, attains a minimum there. The zero function gives
distance at most ||Fy ||, while a function outside this ball has distance at least

[vwlloo = [[Fwlloo > [[Fwlloo + 1.
Thus a polynomial Py attains the global infimum:

deg Phest < K, e(Phest) = €.
Define its weighted residual and extremal set by

r(z) = ALt e 0, M): ()] =€),

There exist ordered nodes and an orientation satisfying
< 2y < <ZzZgi1 S M, Odual ) }7

Tbest(zgual) = Odual(_l)zg, (= 0, c.. ,K + 1.

To see this, suppose such nodes are absent. The positive and negative extremal sets are
disjoint compact sets. If one is empty, the constant polynomial with the other sign agrees
with the residual sign on all extrema. If both are nonempty, their positive separation
permits a finite ordered cover by sufficiently small neighborhoods. Consecutive sign blocks
in that cover have at most K transitions: K + 1 transitions would furnish the forbidden
K + 2 alternating nodes. Placing one root in each transition gap and choosing the overall
sign produces a polynomial Qg such that

deg Qsign <K, Tbest(Z)Qsign(z) >0 (z € -Aext)'

Put
Qsign (Z)

v (2) =TT

Define the set where the perturbation has the wrong sign or vanishes by
Bpad = {Z S [0, M] : rbest(z)vsign(z) < 0}.

This set is compact. If it is nonempty, the continuous absolute residual attains its maxi-
mum there, and

<E.
Jnax. |Thest ()

Indeed, equality at a maximizing point would make that point an extremum, where the
residual and perturbation have strictly positive product. Define the threshold in both

cases by

max,ecn b zZ)| + (C/'
z bad | eSt( )| , Bbad / z,
bext - 2

5/2, Bpaa = 2.
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Thus bext < £, and in either case

|Tbest(z)’ > bext — T'best(z)vsign(z) > 0.

The high-residual set
Ahigh = {Z S [07 M] : ’Tbest(z)| > bext}

is compact and nonempty, since the residual attains its norm £. Consequently the following
extrema, exist:

Mext = ZeIgthilgh Tbest(z)vsign(z) > 0, Bsign = zg[l(%ﬁ] |Usign(z)| > 0.

The second constant is positive because the perturbation is nonzero at every residual
extremum. These definitions give

Tbest(z)vsign(z) 2 Mext if ‘Tbest(z)| 2 bext7 |Usign(z)| S Bsign (Z S [O,M])
Choose
. Mext - bext
Npert = MIN ,——— ¢ > 0.
v { Bszign 2Bsign }

On the first region,

2 2 2 2
{Tbest - npertvsign} <E&°— 277pertmext + npertBsign

< 52 — MpertMext < 52'
On its complement,
& — bext
2

Continuity on the compact interval makes the supremum strictly smaller than &, contra-
dicting optimality of Pyest + Npert@sign- This proves the alternating-node assertion.

<E€.

’rbest - npertvsign’ < bext +

. For these nodes, define the Lagrange weights and their two normalizations by

)\Lag
Lag __ H dual _ _dualy—1 norm __ 14
AZ - (Zf Zp ) ) )\f - K+1 )\Lag ’
0<r<K+1 ZT:O ‘ T ‘
r#l

K+1 )norm

Ddual _ 2 : ’/\?orm‘(l + Z,?ual)7 )\?ual _ Y )

=0 Ddual

The node differences are nonzero, and the two normalization denominators are positive;
moreover, Dgyua > 1. Comparing the coefficient of degree K + 1 in the Lagrange interpo-
lation formula gives

K+1

>N Pt (") =0 (deg P < K).
=0

The ordered nodes also give

)\?orm — (_1)K+1—£|)\?orm|.
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Combining this sign with the alternating residual yields

K+1 K+1
> A = S NG ) — P (1)
=0 =0

= Odual(_l)K+1ngual‘

Consequently,
K+1
DA =0 (r=0,...,K),
=0
K+1 K+1
Z ‘)\?ual‘(l + Z?ual) =1, Z /\?ualgbe(zéiual) —&.
=0 =0
Split the weights into positive and negative parts:
K+1 K+1
O_iual — Z ()\%1ual)+5zzmal7 O_d_ual — Z (_)\?ual)Jréz?ual )
=0 =0
Define )
— Udual
tdual = O,iual(R), Udual = /Zdo_giruad’ Z((flzllp = 1 tdua] .
ua.

The degree-zero and degree-one identities and the weighted normalization give

1 comp
5 < Zdual <2

1 1
tdual + Udual = 3, 0 < tqual < a9
2 2
The same mass, mean, and moment calculation used for the packet completion shows that
V(f)iual = Uiual + (1 — tdual)éz;f‘l:lp7 I/?ual = (J'(Jirual + (1 — tdual)(sz;‘i’;‘lp
form a pair in Mg ps, with target gap €. Hence

E<A.

The feasible set is nonempty, since (d1,01) is feasible. Its gaps are bounded by 4¢(0), by the
polynomial residual bound above. Taking the polynomial infimum in that bound, followed
by the feasible-pair supremum, therefore gives

A < 4€.

. For the approximation upper bound, the square-root coordinate gives the required uniform
angular regularity. Define, for £ > 0,

(& - 1)+‘

blo(g) = (1 - 52)-1-7 bhl(g) = 1+ é‘2

For 0 < ¢ < n, splitting at 1 proves
b16(§) = bo(M)| <2(n =€), [bni(§) — bui(n)] < 2(n = &).
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For the lower branch, when 7 < 1, the difference equals (n — &)(n+&§); when £ <1 <, it
equals 1 — &2 < 2(1 = &); when 1 < ¢, it vanishes. For the upper branch, when 1 < &,

2(n =& +¢)
(1+&)1+n?)

When ¢ <1 <n, the bound follows from

bri(n) — bni(§) =

<2(n—¢).

n?—1
<2(n—1)<2n—&);
T S (n—1) <2(n—9);

when n < 1, the difference vanishes. Interchanging &, 7n covers the opposite ordering. It
follows that

19¢(€%) = ge(m*)] < 2{e+ (1 = 26)}|€ — | < 2[¢ — .
Using the half-angle identity

am(w) = {VM [ cos(w/2)[}?
and the Lipschitz bound for cosine gives

|fare(w) — fare(0)] < VM |w — ), w,v € R.

Set

™

Nup = [K/2]+1,  Typw)= [ fudw+v)J3,, (v)dv.
—T
Convolution with the even Jackson kernel makes T, an even trigonometric polynomial of
degree at most 2(Nyp — 1) < K. Positivity, normalization, and the first kernel moment
give

[ 32v M
’fM,e(w) - Tup(w)| <VvM ”U‘J]{/up(v) dv < N .
- up

Writing its cosine modes as Chebyshev polynomials supplies a real polynomial @, such
that

Tup(w) = Qup(cosw), deg Qup < 2(Nyp — 1).

Define
Pup(2) = €(z — 1) + Qup(22/M — 1).

Then deg Py, < K, and every z € [0, M] can be written as zp/(w). Since K < 2Nyp,

32vM 64V M
|¢6(Z) - Pup(z)| < N\i; < {

Division by 1+ z > 1, followed by the polynomial infimum, proves

64v M
7

&<
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9.

10.

Choose the universal constants
¢ = min{min(cg, ¢p), 1}, C = 257.
They satisfy 0 < ¢ < C, and the preceding bounds yield

VAT VI _ VN

<ESAS4LEL 256—<C—
CK ~ ~ ~

The packet completion retains its gap because ¢ < ¢,. All the packet estimates used the
closed range 0 < € < 1/2 and the non-strict support bound M < K2, so they include both
overlap endpoints and M = K?2.

Sparse comparison. We next establish an observed minimax lower bound for all al-
phabets. For this part, assume

n>1, d>2, 0<e<3,
and define p
Ld = IOg(ed)a T'nde = FLdv Pn,d,e = min{l, rn,d,e}'

In particular Ly = 1 +logd > 1 and p, 4. > 0.

Here is the likelihood calibration used in both large-alphabet constructions. For integers
Kiest > 1 and real 7 > 0, define

1
TKtest Z f' 9 /Btail - ].766

Z>Ktest

When 7 < Biait Kiest, the factorial bound £! > (¢/e)? gives, for £ > Kiet,

() e

Summing the geometric tail therefore gives

TKtest (T) S 47Kt65t7 TKtest (T) S 27Kt65t °
Define log8| + 2
og 3| +
Ciy = ————.
v log 2

If Ktest > Ctde7 then
Kiest log2 > (|log 8] + 2)(1 + log d) > log(8d),
and consequently

d V TKtest < d2 KtCSt < Q

-8
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11.

12.

Consider first the sparse experiment of Lemma 3, with inflation B > 2 and a constrained
pair of degree Kiest. Under prior v,, ¢ € {0,1}, draw cell intensities independently with
that prior, and observe all four independent Poisson counts in each cell.

For one cell, let Q, be the reference count law at z, = M/2, and define the mixture
densities

hep,, = /LZ dv,(2), v €40,1}.

The likelihood ratios L, and Gram coefficient « are those in Lemma 3; at a zero alternative
mean, the count factor uses 0° = 1. Its Gram identity, followed by expansion of the
exponential, gives

0 2
o
(s~ bpoPde = ¥ G { JCE RO uo><z>}
£>Ktest

alM?

S 4TKtest (TSP)7 Tsp = T
The terms through degree Kiqst vanish by moment matching, and the remaining moments
have absolute value at most 2(M/2)*. Thus Cauchy-Schwarz and telescoping products

imply
v <Q§)(,10’ QS%?I) <d \/ TKtest (Tsp)a
where
Qsp,L = hsp,L @*-
Set
Tlsp = Q/Btail-
The bound on « in Lemma 3 gives
BneM
Tsp < od
Hence IK
M < w’ Ktest > CtVLd
ne

ensure that the full product-mixture total variation is at most 1/8.
For either sparse product prior, write the independent cell intensities as
Z® = (Z3P) e ~ V27, Z® € [0, M,

and define

1 S € E S
HSP - & Z ¢€(pr)’ SSP =l-e+ g prv
z€[d] z€[d]

1 1 1
esp,L = 5 + 5 /¢e de 5sp = ‘esp,l - Qsp,()‘ = 5 ‘/(Z)e d(Vl - VO)

The sparse value identity in Lemma 3 is

1 H
UPR) = 5+ 50
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The mean-one constraint and 0 < Z;¥ < M give

E(ZP? <M, ESp=1,  BE(Sp-1)°%<

For 0 < z < M, both z — 1 and zero are at most 1 + z, so
0<(z=1)4 <1+4z, 0<1—€+ez, 1+2z>0.
Multiplying the first inequality by the nonnegative factor (1 — e+ €z)/(1 + z) gives
0<¢e(2) <1—€+ez.

Moreover, 22 < Mz, (1 —¢€)? < 1, and the nonnegativity of (1 — ¢ — €2)? yields

be(2)? < (1 — €+ €2)?
<2{(1 —e)? + 222}
<201+ Mz).
Independence therefore yields
2(1+ &M
E{Hy, — EHy,}* < (d).
Since Sgp > 1 —€>1/2 and 0 < Hg, < S,
‘ <1 = Sepl-

Using (a + b)? < 2(a? + b%) now gives

2432 M
E[{v®g) ~ 0} < =50

Consequently, if
64(2 4 3¢>M) < db?

sp?

Os 1
<|\If gon) — Osp.u| > p) 3

For completeness, define the two integrated squared risks of a count estimator W by

Markov’s inequality gives

BSp,L(W) = Ezsp~y?§dEcounts\ZsP |:{/M7 - \P(szpsp)}ﬂ :

If fyp0 < Bsp.1, threshold W at

esp,O + esp,l

—a
Otherwise interchange the prior indices and use the same midpoint. On an erroneous deci-
sion with the target within ds,/4 of its center, estimation error is at least dsp/4. The sum
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of the two testing errors is at least one minus their predictive total variation. Subtracting
the two target-deviation probabilities thus proves

— 1 (0p\? 11 1
W) > — [ = - - - - = —
gy B )—2(4) (1 8 8 8)

_ 5,
256

Use the completed packet pair, whose gap is at least ¢, v M /Kest. Then

2
2> cpM
sp = 2
P 4Ktest

Thus the condition
256(2 + 3’ M) KLy < c2Md

supplies the target-deviation bound, and, with

2
Csp = 5cp )
1024
every measurable count estimator satisfies
—~ M
max B, W) > cop—5—.
o sp (W) 2 csp K2

test

. We record the logarithmic degree and alphabet calibration explicitly. For real Cqeg > 2
and integer d > 2, define

Iccal(cdega d) =2 ’V

The ceiling inequalities and Ly > 1 give

C’deng
72 .

2< ICcal(Cdegy d), C’dechl < Kcal(cdeg7 d) < (Cdeg + 2)Ld-
Choose
Csp = max{Cly, 2}, Ky = Keal(Csp, d).

Because LZ /d — 0, a universal integer Dy, > 2 can be chosen so that, for d > Dy,

1% 012) 2 2
L4 — 448 K2 < cz2d.
d = 143(Csp 1 22 s = “p

Lg—

The asserted logarithmic limit follows, for example, by writing d = e’4~! and using that

an exponential dominates a fixed power. For M > 2 and 0 < e < 1/2,
256(2 + 32 M) < 448 M.
Hence this single cutoff ensures
256(2 + 3¢°M)K2, < ci Md

uniformly in the required support and overlap ranges. The previous two steps therefore
apply whenever
nsdesp
2<M< K2, M < RSP
- =P ~— Bmne
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14. Dense comparison. The dense construction uses symmetric moment-matched priors
n [—1,1]. We establish the absolute-moment gap used for them.

For K,.s > 1, define

E (K = inf — P, .
abs( abs) degP:giSKabsfls;lfgl“Z’ abs(Z)‘

On the circle of period 7, define, for each integer Npe; > 1,

2

eQzZFejw ’ weR,

Npej —1

WP Kane = 2FFei 2K, — FFej, K-

For a continuous complex-valued m-periodic function feusp, define

4 dw
Acusp,Kabs (fCusp) = fcusp(o) - /0 ‘/\/P,KabS (w)fcusp (w) ?

Expanding the squared finite sum gives

) Npej—1

2i(lpe; —TFe; )W

Foo g ) = = 3 cPlmamrmal,
& lpej rrej=0

For each integer frequency jpour, orthogonality retains exactly the pairs whose index differ-
ence is —jrour. There are Nyej — |jrour| Such pairs when |jrour| < Nrej, and none otherwise.
Thus the triangular coefficients are

dw

™
FYFE'J.(NFejajFour) 3:/ FFej’NFej(w)e2szourw7
0

_ 1- |jF0ur|/NFejv |jFour| < NFejv
07 ‘jFour’ 2 NFej-

In particular, both Fejér kernels are nonnegative with integral one, so

|ACUSP7Kabs (fCUSP)’ < 4||fcusp||oo~

Substituting the triangular coefficients into the cusp functional gives
Hcusp (jFour) = Acusp,Kabs (OJ = e2ijFomw)
=1- 27Fej(2KabSajFour) + “YFej (KabSajFour)

07 |jFour| < KabS)
= ‘jFour’/Kabs - 17 Kabs < ’jFour‘ < 2Kabs:
17 ‘jFour’ Z 2I(abs-

These multipliers are nonnegative. The identity
2iw _ ,—2iw

. e
Sin 2w = -
21

80



and the binomial expansion show that a polynomial of degree at most K,ps in sin 2w has
frequencies |jrour| < Kaps- Hence

ACUSP,Kabs (w = PabS(Sin 2"‘))) =0 (deg Pabs < Kabs)-
To compute the absolute-sine coefficients, define
. . g *QijF w dw .
Sabs(w) = ]smw\, CFour,abs(]Four> - Sabs(w)e our 77 JFour € Z.
0

On [0, 7], Sabs(w) = sinw. For every integer jrour, the denominator 1 — 452 is nonzero,
and the function

—21JFour SINW — COS W

iy
AFour,jFOur (w) =€ ot 1 _ 4 ] ) w 6 [07 ﬂ-]a
JFour
satisfies
Abour o (W) = e~ 2idFour gin .
Evaluating at the endpoints, using e 2¥Fow™ = 1 gives
. _ AFourijour (ﬂ-) - ‘AFour7jFOur (0) o 2

CFour,abs(]Four) - = - 472 1
T 7T( JFour — )

The zero coefficient is 2/7. For |jrour| > 1,

2 < 1
71—(Z’ljlg‘our - 1) B jl*zour

’ Z |CFour,abs(jF0ur)| < 0.
jFourEZ

|CFour,abs (jFour) | =

Thus the Fourier series converges absolutely and uniformly; its coefficients identify its sum
with the continuous function S,ps. Pairing opposite frequencies and replacing w by 2w
yields

. cos(4lw)
| sin 2w| = ———Z 21

Continuity of the cusp functional permits termwise application, giving

. > 4,Ucus (2£)
—Acusp, Ko ([8In2 - [) = Z WTP—U'
=1

Every summand is nonnegative. For K, < ¢ < 2K,1s, the multiplier equals one, and

m < 4 gives
4 1

> .
(402 — 1) ~ 16K2
Keeping the K, terms with K < £ < 2K, gives

2Kabs -1

4 1
—Acusn. i, (Isin2-|) > Z ’
cusp, db§(| |) K%bs 7.‘.(4£2 _ 1) 16Kabs
It follows that 1
<4 su z )
16 K05 — 1<f<1‘| |~ Fabalz )‘
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and therefore

1
FEops (K. > .
abs( abs) = 100Kabs

To construct the priors, let
abs {Pabs|[ 1,1] deg Pabs < Kabs}‘

The norm of the class of |z| in C([—1,1],R)/Vaps iS Faps(Kabs). A norming functional on
that quotient, pulled back to C([—1, 1],R), supplies a functional A,ps satisfying

HAabsH <1, Aabs(zg) =0 (O </< Kabs)a Aabs(|Z|) = Eabs(Kabs)‘

Its positive half-split can be obtained by positive extension. In detail, let 1 denote the
constant function with value one and consider the cone

Coptit = {(f+ + f=, —Aabs(f-)) : f4, f- € C([=L1,R), fy, f- =0}
On the subspace of pairs (dcone 1, beone), prescribe the functional
(acone 1, beone) — @cone/2 + beone,  @come; beone € R.
If such a pair belongs to the cone, then
fo+ f- = acone 1 beone = —Aabs(f-),  @cone = 0.
Consequently,
12/~ — Gcone Llloo < @cone;  Aabs(f=) = 5Mabs(2/~ — Gcone 1) < acone/2,

where the last bound uses |[Aaps|| < 1 and Agps(1) = 0. Thus the prescribed functional is
nonnegative on its intersection with the cone.

The subspace also satisfies the required majorization condition. For every foux €
C([-1,1],R) and tg € R,

(”fsplit”oo 17 _tsplit> + (fsplit; tsplit) = (HfSplitHoo 1 + fsplita 0) € Csplit-

Indeed, || fsplit]|oo 1 4 fsplit = 0, so this is the cone element obtained with that function as
f+ and zero as f_. Positive extension therefore supplies a linear functional

Gepiit : C([-1,1,R) xR — R
that is nonnegative on Cgpjir and satisfies
G'split (@cone 1, beone) = Gcone/2 + beone-
Define, for every fopie € C([—1,1],R),
Ay (fspiit) = Gspiit ( fopiit, 0), A_(foplit) = Ay (foptit) — Aabs(fsplit)-

For foue > 0, both (fepiit,0) and (fspiit, —Aabs(fsplit)) belong to the cone. Since
Gsplit(07 tsplit) = tSplit7 this gives

A+(fsplit) > 07 Af(fsplit) = Gsplit(fsplib _Aabs(fsplit)) > 0.
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15.

Their masses and difference are

1

A-‘r(l) = GSplit(lvo) = 57

A_(1)=A+(1) — Aaps(1) = %, Ay — A = Apps.
Positivity bounds each functional on a continuous function by its mass times the uniform
norm, so both have representing finite measures. Their representing measures have mass
1/2. Averaging each measure with its reflection under z — —z preserves the absolute-value
pairing and the annihilation of all powers through degree K,ps. Doubling these symmetric
measures gives symmetric probability measures 19, n; on [—1, 1] satisfying

/Zed’no:/zedﬁl (OSESKabs)a

1
/’Z| dm — / |z] dno = 2Eaps(Kabs) > 50K
For 0 < a < 1/2, define the independent prior draws by
Tde = (Tzc‘le)CCE[d} ~ n?da Tde € [_]-7 ]-]da

and define the dense observed law by

1 1 1
px:g’ e = €, ,U’OLL’:§7 Hl:(;:i"_aTge-

Equivalently, its four atom probabilities are

1—c¢ e (1 e (1
400,z = 401,z = od 410, = g (2 - aTge) ) qil,x = g ( + aT§e> .

2

These are legal observed laws, including the endpoints T9¢ = 41. Their target and prior
centers are

1 a
dey _ 1+ a de de
Wao(TY) = 5 + 5 D (T + T7°),
z€[d]
1 a a a
9de’b 5 + 2/’Z’d77m Ode 5 (/’Z‘dnl /|Z’d770> = 100K 4

Symmetry gives [ zdn, = 0. Since (|z]| + 2)/2 = z; € [0, 1], independence gives
2 @
EL{\IJde - ede,L} S E

In the Poisson experiment, define the total treated intensity per cell by

Bne
Ay = .
‘ d

The treated counts have means



For nonnegative integer treated failure and success counts, respectively denoted by Ngc o
and Nge,1, define the likelihood ratio relative to z = 0 by

)\traz(l _ 2az)Nde,06*)\traZ(1 + 2aZ)Nde,1

Lde,z(Nde,O7 Nde,l) =€

= (1 — 2az)MNaeo(1 4 2az)Naer | 2 e [-1,1].

At a zero alternative mean, use 00 = 1; a zero base raised to a positive count is zero. The
exponential factors cancel because the sum of the two treated means is A¢,. Multiplication
of these likelihood factors and their expectations gives the Gram identity

Ey[Lge,>Ldew) = exp{4)\tra22w}, z,w € [—1,1].
Thus, defining
il
Tde = 4)‘tra27 Nde = 513 )

the same moment-matching and Cauchy—Schwarz argument gives predictive total variation

at most 1
d \/ TKabs (Tde) S g

2
Kabs > Ctdea Atrcl < ndeKabs'

whenever

The two untreated counts have common means Bn(1l — €)/(2d), independent of the prior
parameter. Adding them preserves this total-variation bound, so it applies to all four
observed counts.

If
128a® < dé63,,

the target-deviation probability at radius dqe/4 is at most 1/8. Applying the midpoint
argument above to the two dense centers gives, for every measurable estimator of the full
counts,

582 5 a’
B . W) > de > )
max Bae, Uk 256 — 2560000 K2

where

Bde,L(W) = ETdeNm@mEcounts\Tde[{W - \Ilde(Tde)}Q]'

Choose
Cde = maX{Ctv, 2}, Kde = Kcal(cdea d)

The same logarithmic cutoff construction, applied with packet comparison constant 1/100,
supplies a universal Dy, > 2 such that

1280000K2, < d (d > Dge).

Since 6%, > a?/(10000K3,), this implies the required target-deviation condition. Reorder-
ing the four counts into the observed atom histogram is a bijection, so both integrated-risk
bounds hold on that histogram space.

84



16. We transfer these bounds to fixed samples. Let V be any measurable estimator based on
n observations. For a histogram

huisi 0 Ja = N, st = Y huist(0),
0€Jy

define

S(hpist) = {s € jfh‘“ : 8 has histogram hy;g }, o° =((0,0,0),...,(0,0,0)) € I,

On(S) _ {(517 cee 7571)7 Thist 2 n,

o, Thist < T,
o~ 1 ~
Ws(Rpist) = ——— 1I V(on(s))}.
i) = g 30 Tou{Vlon(s)}

€S (hnist)

The set S(hpist) is nonempty, including the zero histogram, for which it contains the empty
string.

For independent Poisson atom counts with total mean Ao, conditional on their total, the
labels are independent with the normalized observed law; conditional on the histogram,
their ordering is uniform on S(h). Jensen’s inequality, followed by projection onto [0, 1],
therefore gives .

E{Wy — ¥}? < B{V — ¥}? 4 Pr{Pois(\ot) < n}.

For the sparse experiment,
)\tot = BnSsp > BH/Q,

for the dense experiment, Aot = Bn.

For any Aot > Bn/2 > n, put

Exponential Markov inequality and et < 1 — ~g, + ’ySQh /2 give

. (Aot — 1)? n(B — 2)?
< e V< R S/
Pr{Pois(Aiot) < n} < exp { 3. exp 1

The last inequality uses that (Aior — 1)%/(2At0t) is increasing for Agor > n.
Define the shortage penalty by

n(B—2)2}.

psh(n, B) = exp {— 1B

Integrating the reconstruction bound under either supported prior and then taking the
fixed-sample estimator infimum proves

- psh(“v B) < mn,d,e

Csp—o
K2
Sp
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under the sparse conditions, and

5 a?

2 % (mB) <N
2560000 K2, h(n; B) < Pn.ac

under the dense conditions.

For the sparse bound choose

dK,
Msp = min {KS2P7 nsani:p } .

Whenever the second entry is at least two, this is an admissible support endpoint, and

) d
Csp Min {1, BZSEPKSP} — psh(n, B) < Ry de-

For the dense bound choose

2 . 1 ndedee

Then 0 < age < 1/2 and the likelihood condition holds. Dividing by Kfle gives

5 : 1 nded
2560000 v g ( — Psu(n, B) < Ry g
2560000 { AK2 BneKq, Psn(1, B) < Rnae

. Fixed-sample transfer. We join these two ranges while retaining their degree compar-

ison. Define
Cde + 2

Y
Csp

Dy, = max{Dgp, Dye }, Qdeg =

. Nsp  7d . . 5)
bsplice = min { 8q§eg7 Qde(; } > Csplice = 1IN {Csp mln{l, 77813}7 25600()()bsplice} > 0,

d
Tsplice = ﬂ

The degree bounds imply
Kge < Qdengp'

If nspxsplice Ksp > 2, use the sparse bound. The elementary inequality

min{1, 7sp } min {1, Zeplice } < min {1, 77";"1}
Sp sp

shows that its leading term is at least cgplice Min{1, Tsplice/Ksp }-

Otherwise, nspZsplice Ksp < 2. The degree comparison and the definition of bgplice give

Tsplice < 1 Tsplice

bspli
splice Ksp > 4K§

b TldeTsplice
splice .
K, Sp K, de

IN

)
e
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For the first inequality, multiply by 4K ge and use

Tlsp  Tsplice 4K§e < nspxspliceK

® <.
8q(21eg KSP

For the second, use Kqe < qgegKsp. The dense bound therefore supplies the same leading
term. In both cases,

. d
Csplice 11111 {L B’I%EI(SP} - psh(na B) < ERn,d,e (d > Dlg)~

Set
Csplice

- Cop+2
Since Ky < (Csp +2)Lg and 1/{B(Csp, +2)} < 1,

Csh

1 d
_— < mi 1, — 5.
B(Cyp + 2) e = 1 { ' BrekKyp }
Thus c
h
%pn,d,s _psh(na B) < ERn,d,e (d > Dlga B> 2)

. Choose once and for all

By, = max{4,2048/cq}, Clg = >0
2B,
For B > 4, define
(B —2)? . B
aghp = ————— > —.
s 8B 32
The inequality e”? < 1/v for v > 0 gives
e_ashn < g e_ashn < e_ash < g
f— Bn ) f— f—
Multiplying these bounds proves
_ _ 1024
Psh(n, B) = e st b < B2
Also logd < d—1,s80 Ly <d. Sincen>1and e <1/2 <1,
1 1 d 1
- S 17 - S ) - S 1077, d,e
n n ~ nely n o
Because Bjgeqn > 2048,
1024 cg 1
B < —< —/—-—-< .
psh(n7 lg) = B12gn = 2Blg n = ClgPn,d,e

The preceding lower bound has leading coefficient ¢, /Bjg = 2¢15. Subtracting the shortage
penalty therefore gives
ClgPn,d,e < S)C{n,d,e (d > Dlg)~
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19.

For the bounded-alphabet comparison, define

1 T
i 1. — _ par'
T'par = 1111 { ) HE} > Gpar 64
Then
1 9 1
0 < apar < ok NEApay < 16"

Use two dense observed laws Ppar,1 and Ppar o with uniform covariate probabilities, propen-
sity €, control mean 1/2, and treated means respectively 1/2 + apar and 1/2. Define their
scalar targets by

1 1
Opar,1 = \If(]P)par,l) = 5 + Gpar, Opar,0 = \D(]P)par,o) — 5
For every x € [d], the atom probabilities of these laws are
1—e¢
Ppar,l(% 0, 0) - Ppar,l(.%', 0, 1) = Ppaho(xa 0, 0) = IEDpar,O(x, 0, 1) = 2d ’
€
Ppar (2, 1,0) = Pparo(z,1,1) = o,
e (1 e /1
Ppar,l(-fa 17 0) = g 5 - apar 9 Ppanl(x, 1’ 1) = 8 5 _|_ apar X

All reference atom probabilities are positive. Each untreated atom has zero probability
difference and hence zero chi-square contribution. Each treated atom contributes

(fapar/d>2 _ 26@12%“
e/(2d) — d

Summing over both treated outcomes and all d cells gives the finite-atom calculation

2 {Ppar,1($7 a, y) — Ppar,o (:Uv a, y>}2
P P = E E
X ( par,1; par,O) ]Ppar O(xv a, y)
z€[d] a,y€{0,1} ’

2¢a?,,
:d.2-Tpa = dea’,,.

Define the two n-observation laws by
Qpar,, = IP’S;,L, L €{0,1}.
Product likelihoods give
1+ X2 (Qpar1, Qparo) = (1 + dea?,,)" < et < V4 < g.
In particular their chi-square divergence is at most one, so their total variation is at most

1/2. Thresholding an arbitrary estimator at 1/2 + apar/2 shows that one of the two laws
has probability at least 1/4 of absolute error at least apa,/2. Hence

2
~ 9 Opar 1
B S T
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20.

Taking the estimator infimum gives

Now define

. 1
Cyll — Mmin {Clg, mwlg} > 0.
For d > D), the large-alphabet bound applies. For 2 < d < Dy, using Lq > 1 gives

1
Pn,d,e < Dlg min {17 } :
ne

Indeed, py.qe <1 < Dyg, and

4 _ Dy
neLgy — ne’

Pn,d,e <

Thus in this second case,

1 1
Callpnde > @mln {L TLE} < 9qn,d,e'

Together the two cases establish
CallPn,d,e < 9%n,d,e (n >1,d> 2, 0<e< 1/2)

Final consequences. By Theorem 3, there are universal calibrations Hy > 0,k >
0, Dy > 2 and a universal C, > 0 for the measurable estimator in Algorithm 1. Define its
worst-case observed risk by

Rifie = sup Ep [{VAT - w(P)}?].
PeDSs

Apply the cited bound to the product sampling law P®", which satisfies Assumption 1.
This gives
Rn de = Cupn,d,e‘
Set
¢y = min{cyy, Cy }, C, = CL.

Then 0 < ¢, < Cy < oo. Nonnegativity of p,, 4. permits reducing the lower constant, and
the estimator infimum in Definition 4 is bounded by the risk of this particular estimator.
Consequently,

CxPn,d,e < SRn,d,e < R7A1576 < C*pn,d,e'

For each measurable ‘A/, identification and completion in Proposition 1 give the equality

sup Eopsp)[{V — V*(P)}?]
PePy .

= sup Ep[{V — U(P)}?.
PeDgPs

For one inequality use V*(P) = U{Obs(P)} and the observed marginal’s membership in
the observed class. For the other, complete each observed law to a causal law with that
same marginal and value. Taking the estimator infimum preserves equality, so the observed
bounds also prove the two stated causal minimax bounds.
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21. Finally, let the sequences in the statement be given. Define

dy

— = min{1,r;}.
Nk€Ek log(edk) ’ Pr Hlln{ ’ Tk}

rE =
For the finitely many possible indices with n; = 0, use the totalized division convention
ry = 0. Since ng — 00, one has ny > 1 eventually. For all k, rg, pr > 0, and

pr — 0 <= rp—0.

The reverse implication follows from 0 < pp < ri. For the forward implication, eventually
pr < 1; then r > 1 would force pr = 1, so eventually r; < 1 and pp = rg.

Suppose a measurable estimator sequence (V}) has worst-case risks

We= sup Ep[{Vi— ¥(P)}?] — 0.

b 5
PEDEI;%

The sample alphabet is finite. Thus each ‘A/k is bounded on it, and these squared-error

suprema are finite and nonnegative. The lower bound and the estimator infimum give,

eventually,
R di e < %

Cx Cx

0<pr <

The squeeze theorem implies pr — 0, hence r; — 0.

Conversely, suppose r, — 0. Define a measurable estimator for every index by

A

. Vnkk:dkyék’ n 2 1,

Vi=140, ng = 0 and di < Dy,
1/2, nkzoand deD().

The zero-sample branches define constants on the singleton empty-sample space. For the
eventual positive-sample indices, the established upper bound gives

0< sup Ep[{V — ¥(P)}?] < Cupr — 0.

b~
PEDSS,

A final application of the squeeze theorem proves uniform consistency and completes the

equivalence.
O

Proof of Theorem 5. Choose the universal lower comparison constant ¢, > 0 supplied by the
observed-risk conclusion of Theorem 4. For arbitrary n,d € N and € € R satisfyingn > 1, d > 2,
and 0 < e < 1/2, that conclusion gives

d
* i 17 S mn €
Co T { nelog(ed) } o

Since Ly = log(ed), this is the required inequality. The constant ¢, is positive and independent
of n,d, €, as required. ]
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