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Abstract

We characterize the precision of population average treatment-effect estimation in bal-
anced randomized trials with selectively observed binary outcomes, a binary surrogate, and a
finite baseline alphabet. Outcomes are missing at random conditional on treatment, baseline
category, and surrogate, with unknown cell-specific arrival probabilities bounded below by
a supplied positive floor ¢. This floor indexes and tunes the procedure. For n, the sample
size, and d, the number of baseline categories, we give an explicit mathematical attainment
construction: a deterministic mixed-count estimator with squared-error risk bounded by a
universal constant times the comparison rate
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This guarantee holds for every positive arrival floor. Under qlogQ(e +ngq) < 1/64, matching
lower bounds establish minimax squared-error order 7, 4, and optimal maximal expected
length of order /77, 44 for uniformly honest connected intervals at each fixed coverage level
strictly between zero and one. At each fixed 0 < ¢ < 1/2, the point-risk comparison also
matches, with constants depending on g. Near complete ascertainment, an observed-outcome
contrast attains risk at most 4/n + (1 — ¢)2. For d > 1024n?, the matching minimax order
is n=! 4+ (1 — ¢)?, making 1 — ¢ = O(n~'/?) necessary and sufficient along arrival-floor
sequences for parametric risk uniformly over all alphabet sizes. A target-preserving synthetic
assignment transfers the construction to discrete observational regression contrasts and closes
the stated logarithmic minimax gap at each fixed strict-interior treatment-positivity margin.

1 Introduction

The precision of a randomized trial at a prespecified analysis horizon depends on both the pri-
mary outcomes that have arrived and the information recorded for the full sample. Baseline
categories, treatment assignments, and short-term measurements can remain available while
primary outcomes are being collected. When outcome arrival varies across these observed char-
acteristics, estimating a population treatment effect requires combining population cell weights
with outcome information within cells. This paper characterizes the resulting statistical preci-
sion in a balanced randomized experiment with binary primary outcomes, a binary surrogate,
and a finite baseline alphabet.
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The model imposes independent and identically distributed sampling, treatment assignment
independent of baseline characteristics and potential outcomes and surrogates, assignment prob-
ability one half, and consistency. Outcome arrival is missing at random conditional on treatment,
baseline category, and realized surrogate. Each occupied cell has an unknown arrival probabil-
ity at least a supplied value ¢, where 0 < ¢ < 1. This lower bound indexes the model and is
used to tune the estimator and interval; individual cell probabilities remain unknown. Baseline
probabilities may vary arbitrarily, including zero probabilities. The surrogate supplies observed
conditioning information for ascertainment, and the target is the population average treatment
effect on the primary outcome. Under these conditions, Lemma 3 expresses the effect as a signed
sum of cell membership probabilities multiplied by outcome means among arrivals. Membership
information from every sampled individual enters this representation.

Our first result is a constructive squared-error guarantee across the entire positive-arrival
domain. Write n for the sample size, d for the number of baseline categories, and N = nq for
the effective sample-size scale. The mixed-count estimator in Algorithm 1 satisfies a uniform
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where 1, 4, is the comparison rate, with a universal comparison constant, as established in

Theorem 6. The construction separates membership, pilot, and outcome estimation into three

auxiliary streams. Membership counts estimate cell weights; the pilot selects between empirical

arrived-outcome means and a Chebyshev polynomial statistic built from marked factorial counts.

Exact conditional averaging over the auxiliary randomization produces a deterministic estimator.
Under the rare-arrival restriction
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Theorem 4 establishes matching minimax squared-error order r, 44, with universal constants.
The decision class includes all bounded parameter-independent randomized estimators. Its min-
imax value agrees with that for deterministic estimators by Lemma 1. The lower bound retains
the full observed experiment, including memberships whose outcomes have yet to arrive. A
one-category family supplies the reciprocal effective-sample-size contribution, while an activated
moment-matching construction supplies the category contribution. Along sequences satisfying
the rare-arrival restriction and N — oo, Proposition 5 consequently gives consistency exactly
when d = o{ N log(e + N)}, and squared-error order N~! exactly when d = O{v/N log(e + N)}.

The same rare-arrival experiment admits a matching uncertainty-quantification comparison.
For each fixed miscoverage level o € (0,1), Theorem 7 establishes optimal maximal expected
length of order /7, 4, among connected intervals with uniform coverage at least 1 — . The
comparison constants may depend on «. Coverage and expected length integrate jointly over
the sample and any endpoint randomization. A deterministic squared-error envelope supplies
an attaining interval, and the converse covers the full randomized endpoint decision class.

Near complete ascertainment, the remaining deficit supplies a complementary precision scale.
Throughout the arrival-floor model, Theorem 1 gives

1 — 4
n . 2
6n < ﬁ{n’d’q < min {1,Crn,d,q, - +(1—-q) } )

where 9%;{ dg is the minimax squared-error risk and C is a universal constant. The observed-
outcome arm contrast attains the last upper bound. For d > 1024n2, Theorem 2 establishes



matching order n~! + (1 — ¢)? uniformly in ¢. Hence, along arrival-floor sequences, an eventual
n~! risk guarantee holding simultaneously over every alphabet size is equivalent to 1 — g, =
O(n_l/ 2), by Proposition 1. Complete arrival gives n~! order uniformly over arbitrary alphabet
growth.

The construction also connects randomized outcome arrival to observational adjustment.
An independent fair assignment retains an observational outcome when the synthetic assign-
ment agrees with the observed treatment. Under a fixed strict-interior treatment-positivity
margin, this transformation preserves the baseline-weighted regression contrast and supplies a
randomized missing-at-random completion. Averaging the mixed-count estimator over synthetic
assignments yields the deterministic observational procedure in Theorem 8. At each fixed margin
strictly between zero and one half, its minimax squared-error order is
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with margin-dependent constants. Consistency and conditional exchangeability give the obser-
vational contrast its population causal interpretation. The same experiment comparison supplies
the matched randomized point-risk order at every fixed 0 < ¢ < 1/2 in Theorem 5, with con-
stants depending on that floor.

The statistical mechanism is a weighted-cell-mean problem with many scarce arrived counts.
Ordinary cell ratios accumulate a category-dependent bias; on the difficult large-alphabet
branch, a Chebyshev correction reduces the aggregate bias to the scale d/{Nlog(e + N)}. The
converse uses moment-matched reciprocal priors whose activated observation laws remain close
even though all cell memberships are retained. Each augmented record carries an independent
activation flag with probability gH, where H is the upper endpoint of the latent prior support
and has squared-logarithmic order. This explains the rare-arrival condition ensuring a valid
same-experiment construction. Section 5 and Theorem 12 present these two sides.

These results connect three strands of existing work. Surrogate-assisted analysis explains how
early measurements inform treatment-effect estimation and efficiency under appropriate obser-
vation and nuisance conditions [Kallus and Mao, 2025, Theorems 2.1-2.2 and 4.1-4.2]. Decaying-
labelling analysis establishes asymptotic inference under effective-sample-size and nuisance-rate
conditions [Zhang et al., 2025, Theorems 2.2 and 4.1, equation (2.3)]. Our comparisons char-
acterize uniform squared error and honest expected interval length as category frequencies,
alphabet size, and ascertainment vary over the specified finite models. For discrete observa-
tional adjustment, Zeng et al. [2026, Assumption 2, Theorems 1-2, Section 3.2, and Appendix
C.5] provide the closest rate benchmark. The synthetic-assignment construction supplies an
attaining polynomial estimator, while their lower-bound conclusion supports the fixed-positivity
comparisons. The polynomial and moment-matching methods build on discrete functional esti-
mation [Jiao et al., 2015, Wu and Yang, 2016, 2019]; the expected-length criterion connects to
honest confidence-interval theory [Donoho, 1994, Cai and Low, 2004, Armstrong and Kolesér,
2020].

The exposition proceeds through related work, the experiment and identification conditions,
and the point-risk comparisons across ascertainment regimes. It then develops the constructive
estimator, honest intervals under rare arrival, and the observational extension through syn-
thetic assignment. Discussion and open questions follow. The appendices collect identification
and decision-theory preliminaries, risk certificates, full-experiment lower bounds, interval and
observational arguments, the verification note, and proofs of the main results.



2 Related work

The availability of short-term measurements before primary outcomes motivates both surrogate
analysis and methods for incomplete trial data. Prentice [1989] formulates criteria for surrogate
endpoints, while Fleming and DeMets [1996] emphasizes the substantive evidence required to
connect surrogate responses to clinical effects. Short-term outcomes can also inform treatment-
effect estimation while primary outcomes are still being collected, as in Van Lancker et al. [2020].
Here, the surrogate enters the conditioning information for outcome arrival, and the target
remains the population average treatment effect. Identification rests on randomized assignment,
consistency, and outcome missingness at random conditional on baseline category, treatment,
and surrogate, as specified in Assumptions 2 and 4 to 6.

The closest comparison for estimation rates is Zeng et al. [2026, Assumption 2, Theorems
1-2, Section 3.2, and Appendix C.5]. Their observational experiment comprises independent ob-
servations of discrete covariates, treatment, and outcome, with treatment propensities bounded
away from zero and one by a fixed positivity margin. Writing n for the sample size and d for
the number of covariate categories, their plug-in analysis gives a squared-error upper bound of
order n=! + d?/n?. Their minimax lower bound is of order n=" + d?/{n?log?n} in the stated
regime d < nlogn, with constants depending on positivity. These conclusions give a logarith-
mic comparison between the plug-in guarantee and the minimax benchmark. Appendix C.5
develops the moment-matching argument underlying that benchmark. For the corresponding
observational regression contrast under fixed strict-interior positivity on occupied categories,
Theorem 8 supplies a constructive polynomial-estimation guarantee through synthetic assign-
ment. Its positivity margin, €, is held fixed in this comparison.

An earlier conference announcement by Kennedy [2019, abstract 300411] considers an aver-
age causal effect with arbitrarily high-dimensional discrete confounders. It reports plug-in risk
bounds, a minimax lower bound, and a variation with propensity-score positivity deteriorating
with sample size, thereby establishing earlier consideration of the shrinking-positivity observa-
tional problem. The theorem-level comparison permitted by the available abstract is recorded
in the limitations section.

The randomized analysis addresses a different observation mechanism. In the randomized
fixed-horizon trial with a finite baseline alphabet, treatment is assigned with known probability
one half, and primary outcomes arrive with unknown probabilities conditional on the observed
cells. The arrival floor ¢ is imposed on occupied cells in Assumption 7. Under the rare-arrival
restriction in Assumption 8, Theorem 4 matches upper and lower squared-error bounds at the
rate defined in Definition 17,
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This comparison separates fixed treatment positivity in the observational experiment from out-
come ascertainment in a balanced randomized experiment. The latter analysis quantifies the
joint contribution of the effective sample size and the number of categories, while the synthetic-
assignment construction connects the two experiments.

Surrogate-assisted efficiency provides a complementary perspective. Kallus and Mao [2025,
Theorems 2.1-2.2 and 4.1-4.2] characterize efficiency bounds with different patterns of sur-
rogate and outcome observation, under treatment unconfoundedness, outcome missingness at
random, and the overlap conditions appropriate to each observation pattern. Their labelled-
sample asymptotics allow the labelled fraction to vanish while the expected number of labelled



observations diverges, with fixed conditional distributions within the labelled and unlabelled
populations. Attainment of the efficiency bound requires their nuisance convergence conditions:
relevant products of regression and propensity or density-ratio errors must be negligible rel-
ative to the inverse square root of the expected labelled sample size. Treatment propensity
estimates satisfy the stated boundedness condition, and estimated labelling propensities remain
positive. Their moment requirements include uniformly bounded moments of order greater than
two for the outcome residual, density ratio, and specified regression terms [Kallus and Mao,
2025, Assumption 7 and Appendix D.1, Assumption 9]. These results explain how predictive
surrogates improve asymptotic precision under those conditions. The finite-alphabet minimax
analysis here characterizes uniform risk as category frequencies and the alphabet size vary over
the stated model class.

Decaying outcome observation is also central to Zhang et al. [2025, Theorems 2.2 and 4.1,
equation (2.3)]. Their triangular-array observational framework combines treatment overlap
with positive, potentially vanishing labelling probabilities conditional on treatment and covari-
ates. Theorem 2.2 establishes asymptotic normality when both nuisance models are correctly
specified, the inverse-propensity effective sample size diverges, and the product-rate condition in
equation (2.3) holds. Its conditions also include finite inverse-propensity expectations, bounded
outcome variance, conditional residual variance bounded above and away from zero, and the
stated weighted nuisance and tail requirements. Their bias-reduced estimator in Theorem 4.1
accommodates nuisance approximation error under its product restriction and alternative spar-
sity conditions, together with sub-Gaussian design and conditional noise assumptions, covariance
lower bounds, propensity moment control, and bounded offset signals [Zhang et al., 2025, As-
sumptions 1-3 and 5-8]. These conditions support asymptotic inference with estimated nuisance
functions. Our randomized rare-arrival comparison instead measures worst-case squared error
over a finite categorical model, and the interval analysis imposes uniform coverage over that
same experiment.

The approximation methods have established antecedents in the estimation of discrete-
distribution functionals. Polynomial estimators and moment-matched lower bounds are de-
veloped by Jiao et al. [2015], Wu and Yang [2016], and Wu and Yang [2019]. Their pairing
reflects the dual relationship between polynomial approximation and separation of distributions
with matching moments. Classical approximation theory supplies the reciprocal-function ap-
proximation used in the converse argument [Meinardus, 1967]; explicit reciprocal approximation
formulas are also presented in Plonka and Tasche [2026, Section 3]. The application here com-
bines these tools with observed cell memberships and selectively observed outcomes. The roles
of reciprocal approximation and moment-matched priors are stated in Lemmas 6 and 7, and the
resulting comparison concerns the full observed experiment in Theorem 12.

Bias correction for regression functionals supplies another comparison. Higher-order influ-
ence functions use higher-order U-statistics to obtain rate-optimal point and interval procedures
for nonlinear functionals under smoothness and nuisance-estimation conditions [Robins et al.,
2008, 2009]. Augmented minimax linear estimation corrects a regression plug-in estimator by a
minimax linear estimate of its error and obtains semiparametric efficiency under its function-class
conditions [Hirshberg and Wager, 2021]. Weak-overlap analysis instead thresholds doubly robust
scores and derives asymptotic normality and Wald inference under propensity-tail, outcome-
smoothness, and nuisance-rate restrictions [Dorn, 2025]. The present model replaces smooth
nuisance classes by arbitrary masses and heterogeneous arrival probabilities on a finite, growing
alphabet. Its guarantees are nonasymptotic worst-case squared-error and honest-length compar-



isons, and its logarithmic improvement comes from polynomial correction of scarce arrived-cell
counts rather than smooth regression approximation.

The interval criterion connects the analysis to uncertainty quantification through maximal
expected length subject to uniform coverage. Donoho [1994] relates statistical estimation to
optimal recovery, Cai and Low [2004] studies expected-length comparisons and adaptation for
confidence intervals, and Armstrong and Kolesar [2020] develops honest intervals that account
for worst-case bias in nonparametric regression. For the present missing-outcome experiment,
Definition 29 specifies honesty for connected intervals, and Theorem 7 gives the corresponding
length comparison under rare outcome arrival. This places estimation error and honest interval
length within a common finite-alphabet decision problem.

At complete outcome arrival, Sudijono et al. [2026] provides a useful comparison from
randomized-experiment theory. They jointly optimize the assignment design and estimator
for the sample average treatment effect in a finite population with binary potential outcomes,
obtaining a sharp minimax analysis that includes a second-order risk expansion. Our complete-
arrival result in Theorem 3 concerns a population average treatment effect under independent
and identically distributed sampling and a fixed balanced assignment design. The common
first-order sampling scale therefore arises in two distinct decision problems: joint design and
estimation for a finite-population sample effect, and estimation of a population effect under a
specified randomized sampling experiment.

3 Experiment, identification, and risk

Throughout, n > 1 is the sample size, d > 1 is the number of baseline categories, and ¢ € (0, 1]
is a supplied lower bound on occupied-cell outcome arrival. Generic positive constants ¢ and C'
are independent of these parameters unless dependence is stated explicitly. We write u < v for
u < Cv and u < v for two such inequalities, uniformly over the stated parameter domain. Scalar
errors are measured by absolute value. The arm index a and surrogate index s range over {0, 1},
while the baseline index x ranges over {0,...,d — 1}. We use N, the effective sample-size scale,
for N = ng; it combines the sample size with the guaranteed within-cell arrival probability.

3.1 Records and cells

The experiment has a finite baseline category X, a binary treatment assignment A, binary
potential surrogates S(a), binary potential outcomes Y (a), and an outcome-arrival indicator
R. The following definitions specify the record space and the coordinates selected by treatment
assignment.

Assumption 1. [ass:iid-sampling] (Independent and identically distributed sampling) The
observed records Oy, . .., O, are independent and identically distributed according to the observed-
data law induced by P, the full-data probability law.

Treatment assignment selects the realized surrogate S from the two potential surrogate
coordinates.

Definition 1. [synth_2] (Full-data record coordinates) A full-data record, for alphabet size
d € N, consists of a baseline category X, a binary arm indicator A, control and treated surrogate
coordinates S(0) and S(1), control and treated outcome coordinates Y (0) and Y (1), and an



arrival flag R, with domains
Xe{reZ:0<z<d}, (A,5(0),8(1),Y(0),Y(1),R) € {0,1}".

The assigned-arm outcome Y is selected in the same way, and the finite record space carries
its discrete measurable structure.

Definition 2. [synth_3] (Potential and assigned surrogates) The potential surrogate S(a), for
a € {0,1}, denotes the record’s binary control surrogate when a = 0 and binary treated surrogate
when a = 1. The assigned-arm surrogate S, for any full-data record with binary assignment
A € {0,1}, is defined by
g_[s@W. A=t
S(0), A=0.

A full-data probability law P, defined in Definition 4, specifies the joint distribution of these
coordinates.

Definition 3. [synth_4] (Potential and assigned-arm outcomes) The binary potential outcomes
Y (0) and Y (1) are the control and treated outcome coordinates of a full-data record. For a
nonnegative integer d, such a record consists of a baseline category X in an alphabet of size d
and binary coordinates A, S(0),S(1),Y(0),Y (1), R. The assigned-arm outcome Y is defined by

Y_{Y(l), A=1,
Y(0), A=0.

The space of full-data records is equipped with the measurable structure in which every subset is
measurable.

Outcome ascertainment is described within treatment—baseline—surrogate cells. The cell-
index set Jy contains a cell j for each possible triple of these observed coordinates.

Assumption 2. [ass:randomized-independence| (Independence of treatment assignment)
Under P, the full-data probability law, treatment assignment A satisfies

A 1L {X,5(0),8(1),Y(0),Y(1)}.

Here X is the baseline covariate, S(0),S(1) are the potential surrogates, and Y (0),Y (1) are the
potential outcomes.

Two probabilities distinguish membership from outcome arrival: pg.s(P) is the full-
membership cell probability, and pg.s(P) is the conditional arrival probability in an occupied
cell.

Assumption 3. [ass:balanced-randomization| (Balanced treatment assignment) Under P,
the full-data probability law, treatment assignment A satisfies

Thus an occupied cell has positive membership probability, and its arrived-cell probability is
the product of its membership and conditional arrival probabilities. For the treatment contrast,
the treatment sign g(a) assigns opposite signs to the two arms.



Definition 4. [synth_1]| (Full-data probability law) The full-data law P, for a nonnegative
integer d, is a probability measure on the finite record space

(X, A,5(0),5(1),Y(0),Y(1),R) € {0,...,d — 1} x {0,1}5.

Here X is the baseline category, A is the treatment arm, S(0) and S(1) are the potential surro-
gates, Y (0) and Y (1) are the potential outcomes, and R is the arrival flag. The baseline alphabet
is empty when d = 0.

The observed record O is (X, A, S, R, RY). Its sampled copies O; retain cell membership
and arrival status for every individual; when R = 1, the final coordinate records the outcome.
The canonical observed sample law O,,, defined in Definition 11, is the corresponding product
distribution.

Assumption 4. [ass:surrogate-consistency| (Consistency of the surrogate) The realized
surrogate S equals the potential surrogate corresponding to treatment assignment A:

S=S5(4) almost surely under P,

where P is the full-data probability law.

3.2 Sampling, randomization, and outcome arrival

Outcome consistency completes the link between observed and potential outcomes.

Assumption 5. [ass:outcome-consistency]| (Consistency of the outcome) The realized out-
come Y equals the potential outcome corresponding to treatment assignment A:

Y =Y(A) almost surely under P,

where P is the full-data probability law.

Independent and identically distributed sampling is imposed within each triangular-array
row, allowing the underlying law and alphabet size to vary across experiments [Zeng et al.,
2026]. Outcome arrival is governed by the following conditional independence condition.

Assumption 6. [ass:arrival-mar| (Conditionally independent outcome arrival) Under P,
the full-data probability law, the outcome-arrival indicator R and realized outcome Y are condi-
tionally independent given baseline X, treatment assignment A, and realized surrogate S:

RUY|(X,AS).
For later aggregation, we index treatment—baseline—surrogate cells explicitly.

Definition 5. [synth_6] (Cell alphabet and membership) The cell alphabet J4, for a nonneg-
ative integer d, 1s
Ji={0,1} x{z €Z:0<z<d} x{0,1}.

For a full-data record with baseline category X, binary assignment A, and realized surrogate S,
membership in a cell j = (a,x,s) € Jy is defined by

A=a N X=z AN S=s.



The next definition records each cell’s population mass and its conditional arrival probability.

Definition 6. [synth_16] (Cell probabilities pa.s(P) and paqs(P)) The full-membership prob-
ability of a cell is

Pazs(P) = P(A=a,X =2,5=5s), (a,z,s) € Ty ={0,1} x {0,...,d =1} x {0,1},
where P is a full-data law. On every occupied cell, meaning pa.s(P) > 0, define its conditional
outcome-arrival probability by

PA=a, X =2,S=5R=1)

amsP =PR=1 A:CL,X:J},S:S =
Pazs(P) ( | ) —

The supplied arrival floor is imposed only on occupied cells.

Assumption 7. [ass:occupied-cell-arrival]| (Occupied-cell arrival floor) For each cell
((I,{L‘,S) €Ja= {0’1} x {077d_ 1} X {071}a

let paxs(P), the full-membership cell probability, and pe.s(P), the conditional outcome-arrival
probability on an occupied cell, be defined as in Definition 6. The occupied-cell arrival condition
18

Pazs(P) >0 = pazs(P) > q.

The preceding randomization, consistency, and arrival restrictions define the full positive-
arrival model.

Definition 7. [def:unrestricted-arrival-model-class| (Arrival-floor model /\/lj;dq) The

class ./\/l;rdq consists of full-data laws P, for integers n,d > 1 and an arrival floor 0 < q < 1,
satisfying the following conditions:

e (Randomized independence.) Assumption 2.

e (Balanced randomization.) Assumption 3.

(Surrogate consistency.) Assumption 4.

(Outcome consistency.) Assumption 5.

(Arrival MAR.) Assumption 6.
e (Occupied-cell arrival.) Assumption 7.

The arrival floor ranges over the entire interval 0 < q < 1. Independent, identically distributed
sampling is imposed separately on the experiment through Assumption 1.

Outcome arrival missing at random given treatment, baseline, and surrogate equates the
outcome distribution among arrivals with the full-cell outcome distribution whenever arrivals
have positive probability [Rubin, 1976, Robins et al., 1994, Kallus and Mao, 2025]. The surrogate
therefore serves as an observed conditioning variable for ascertainment: its realized value can
capture variation in arrival associated with the assigned treatment and the outcome. Positive
ascertainment within occupied cells is imposed next.



Definition 8. [def:ate-functional| (Average treatment effect 7(P)) The average treatment
effect is

7(P) = Ep[Y (1) = Y(0)],
where Y (1) and Y (0) are the potential outcomes under treatment and control.

The occupied-cell arrival floor is specific to this analysis. It guarantees an outcome-arrival
probability of at least the supplied value ¢ in every cell represented in the population, while
permitting both cell membership probabilities and arrival probabilities to vary across cells. This
condition supplies positive arrived-cell mass wherever the population cell contribution can be
nonzero. A prospective analysis must justify this lower bound; the stated tuning and guarantees
apply when it is valid.

Together, the randomization, consistency, and arrival restrictions define the arrival-floor
model Mqu in Definition 7.

Definition 9. [synth_19] (Treatment sign function) Define the treatment sign function g :
{07 1} - {_17 1} by
g(a) :==2a—1, a € {0,1}.

Thus g(0) = —1 and g(1) = 1.

This family covers the full range of positive arrival floors, including complete outcome arrival
at ¢ = 1. Sampling determines the product experiment induced by each member of the family.
3.3 Identification and squared-error risk

The causal target is the population average treatment effect 7(P) in Definition 8.

Definition 10. [def:cell-functional] (Signed cell functional ®(P)) The total signed
observed-cell functional is

o(P):=2 Y g(a)cas(P),

(a’7$75)6*7d

where Jg is the treatment-baseline—surrogate cell-index set and g(a) is the treatment sign func-
tion. On this index set, with x € {0,...,d — 1}, the full-membership cell probability pa.s(P) is
defined in Definition 6.

For a cell with positive arrived-cell probability,
PA=a,X=2,S=s,R=1)>0,
define its arrived-cell outcome mean and weighted contribution by
pazs(P) == EplY |A=a,X =2,5=5s,R=1], Cazs(P) := Dags(P)tazs(P).
When the arrived-cell probability is zero, including whenever pq.s(P) = 0, set
fazs(P) =0,  cazs(P) := 0.

Thus ® is defined on every full-data law.

10



Binary potential outcomes place this target in [—1,1]. Its observed-data representation
combines full-membership probabilities with outcome means among arrivals. The total signed
cell functional ®(P), defined in Definition 10, uses an arrived-cell outcome mean fiqq5(P) and
a membership-weighted contribution cg.s(P), with explicit conventions for cells having zero
arrived mass.

Definition 11. [synth_5] (Observed sample and its canonical law) The random observed sample
is Op = (01, ...,0y), where O; = (X5, A;, Si, Ri, R;Y;). For nonnegative integers n,d and a full-
data probability law P with d baseline categories, its canonical law is

Lp(0,) := (Lp(X, A, S, R, RY))™".

Here Lp(X,A,S,R,RY) is the distribution under P of the observed record (X, A, S, R,RY),
whose last four coordinates are binary and whose final coordinate is the product of arrival and
outcome. Thus Lp(Oy,) is the law of n independent observed records with this common distri-
bution.

To distinguish the two roles in subsequent formulas, we write O,, = (Oq,...,0,,) for the
random observed-record tuple and £p(0O),) for its product law. The canonical-law display above
specifies the latter distribution.

For every law in Definition 7, Lemma 3 establishes 7(P) = ®(P); its proof appears in the
appendix. The representation assigns zero contribution to null cells and uses observable arrived-
cell means on occupied cells. Full cell membership remains observed even when the outcome
is missing, so the representation separates population cell weights from within-cell outcome
ascertainment. Balanced assignment supplies the factor of two in the signed contrast.

We evaluate estimation over the entire arrival-floor model through the minimax squared-error
risk E)fi;r dg in Definition 12. Its decision class 7, contains all parameter-independent bounded
statistical decision rules, including a possibly randomized estimator T.

Definition 12. [def:unrestricted-minimax-risk| (Unrestricted minimax squared-error risk)

The minimax squared-error risk %:dq, forn,d € N and q € R, is defined by

Rt = inf  sup / / (h— 7(P))2 T (0, dh) Lp(Oy)(do).
T pent, Y -0

Here M;’:d,q is the full-data model class in Definition 7, and 7(P) is the population average
treatment effect in Definition 8. The class T, consists of all parameter-independent Markov
kernels from the observed sample space to [—1,1], including deterministic estimators as Dirac
kernels.

The random observed-record tuple O,, and its product law under the sampling in Assumption 1
are

0, =(01,...,0,),  Lp(0,) = (Lp(0:)*",

where each O; is an observed record induced by P. The risk integrates over both the observed
sample and the kernel draw.

By Lemma 1, the defining infimum equals the infimum over deterministic estimators taking
values in [—1,1]. At g = 1, the same decision class T,, defines the minimazx risk over M;d’l,
whose laws satisfy R =1 almost surely.

11



The inner integral averages over the procedure’s conditional output distribution given the
sample, and the outer integral averages over sampling. Parameter independence means that
the procedure is common to all laws in the specified model. Under squared loss, replacing a
randomized output by its conditional mean given the sample weakly reduces risk for each law,
as stated in Lemma 1. This comparison makes the all-procedure criterion equivalent to its
deterministic counterpart.

3.4 The rare-arrival experiment and comparison rate

A second model family restricts the arrival floor relative to the effective sample-size scale. Its
defining condition uses the logarithmic scale ¢, which equals log(e + N) on the statistical pa-
rameter domain fixed above.

Definition 13. [synth_7] (Total real logarithmic scale) The logarithmic scale ¢, for n € N and
q € R, is defined by

/= log|exp(1) +ngq|, exp(l)+mng#0,
0, exp(l) + ng =0,

where log on positive arguments is the natural logarithm.
The rare-arrival regime is selected by the following restriction on ¢ and this logarithmic scale.

Assumption 8. [ass:rare-arrival-slice| (Rare-arrival restriction) The arrival floor q and

logarithmic scale £ satisfy
1

2 < —.
T =64
The rare-arrival restriction is specific to this analysis and selects parameter triples for which
the arrival floor is small relative to the squared logarithmic scale. It restricts the guaranteed floor;
individual occupied cells may have larger arrival probabilities. The rare-arrival model M,, 4, in
Definition 14 combines this parameter restriction with the preceding statistical conditions.

Definition 14. [def :model-class| (Rare-arrival model M,, q,) M, a4 is the class of full-data
probability laws P satisfying the following conditions:

e (Parameters.) n,d>1 and 0 < g <1.

(Sampling.) Assumption 1 holds.

(Randomization.) Assumptions 2 and 3 hold.

(Consistency.) Assumptions 4 and 5 hold.

(Arrival.) Assumptions 6 and 7 hold.
e (Rare-arrival restriction.) Assumption 8 holds.

At parameter triples satisfying Assumption 8, this model uses the same full-data restrictions
as Definition 7, together with the stated sampling condition. The observed experiment &, 44 in
Definition 15 is explicitly indexed by this rare-arrival model.
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Definition 15. [def:observed-experiment| (Observed sample experiment) The observed ex-
periment £, 44, for n,d € N and q € R, is the family

Endg = {LP(0n) : P € Mpag},

where M, q 4 s the model class defined in Definition 14. Here Oy, the random observed-record
tuple, and its law are specified by

On = (Oi)?:l) Ol = (XZ’AHS’HR’L?RZYZ)a L:P(On) - (LP(X, A, S, R, RY))(X)TL

Thus the records are independent and identically distributed with the observed marginal law
induced by P. Each record retains the baseline category X € {0,...,d—1}, assignment A, realized
surrogate S, arrival indicator R, and arrival-multiplied outcome RY ; the last four coordinates
are binary. The record space carries the discrete sigma-algebra.

The decision problem retains every sampled cell membership, including those whose outcomes
have yet to arrive. Its minimax squared-error risk R, 44, defined in Definition 16, uses the same
decision class and joint sample-and-procedure expectation as the unrestricted criterion.

Definition 16. [def :minimax-risk| (Minimax squared-error risk) The minimaz squared-error
risk Ry dq, for n,d € N and g € R, is

Rouy = inf  sup / / (h— 7(P))2 (0, dh) Lp(O)(do).
T€Tn PEMyaq ) J[-1,1]

Here M,, 44 is the full-data model class of Definition 14, and 7(P) is the population average

treatment effect of Definition 8. The observed sample Oy = (O;)I'_, denotes the random tuple

of observed records. Its law, under Assumption 1, is

Lp(0,) =) Lp(0;).
=1

The decision class T, consists of all parameter-independent Markov kernels from the observed-
sample space to [—1,1], including deterministic estimators represented by Dirac kernels.

The notation Ep[(T — 7(P))?] denotes the displayed joint sample-and-kernel risk. By
Lemma 1, the minimaz value also equals the infimum of the maximal squared-error risk over
deterministic estimators taking values in [—1,1].

The two risk definitions distinguish the parameter domains over which the subsequent com-
parisons are stated. For the rare-arrival analysis, the comparison-rate expression 7y, 4, in Defi-
nition 17 combines the effective sample-size scale with the number of baseline categories.

Definition 17. [def:frontier-rate] (Frontier rate 1, 44) The frontier rate is

T :=min< 1 i-i— —d i
b "ng  |nglog(e+nq)| [’

In terms of the setup notation, the expression is min{1, N=! + [d/(N/)]?}. Its first term
records the reciprocal effective sample-size scale, while its second term expresses the joint de-
pendence on alphabet size and outcome ascertainment. The truncation at one matches the
uniform squared-error bound of the estimator that always reports zero for a target in [—1, 1].
The estimation results that follow compare the defined risks with these scales under their stated
ascertainment regimes.
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4 Point estimation across ascertainment regimes

The squared-error comparisons depend jointly on outcome ascertainment and the number of
baseline categories. For every arrival floor 0 < ¢ < 1, the unrestricted minimax risk 9‘{;5 dg of
Definition 12 admits an upper envelope combining the mixed-count rate in Definition 17 with a
dimension-free observed-outcome bound. The latter separates a sampling contribution of order
n~! from the squared ascertainment deficit (1 — ¢)2. We first specify the estimators supporting
this envelope, then give matched comparisons for large alphabets, rare arrival, and a fixed arrival
floor 0 < ¢ < 1/2.

4.1 An all-arrival envelope and its estimators

The clipped observed-outcome arm contrast 7.'1 uses balanced assignment to form a signed
average of arrived outcomes. Its projection II[_; ;) keeps the estimate in the range of the pop-
ulation treatment effect. The following definition also fixes the clipping convention used by the
mixed-count estimator.

Definition 18. [def:complete-arrival-ht-estimator] (Clipped observed-outcome arm con-
trast) The clipped observed-outcome arm contrast is the map

9 n
?TEIT(O") = H[—Ll]{n Z(2A7’ — 1)]—{Rz = 1, RZY; = 1}} s n > 1.
=1

Here n,d are nonnegative integers, and Oy, the observed sample, consists of records O; =
(Xi, Ay, Si, Ry, RY;), with X; € {0,...,d — 1} and all four remaining coordinates binary; the
baseline support is empty when d = 0. The notation R;Y; denotes the stored arrived-outcome

coordinate; the indicator equals one exactly when both this coordinate and the arrival coordinate
R; equal one. Projection and clipping coincide:

1 1)(w) = clipj_y qj(u) = max{—1, min{1, u}}, u € R.
For n =0, the map is defined to equal zero.

The mixed-count construction combines cell membership information with cell-specific
arrived-outcome statistics. It uses the effective sample size N = nq and the logarithmic scale
¢ = log(e + N) in Definition 13. Its polynomial degree k grows with this logarithmic scale,
according to the following total tuning rule.

Definition 19. [synth_8] (Polynomial degree tuning) The degree k, for n € N and q € R, is

defined by
max < 0 71 | n| e+ng+#0
k ) 61 ) q )

0, e+ng=0.

On the polynomial branch, the first-kind Chebyshev polynomial T}, determines the needle
polynomial Qx(t). Here t denotes an arrived-count intensity, and the threshold B sets the scale
of the construction. The next two definitions specify the polynomial and its coefficient sequence
a,, where v indexes the degree.
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Definition 20. [synth_18] (Chebyshev needle polynomial) Put N = ng, { = log(e + N),
k = |¢/64], and B = 256(. Let T}, be the first-kind Chebyshev polynomial, characterized by
Ti(cosu) = cos(ku). On the branch £ > 128 and d > /N, where k > 2, define

1—Ty(1—2t/B)

Qx(t) == 2k2t/B ’
1, t=0.

Here t > 0 is an arrived-count intensity, and the value at zero is the continuous polynomial
extension of the displayed quotient. On every other branch, set Q(t) :== 1 for every t > 0.

Definition 21. [synth_13] (Polynomial coefficient rule) The coefficients a,, for n,d,v € N and
q € R, are defined by

v =

11 - Qu(t), 128 < ¢ and VN < d,
0, otherwise.
Here [t'] denotes the coefficient of t¥, N = nq is the effective sample size, € is the logarithmic

scale, and Qy, is the Chebyshev needle polynomial. On the indicated branch, this polynomial is
the needle radius divided by 2k?, multiplied by the polynomial quotient of

2t
1-Tp(1l—- —————
k( needle mdz’us)

upon division by t, with the remainder discarded. The degree k and needle radius are the con-
struction’s values at (n,q), and Ty, is the first-kind Chebyshev polynomial.

The estimator assigns observations to membership, pilot, and estimation streams. The pilot
arrived count C]’~ selects the cell statistic, while the estimation arrived count C; and arrived-one
count U; supply its outcome information. Their definitions retain the observed cell memberships
and distinguish the two uses of arrived outcomes.

Definition 22. [synth_17] (Arrived-outcome counts C? and Cj) The pilot and estimation
arrived-outcome counts are

C']/- = Z 1{4;,=a, X; =2z, Si=s, Rj =1}, C; = Z 1{A;,=a, X;=2z, S;=s, Ri=1}, j=(a,z,:
iEIpil 1€ est
Here O,,, the random observed sample, consists of the records

O; = (Xi, Ai, Si, Ri, R)Y), O, = (0i)i=q, Lp(0y) = (£P(01))®n-

Given a prefix length Ko < n and an assignment of its indices to membership, pilot, and estima-
tion streams, I,y and Les; denote the sets of prefix indices assigned to the pilot and estimation
streams, respectively. The cell alphabet and observed-sample law are defined in Definitions 5
and 11; the prefiz and stream assignments are those used in Algorithm 1.

Definition 23. [synth_10] (Estimation arrived-one count) The estimation arrived-one count
U; is defined for any k,d € N, collection of k observed records, assignment of each record to a
stream in {0,1,2}, and cell j = (a,x,s) € {0,1} x {0,...,d — 1} x {0,1} by

Uj = #{O <1<k :iis assigned to stream 2, A; =a, X; =z, S;=s, Ri=1, (RY); =1 }
Here O; = (X5, Ai, Si, Ri, (RY);) denotes the ith observed record, with baseline coordinate X; €
{0,...,d — 1} and binary coordinates A;, S;, R;, (RY );.
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The selected cell statistic G; uses a polynomial expression when the pilot count is small and
an empirical arrived-outcome mean on the remaining cells. The associated factorial statistic
Hj records the polynomial expression separately, and the elementary ratio D; specifies the
empirical-mean branch, including its value when the arrived count is zero.

Definition 24. [synth_15] (Selected polynomial cell statistic) The selected cell statistic Gj,
for natural-number parameters n,d, a real parameter q, a finite collection of observed records
with baseline coordinate in {0,...,d—1} and binary assignment, surrogate, arrival, and arrived-

outcome coordinates, an assignment of each record to one of three streams, and a cell j €
{0,1} x{0,...,d — 1} x {0,1}, is defined by

max{k—1,0} v—2
> aU;[[max{C; —1-t0}, 128<¢, VN<d, Cj<B/4,
G = v=1 t=0
/ U;/Cj, C; > 0 and the preceding branch condition fails,
0, C; = 0 and the preceding branch condition fails.

Here N = nq is the effective sample size, £ is the construction’s logarithmic scale, B = 256/ is
its threshold, k is its polynomial degree, and a, are its polynomial coefficients. The quantities
C]’-, Cj, and U; are, respectively, the pilot-stream arrived count, the estimation-stream arrived
count, and the estimation-stream arrived count with outcome equal to one in cell j. An empty
sum equals zero and an empty product equals one.

Definition 25. [synth_14| (Factorial cell statistic) The cell statistic H;, for a finite collection
of observed records, assignments to streams 0,1,2, a cell j € {0,1} x {0,...,d — 1} x {0, 1},
n,d €N, and g € R, is

max{k—1,0} v—1
I Z a,Uj H max{C; —r,0}, ¢>128 and VN <d,
J v=1 r=1
0, otherwise.

Here N = nq is the effective sample size, £ is the logarithmic scale, and the degree parameter is
k = max{|¢/64],0}.
The estimation-stream arrival count C; and arrived-one count U; are

C; = Z 1{record i is assigned to stream 2, (A;, X;,S;) = j, R; = 1}, U; = Z 1{record i is assigned to str

(2 K3

The coefficients associated with the Chebyshev polynomial Qi are

10 - Qrt), €>128 and VN < d,
o, otherwise,

where [t’] denotes the coefficient of tU. Empty sums equal zero and empty products equal one.
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Definition 26. [synth_12] (Elementary cell ratio statistic) The elementary cell statistic D;,
for any finite collection of observed records, any assignment of those records to three streams
indexed by 0,1,2, and any cell j € {0,1} x {0,...,d —1} x {0,1}, is

Uj/Cj7 Cj >0,
0, C; =0.

Here the records have baseline coordinate X € {0,...,d—1} and binary coordinates A, S, R, RY ,
and the counts are

C; = #{records assigned to stream 2 : (A, X,S) =j, R =1},
U; = #{records assigned to stream 2: (A, X,S)=j, R=1, RY =1}.
Cell weights use the membership count M, which includes observations with either arrival

status. The weight W; divides this count by the stream intensity m. The following definitions
therefore separate estimation of cell mass from estimation of its outcome mean.

Definition 27. [synth_9] (Membership stream cell count) The membership count M;, for
any nonnegative integers k,d, a collection of k observed records O; with baseline coordinates
in {0,...,d — 1} and binary assignment, surrogate, arrival, and recorded-outcome coordinates,

an assignment of each record to one of the streams 0,1,2, and a cell j = (a,z,s) € {0,1} x
{0,...,d—1} x{0,1}, is

M; = #{z’ :0<i<k, iis assigned to stream 0, A; =a, X;=x, S; = s}.

Definition 28. [synth_11] (Cell membership weight) The cell-weight statistic W; is defined
for nonnegative integers k,d,n, a collection of k observed records O; with baseline coordinate
X; € {0,...,d — 1} and binary coordinates A;,S;, R;, RY;, an assignment of each record to a
stream labelled 0,1, 2, and a cell

je{0,1} x{0,...,d—1} x {0,1}.

Using the membership count and stream intensity

M; =#{ie{0,...,k—1}: O; is assigned to stream 0, (A;, X;,S;) = j}, m= %,
define
M.
w; = —.
m

The count M; is interpreted as a real number in this quotient, and division by zero is assigned
the value zero, so W; = 0 when n = 0. The index sets {0,...,k — 1} and {0,...,d — 1} are
empty when their respective sizes are zero.

These ingredients define the mixed-count estimator ?ﬁéxq. A Poisson prefix length K and in-
dependent stream assignments produce an auxiliary estimate; averaging over this randomization

yields a deterministic function of the observed sample.

Algorithm 1 (Mixed-count estimator ?ﬁl"q)

Given the observed sample O,,, parameters n, d, g, effective sample size N = ng, logarithmic
scale ¢, and the declared cell-statistic and polynomial formulas, define the estimator by the
following steps.
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. Draw an auxiliary prefix length independently of the data:
Ky ~ Poisson(n/2).

When Ky < n, independently assign each of the first K observations to the membership,
pilot, or estimation stream, each with probability 1/3. Denote the prefix and stream-
assignment randomization by w.

. On the event Ky > n, set
T(Op;w) = 0.

When Ky < n, form the declared statistics Mj, Cj’-, C;,U;,W;,D;. If N <1, set
T(Op;w) = 0.

. When Ko < n, N > 1, and either £ < 128 or d < v/N, set

7(On;w) =clip_; 32 > g(a)W;D;

j=(a,z,s)
On this branch, the Chebyshev quotient and its coefficients are left unevaluated.

. When Koy < n, N > 1, £ > 128, and d > /N, form the declared total quantities
Qr,ay, Hj,G; and set

F(Opsw) =clip_y ¢ 2 Y, g(@W;G,

j=(a,x,s)
. Output the conditional average

7 (On) i= Ey[F(Opn;w) | On).
This average is a finite sum over prefix lengths Ko < n and their stream assignments,
together with the zero contribution from the Poisson tail. It defines a total, determinis-
tic, sample-measurable estimator whose squared-error risk is no larger than that of the
auxiliary randomized output.

The resulting deterministic risk envelope i, 4, is specified branch by branch in the next

result. Its certificate uses the effective stream size Ny, equal to mgq. Together with the observed-
outcome contrast, it provides two upper bounds applicable throughout the unrestricted arrival
domain.

Theorem 1. [thm:unrestricted-near-complete-arrival-envelope| (Near-complete arrival
risk envelope) There exists a universal constant C > 0 with the following properties. For every
n,d>1and 0 < q <1, let ryq4 be the rate in Definition 17, let £ be the logarithmic scale in
Definition 13, let k be the polynomial degree specified in Definition 19, and let B be the threshold
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specified in Definition 20. Define the effective sample size N, stream intensity m, effective stream
size Ny, and prefix-tail constant v by

n

1
5’ No =mg, Yo = log2 — ~.

N = =
ng, m 9

Define the deterministic squared-error envelope 4, 44 as follows. When N <1, set
Upaq =1

When N > 1 and the estimator in Algorithm 1 uses its elementary branch, set

, 8d \? 4 1 Y
L(n’dyq—mln{él, <€N0> —|—4<N0+ )+4e VO}.

When N > 1 and that estimator uses its polynomial branch, define the certificate quantities

4dB ~16¢
bn,d,q=2(Nk2+3 ,

4 1 B2 B 1
o de = 4 (3/8 1) 932 (1
Vn.d.g 8<N0+ >+6de + N2+ NG + 32e + ,

U d,g = min {4, bid’q + Vpdq + 46_””\“)} )

For every full-data law P € Mndq’ the unrestricted-arrival model class in Definition 7,
suppose that O, the observed sample, satisfies Assumption 1 under the canonical product law
of n observed records induced by P. The mized-count estimator of Algorithm 1 satisfies

and set

Ep [{’\mlx 0,) — T(P)}Q} < Undg < Crndgs

where T(P) is the average treatment effect in Definition 8. It also satisfies

Ep[ {70, (00) — 7(P)}] < Ep|Eu[{F(Oww) - r(P)}]]

where T(Op;w) is the auziliary randomized output in Algorithm 1, and the inner expectation uses
its specified auziliary randomization, including the zero output when the Poisson prefix length
exceeds n.

For everyn,d > 1 and 0 < g < 1, the minimaz squared-error risk 9%+ dg Over the parameter-
independent bounded estimator kernels in Definition 12 obeys the combmed envelope

1 — 4
" . 2
56m < %n,d,q < min {1, Crndgs n +(1-4q) } .

The clipped observed-outcome contrast T'* of Definition 18 satisfies

4
sup Ep[{7T(0,) ~ 7(P)Y] < L+ (1-0)”
pemMt "

where each expectation is taken under the canonical product law of n observed records induced
by P.
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The universal comparison constant C is independent of sample size, alphabet size, and arrival
floor. The two upper bounds express different ways to control squared error: the mixed-count
bound accounts for category complexity through r, 4., whereas the observed-outcome bound
accounts for missing outcomes through the ascertainment deficit. As g approaches one, the latter
supplies a dimension-free guarantee. Conditional averaging in Algorithm 1 preserves the mixed-
count guarantee while eliminating the auxiliary randomization from the reported estimate.

4.2 Large alphabets and the uniform near-complete criterion

For alphabets at least quadratic in sample size, the sampling and ascertainment-deficit terms
also give a matching lower bound. The next result establishes their joint order with universal
constants throughout the stated large-alphabet region.

Theorem 2. [thm:unrestricted-large-alphabet-deficit-lower| (Unrestricted risk with
large alphabets) Let n,d be nonnegative integers and q a real number satisfying:

e (Sample size.) n > 1.
o (Alphabet size.) d > 1024n?.
e (Arrival floor.) 0 < ¢ <1.

Then %: dg’ the unrestricted minimaz squared-error risk defined in Definition 12, satisfies

1 (1-q)? 4 5
= BTt <2 (g2
e { 256" 1004 J = Tmaa S 5 (1—0)

These bounds also give the envelope 53 {4+ (1 —¢)*} < %:dq <4{i+4+(1-9¢)?}.

The comparison identifies two sources of difficulty on the same scale: ordinary sampling
variation and the remaining ascertainment deficit. When (1 — ¢)? exceeds n™!, it determines
the risk order in this region; when it is at most of order n~!, sampling variation determines
that order. Thus the dimension-free observed-outcome guarantee in Theorem 1 is sharp up to
universal constants for d > 1024n2.

A guarantee uniform over every alphabet size must cover this large-alphabet region. Com-
bining its lower bound with the all-arrival upper envelope yields an exact sequence-level criterion
for parametric squared-error risk.

Proposition 1. [prop:unrestricted-uniform-near-complete-elbow| (Uniform near-
complete arrival elbow) Let (¢n)n>0 satisfy 0 < g, < 1 for every n, and let ERZ,(M be the
unrestricted-arrival minimax squared-error risk defined in Definition 12. For every integer
n>1,

nR

mdg, <A+ n(l— an)? for every integer d > 1.
Moreover, for every real number

< 1
2048

there exists an integer d > 1 such that

b {1—|—n(1—qn)2},

+
b < n%n’d,qn.

The following two conditions are equivalent:
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o (Arrival rate.) There exists a real constant M > 0 such that, for all sufficiently large
integers n,

1 <M
Qn_\/ﬁ-

e (Uniform risk bound.) There exists a real constant D such that, for all sufficiently
large integers n and every integer d > 1,

Jr
i)&tn,d,qn <

D
n

For every pair of integers n,d > 1,

1
—— <R\, .
256n — "~ Mdan

If the sequence (\/ﬁ(l — qn))n>0 is unbounded above, then for every real constant C, there are
infinitely many integers n such that

+
¢< nmn, 1024n2,qn "

The quantifier over all d is central to this criterion. A deficit of order n='/2 is necessary and

sufficient for an eventual n~! upper bound holding simultaneously over every alphabet size. The
explicit sequence d,, = 1024n? witnesses the converse when the rescaled deficit is unbounded. For
any fixed deficit multiplier, the sufficient window also gives the following numerical comparison
along arbitrary alphabet-size sequences.

Proposition 2. [prop:unrestricted-near-complete-phase-boundary| (Near-complete ar-

rival phase boundary) Let 9‘{:{ dg be the unrestricted minimazx squared-error risk defined in

Definition 12. Fix a real constant M and sequences (dy)n>0 and (qn)n>0 satisfying:

(Constant.) M > 0.

(Alphabet size.) d, is a natural number with d, > 1 for every n.

(Arrival floor.) g, € (0,1] for every n.

(Arrival deficit.) For all sufficiently large n,

M
1_Qn§7‘

B

Then, for all sufficiently large n,

2
1 < +d < 44+ M '
256n ™tn,qn n

At complete ascertainment, the deficit is zero. The following endpoint specialization records
the observed-outcome contrast as a direct witness to the dimension-free parametric benchmark.
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Theorem 3. [thm:unrestricted-complete-arrival-frontier| (Complete-arrival minimax
risk frontier) For every sample size n > 1 and alphabet size d > 1, let /\/l:;CL1 be the complete-
arrival model class of Definition 7, and let O,, consist of n independent, identically distributed
observed records induced by the full-data law P. Let m;}dyl be the minimax squared-error risk
of Definition 12, and let TOT be the clipped observed-outcome arm contrast of Definition 18.
Writing 7(P) for the population average treatment effect, we have

1
— <mTF
256m — = Ml

~ 2 4

< sw o Bp|{AT(0,) - r(P)}’] < -

PeMt n

Consequently, at the complete-arrival endpoint ¢ = 1, the minimax squared-error risk has order
n~! with universal constants, uniformly over d > 1.

Complete arrival makes the observed-outcome arm contrast sufficient to attain the minimax
order for every alphabet size. The sampling lower bound remains of the same order, so the
endpoint comparison is uniform even when the alphabet grows arbitrarily quickly. Its sequence
formulation follows directly.

Proposition 3. [prop:unrestricted-complete-arrival-phase-boundary] (Complete-arrival
point-risk boundary) There exist real constants 0 < ¢ < C' such that, for every sequence of al-
phabet sizes d,, > 1, the unrestricted minimax squared-error risk 9‘{: 41 defined in Definition 12
at complete arrival ¢ = 1 satisfies, for all sufficiently large n, o

c C
+
ﬁ S 9‘{n:dnyl S g

The comparison constants are independent of the chosen alphabet-size sequence.

4.3 Rare arrival and effective sample size

Under Assumption 8, the rate in Definition 17 gives a matched comparison for the rare-arrival
risk of Definition 16. This comparison retains the full observed experiment, including member-
ships whose outcomes have yet to arrive, and applies to the entire decision class in that risk
definition.

Theorem 4. [thm:matched-minimax-frontier| (Matched minimax frontier) There exist uni-
versal constants 0 < ¢ < C' < oo such that, for every n,d € N and ¢ € R satisfying

e (Sample size and dimension.) n>1 and d > 1.
o (Arrival parameter.) 0 < g <1.
e (Rare-arrival restriction.) Assumption 8 holds.

the minimaz squared-error risk R, 4,4 defined in Definition 16 and the frontier rate vy, 44 defined
in Definition 17 satisfy
CTndg < Rndg < Crndg

The universal lower constant ¢ makes the two components of the rate jointly informative
about minimax difficulty. The reciprocal effective sample size captures the sampling scale, while
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the squared category term captures the cost of estimating the treatment contrast across many

Cmind L (4
Tn,d,g = Min N N7 .

At fixed alphabet size, the category term becomes asymptotically negligible as N grows. The
next result also establishes this effective-sample-size order within the submodel having a constant
surrogate in both treatment arms.

cells:

Proposition 4. [prop:fixed-d-effective-sample-reduction| (Fixed-alphabet effective
sample reduction) Fiz an integer d > 1. Let n(t) and q(t) be sequences indexed by t € N
satisfying:

o (Sample size and arrival.) For every t, n(t) € N, n(t) > 1, and 0 < q(t) < 1.
o (Rare-arrival slice.) For every t, the pair (n(t),q(t)) satisfies Assumption 8.
e (Effective sample size.) The effective sample size
N(t) = n(t)a(t)
satisfies N(t) — oo as t — o0.
Then the frontier rate and minimax squared-error risk of Definitions 16 and 17 satisfy
Tawrdan) < NOT Rywagn < NG (t— o0).

The minimaz squared-error risk with the same estimator class and loss as in Definition 16, taken
over the restricted full-data laws

{P e Mywaqw : P(5(00) =0, S(1)=0) =1},

is also of order N(t)~! as t — co. Each order comparison means eventual upper and lower
bounds by positive constant multiples of N(t)~!.

Allowing the alphabet to grow separates consistency from effective-sample-size precision.
The category term vanishes when d is small relative to Nlog(e + N), and it remains at most
of order N=! when d is at most of order v/ N log(e + N). The matched comparison turns these
rate calculations into exact equivalences for the minimax risk.

Proposition 5. [prop:phase-boundaries]| (Rare-arrival minimax phase boundaries) Let
(nt)teny and (di)ien be sequences of natural numbers, and let (qi)ien be a sequence of real
numbers. Define the effective sample size by

Ny = nuqy.
Suppose that:
e (Positive sizes.) ny > 1 and d; > 1 for every t € N.
e (Arrival probabilities.) 0 < ¢ < 1 for every t € N.

e (Rare-arrival slice.) (n,q) satisfies Assumption 8 for every t € N.
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o (Effective sample growth.) N; — 0o ast — oo.

Then the minimax squared-error risk Ry, 4, 4, of Definition 16 satisfies both equivalences:

Rnidige — 0 = dy =o(Nylog(e + Ny)),

R, dige = @(Nt_l) = di= O(\/]thog(e + Nt)) ,
where all limits and asymptotic comparisons are taken as t — oo.

These thresholds quantify how many baseline categories can be accommodated at a given
outcome-maturity floor. They apply along sequences satisfying the rare-arrival restriction and
growing effective sample size. In particular, they distinguish the broader category-growth range
permitting consistency from the smaller range preserving squared-error risk of order Ntfl.

4.4 A fixed strict-interior arrival floor

A separate matched comparison applies to the unrestricted model when the arrival floor is fixed
at 0 < g < 1/2. TIts lower comparison uses the discrete observational lower bound of Zeng
et al. [2026, Theorem 2, Section 3.2, p. 9, and its proof in Section C.5, pp. 39-44], including
the restriction setting the control regression to zero. The resulting comparison holds for every
n,d > 1, with constants depending on the fixed arrival floor.

Theorem 5. [thm:unrestricted-fixed-q-minimax-frontier| (Unrestricted fixed-arrival-
floor minimax frontier)! Fiz an arrival floor ¢ with 0 < q < 1/2. There exist real constants
0 < c(q) < C(q) < oo, depending only on q, such that for every pair of integers n,d > 1, the
unrestricted minimazx squared-error risk 9{:’ dg defined in Definition 12 satisfies

) mm{l’ 2t <1g(d+)>} < Tniaq < C10) mm{l’:ﬁ <1g<d+>>}

With the same constants, the frontier rate 1, q 4 defined in Definition 17 satisfies

c(q) rn,aq < %1—1’:(1,[] < C(q) T'n,d,q-

For a fixed arrival floor, effective sample size is proportional to sample size, so the comparison
can be written using n and log(e +n). The lower constant c(q) and upper constant C(g) may
depend on that floor. This is a second logarithmic matched regime: Theorem 4 gives universal
constants under the rare-arrival restriction, while the present result gives a comparison over the
unrestricted model at each fixed g € (0,1/2).

The fixed-floor comparison yields corresponding sequence-level thresholds. The next state-
ment records both the exact consistency condition and the necessary and sufficient category-
growth order for parametric squared-error risk.

!Formalization scope. This result uses the cited conclusion [Zeng et al., 2026] (Theorem 2, Section 3.2, p.
9, together with its proof in Section C.5, pp. 39-44, which sets the control regression to zero). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.
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Proposition 6. [prop:unrestricted-fixed-q-phase-boundaries| (Unrestricted fixed-
arrival-floor phase boundaries)? Fiz 0 < ¢ < 1/2, where q is the arrival floor, and let ER:; dg be
the unrestricted-arrival minimaz squared-error risk defined in Definition 12. For every sequence
of integers d,, > 1,

9({-1-

mdpq — 0 & dn=o(nlog(e+n)), n— 0o.

There exists a real constant ¢ > 0 such that, for every real M > 0, there exists a real constant
C > c with the following property: for every sequence of integers d, > 1, if

d, < M+/nlog(e +n) for all sufficiently large n,

then

ESSRJF <O

rdg S — for all sufficiently large n.
n san,q n

Here ¢ may depend on the fized q, and C may depend on q and M ; the thresholds for sufficiently
large n may depend on the sequence.

Conversely, for every sequence of integers dn > 1, if there exist real constants 0 < c, < Ci
such that

c C
i < m:’qu < ;* for all sufficiently large n,

then
dp = O(v/n log(e +n)) , n — 0o.

The fixed-floor thresholds express consistency on the nlog(e 4+ n) category scale and para-
metric precision on the y/nlog(e + n) scale. For a prescribed category-growth multiplier, the
eventual upper constant may depend on that multiplier and on ¢. This dependence differs from
the universal constants in the rare-arrival comparison and from the explicit deficit-dependent
constant in the near-complete window.

The following table collects the comparisons while keeping the universal upper envelope,
the matched large-alphabet region, and the two logarithmic matched regimes separate. Here
N =ng, ¢ =log(e+ N), and 7, 44 is the rate in Definition 17.

5 A constructive estimator

The risk comparisons admit an explicit statistical construction. The mixed-count estimator
in Algorithm 1 combines information about cell membership with information about arrived
outcomes, assigning these two tasks to separate parts of each cell contribution. Its elementary
branch uses empirical cell means; its polynomial branch modifies the contribution of cells with
few arrivals. We collect the ingredients by their statistical role before describing the resulting
estimate and its risk guarantee.

2Formalization scope. This result uses the cited conclusion [Zeng et al., 2026] (Theorem 2, Section 3.2, p.
9, together with its proof in Section C.5, pp. 39-44, which sets the control regression to zero). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.
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Table 1: Squared-error comparisons across ascertainment regimes

Domain Risk comparison Constants Supporting results
1
nd>1, 0<qg<1 256m B < E)ﬁi:;d)q < Universal Theorem 1
min{1, Cry, 4.4,4/n + (1 — ¢)*}
d>1024n%, 0<q<1 RS, =n'4+(1-¢)? Universal Theorem 2
1 . 44+ M iy .
1—¢, < M/yneven- —— <K', < ——— uni- Explicit depen- Propositions 1 and 2
tually, all d > 1 256n O " d M
ually, a = form n~! order iff 1 — qn = ence on
0] (nfl /2)
g=1,d>1 9%: a1 = n~1, uniformly in d Universal Theorem 3
and Proposition 3
Rare-arrival restriction R, 4,4 = min{l, N~!' + Universal Theorem 4
[d/(NO)*} and Proposition 5
Fixed 0 < ¢ < 1/2 SR:d . = min{l,n~' + Depend on fixed ¢ Theorem 5
[d/{nlog(e +n)}]?} and Proposition 6

5.1 Mechanism of the mixed-count correction

The canonical formulas are collected once in Algorithm 1 and its immediate ingredients Defini-
tions 13 and 19 to 28. Their statistical roles are simple. Membership-labelled records estimate
the population cell weights, while pilot and estimation labels separate branch selection from
estimation of each arrived-cell mean. An ordinary ratio assigns zero to a cell with no arrived
outcome. Across many rare cells, those zero-count events create the category-dependent bias
that appears in the elementary certificate.

On the large-alphabet branch, the polynomial extension of {1 — Qx(t)}/t supplies the recip-
rocal correction implicit in a cell mean. Marked factorial counts estimate its monomials without
discarding the association between an outcome and its cell: for cell intensity ¢; and arrived-cell
mean p;, the factorial statistic satisfies F(H;) = puj{1 — Qx(t;)}. Thus @} controls the residual
bias, and the bound on ¢;|Q(t;)| controls its membership-weighted aggregate. With degree k
proportional to log(e + N), this changes the aggregate bias scale from the elementary scarce-
cell scale to d/{Nlog(e + N)}, while a pilot count sends well-observed cells back to the stable
empirical ratio. Independent membership, pilot, and estimation streams justify the comparison
calculation; the capped-prefix transfer and conditional averaging turn that comparison into the
deterministic fixed-sample estimator.

The construction is explicit on every parameter triple. Its polynomial branch activates at
log(e+nq) > 128, equivalently ng > e¢2® —e. Exact evaluation averages 3% assignments at each
retained prefix length kg; the limitations section discusses this computational scale separately
from the attainment guarantee.

5.2 Risk control and the deterministic envelope

The construction supplies a squared-error guarantee throughout the unrestricted arrival class
in Definition 7. Its deterministic envelope i, 4, depends on the sample size, alphabet size, and
arrival floor. The following result gives the envelope explicitly, compares it with the rate in
Definition 17, and records the risk improvement from conditional averaging.
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Theorem 6. [thm:unrestricted-mixed-count-upper| (Unrestricted mixed-count risk bound)
There exists a universal constant 0 < C' < oo such that, for every sample size n, alphabet size
d, arrival floor q, and full-data law P satisfying

e (Domain.) n,d>1and 0 < q<1.

e (Model.) P € Mz’dﬂ, the model class defined in Definition 7.

e (Sampling.) The observed sample O,, has the canonical product law induced by P, with
its coordinate observations satisfying Assumption 1.

the deterministic estimator ?f;}cil’fq of Algorithm 1 satisfies

Ep [(?mix (On) — T(P))ﬂ < thag < Crndg,

n,d,q

where T(P) is the average treatment effect defined in Definition 8, ry, 44 is the rate defined in
Definition 17, and U, 44 is the deterministic risk envelope specified below.

Set

1
n No=mq = Yo = log2 — —.

6’ 6’ 2
Use the logarithmic scale £ defined in Definition 13, the polynomial degree k defined in Defini-
tion 19, and the threshold B defined in Definition 20. Define the certificate quantities

4dB —16¢
bn,d,q =2 (]Vok‘Q + 3e s

4 1 B? B 1
g =8 — + = 64d(f/8 1) 24 P ) 43232 (142 ).
Un,d,q <N0+m>+ e’” + N§+mNg + 32e —i—m

For N <1, set i, g, = 1. For N > 1 on the elementary branch of Algorithm 1, set

. 8d \? 4 1 -
un,d,q = min {47 (e]\].o> +4 <]V0 + m) + 4e TWO} .

For N > 1 on its polynomial branch, set

N =ngq, m =

.44 = min {4, bid’q + Vpdq + 46_””\“)} .
Moreover, the estimator’s conditional average over the auziliary randomization satisfies
~mix 2 ~ 2
Ep|(75,(00) = 7(P))*] < Ep| B[ (7(Owsw) - 7(P)*| 04] |,

where w is the auxiliary prefiz and stream-assignment randomization from Algorithm 1, and
T(Op;w) is its output, including the zero output when the Poisson prefix length exceeds n.

The bound separates effective-sample-size error from category complexity through

Cmind L (4
Tn,d,g = Mmin N N7 ,

as defined in Definition 17. The polynomial certificate reflects the mechanism of the construction:
its leading squared contribution involves dB/(Nok?), which scales as d/(N¥) on the polynomial
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branch. Membership weights and arrived-outcome statistics thus enter a common aggregate
guarantee even when many cells have few arrived observations. The final inequality in Theo-
rem 6 also shows why the conditional average is the reported estimator: averaging the bounded
auxiliary outputs preserves their risk guarantee and can reduce squared-error risk.

The detailed cellwise moment bounds and their aggregation are collected in Theorem 9. For
the subsequent interval construction, the essential feature is that i, 4, is a known, deterministic
upper bound on squared-error risk, uniform over the stated model class. It supplies the radius
Vi a4/, where o € (0, 1) is the miscoverage level, used by the clipped interval in Definition 30.

6 Honest intervals under rare outcome arrival

The deterministic squared-error envelope in Theorem 6 also supports uncertainty quantification
for the average treatment effect. The relevant criterion combines uniform coverage over the
rare-arrival model with maximal expected interval length. Fix a miscoverage level a € (0,1), so
that the required coverage is 1 — «. To include procedures with auxiliary randomization, both
coverage and expected length are evaluated under the joint distribution of the observed sample
and the reported endpoints. The following definition specifies this decision problem.

Definition 29. [def:interval-length-risk| (Minimax expected interval length) The mini-
max mazximal expected interval length, £, 44, s defined for n,d € N and q,oc € R as follows.
Let M,, 4.4 be the model class in Definition 14, let O, be the observed sample with law Lp(Oy,)
from Definition 15, and let T(P) be the average treatment effect in Definition 8.

The class Cp qqa consists of parameter-independent Markov kernels | from the observed-
sample space to endpoint pairs (I,u) satisfying —1 <1 < u < 1, with uniform joint sample-and-
randomization coverage: for every P € My 44,

// 1{l < 7(P) <u}l(o,d(l,u)) Lp(Oy)(do) > 1 — a.

The realized connected interval is [l,u], with length u — . Define

Crdoai= inf  sup / / (u — 1) (0, d(I, u)) Lo(On)(do),

1€Cn.d.q.0 PEM,, 44

where the infimum and supremum are real-valued, with the convention that an infimum or
supremum over an empty set equals zero. In particular, £, qq0 = 0 when Cp 440 is empty.
Both coverage and expected length integrate over the sample and the kernel draw. Deterministic
connected-interval procedures are included through Dirac kernels.

Uniform honesty requires the coverage inequality separately for every law in Definition 14.
For a randomized endpoint procedure |, this requirement averages over its auxiliary draw as well
as sampling variation. The same averaging governs length. Thus the admissible class Cy, g4
treats deterministic and randomized procedures within one criterion, and the minimax length
£5,d,q,0 measures the smallest attainable worst-case expected width at the specified coverage.

A concrete honest interval uses the mixed-count estimator ﬁf}gfq from Algorithm 1 and its
deterministic risk envelope i, 4 , in Theorem 6. Both are calibrated to the supplied arrival floor
q. The envelope determines a radius before observing the sample; intersecting the resulting
interval with the target range gives the following construction. Its coverage guarantee therefore

requires the supplied floor to be no larger than every occupied-cell arrival probability.
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Definition 30. [def:risk-envelope-interval]| (Risk-envelope interval I™X)  The risk-

envelope interval is
- - [ d - U d
mix ,__ | 2mix n,a,q ~mix ,a,q
o [Tn,d,q N » Tnd,g T n[=11],
a Q
~mix

where T g S the mized-count estimator and i, 4, is its explicit deterministic squared-error
"
envelope.

The interval ™ is deterministic conditional on the observed sample and therefore enters
Definition 29 through a Dirac endpoint rule. Its radius converts uniform squared-error control
into coverage at least 1 —a. The next result compares its maximal expected length with the best
uniformly honest connected interval, using the comparison rate r,, 4, defined in Definition 17.

Theorem 7. [thm:connected-interval-frontier] (Connected interval length frontier) For
every miscoverage level o € (0, 1), there exist constants 0 < ¢, < Cy < 00 such that the following
holds for every n,d € N and q € R satisfying:

e (Sample size and dimension.) n>1 andd > 1.
e (Arrival floor.) 0 < ¢ <1.
e (Rare-arrival slice.) The restriction in Assumption 8 holds.

Let 1y, q.4 be the frontier rate in Definition 17, let £y, 4.4 be the minimax expected interval length
in Definition 29, and let I™ be the interval in Definition 30. Over the model class My dq in
Definition 14,

Co/Trdg < Lndga < PesMup Ep [length(lgﬁx)] < Cor/Trdg-
n,d,q

Here expectations and probabilities are taken under the law of the independent observed sample
induced by P, and interval length is defined by

length([l,u]) = u — 1.
Moreover, for every P € M,, 44, the average treatment effect 7(P) from Definition 8 satisfies

I;r{T(P) eIt >1—a.

The upper bound reflects the square-root conversion from squared-error risk to an interval
radius: the deterministic envelope controls coverage, while clipping bounds the realized length by
the width of the untruncated interval. The converse connects statistical indistinguishability with
the geometry of a connected interval. Coverage transfers between competing laws in the joint
sample-and-endpoint distribution, and a realized interval that meets several separated target
neighborhoods must span their separation. Working with this joint distribution retains the
auxiliary endpoint draw throughout both the coverage comparison and the length calculation.
The parameter-independent decision-rule comparison in Lemma 2 supplies the corresponding
control when an endpoint procedure is appended to the observed experiment.

For each fixed coverage level 1 — a € (0,1), Theorem 7 establishes expected-length order
V/Tnd,g» With constants that may depend on «, uniformly over the sample sizes, dimensions,
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and arrival floors satisfying its conditions. Alongside the squared-error order in Theorem 4, this
gives an uncertainty-quantification interpretation of the same comparison rate: its square root
is the attainable and necessary order of maximal expected width for uniformly honest connected
intervals. In particular, along sequences satisfying Assumption 8, the optimal expected length
tends to zero exactly when the rate in Definition 17 tends to zero.

7 An observational extension through synthetic assignment

The discrete observational experiment connects adjustment for many covariate categories to
the randomized experiment with missing outcomes. Its target is a baseline-weighted regres-
sion contrast under a fixed strict positivity margin. An independent synthetic assignment con-
verts observational records into randomized records whose outcomes arrive when the synthetic
and observational treatments agree. This construction preserves the contrast and transfers the
mixed-count estimator to observational data.

We begin by specifying the observational law and its occupied-category positivity condition.

Definition 31. [def :zeng-discrete-ate-class]| (Observational law class Dg ) The class Dy,
for 0 < e < 1/2, consists of one-record laws Py of the baseline category, observational treatment,
and outcome

(X,B°®.Y) e {1,...,d} x {0,1}?

with baseline probabilities
Pz = Pz(X = l‘)

and, on each occupied category p, > 0, conditional treatment probabilities and outcome means
Tp =Pz(B™ =1|X =1), e =Ep,[Y|X=a,B=0),
satisfying
e<m, <1—e¢, 0<pup <1 (be{0,1}).
The conditional quantities , and pp, are specified on occupied categories.

For a law Pz in the class Dy ¢, both values of the observational treatment B°bs have positive
conditional probability in every occupied category. The margin bounds these probabilities away
from zero while allowing arbitrary baseline probabilities, including null categories. Consequently,
both conditional outcome means are defined wherever the baseline distribution assigns positive
mass.

The estimand aggregates the within-category regression contrasts using that baseline distri-
bution.

Definition 32. [def:zeng-ate-functional] (Observed-law contrast 67) The total observed-
law functional 07 is defined, for every Pz € Dg., by

QZ(PZ) = Z px(ﬂlx - :U’Ox)-

T:pg >0

Null baseline categories contribute zero.
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The contrast 67(Pz) is a functional of the observational law. Under outcome consistency,
Y = Y(B°), and conditional exchangeability,

{Y(0),Y(1)} 1L B*™| X,

positivity identifies each occupied-category regression mean with the corresponding conditional
potential-outcome mean. The contrast then equals the population average treatment effect
E[Y (1) = Y(0)], giving the usual causal interpretation of covariate adjustment [Rosenbaum and
Rubin, 1983].

Let Z,, denote the sample of n independent observational records. The decision problem
allows estimation procedures to use independent auxiliary randomness as well as the sample.

Z

2 1c) The minimaz

Definition 33. [def:zeng-minimax-risk| (Observational minimax risk R
squared-error risk for the observational contrast is

:=inf sup FEp, [(§(zn) — 07(Pz))?],

n,d,e
0 Pz€Dy.

where Z,, denotes the independent, identically distributed sample of n observational records with
law Pyz. The infimum ranges over all possibly randomized estimators measurable with respect
to Z,, and auziliary randomness independent of Pz; the expectation integrates both sources of
randommness.

The observational minimax risk mg de therefore measures the smallest worst-case squared
error over the full decision class in Definition 33. To connect this problem to the randomized
construction, we present together the transformation in Lemma 5 and the estimation procedure
in Theorem 8.

Synthetic assignment and observational estimation. For an observational record
(z,b,y), draw a fair coin U, independently of the record, and define

o(xz,b,y;u) := (a; —1,u,0,1{b =u},1{b= u}y), u € {0,1}.

The five coordinates are the randomized baseline, assignment, surrogate, arrival indicator, and
arrived outcome. For a sample realization Z,, = ((zi,b;,v;))i,, use independent fair coins
Uy, ..., U, and set

0i(ui) = o, bi, yis wi).
The transformation uses the observed record and a known coin distribution, so its rule is inde-
pendent of the unknown observational law.

The induced randomized full-data law P in Lemma 5 can be specified through a latent
representation. Draw the baseline with probabilities p,. Conditional on an occupied category =z,
draw B°PS with success probability 7, and draw independent binary potential outcomes with
means jio, and ji1,, independently of B°PS. Draw an independent fair assignment A, retain X —1
as the randomized baseline, and set

S(0)=8(1)=0, Y =Y(A), R=1{B=A4}.

This representation reproduces the synthetic observed-record distribution. Its arm-specific ar-
rival probabilities are

Pi(R=1|X-1=2-1,A=1,8=0)=m,, Pi(R=1|X-1=2-1,A=0,8=0)=1-m,,
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and its target satisfies
T(Pz) = 0z(Pyz).

Both arrival probabilities are at least €. Independence of the latent observational treatment and
potential outcomes conditional on the baseline supplies the missing-at-random condition in this
constructed law. The causal interpretation of the original observational contrast continues to
rest on consistency and conditional exchangeability.

Apply the mixed-count estimator /T\,T(ijfe from Algorithm 1 to the synthetic sample. Averaging

over all fair-coin assignments defines the deterministic observational estimator 92 e
»

~ 1 .
)i ~mix
szdi(zn) = o E Tode (01(u1), ..., 0n(un)).
(u1,.e5un ) €{0,1}7

This finite average defines the procedure for every observational sample. Conditional averaging
weakly reduces squared-error risk relative to retaining the auxiliary coin draws.

The resulting risk bound is uniform over sample size and alphabet size. At each fixed strict
positivity margin, it also yields a matching all-estimator comparison.

Theorem 8. [thm:zeng-fixed-positivity-polynomial-frontier]| (Fixed positivity polyno-
mial frontier)® There exists a universal constant C' > 0 such that the following holds for every
pair of integers n,d > 1 and every strict positivity margin 0 < € < 1/2. Let Dge be the
observational class in Definition 31, and let Z, = ((X;, B, Y;))", be an independent sam-
ple from Py € Dg.. Write the observational baseline categories as 1,...,d. For a realization
Z,, = ((xi,bi,yi)),, define the synthetic records, with baseline coordinates indexed from zero,
by
o@(ul) = (SL‘@ —1,u4,0, 1{52 = ui}, 1{[)1 = uz}yz), U; € {0, 1},

and define the deterministic estimator

~ 1 .
I§ ~
Opeie(Zn) = o T (01 (ur), -+, o (un)),
(u1,...,un)€{0,1}7
~mix

where Thde 15 the mized-count estimator in Algorithm 1. Then

. 2 _
sup Ep, [(effye(zn) — 92(P2)> ] < Crpde,
Pze'D,Le

where 07(Pyz) is the observational contrast in Definition 32 and ry, g is the rate in Definition 17.
Moreover, for each fixred 0 < € < 1/2, there exist constants 0 < ¢, < Ce < 00 such that, for
every pair of integers n,d > 1, the minimax risk in Definition 33 satisfies

. 1 d 2 p , 1 d 2
ceming 1, — + | ——— <R 4e <Ceminql,—+ | —F—— .
n | nlog(e+n) - n | nlog(e+n)

3Formalization scope. This result uses the cited conclusion [Zeng et al., 2026] (Theorem 2, Section 3.2, p.
9, together with its proof in Section C.5, pp. 39-44, which sets the control regression to zero). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.
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The statistical mechanism is the conversion of observational treatment imbalance into selec-
tive outcome arrival under independent assignment. Positivity supplies a common arrival floor,
and the target-preserving transformation makes the randomized MAR risk certificate applicable.
Averaging over the synthetic assignments then removes their auxiliary variation. For fixed e,
the two terms in the comparison describe sampling error and the cost of adjusting for many
categories; the truncation captures the bounded scale of the contrast.

Under consistency and conditional exchangeability, Theorem 8 therefore characterizes mini-
max squared-error risk for the observational average treatment effect. As n tends to infinity at
a fixed strict positivity margin, uniform mean-square consistency is attainable exactly when

d = o{nlog(e+n)}.

The constants in the two-sided comparison may depend on that margin, while the constructive
bound retains the dependence on € through the rate in Definition 17.

The observational lower-bound input comes from Zeng et al. [2026, Theorem 2, Section 3.2,
p. 9, together with its proof in Section C.5, pp. 39-44]. Their argument sets the control regression
to zero on occupied categories and supplies the lower order

()
—+
n nlogn

for fixed strict positivity, sufficiently large n, and 1 < d < c¢gnlogn, where ¢y > 0 is a constant
from that result. The comparison in Theorem 8 extends the risk characterization to every pair
n,d > 1, with a total estimator and the bounded-risk truncation.

Finally, the same construction fixes the direction of the experiment comparison supporting
the fixed-arrival analysis. At the fixed arrival floor ¢ = € € (0,1/2), the induced laws belong to
the randomized class in Definition 7. Any estimator for their randomized observed samples can
be applied to observational records by appending independent synthetic assignments, with the
same target and risk. The observational sample is therefore at least as informative as its synthetic
image. Taking worst-case risk over the containing randomized class gives a risk at least as large
as the observational minimax risk, so the published observational lower bound transfers in this
direction to the fixed-arrival lower comparison in Theorem 5. The formal target-preserving map
is given in Lemma 5.

8 Discussion and extensions

The precision comparisons distinguish three features of the observed experiment: the availability
of primary outcomes, the number of covariate categories across which ascertainment must be
accommodated, and the remaining ascertainment deficit. Their relative importance changes
with the arrival regime. The resulting interpretation is a comparison of attainable precision
over the stated model classes, with each regime retaining its own conditions and quantifiers.

8.1 Informative outcomes and adjustment complexity

The effective sample size N = ng measures outcome availability at the guaranteed occupied-cell
arrival floor. Because individual cells may have arrival probabilities exceeding that floor, it is a
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conservative scale for outcome information. Under Assumption 8, the matched comparison in
Theorem 4 separates the sampling contribution N~! from the category contribution

{micrm)

with their sum truncated at a constant. Thus increasing outcome availability improves both
components, whereas increasing the alphabet size raises the cost of estimating the aggregate
contrast across sparsely observed cells. The comparison incorporates the memberships observed
for individuals whose primary outcomes have yet to arrive.

Along sequences satisfying the rare-arrival restriction and N — oo, Proposition 5 gives
two distinct measures of manageable adjustment complexity. Consistency corresponds to d =
o{Nlog(e + N)}, while squared-error risk of order N~! corresponds to d = O{v/N log(e + N)}.
These thresholds distinguish category growth compatible with learning the treatment effect from
category growth compatible with preserving the effective-sample-size precision benchmark. At
each fixed coverage level, Theorem 7 gives the corresponding interpretation for uniformly honest
connected intervals: optimal maximal expected length has the order of the square root of the
matched squared-error rate.

Near complete ascertainment, the deficit 1 — ¢ provides a complementary measure of diffi-
culty. The observed-outcome contrast attains the upper bound 4/n + (1 — ¢)? throughout the
unrestricted model in Theorem 1. For d > 1024n2, Theorem 2 establishes the matching order
n~! + (1 — ¢)%. At complete arrival, Theorem 3 gives squared-error order n~! uniformly over
every alphabet size. Together, these results explain how sufficiently complete ascertainment
supports precision governed by sampling variation even under arbitrary category growth.

The quantifiers distinguish a uniform guarantee from a guarantee along a specified dimension
sequence. In Proposition 1, a single risk constant and an eventual sample-size threshold apply
simultaneously to every d > 1. Such an n~! guarantee is equivalent to 1 — ¢, = O(n~/?).
A specified sequence can satisfy a different sufficient condition through its category growth:
at any fixed ¢ € (0,1/2), Proposition 6 characterizes n~! risk by d, = O{y/nlog(e + n)}.
The comparison constants may depend on the fixed floor and the category-growth multiplier.
The near-complete criterion therefore describes precision uniformly over arbitrary alphabets,
while the fixed-floor criterion describes precision along sequences with controlled adjustment
complexity.

8.2 Surrogates and prospective trial interpretations

The surrogate serves as an observed variable for conditioning outcome arrival. Under Assump-
tion 6, arrivals represent the outcome distribution within treatment—baseline—surrogate cells;
Assumption 7 supplies positive ascertainment in every occupied cell. Its realized value may
depend on assignment through Assumption 4. The target remains the population average
treatment effect on the primary outcome in Definition 8, with the cell aggregation specified
in Definition 10.

The constant-surrogate specialization provides a useful benchmark for this interpretation.
When both potential surrogates equal zero, the arrival condition reduces to conditioning on
treatment and baseline category. For fixed alphabet size, sequences in the rare-arrival slice with
diverging effective sample size retain minimax squared-error order N ~! within this specialization,
as established by Proposition 4. That benchmark isolates the precision scale associated with
outcome availability in a model where the surrogate supplies a single category.
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Clinical-trial applications can be interpreted prospectively through these conditions. At a
prespecified analysis horizon, a binary primary endpoint would supply the outcome, an available
short-term measurement would supply the binary surrogate, and recorded baseline categories
would determine the adjustment alphabet. Applying the comparisons would require indepen-
dent sampling, balanced randomized assignment, consistency, and the stated conditional arrival
and occupied-cell positivity conditions. The delayed binary endpoints considered by Marschner
and Becker [2001, Abstract] provide motivation for this interpretation. The use of short-term
outcomes and baseline covariates for interim decisions in Van Lancker et al. [2020, Abstract]
supplies related motivation. Here, these examples connect the statistical observation scheme
to prospective trial settings, while the precision conclusions retain the conditions of the cited
internal results.

Further questions concerning scope and research priorities are collected in Section 9.

9 Limitations and open questions

The risk comparisons leave several questions about joint changes in outcome arrival and alphabet
size. The unrestricted upper bound in Theorem 6 provides an envelope across arrival regimes,
while Theorems 4 and 5 give matching comparisons under their respective conditions. Matching
the unrestricted envelope throughout intermediate moving-arrival and alphabet regimes remains
open. This requires lower bounds that track simultaneous changes in the arrival floor and the
number of baseline categories.

A related question concerns the distinction between a uniform near-complete requirement
and a requirement for a particular alphabet sequence. Proposition 1 characterizes the uniform
comparison, and Theorem 2 supplies the large-alphabet obstruction. These results leave open
the precise near-complete requirement along individual smaller-alphabet sequences. A sequence-
specific characterization would determine how the necessary degree of ascertainment depends
on the growth of the alphabet.

For uncertainty quantification, Theorem 7 compares uniformly honest connected intervals
under the rare-arrival restriction in Assumption 8. Extending matching expected-length com-
parisons beyond that restriction is another open problem. Such an extension would require
interval lower bounds appropriate to the additional arrival regimes, together with procedures
attaining the corresponding lengths under uniform coverage.

The observational comparison in Theorem 8 concerns a fixed positivity margin strictly be-
tween zero and one half, as specified in Definition 31. The endpoint at which every occupied
category has treatment propensity one half calls for a separate risk characterization. Deter-
mining how this endpoint relates to the strict-interior comparisons would clarify the role of
treatment-propensity variation in the observational problem.

The conditional arrival assumption in Assumption 6 also defines an important boundary of
the model. Extending the analysis beyond missing at random requires specifying how arrival
may depend on the outcome after conditioning on the recorded covariates, assignment, and
surrogate. Alternative identifying restrictions or sensitivity parameters would then determine
the target and the precision comparison. The present risk results do not supply those extensions.

Statistical attainment and practical evaluation are separate questions. The procedure in
Algorithm 1 averages 3% stream assignments at each retained prefix length kg, and the observa-
tional procedure in Theorem 8 additionally averages over 2" synthetic assignments. Their risk
guarantees concern those exact procedures. Moreover, the polynomial branch begins only when
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log(e + ng) > 128, or ng > e'2® — e. These scales make the displayed formulas mathematical
attainment constructions rather than evidence of numerical usefulness at ordinary sample sizes.
Computational evaluation should seek more efficient representations and quantify additional er-
ror from approximations. Prospective clinical evaluation must also justify the supplied arrival
floor used for tuning and coverage, examine the choice of baseline categories and the conditional
arrival assumption, and compare with established trial analyses.

Kennedy [2019, abstract 300411] earlier announced average-causal-effect estimation with
arbitrarily high-dimensional discrete confounders, including a variation with sample-size-
dependent weakening of propensity-score positivity. The available abstract does not state
its precise model class, rate, loss, or attaining construction. It therefore supports priority
for studying that shrinking-positivity observational setting but cannot settle theorem-level
overlap with the fixed-margin observational result here. A comparison with a complete theorem
statement or manuscript remains open.

Appendices

A Identification and decision-theory preliminaries

This appendix collects the decision-theoretic comparisons, cell-identification identities, and
synthetic-assignment map used in the risk analysis. The generic experiment and testing
notation introduced below is local to this appendix.

A.1 Finite decision experiments

For the decision experiment in Lemma 1, let A denote a parameter set, Z a finite observation
space with measurable singletons, @) the observation law at parameter A, and ¥(\) € [—1, 1] the
scalar target. A randomized procedure is a parameter-independent Markov kernel x: conditional
on observation o, it draws an action from (o, -). Its squared risk averages the squared estimation
error over both the observation and the action. A deterministic procedure is represented by a
kernel concentrated at one action for each observation. For actions in [—1,1], the barycenter
is the conditional mean of the action. The following comparison establishes the risk effect
of replacing a randomized action by this mean, together with the corresponding clipping and
uniform-seed representations.

Lemma 1. [lem:randomized-kernel-barycenter| (Barycenters and uniform randomization)
Let A be an arbitrary parameter set, and suppose:

e (Sample space.) Z is a finite measurable space with measurable singletons.
e (Experiment.) For each A\ € A, Q) is a probability law on Z.
e (Target.) For each \ € A, the target satisfies 9(\) € [—1,1].

For a parameter-independent Markov kernel k from Z to R, supported on [—1,1] at every ob-
servation, define its barycenter by

be(0) = /R h (o0, dh).
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Then by (0) € [—1,1] for every o € Z, and, for every X € A,

/Z(() I(N))* Qa(do) < //h 9(\))? k(0, dh) Qx(do).

The minimax squared risk over these bounded kernels equals that over deterministic maps into
[—1,1]:

infsup/ / (h = 9(N)" K(o,dh) Qx(do) = _inf Sup/ (b(o) —19()\))2Q>\(d0),

K AeA b:Z—[-11] xeA
where the first infimum ranges over the bounded kernels just specified.

Define clipping by
clipi_y,1)(h) = max{—1, min{1, h}}.

For every parameter-independent Markov kernel k from Z to R, and every A € A, its image
under clipping satisfies

// clip;_y 1j(h) = O(N))? K(0, dh) Qx(do) // (h—9(\)? k(0, dh) Qx(do),

with both risks interpreted as nonnegative extended integrals. The extended minimaz squared
risk over all such real-valued Markov kernels, converted to a real value, equals the bounded-
kernel minimax squared risk above.

The uniform law on [0,1], defined by restricting Lebesque measure to this interval, is a
probability law. FEvery bounded kernel x admits a measurable map f : Z x [0,1] — [—1,1]
such that, for every o € Z, k(o,-) is the distribution of f(o,U), where U has this uniform law.
Conversely, every such measurable map induces a bounded Markov kernel with precisely these
conditional distributions. The same uniform seed law serves every parameter.

Proof of Lemma 1. 1. Fix a bounded kernel x and an observation o € Z. Its support condi-
tion gives

K(o,[-1,1]) =1, —1<h<1 fork(o,dh)-almost every h.

The coordinate function is therefore integrable. Integrating these bounds against the
probability measure x(o, -) yields

1= /R(—l)n(o,dh) < bu(o) < /Rm(o,dh) 1

Every map on the finite space Z is measurable because its singletons are measurable. Thus
b, is a measurable map into [—1, 1], determined by k.

2. Fix A € A. Bounded support gives square integrability of the coordinate and its translate
by ¥(\), and

[ = 900) (o, h) = (o) 903

The second-moment formula for the variance of the translated coordinate, together with
invariance of variance under subtraction of a constant, gives

/ (h = bx(0))” (0, dh) = / (h—9(\)? k(o, dh)
R R

_ ( /]R (h—9(N) (o, dh)>2 .
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Substituting the preceding mean identity and rearranging yields

/ (h—9(\)* k(0,dh) = (be(0) — 9(N))* + / (h = bx(0))” (0, dh).
R R

The last integral is nonnegative, so

(ba(0) —9(N)? < / (h —9(N)? K(o, dh).
R

Both sides are integrable as functions of o, since Z is finite and () is a probability measure.
Integrating gives

/Z(() 9(N)? Qa(do) < //h I(N)” K (0, dh) Qx(do).

. Define the estimator classes and their real-valued risks by

Kba :={k : Z ~ R : k is a parameter-independent Markov kernel and «(o,[—1,1]) = 1 for every o},
Baey :={b: 2 — [-1, 1]}

Rk, \) / / (h—9(N)? k(0,dh) Qa(do), (K, A) € Kia X A,

Raet (b, A) := /2( (o) —I(A )) QA (do), (b, A) € Baet x A.

All real suprema over an empty parameter set are taken to be zero.
For every bounded kernel, its support condition and the target bound imply

—2<h—-9(\) <2, 0< (h— 79(/\))2 <4 for k(o,dh)-almost every h.

Integrating first against x(o,-) and then against @ gives
0< /(h — 9\ k(o,dh) <4,  0< Rpal(s,\) <4
R

For every b € Byet, define its deterministic kernel by
k(05 +) = Op(o) o€ Z.
Measurability of b makes this a Markov kernel, and its interval-valued range gives
kp(o, [-1,1]) =1, Rid(kp; A) = Raet (b A).
In particular, both estimator classes are nonempty: take
brero : 2 — [—1,1], baero(0) := 0,

and its kernel xp,, . The risk identity also gives 0 < Rget(b, A) < 4. Consequently, all
worst-case risks lie in [0, 4], including when A is empty, and their infima are well defined.

The deterministic-kernel construction gives the first comparison:

inf sup Rpa(k,A) < inf sup Ryet(b, A).
KEKLd \eA bEBget Ac A
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Conversely, each k € Ky,q has the barycenter map b, € Bget, whose pointwise risk inequality
gives

Sup Ret (bi, A) < sup Rpa(k, A).
AEA AEA

For a nonempty parameter set this follows from monotonicity of bounded suprema; for an
empty parameter set both sides equal zero. Taking infima gives

inf sup Ryget(b, A) < inf sup Rpq(k, A).
bEBdet )\GR et( ) KE/de )\eli ( )

The two comparisons establish the asserted equality.

. Fix an arbitrary real-valued kernel x and A € A. First suppose h < 1. If —1 < h, clipping
fixes h, so the squared losses agree. If h < —1, clipping gives —1, and

(h—9(N)% = (~1=9(\)? = (=1 = h)(1 — h+20()))
0,

Y

because both factors are nonnegative. In the remaining case 1 < h, clipping gives 1, and

(h=9(N)* = (L= 9(N)" = (h = 1) (h + 1 - 20()))

> 0.

Thus, for every h € R,

. 2 2
(clip_y 1 (h) =9(N))" < (A= 9(N))".
Define the clipped kernel by the pushforward
k% 0,-) :== K(o,-) o clip[_}1 it o€ Z,

and define the extended risk for any real-valued Markov kernel by

Rext (K, A) := /Z/R(h - 79(>\))2/£(0, dh) Qx(do) € [0, o0],

where both integrals are nonnegative extended integrals. Clipping is measurable. The
pushforward integration formula and monotonicity of these integrals give

Rext (K9, \) = /Z /R (clipp_1.1y(h) — 9(N))? k(o, dh) Qx(do)
< Rext (K, A).-
This comparison includes infinite original risks.
. Define the full kernel class by
Kreal := {k : Z ~» R : k is a parameter-independent Markov kernel}.

For a bounded kernel, squared loss is nonnegative and integrable at every observation. Its
inner integral is integrable over the finite observation space. Applying the identification
of a nonnegative integrable function’s real and extended integrals at both levels gives

Rext (K, A) = Rpa(k, A)  in [0, 00], K € Kpq.

39



Inclusion of bounded kernels into the full class therefore gives

inf  sup Rext(k, A) < inf sup Rpq(k,A),
KEKreal \eA K€L A€A

with the right side here evaluated in [0, co].

For the reverse comparison, clipping takes values in [—1, 1], since
—1 <max{—1,min{1,h}} <1 (h € R).
A measurable pushforward preserves probability, and

Clip[_jl,l]([—l, 1]) = Rv ’%Cl(07 [_1? 1]) = K“(Oa R) =L

Thus % € Kpq for every & € Kyeal. The preceding risk comparison yields

inf sup Rpa(k,A) < inf sup Rext(k, ).
I{GIde AEA HE/Creal AEA

Hence the two extended minimax values agree.

For the conversion to a real value, use
rv : [0,00] — R, 1V [[0,00) = id, rv(oco) = 0.

The bounds 0 < Rpq < 4 place every bounded-kernel supremum, and their infimum, in
[0,4]. On this interval the real and extended orders agree, so conversion commutes with
these suprema and the infimum. For an empty parameter set both kinds of supremum
equal zero. It follows that

rv inf supRext(x,A) | = inf sup Rpa(k, A),
(Ke,creal /\EIX eXt( )> KEKb4 )\GIX bd( )

where the right side is now evaluated in R.

. Define the seed law, viewed as a measure on [0, 1], by

Vseed -— LebR|[071] .
Its total mass is
Vseed ([0, 1]) = Lebr([0,1]) =1 -0 =1,

so it is a probability law.

. Fix k € Kpq. The measurable randomization theorem for Markov kernels with a standard
Borel output space, applied to the real output space, supplies a jointly measurable map
satisfying

]?: Z [Oa 1} - R, '%(07 ) = Vseed © f(07 ')_1 (0 € Z)

Define the interval-valued realization by

[ Zx0,1] = [-1,1], f(o,v) := clip_y y (f(o,0)).
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It is jointly measurable by measurability of clipping. For h € [—1, 1], clipping fixes h; the
bounded support condition consequently gives

clipi_y,1)(h) = h  for k(o,dh)-almost every h, k(0,-) o clip[:l1 = k(0,-).
Composition of measurable pushforwards now yields

Vseed © f(O, ')_1 = (Vseed © f(O, ’)_1) © Clip[:lLl]

= k(o,:) 0 clip[f_lm} = k(o,-).
Thus f(0,U), for U ~ Vseed, has the required distribution at every observation.

8. Conversely, let f: Z x [0,1] — [—1, 1] be jointly measurable, and define

K£(0,) = Vseed © f(0,) 71, o€ Z.
Every section f(o, -) is measurable, so its pushforward is a probability measure. Finiteness
of Z and measurability of its singletons give the kernel measurability condition. Moreover,

f(O, ')_1([_17 1]) = [07 1]7 Kf(07 [_1’ 1]) = Vseed([o’ 1]) =1

Hence r is a bounded Markov kernel with exactly the displayed conditional distributions.
Both constructions use the same law vgeeq, independently of the parameter. For each A,
the auxiliary seed can be sampled independently of the observation under the product law

Q)\ & Vgeed -
]

The comparison holds at every parameter, so conditional averaging also preserves a uniform
squared-risk bound. It supplies the decision-theoretic justification for the auxiliary average
in Algorithm 1 and the synthetic-assignment average in Theorem 8. Clipping weakly reduces
squared loss for targets in the stated interval; on the real line, this clipping map coincides
with Fuclidean projection onto that interval. The uniform-seed representation places bounded
randomized procedures and procedures implemented with independent auxiliary randomization
in the same decision class.

For the testing comparison in Lemma 2, let (g, Q1 denote two laws on Z, and let H be
a measurable action space. The notation @); X k denotes the joint observation—action law,
whereas (Q;x denotes its action marginal. Total variation, written TV, is the supremum of
absolute probability differences over measurable events. For binary actions, a randomized test
has conditional probability ¢ (o) = k(o,{1}) of selecting alternative 1. The next comparison
applies both to events that retain the observation and to events determined by the action alone.

Lemma 2. [lem:randomized-kernel-tv-comparison| (Total variation under randomization)
Let Qo, Q1 be probability laws on a finite measurable space Z with measurable singletons, and
let k be a common Markov kernel from Z to a measurable action space H. For i € {0,1},
write QQ; X k for the joint law obtained by drawing an input from Q; and then an action from k
conditional on that input, and write Q;k for its action marginal. For two probability laws on the
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same measurable space, define their total variation distance as the supremum of their absolute
probability differences over measurable events. Then

TV(Qokr, Q1k) < TV(Qo X k,Q1 X k) = TV(Qo, Q1).
For every measurable event T C Z x H,
(Qo x £)(T) + (Q1 x K)(T°) =2 1 =TV(Qo, Q1)
and for every measurable event T C H,
(Qor)(T) + (Q1r)(T°) = 1 =TV(Qo, Q1).

Proof of Lemma 2. 1. We first establish the bounded-function estimate used for the kernel
probabilities. For any measurable function

v: Z2—10,1], Loy ={2€Z:t<¢(2)} (teR),
the level sets are measurable, and the definition of total variation gives

|Qo(Leyt) — Q1(Lyy)| < TV(Qo, Q1)

The layer-cake identity gives, for i € {0,1},

/ ‘P(z) Qi(dz) = / Qi(L%t) dt.
z (0,1]

All integrands are measurable and bounded. Subtracting these identities and integrating
the preceding event bound yields

/Zsono—/Zsonl

/ [Qo(Lypt) — Q1(Lys)] dt
(0,1]

< / ‘QO(L@,t) - Ql(Lso,t)’ dt
(0,1]

< TV(QO? Ql)

For any measurable event T, C H, define
Gact(2) == k(z, Tact) (2 € 2).
This function is measurable and takes values in [0, 1], and

(Qi“)(Tact) = /ZSDaCt sz (Z S {0, 1})

Applying the bounded-function estimate and taking the supremum over measurable action
events proves

TV(Qok, Q1r) < TV(Qo, Q1)
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2. For any measurable joint event Tigine € Z X H, define its sections and their kernel proba-
bilities by
Tjoint,z = {h ceH: (Z, h) € T:ioint}a SOjoint(z) = ’{(Zaj—joint,z) (Z S Z)
The sections are measurable, and @joins is measurable with values in [0, 1]. The joint-law
identity is
(@i %K) (Tint) = [ romedQs (i € (0.1}
Z
Thus the bounded-function estimate, followed by the supremum over joint events, gives

TV(Qo x £, Q1 x k) < TV(Qo, Q1)-
For the reverse inequality, every measurable input event T}, C Z satisfies
(Qi x £)(Tin x H) = Qi(Tin) (i € {0,1}),
because k(z,H) = 1. Consequently,
|Qo(Tin) — Q1(Tin)| = [(Qo X £)(Tin x H) — (Q1 X £)(Tin X H)
< TV(Qo X Kk, Q1 X k).

Taking the supremum over input events proves

TV(Qo X k,Q1 X k) = TV(Qo, Q1).

Combining this equality with the action-marginal bound gives
TV(Qok, Q1K) < TV(Qo X &, Q1 X k) = TV(Qo, Q1)

3. The joint laws are probability laws. Hence, for any measurable joint event Tjgint,
(Q1 %K) (Tioine) = 1 = (Q1 X £)(Tjoint),
and the event bound defining their total variation gives
(Qo % £)(Tjoint) + (Q1 X "5)(Tj%int)
=1+ (Qo X K)(Tjoint) — (Q1 X K)(Tjoint)
>1-=TV(Qo x k, Q1 X k) =1 —TV(Qo, Q1)

4. Likewise, the action marginals are probability laws, so every measurable action event Tyt
satisfies

(QR)(TS) = 1 — (QuA)(Tact):
Using their total-variation event bound and then the action-marginal contraction estab-
lished above,
(Qor)(Tact) + (@) (Ther) = 1+ (Qok) (Tact) — (Q1)(Tact)
>1—-TV(Qok, Q1K)
>1-TV(Qo, Q1).
O

Retaining the observation alongside the randomized action preserves total variation, while
taking the action marginal weakly reduces it. When the event represents selection of alternative
1, the displayed probability sum is the sum of the two testing errors. These comparisons allow the
lower-bound analysis in Theorem 12 and the interval analysis in Theorem 7 to cover parameter-
independent randomized procedures using the same observation-law comparison.
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A.2 Identification through observed cells

The cell functional in Definition 10 expresses the target through membership probabilities and
arrived-outcome means, with zero contributions assigned to null cells. Its connection to the
average treatment effect uses randomized independence, balanced assignment, consistency, con-
ditional missing at random, and positive arrival in occupied cells, as specified in Assumptions 2
to 7. The first identity applies to the unrestricted-arrival class.

Lemma 3. [lem:unrestricted-cell-identification] (Identification by cell contributions)
Letn,d e N, g € R, and let P € M+ satz’sfy Definition 7. The average treatment effect (P)
and the total observed-cell functwnal <I>( ), defined in Definitions 8 and 10, satisfy

T(P)=®(P)=2 > g(a)ces(P).
(a,z,8)ET,

Proof of Lemma 3. Fix P € ./\/l:dq. We use the conditions in Definition 7.

1. By Definition 3, the potential outcomes are binary. Linearity of integration for these
bounded variables therefore gives

#(P) = Ep[Y(1)] - Ep[Y (0)] = P(Y(1) = 1) — P(Y(0) = 1),
using Definition 8.
2. We establish, for every (a,x,s) € Jy, the identity
Cazs(P)=P(A=a,X =2,5=3sY =1).
First suppose pgzs(P) > 0. By Definition 6 and Assumption 7 and ¢ > 0,
P(A=a,X = 2,5 = 5, R = 1) = purs(P)pazs(P) > qpaas(P) > 0.

Conditional independence in Assumption 6, applied within this occupied cell, yields the
cross-multiplied identity
PA=a, X =2,S=5,R=1,Y = 1) pass(P)
=PA=a,X=2,S=s,R=1)P(A=a,X=2,5=5Y =1).

Since Y is binary and the arrived-cell probability is positive, Definition 10 gives
PA=a, X =2,S=5,R=1,Y =1)
P) = P
Cars(P) = puas D)y X =0 S = s R = 1)

PA=a, X =2,S=5,R=1,Y = 1) pass(P)

PA=a, X =2,S=5R=1)
=PA=a,X=2,5=sY=1).

In the remaining case, nonnegativity implies p,.s(P) = 0. Monotonicity of probability
gives

0<PA=a,X=2,5S=sY =1) < pus(P)=0,
0<PA=a,X=2x2,5=sR=1) < pgs(P)=0.

Thus both probabilities vanish, and the zero-arrival convention in Definition 10 gives
cazs(P) = 0, proving the identity also in this case.
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3. For each a € {0,1}, define the finite measure obtained by restricting P to the arm-a,
outcome-one event:

vout (L) ::P(' ﬁ{A:a,Yzl}).

a

The events {X = x,S = s}, with x € {0,...,d — 1} and s € {0, 1}, are disjoint and cover
the full-data record space. Finite additivity of this restricted measure therefore yields

d—1
Z Z PA=a,X=2,S=sY =1)

z=0 se{0,1}

d—1
=Y Y WX =x,5=s)=PA=aY =1).
z=0s€{0,1}

4. Expanding Definition 10 over the two treatment arms, using g(1) = 1 and ¢(0) = —1 from
Definition 9, and substituting the preceding identities gives

d—1
o(P) = QZ Z (Clms(P) - COms(P))

z=0s€{0,1}
=2(P(A=1Y=1)-P(A=0,Y =1)).

5. Fix a € {0,1}. Projecting the independence asserted in Assumption 2 onto the selected
potential outcome gives

A 1l Y(a), P(A=a,Y(a)=1)=PA=a)P(Y(a)=1).

By Assumption 3,

The assigned-arm outcome in Definition 3 satisfies Y = Y (a) on {A = a}. Consequently,

2P(A=a,Y =1)=2P(A=a,Y(a) =1)
=2P(A=a)P(Y(a)=1)=P(Y(a) =1).

Applying this identity first to a = 1 and then to a = 0 gives

9P(A=1Y =1)=PY(1)=1), 2P(A=0,Y =1)=P(Y(0)=1).

6. Subtracting the arm-zero identity from the arm-one identity and substituting into the
expressions for 7(P) and ®(P) proves

T(P)=®(P) =2 Z 9(a)cazs(P),

(G,I,S)ejd

where the final equality is Definition 10.
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The identity makes the observed-cell functional an exact population target throughout the
unrestricted-arrival class. The surrogate enters through the cells on which arrival is conditioned,
and the signed sum aggregates their contributions into the treatment contrast. This is the
identification relation used by the unrestricted risk bound in Theorem 6.

For the rare-arrival class, the same relation is recorded under the model conditions governing
its minimax analysis.

Lemma 4. [lem:cell-identification-background| (Identification by cell contributions) Let
n,d €N, g € R, and let P € M,, q, satisfy the model conditions in Definition 14. The average

treatment effect T(P) of Definition 8 equals the total signed observed-cell functional ®(P) of
Definition 10:

T(P)=®(P)=2 >  g(a)ces(P).

(a,z,8)€Tq

Here the cell contributions and their null-cell convention are as defined in Definition 10.

Proof of Lemma 4. 1. By Lemma 3, it suffices to establish

Pe Mt

n,d,q’

where MZ dg 18 the arrival-floor model of Definition 7. For such a law, the cited result
supplies
T(P)=3(P)=2 > gla)cars(P).

(a7x75)6~.7d

2. Since P € M,, 44, Definition 14 gives
n>1, d>1, 0<qg<1,

together with Assumptions 2 and 3, Assumptions 4 and 5, and Assumptions 6 and 7.
These are precisely the conditions defining the arrival-floor model. Thus

Pe Mt

n,d,q’

and the identity in the preceding step follows.
O

The rare-arrival restriction in Assumption 8 specifies the regime for the risk comparison,
while this identity fixes its estimand. In particular, the null-cell convention gives a total cell
functional across laws with different occupied categories. The mixed-count analysis underlying
Theorem 4 therefore targets the same average treatment effect throughout the rare-arrival model.

A.3 Synthetic assignment and experiment comparison

The observational class in Definition 31 supplies an experiment that can be mapped into the
unrestricted randomized model. The map assigns an independent fair binary arm to each ob-
servational record, records outcome arrival when that arm matches the observational treatment,
and sets the surrogate to zero. The following statement establishes a parameter-independent
observation map together with a full-data completion preserving the target.
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Lemma 5. [lem:synthetic-randomization-kernel| (Synthetic randomization kernel) Let
the inputs satisfy:

e (Sample size.) n,d € N and n > 1.
o (Arrival floor.) 0 < ¢ < 1/2.

e (Observational law.) P; € Dy, the discrete positivity class of Definition 31.

Index observational baseline categories by x € {1,...,d} and full-data baseline categories by their
corresponding zero-based indices x — 1 € {0,...,d — 1}. For an observational record (z,b,y),
define

o(z,b,y;u) = (x — 1,u,0,1{b = u},1{b = u}ly), u e {0,1}.

Applying this map independently to each input record with independent fair binary draws defines
a Markov kernel independent of Py.

There exists a full-data law Py € M;d’q, as defined in Definition 7, such that applying
this kernel to Z,,, an i.i.d. sample of n observational records from Py, yields exactly the n-fold
product of the observed-record law induced by P,. The resulting observed sample Oy, satisfies
Assumption 1 under Py, and

T(Pz) = 02(Pz),
with the functionals defined in Definitions 8 and 32.

Proof of Lemma 5. 1. Construct the full-data completion. For observational categories x €
{1,...,d} and b € {0, 1}, use the following total versions of the quantities in Definition 31:

PZ(X = vaObS = 1)/pz7 Pz >0,

= Pz(X =), My 1=
P P m 0 {0, pe =0,

and
Pz(X =2,B%% =0,V =1)

Moy = Pz(X = IL‘,BObS = b)
0, Pz(X =z, B = b) = 0.

, Pz(X =x2,B° =10)>0,

The two observational arm probabilities sum to p,. Positivity therefore gives, when p, > 0,
Py(X =2,B =1) > gp, >0, Py(X = z,B° = 0) > gp, > 0.

Thus these means agree with those in Definition 31 on occupied categories. Each ratio lies
in [0, 1], since its numerator is the probability of a subset of the event in its denominator.

Define the binary mass functions

mar 1—my, b=0, ou I — e, y=0,
pmark . B = (xe{l,...,d}, b,y € {0,1}).
T, b= 17 Moz, Yy = 17

Their masses are nonnegative and satisfy

1

1
D
y=0

b=0
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Let P, be the probability law on {0,...,d — 1} x {0,1}*, with coordinates
(X, B Y (0),Y(1), A), specified by

Plao(X = — 1, B™ = b, Y(0) =0, Y(1) = y1, A = a) = 57 B gt 871

for x € {1,...,d} and a,b,y0,y1 € {0,1}. The preceding normalization identities and
> . Pz = 1 show that this is a probability law.

On this probability space set
5(0) := S(1) := 0, S:=S(A), Y:=Y(A), R:=1{B"% =4},
and define the full-data law
Py = Lp,, (X, A,5(0),5(1),Y(0),Y(1),S,Y,R).
Here £ denotes the distribution of the displayed coordinates.

. Verify membership in the arrival-floor model. The product factor 1/2 in the construction

gives
AL (X,5(0),5(1),Y(0),Y(1)), PyA=1)= %

Together with S = S(A4) and Y = Y (A), these establish Assumptions 2 to 5.
For a,ray € {0,1} and x € {1,...,d}, define the arrival mass

mark r =1
arr e ax 9 arr — Y
AxTarr mark =0

l—a,x Tarr = U.

Fix also y € {0,1}. The event R = ra,, A = a fixes the latent mark to a when ry, = 1,
and to 1 — a when r,,;, = 0. Summing over the unselected potential outcome gives

P}(A:a,X:x—l,Szo,R:rarr,Y:y):& arr  gout (1)

9 arramary .

Indeed, the mass of the unselected potential outcome sums to one. Summing this identity
over the binary outcome and arrival coordinates yields

pa,ac—l,O(Pg) = %7
PE(A:G,X:$_17S:O7R:T‘ELIT) = % 221""&1"1"7
PiA=a,X=z-1,8=0Y =y) = 25

Consequently,

P;(A=a,X=2-1,S=0,R="ra,Y =) Daz—10(P%)
:PE(A:G/?X:x_175:07R:rarr)P§(A:a,X:x_l,SZO,Y:y).

For S = 1, every probability in this identity is zero, since S = 0 throughout the construc-
tion. This proves Assumption 6, including cells of zero mass.
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The same calculation gives
PyA=a,X=2-1,S=0,R=1) = pwﬁmark, Paa_11(P}) = 0.
Thus an occupied cell has S = 0 and p, > 0. By the observational positivity bounds,
poz-10(Pz) =1—ms > g,
P1a—1,0(P7) =7 > q.

This establishes Assumption 7. Finally, n > 1, membership of Pz in the observational
class supplies d > 1, and 0 < ¢ < 1/2 implies ¢ < 1. Hence

P; e /\/ln dg
by Definition 7.

. Record the sampling property of the canonical observed product law. Define the observed-
record alphabet and its one-record law by

Oq:=1{0,...,d—1} x {0,1}*, Vobs := Lps (X, A, S, R, RY).
Fori e {1,...,n}, let
r; : O — Oy, pr;(0) := o;.

For arbitrary subsets E; C Oy, the defining property of the product measure gives

obs (ﬂ pr; > = H Vobs(Ez
=1

The coordinate projections are measurable on these finite spaces. Taking all but one F; to
be the entire alphabet also gives the common marginal v,,s. Thus this product experiment
satisfies Assumption 1.

. Identify the kernel output law. First, the selected latent record has exactly the observa-
tional law:
Lp,, (X +1,B"YV(B")) = Py.

To verify this identity, sum over A and the unselected potential outcome. For each x €

{1,...,d} and b,y € {0, 1}, the resulting singleton mass is

Pl (X =2 — 1, B = b, Y (b) = y) = p. By B

When p, > 0,
pxﬁmark (X =z, Bobs — b)

For y = 1, multiplying by up, gives the corresponding observational singleton probability
by its defining ratio. For y = 0, subtracting that singleton probability from the arm
probability gives the same conclusion:

Pl By = Pz(X = 2, B =b,Y =y).
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When p, = 0, both sides vanish because the singleton event is contained in the null baseline
category. Equality of all singleton masses proves the selected-record identity.

Define the fair binary law and one-record kernel by
1 1 1 1
Veoin *= 550 + 5617 ﬁsyn((xu b, y)7 ) = iéo(m,b,y;(]) + iéo(az,b,y;l)-

This kernel is a measurable probability kernel on finite alphabets and depends solely on
the input record. Under the completion, the observed tuple satisfies the pointwise identity

(X,A,S,R,RY) = o(X + 1, B, Y(B"); A).

For a matching assignment, the selected outcome equals Y (A); for a mismatching as-
signment, both arrived-outcome coordinates are zero. Moreover, A is independent of the
selected latent record. The preceding distributional identity therefore gives

Vobs = PZ/{syn = /Ksyn(("pa bay)7 ) PZ(d(IL‘, bay))

For a deterministic input sample

z = ((‘Tiabivyi))?zl S ({17 s 7d} X {07 1}2)n

and u = (u;)"; € {0,1}", define

On(Z, u) = (O(xia bi, yi; ui))?:17 ﬁsyn,n(za ) = ® ’isyn((xia bs, yi)a ) .
=1

Independent fair draws give

/{syn,n(za ) = (On(Z, '))#Vc@i)?n?

where the subscript # denotes pushforward. Integrating over the input sample, regroup-
ing the product coordinates into record—coin pairs, and then applying the record map
coordinatewise gives

[ ot P = o) (75 )

= ® |:/ ”syn((xa b, y)7 ) PZ(d(fE’ b, y))
i=1
= Vﬁg.
The regrouping is justified by the product identity

n

(H PZ(dzi)> (H Vcoin(dui)) = H (Pz(dz;)Veoin (duy)) 5
i=1 i=1

=1

and coordinatewise pushforward preserves this product form. Thus the kernel produces
exactly the observed product law identified in the preceding step, and its output satisfies
Assumption 1.

50



5. Compute the target through cell contributions. Since P} belongs to the arrival-floor model,
Lemma 3 supplies
T(P) =®(Pz) =2 Y  gla)cars(Pp).
(a,z,8)ETq

Here the contributions and their zero convention are given by Definition 10, and Defini-
tion 9 gives g(0) = —1, g(1) = 1.

For p, > 0, the arrival mass in either arm is strictly positive:

Pi(A=a,X=2-1,S=0,R=1) = %%ark > q’% > 0.
The joint-mass identity in Equation (1) therefore yields
piﬁmarku
p
:U’aw—l,O(P}) = %:xinmkax = Hax, Ca,x—l,D(PE) = iﬂax-
7/811:17 2
When p, = 0, the arrived-cell probability is zero, so the defining convention gives the same
contribution identity. Every cell with S = 1 also has zero arrived-cell probability. Hence,

for every category and arm,

o D .
Caz—1,0(Py) = fuax, Caz-1,1(P7) = 0.

Substituting these identities into the signed cell sum gives

d
* b p
T(Py) = 22 (%Mu - ?wltom)
=1

= 2 pz(ﬂlw - NOw) = QZ(PZ)a
T:pe >0

where the last equality uses Definition 32; null categories contribute zero.
O

The map preserves both the product observation law and the target at the corresponding
full-data completion. Its parameter independence permits composition with any randomized
estimator in Definition 12. This fixes the direction of the experiment comparison used in The-
orem 5: observational minimax lower bounds transfer to the unrestricted randomized model at
the same arrival floor.

For construction, the same map supplies the synthetic records used by the observational pro-
cedure in Theorem 8. The target equality connects its squared loss to that of the randomized
estimator, and Lemma 1 supplies the risk comparison for averaging over the synthetic assign-
ments. Thus the observation map supports both the fixed-arrival lower-bound comparison and
the constructive observational extension.

B Risk certificates for the constructive estimator

The risk analysis separates estimation of cell membership probabilities from estimation of
arrived-cell outcome means. Independence holds in the uncapped Poisson comparison exper-
iment used for this analysis. The reported finite-sample estimator instead averages assignments
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of a capped prefix, and the prefix-transfer argument below connects its risk to that independent-
stream comparison. The polynomial branch controls the contribution of sparsely observed cells.
The resulting certificate bounds squared error for the observed-cell functional in Definition 10;
identification then connects that certificate to the causal upper bound in Theorem 6.

For the deterministic mixed-count estimator ?ﬁl’fq of Algorithm 1, write N = ng for the
effective sample size, m = n/6 for the intensity of each auxiliary stream, and Ny = mq = N/6
for the effective stream size. The logarithmic scale ¢, degree k, and threshold B are specified in
Definitions 13, 19 and 20. Define the prefix-tail constant by

1
Y0 = log2 — 3
On the polynomial branch, where N > 1, ¢ > 128, and d > /N, introduce the certificate
quantities
4dB —16¢
bn,d,q — 2 {N0k2 + 36
and )
4 1 B B 1
=8 —+ — | +64d(eB+1) [ = + —— ) +32e3% (1+ — ).
Undq (No—l—m) (e”°+1) N§+mN0 + 32¢ —i—m

Here by, 4,4 is the bias allowance and v, 4, is the additive second-moment allowance. These
quantities summarize the polynomial approximation, marked-count fluctuations, and estimation
of membership weights.

The deterministic squared-error envelope i, 4, combines these allowances with the elemen-
tary branch and the prefix-overflow contribution. The following statement gives its full formula
and compares it with the rate r, 4, of Definition 17 throughout the unrestricted-arrival class

./\/l:;dg of Definition 7.

Theorem 9. [thm:unrestricted-uniform-mixed-count-certificate| (Uniform mixed-
count risk certificate) There exists a universal constant 0 < C' < oo such that the following
holds.

o (Domain.) Let n,d > 1 be integers and let 0 < g < 1.
e (Model.) Let P € M:dq, the unrestricted-arrival model class of Definition 7.

e (Sampling.) Let O, the sample of observed records, satisfy Assumption 1 under P.

Use the mized-count estimator of Algorithm 1. Let £, the logarithmic scale, be defined by Defi-
nition 13; let k, the polynomial degree, be defined by Definition 19; and let B, the threshold, be
defined by Definition 20. Put

N 1
ng, m 6’ 0 =mq 6’ Yo 0og 2
Define the deterministic envelope t, 4, as follows. If N <1, set
Unaq=1

If N > 1 and either £ < 128 or d < /N, set

8d \? 4 1
e 1 4 - 4 P — 4 —n7yo X
U dg mln{ ’<€N0> + <N0+m> + 4e }
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IfN >1,0>128, and d > VN, put

4dB —16¢
bn7d7q:2{]\],0k2+36 y

4 1 B2 B 1
=8 — 4+ = ) +64d(e’®+1) [ = + —— ) +32e 3% [ 1+ —
Undg (No + m) + (e 4+1) N2 + N + 32e¢ + — )

Uy 4.4 = min {4, b%’d’q + Vpdq + 46_”70} .

Then, with ®(P) the cell functional of Definition 10 and 1y, q4 the rate of Definition 17, expec-
tation under the canonical i.i.d. observed-sample law satisfies

and set

Ep|(755,(00) = ©(P))°] < 844 < Ty

The certificate distinguishes information from arrived outcomes, measured by Ny, from in-
formation about cell membership, measured by m. On the polynomial branch, the squared bias
allowance captures the aggregate effect of estimating means in sparsely observed cells, while the
additive allowance accounts for fluctuations in both components of the cell contribution. The
elementary branch supplies the corresponding bound in its stated parameter range. Together,
the branches give a deterministic precision benchmark depending on n,d,q, with a universal
comparison constant.

B.1 Polynomial bias and marked-count second moments

The polynomial statistic H; and the pilot-selected statistic G; are specified in Definitions 24
and 25. Their mathematical role is to replace the elementary cell statistic where the pilot count
indicates sparse outcome arrival. The degree and threshold jointly determine the approximation
contribution 4dB/(Ngk?) in the bias allowance. The exponentially small term in that allowance
accounts for branch control. The certificate combines these contributions before squaring, pre-
serving the distinction between bias and second-moment terms.

Marked counts retain the association between an arrived outcome and its cell. Consequently,
the second-moment analysis concerns the marked polynomial statistic, together with the pilot-
selected branch, rather than an unmarked count alone. The expression vy, 4, records the result-
ing allowance: its terms involve the effective arrived-outcome intensity, the membership-stream
intensity, the alphabet size, and the polynomial tuning parameters. This decomposition ex-
plains why the degree enters the bias allowance while the coefficient growth associated with the
polynomial construction enters the additive allowance.

B.2 Membership weights and branch control

The membership weight W; in Definition 28 is formed from the membership-labelled records.
In the uncapped Poisson comparison experiment, that stream is independent of the pilot and
estimation streams. The finite-sample estimator uses the capped prefix and conditional av-
eraging in Algorithm 1; the overflow allowance and prefix-transfer comparison connect it to
the independent-stream analysis. The weight supplies the population mass attached to each
arrived-cell mean while retaining information from all observed memberships.

The two sample scales appear explicitly in the certificate through 1/Ny, 1/m, and the mixed
term B/(mNp). These terms retain the cost of estimating membership weights alongside the
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cost of estimating arrived-cell means. The pilot-selected statistic in Definition 24 organizes the
latter task within the polynomial branch, whereas the elementary ratio in Definition 26 supplies
the estimator on the elementary branch. The branch conditions in Theorem 9 specify where
each deterministic expression applies.

B.3 Transfer to the fixed observed sample and causal target

The auxiliary construction in Algorithm 1 uses an independent Poisson prefix and uniform
stream assignments. It assigns zero output when the prefix exceeds the available n records and
clips the output to [—1,1]. The term 4e~"7 in Theorem 9 is the prefix-overflow allowance. Its
dependence on the full record count n reflects the supply of records for the auxiliary construction,
while N = nq governs the effective outcome information. Clipping supplies the bounded-loss
allowance represented by the minimum with 4; the zero estimator on the small-effective-sample
branch supplies the bound 1.

Conditional averaging over the auxiliary randomization produces the deterministic estimator
in Algorithm 1. The squared-loss comparison for such averaging is supplied by Lemma 1. Thus
the certificate concerns the estimator evaluated on the fixed observed sample, with the auxiliary
construction serving its risk analysis.

For the causal interpretation, Lemma 3 identifies the observed-cell functional with the av-
erage treatment effect under the unrestricted model conditions. Substituting that identity into
Theorem 9 gives the causal risk control used in Theorem 6. The same identification step applies
throughout the rare-arrival class M,, 44 of Definition 14. The following specialization records
the resulting envelope for that class.

Theorem 10. [thm:uniform-mixed-count-certificate| (Uniform mixed-count risk certifi-
cate) There erists a universal constant 0 < C < oo such that the following holds for every
n,d € N, q € R, and full-data law P € M,, q4 satisfying Definition 14, includingn > 1, d > 1,
and 0 < q < 1.

Let ?ﬁé’fq be the estimator in Algorithm 1, and let ry, 44 be the rate in Definition 17. Let £ be
the logarithmic scale defined in Definition 13, k the polynomial degree defined in Definition 19,
and B the threshold defined in Definition 20. Put

n N 1
ng, m 6’ 0=mq 6’ Yo = 10g 9’

where N is the effective sample size, m the stream intensity, No the effective stream size, and
Yo the prefiz-tail constant. Define the deterministic envelope iy, 4, by the following branches:

e (Small effective sample.) If N <1, set
Uy aq =1

e (Elementary branch.) If N > 1 and either { < 128 or d < V'N, set

8d \? 4 1
=min< 4, (| — 4 — 4+ — 4e~ "0 %
U d.g mm{ ’<6N0> + (No-i-m) + 4e }

o (Polynomial branch.) If N > 1, £ > 128, and d > /N, define the certificate quantities




4 1 B? B 1
—8( =+ = 64d(f/8 1) il 32¢732 (14 =),
Un,d,q <N0 + m> + e + Ng + mNo + 32e + m
and set
.4, = min {4, bi%q + Vpdq + 46_"70} )

Then, writing O,, for the observed sample induced by P and 7(P) for the average treatment
effect in Definition 8,

Ep [(?rrzr,lzlixq<on) - T(P))ﬂ < un,d,q < 6rn,al,q-

The rare-arrival restriction places the model within the domain of the unrestricted certificate,
and Lemma 4 fixes the causal target there. Accordingly, the specialization retains the same
numerical envelope. Its polynomial bias, second-moment, and prefix-transfer components are
those of Theorem 9; model inclusion and identification supply the specialization step.

The next statement records this causal upper bound together with the squared-loss compar-
ison between the deterministic estimator and its auxiliary randomized output. It makes explicit
the role of conditional averaging in the final estimator.

Theorem 11. [thm:mixed-count-upper]| (Mixed-count risk upper bound) There ezists a uni-
versal constant 0 < C' < oo such that the following holds for every choice of parameters and law
satisfying:

e (Sample size and dimension.) n,d € N satisfy n,d > 1.
e (Arrival floor.) q € R satisfies 0 < g < 1.
e (Model.) The full-data law P belongs to M,, 44 in Definition 14.

Let ?,Tcil’fq and T(Op;w) be the deterministic estimator and auxiliary randomized output of Algo-
rithm 1, where O, is the observed sample and w is the auxiliary randomization. Let ¢ be the
logarithmic scale defined in Definition 13, k the polynomial degree defined in Definition 19, and
B = 256( the threshold defined in Definition 20. Use the elementary and polynomial branch
rules of Algorithm 1. Define the effective sample size N, stream intensity m, effective stream
size Ny, and prefix-tail constant v by

N 1
NZnQv m= =, Nozmq:€7 70:10g2_§

o3

Define the certificate quantities

4dB —16¢
bndq =2 (]\70/{:2 + 3e

and )
4 1 B B 1
=8 (k) eaa (V1) () 320 (14— )
Un,d,q <N0 + m) + e’ + Ng + mNo + 32e + m
The deterministic risk envelope iU, 44 1s defined as follows. For N <1, set

ﬂn7d7q =1.
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For N > 1 on the elementary branch, set

, 8d \° 4 1 _
ﬂn7d7q = min {4, (@]\70> + 4 (]\[0 + m) + 46 n’YO} .

For N > 1 on the polynomial branch, set
U4, = min {4, b%d’q + Vpdq + 46_"70} .

Then, with T(P), the average treatment effect, defined in Definition 8, and 1y, 44, the frontier
rate, defined in Definition 17,

Ep | (725,(0n) = 7(P))*| < thyag < Crnay.
The deterministic estimator also satisfies
Ep | (75,(0n) = 7(P))*| < Epu[(F(Ousw) - 7(P))],

where the auziliary expectation uses the independent Poisson prefix and uniform stream assign-
ments, including the zero output when the prefix exceeds n, specified in Algorithm 1.

Averaging over the prefix and stream assignments removes auxiliary variation under squared
loss. The first inequality in Theorem 11 is the certificate of Theorem 10, and the final compari-
son is the conditional-averaging relation of Lemma 1 applied to the specified auxiliary output.
These references preserve the same construction and envelope across the two statements. For a
prospective choice of n,d, g, the envelope therefore supplies a deterministic causal risk bench-
mark that incorporates cell complexity, outcome arrival, and the fixed-sample implementation.

C Lower bounds with full observed memberships

The lower comparisons concern the observed experiment in Definition 15, which retains base-
line category, assignment, surrogate, arrival status, and arrived outcome for every sampled
individual. Two constructions account for the two components of the rate in Definition 17:
a one-category family isolates the effective sample-size contribution, while an activated many-
category experiment supplies the category-complexity comparison. We first introduce the acti-
vated moment-matching construction, then state its approximation inputs and the one-category
bounds. A separate comparison addresses the ascertainment deficit in the unrestricted large-
alphabet regime.

C.1 The activated comparison experiment

The construction in Algorithm 2 augments each observed record with an activation flag whose
distribution is common to the two hypotheses. Conditional on a latent vector drawn once for the
sample, it generates exactly n independent records with balanced treatment assignment. The
following algorithm specifies both augmented laws and the conditions on their finite priors.

Algorithm 2 (Activated fuzzy-hypothesis experiment,)

The activated handle £t is the ordered pair of augmented n-record laws constructed below,
with the following inputs:
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e (Parameters.) A constant n > 0, fixed before integers n,d > 1 and an arrival floor
0 < g < 1, satisfying Assumption 8. Define the effective sample size, logarithmic scale,
moment-matching degree, support endpoint, nominal rare-cell mass, and rare-cell count
by

1
N=nq  (=log(e+N), K=T[0, H=K% by=-L J:min{d—l,bbJ}.
0

e (Finite priors.) An ordered pair (Ily, II;) of probability laws, each assigning probability
one to a finite subset of [1, H].

¢ (Moment matching and separation.) The priors satisfy

/z” dllp(z) = /z” dll; (2) for every integer 0 < v < K,

‘/z_ldﬂl(z) — /z—ldno(z)

For each i € {0, 1}, independently draw a latent coordinate Z, ~ II; for every baseline index
x € {0,...,d — 1}. Conditional on this single latent vector, generate n independent records
using the following common rule. Draw the baseline index with probabilities

and

1
> —.
— 12

bo, 0<x<J,
P(X:l’): 1—=Jby, z=1,
0, J <z <d.

The first J indices are the rare cells, and index J is the reservoir. Draw treatment independently
with

A ~ Bernoulli(1/2), S=0.
Independently of the latent vector, baseline index, and treatment, draw and reveal the activation

flag
Bact ~ Bernoulli(¢H).

For a rare cell =, the same coordinate Z, governs both treatment arms and all records in that
cell.
If Bact = 0, set (R, RY') = (0,0). Conditional on Baet = 1, draw (R, RY') according to

| (R,RY) =(1,1) (R,RY)=(1,0) (R,RY)=(0,0)

A=1, X=x<J 1/H (Z,—1)/H 1-Z7,/H
A=0, X=z<J 0 Z./H 1-2%Z,/H
X > J, either arm 0 1 0

Each augmented record is
(Bact, (X, A4, S, R, RY)).

The i-th component of §,. is the law of these n augmented records after integrating over the
product prior Hf?d. Thus the latent vector is drawn once for the entire sample, and the records
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are independent conditional on that vector. The handle is defined for every prior pair satisfying
the stated conditions.

The augmented pair $,ct in Algorithm 2 preserves all original observations. Its revealed ac-
tivation flag B, has a distribution depending on the experiment’s parameters and independent
of the latent coordinates and prior index. Projection onto the original record coordinates is
therefore a common, parameter-independent observation map. The total-variation comparison
in Lemma 2 supplies the decision-theoretic connection between an observed-law comparison and
any common randomized procedure.

The tuning constant 7, moment-matching degree K, support endpoint H, nominal rare-cell
mass bg, and rare-cell count J are specified in Algorithm 2. The mass cap reserves at least half of
the baseline probability for the reservoir. Each rare cell has a single latent coordinate Z,, shared
by its two treatment arms and all its sampled records. In the table, this coordinate governs
arrival, while its reciprocal governs the treated arrived-outcome mean; the control outcome is
zero. This arrangement places reciprocal separation and polynomial moment matching in the
same experiment.

C.2 Reciprocal approximation and finite priors

The approximation inputs concern the interval and degree used by Algorithm 2. Best uniform
approximation quantifies the discrepancy between the reciprocal function and polynomials of
the matching degree. The first input gives that discrepancy exactly.

Lemma 6. [lem:reciprocal-best-approximation| (Reciprocal best uniform approximation)
For every integer K > 2, set H = K?. Then

p real polynomial ze[l%ﬂ p - 2H K+1 '
deg(p) <K ’

Proof of Lemma 6. 1. Fix an integer K > 2 and set
H:=K?>1.

We first establish the approximation formula on a general positive interval. Let

0 < Gapp < bapp, Mapp € No,
and define
Aapp + bapp 9
Aapp 1= bapp — app, Vapp = ) Sapp = 4/ Vapp — L,
A,
pp
Mapp
= B = 2papp
Papp = Vapp — Sapp app *T A 02 1)

app\*Yapp

Since Aapp > 0 and aapp + bapp > Aapp, We have v,p, > 1. Consequently,

2 2
0 < Sapp < Vapps = Vapp — 1

Sapp = (Vapp — Sapp) (Vapp + Sapp) = 1.
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Thus papp > 0, and vapp + Sapp > 1 gives

-1 1
0 < papp <1, Papp = Vapp T Sapp; Papp + Papp = 2Vapp-

In particular,
prp — 2VappPapp +1 =0, Eapp > 0.

. Define the Chebyshev polynomials, with integer indices, by

To(tapp) = 1, T1(tapp) = tapp, Tyv2(tapp) = 2tappTyt1(tapp) — Tu(tapp) (v € No),
T_,=1T, (veNp).
Here t,pp € R. These polynomials satisfy
degT, = |v|, T, (cos bapp) = cos(Vbapp) (v € Z, bapp € R).

For every v € Ny, define the residual polynomial

Rapp,u(tapp) = P;plpTwrl(tapp) - 2TV(tapp) + PappTu—l(tapp)-
The degree bounds for its three terms give
deg Rapp,y < v+ 1.

The Chebyshev recurrence also gives

Rapp,l/+2 (tapp) = 2tappRapp,V+l(tapp) - Rapp,V(tapp)-

We claim that ( ) )
2(v —1
Rapp,v(Vapp) = % (v € No).
papp

For the two initial indices, the identities from the preceding step yield

Rapp,0(Vapp) = (p;plp + Papp)Vapp — 2 = Q(ngp - 1),

-1 2 2(vgpp - 1)
Rapp,1(Vapp) = papp(2vapp —1) = 2Vapp + papp = ——

Papp

If the claim holds at v and v + 1, the recurrence gives

2v 1
Rapp,v+2(Vapp) = 2(U§pp -1 <p”aff o )
app app

app
v+2 )
Papp

2(v? 1)

because 2v,pp, papp—pgpp = 1. This proves the claim by induction, including the degree-zero
case.
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3. Define the affine map
2z
tapp(z) = Uapp — Kpp (Z S R)

Since Rapp,mapp (Vapp) > 0, the polynomial

Rapp,mapp (tapp ()
Rapp,mapp (Vapp)

1—

is well defined and vanishes at z = 0. It therefore determines a unique real polynomial
Papp through
Reapp,mapp (fapp (2))

(z € R).
Rapp,mapp (Uapp)

ZPapp(2) =1 —
The numerator has degree at most map, + 1, so division by z gives
deg papp < Mapp-
For every z # 0, rearranging the defining identity yields

Rappﬁmapp (tapp (2))

Z Rapp,mapp (Vapp) '

2 - Papp(2) =

4. For O,pp € R, define

(Mapp +1)0 (Mapp — 1)0
Qapp,+ (Oapp) = M’ Qapp,— (Bapp) = M’

Fasliarllo(eapp) 1= 8in Qapp,+ (Papp) — Papp SIN Aapp,— (Papp ),
sz;?;(gapp) := €08 Qapp + (Papp) — Papp €OS Qapp, — (Papp)-
The Chebyshev cosine identity gives
Reapp,mapp (€08 Bapp) = p;plp cos((Mapp + 1)bapp) — 2 cos(Mappbapp)
+ Papp co8((Mapp — 1)bapp)-

To factor this expression, use
cos((mapp &+ 1)fapp) =1 — 25sin” Qapp,+ (Oapp) = 2 cos Qapp,+ (Bapp) — 1,

c08(Mappbapp) — €08 Oapp = —2 81N app, + (Fapp) SIN app, — (Gapp),

€08 (Mappbapp) + €08 bapp = 2 €08 Aapp 1 (Fapp) €08 Aapp,— (Papp)-

Substitution, together with papp + pggp = 2U,pp, produces the two identities

2

in 2
Reapp,mapp (€08 Oapp) = 2(Vapp — €08 Oapp) — —— (Fjpp(eapp)) ,
papp
2 2
Rapp,mapp(cos Oapp) = —2(Vapp — €08 Oapp) + P (F gf));(eapp)) :
app
For z € [aapp, bapp)
Aapp + bapp — 22
tapplz) = Lot Do 222 gy
app
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Choose O,pp, € [0, 7] with cos fapp = tapp(2). The nonnegative squares in the two identities
imply
—2(Vapp — tapp(2)) < Reapp,mapy (tapp(2)) < 2(Vapp — Lapp(2))-

Hence
4z

}Rapp,mapp (tapp(z))‘ < 2(Vapp — tapp(2)) = A
app

. Every z € [aapp, bapp) is positive. The residual identity, the preceding bound, and the value
of the residual polynomial at v,p, therefore give

|Zfl —p (Z)| _ |Rapp7mapp (tapp(z))‘
o % Rapp,mapp (Vapp)
42/ Aapp _ 2/)3?;5’" - B
= - - a) .
z Rapp7mapp (Uapp) Aapp (ngp B 1) o
Taking the supremum yields
sup |z — Papp(?)| < Eapp.
z€[aapp,bapp]
. We next construct alternating equality points. Define the grid
LT
= t€{0,....,m 1}).
Yapp,¢ Mapp + 1 (tef s Mapp + 1})
It is strictly increasing from 0 to 7. At its points,
LT LT
Qapp,+ (Yapp,) = 9 app,— (Yapp,) = o Tappye

The sine and cosine subtraction formulas consequently give, for 7., € No whenever the
displayed grid indices are in range,

F, 53; (’Yapp,Znapp) = (—1)"wr (1 — Papp COS 'Yapp,2napp) )
Fsgll) (fyappﬂﬂapp ) = Papp (_ 1)77app sin Yapp,2napp »
FB(‘:SISJ ('Yappﬂnappﬂ ) = _,Oapp ( - 1)7]app sin VaPP:QUapp+1 )

Fjg; (Vapp,2napp-+1) = (—1)"%P (1 — Papp COS ’Yapp,2napp+1)'
The magnitudes controlling the left and right endpoints satisfy
1 — papp €08 Oapp > 1 — papp >0 (Oapp € R), Papp SiNOapp > 0 (Bapp € [0, 7)).

Thus, on a cell with odd right index, the cosine factor has a nonzero left value and a right
value of the opposite weak sign. On a cell with positive even right index, the sine factor
has this property, since

Foop Yapp,2(napp+1)) = —(=1)™ papp SIN Yapp o +1) -

Continuity and the intermediate value theorem give choices satisfying

Happ,O =0, Yapp,i—1 < eapp,L < Yapp,t (1 <:¢< Mapp + 1)a
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Fyt(Bapp,) = 0, ¢ even,
Fopp(Oapp,) =0, ¢ odd.

app

The left endpoints are excluded because their factor values are nonzero. Also F;E)(O) = 0.
The cell bounds therefore imply

0= Bapp,0 < Oapp,1 < -+ < Oappmappt1 <7
This construction applies also when mg,p, = 0.

. Define the nodes

Aapn + bapp — Aapp COS 0
Zapp, = app app 5 app app,t (0 <t <mgpp +1).

Because cosine is strictly decreasing on [0, 7],

Qapp < Zapp,0 < Zapp,1 < *** < Zapp,mapp+1 < bapp, tapp(Zapp,) = €08 Oapp, ;-

For even ¢, the sine-square identity has zero square; for odd ¢, the cosine-square identity
has zero square. Hence

4z
Rapp,mapp (tapp(2app,:)) = (_1)L2(Uapp - tapp(zappw)) - (_1)L%'
app

Substituting into the residual identity gives
1 4

z — Papp (Zapp,.) = (—1)° = (—1)"Eapp-
app,. — Papp(Zapp,) = (—1) Aapp Rappmaon (Vapp) (=1)" Eapp

. To certify optimality, define the signed Lagrange weights

Mapp+1

1 Bapp,
Bappe = H (Zapp,—Zapp,y) Aapp = E | Bapp,yl» Wapp,t = App = (0 <0 < mappt).
0<y<mapp+1 7=0 app
IFL

Distinctness of the nodes makes every Bapp, nonzero, so Aapp, > 0. There are exactly
Mapp + 1 — ¢ negative factors in the product defining Bapp,. Therefore

Mapp+1

Z |Wapp, | =1, Wapp, = (—=1)™*PP T .
=0

For any real polynomial gapp of degree at most map,, Lagrange interpolation gives the
polynomial identity

Mapp+1
Gapp(2) = Z Bapp,. dapp (Zapp,.) H (2 — Zapp,y)-
=0 0<9<mapp+1
JFL

Comparing coefficients of z™=r! and then dividing by Aapp, yields

Mapp+1 Mapp+1
E : Bapp,1qapp (2app,.) = 0, E : Wapp,.Japp (Zapp,.) = 0.
1=0 =0
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This cancellation applies to papp as well. Combining the weight signs with the alternating
residuals gives

Mapp~+1 Mapp~+1
-1 1
Z Wapp,t (Zapp,b _papp(zapp,b)) = (—1)mere Eapp Z |[Wapp,|
=0 =0

= (=) By
The cancellation identities consequently imply, for every such gapp,

Mapp+1

Z wapp7t(2;p1p,L - Qapp(zappw)) = (‘UmappﬂEapp'
=0

Taking absolute values and using the unit absolute mass,

Mapp+1
-1
Eapp < Z |Wapp,.| ‘Zapp,b - Qapp(zapp,L)‘
=0
< sup |27 - Gapp(2)-

2€|aapp;bapp]
The residuals are continuous on this compact positive interval, so these suprema are finite.
The lower bound for every admissible polynomial and the upper bound attained by papp
establish

1 2,0;%&51[)
inf . sup 127" — Gapp(2)| = A 3 -
Qapp real polynomial 2€[Gapp;bapp] app (vapp — )
deg(¢app) <Mapp

. Specialize to
Qapp = 1, bapp = H=K? = mapp = K.

These parameters meet the interval and degree conditions because K > 2. Now

1+ K? 212 2 12 2 2 AK?
vapp:K2_1, (1+ K*)*— (K= —1)* =4K~, vapp—lz(K2_1)2.
Both K and K? — 1 are positive, so
5 2K 1+ K?-2K K-1
Vwp ~L =T P = g s Ty
Finally,
2 _K?-1 H-1
Agpp(vZ,, —1)  2K?2 — 2H
Substitution into the established interval formula gives
H-1(K-1\*
inf -1 _ N
p real ;){)llynomial zESHI;I] ’Z p(z)\ 2H <K + 1> ’
deg(p)<K ’

as required.
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Lemma 6 identifies the approximation scale underlying the prior construction. Its mathe-
matical role is to distinguish the reciprocal functional from the polynomial moments used to
compare the two experiments. The next input supplies finite probability laws with exactly
matching moments and a fixed reciprocal-mean separation.

Lemma 7. [lem:moment-matched-reciprocal-priors] (Moment-matched reciprocal priors)
For every integer K > 2, set H = K?. There exist finitely supported probability laws Iy and II;
on [1, H] such that

/z” dlly(z) = /z” dll;(z) for every integer v € {0,..., K},

and )
'/z_l dll;(z) — /z_l dllp(z)| > o
Proof of Lemma 7. 1. Fix K > 2, and define
H = K?, T, = (1, H], fi: Ty =R, fiolz)=2"1.

Since H > 1 and every point of Z, is positive, fx is continuous. For a continuous function
v :Z, = R, write

- Ex = inf .
oo rzréaIflw(Z)!, k= f | fe = Plloo
degp<K

In particular, || fi|lco = 1.

To obtain a best approximant, consider the finite-dimensional space
Vi ={plz, : p €R[2], degp < K}, By ={p € Vk : [[¢]loo < 3}.

The closed ball B, is compact. The continuous error function therefore attains its minimum
there at the restriction of a polynomial p, of degree at most K. Comparison with the zero
polynomial gives

[fie = Pelloo < 1.
For every ¢ € Vi \ By, the reverse triangle inequality gives

[lfx = @lloc = ll@lloo = I fxlloo >3 =1 =22 [[fx — Pilloo-

Thus this minimum is global:

degp, < K,  [|fi = Pulloc = Ex = 0.

2. Define the residual
ex(2) = fu(2) — ps(2) (z €1y).

We establish the existence of points and an orientation satisfying

1<zp<z1<---<zg41 < H, ne € {—1,1}, ex(z) =m(—1)'Ex (0 <1< K+1).
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If Ex = 0, the residual vanishes throughout the interval, and the choices

(H—1
have these properties.

Suppose now that Fx > 0. Define the compact extremal sets and the residual sign by

1, ex(2) > 0,
X«(2) =<0, ex(2) =0, (z €T,
—1, e(2) <0

The set Z, is nonempty because the maximum residual magnitude is attained.

Assume, for a contradiction, that the required K + 2 alternating extrema do not exist. We
first construct a polynomial psig, such that

degpsign < K,  ex(2)psign(2) >0 (2 € Z,).
If ZF = &, take psign(2) = —1; if Z; = @, take pgign(z) = 1. These choices give

ex(2)psign(2) = Ex >0 (2 € Z,).

When both sign sets are nonempty, their disjointness and compactness give a separation
dsep > 0 with
Ssep < |z —72'| (z€Z}, 2 eZ,).

Set
8 _ 6S€p
sep — .
5

Choose finitely many distinct centers in Z,, ordered as
cg“ < e < cffcrtrfl, Netr > 1,
whose egep-neighborhoods cover Z,. Thus
Vee Z, 31e{0,...,ncter — 1} |2 — | < egep-
Define the consecutive sign-change indices by

Dctr = {L € {07 ceey Netr — 2} : X*(Cftr) 7é X*(Cf—t&—rl)}‘

Selecting one center from each successive sign block produces an alternating subsequence
of length |Dct;| + 1. The assumed absence of K + 2 alternating extrema therefore implies

|Dctr| S K.
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Define Ct Ct
C r + Is I‘1
pen(s) = el ) T (2= 5,
LtEDctr
with an empty product equal to one. Its degree is |Dgt| < K. Each factor changes sign

exactly between consecutive blocks, so its sign at every center equals the residual sign

there:

X*(Cftr)psign(cftr) > 0.
Oppositely signed centers are more than 5egep apart. Each midpoint appearing as a root
is therefore more than 2e¢, from every center. Consequently,

X (€€ )psign(2) > 0 whenever |z — ™| < ggep.

An extremal point and a center within egep have the same residual sign, by the separation
of Z and Z_. Hence

ex(2)Psign(2) = ErX+(2)psign(2) > 0 (2 € Z,).

We next turn this sign agreement into a strict improvement. Define

E
K + maXZEBbad |€*(Z)|, Bbad # @,
Bpaa = {Z €l: 6*(Z)psign(z) < 0}7 Ceut = 2
EK/Q, Bpaa = 9.

When nonempty, Bpaq is compact and contains no extremal point. Its maximum residual
magnitude is therefore strictly below Ex. In either case,

Ceut < EK7 |6*(Z)| > Cout = 6*(Z)Psign(2’) > 0.
Define
uhigh = {Z S |6*(Z)| > Ccut}7

Usign = Min e, (2)psign(2) > 0,
2€Unigh

Msign = HPSignHoo > 07

. Hsign Ex — ceut
te = mm{]w2 2 Mg } > 0.

sign

The minimum defining figen exists because Up;g is compact and contains Z,. The posi-
tivity of Mgign follows from the strict sign agreement at an extremal point.

For z € Upign,

2
(6*(2) - t*psign(z)) = e*(z)2 - 2t*€*(z)psign(z) + tzpsign(z)2
< Ef — 2ty fisign + 2 M3

sign

S E%( - t*,usign < E%(
For z € 7, \ Unigh,

’e*(z) - t*psign(z)’ < ’6*(2’)’ + t*Msign
Ex — ceut _ Ex + ceut

< Ex.
9 2 K

< Ceut t+
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Continuity and compactness now give

[ fx = (px + t*psign)Hoo < Ekg, deg(px + t*psign) <K,
contradicting the definition of Fx. Thus the required alternating extrema exist.

. Using these nodes, define the index set, nodal weights, normalization, and signed weights
by
Nk ={0,..., K + 1},
-1

biag = H (ZL — ZL') s
L’GNK
V#
1
Zlag = Z ’bLag"
LENK
blag
L
' Zlag
All nodal weights are nonzero, so Zj,s > 0. There are exactly K + 1 — ¢ negative factors

in the product defining b,*8. It follows that

STwl =1 w, = (=1 .

LENK

For any polynomial p of degree at most K, Lagrange interpolation gives

pz) = Y e [ (z—20).
teNk VeNk
e

Comparing coefficients of z5+1

yields

, whose coefficient on the left is zero, and dividing by Zj,g,

Z w,p(z,) = 0.

LGNK
In particular,

Y wel=0 (0<v<K) 3" wipi(z) =0

LENK LtENK
Define the signed reciprocal evaluation by

dy = E w2, b
LENK

Polynomial cancellation, alternation, and normalization give

d, = Z wL(f*(zL) —p*(ZL))

LE/\/K
= > (), (1) Ex
LGNK
= (1) Eg Y fw| = n(-1) ' B

LENK
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Since Fx > 0 and |n,| = 1, this proves

\d,| = Ex.

. Define two nonnegative atomic measures by

ot =2 Z max(w,,0) d,,, =2 Z max(—w,,0)d,,
LeENK LteENK

where the unit point mass is specified, for every Borel set 7 C R, by

1, eT,
5Z(T):{O z¢T

The moment identity at v = 0 gives ), w, = 0. Applying
lw,| = 2max(w,,0) —w, = 2max(—w,, 0) +w,

and summing, we obtain

1=2 Z max(w,,0) = 2 Z max(—w,, 0).

LENK LENK

Thus II™ and II~ are probability measures.

Orient the pair according to the reciprocal evaluation:

(H77H+)7 d* Z 07

(o, Ih) = {(H+,H—), d, <0.

Both oriented measures are therefore probability measures. Define their common finite
supporting set by

S* == {ZL L ENK}.
Every atom belongs to S, C [1, H], and hence

NS =T (S) =1, T(S.) = Ii(S,) = 1.

. For any real-valued function @t : R — R, the finite atomic formulas and max(w,,0) —
max(—w,, 0) = w, give

/‘Ptest dITt — /Sotest diI™ =2 Z (maX(wu 0) - max(—wb, 0))(Ptest(zL)
LENK

=2 Z wLSOtest(ZL)-

LE./\/K

Taking ¢iest(2) = 2¥, for an integer 0 < v < K, yields

/z” dII (2) —/z” A (2) =2 ) wzl =0.

LGNK
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Either orientation therefore satisfies
/z”dﬂg(z):/zvdﬂl(z) (0<v<K).

For the reciprocal function, the orientation gives

2d d, >0

1 1 * 9 * bl
z dll;(z) — z dlly(z) = =2|d,| = 2Fk.
/ 1( ) / 0( ) { 9 N <0 | *| K

. It remains to bound 2Fk. By Lemma 6,

K21 (/K—-1\%
Ex = .
oK2 \K+1

If K =2, this gives

1 1
E = — 2E = —.
27 o 27 19

Suppose K > 3. First,
K*-1 4 K?-9
— - = ——5= > 0.
2K?2 9 18K2 —
To bound the power term, define

1
Trec = ? S (0, 1/3]

The logarithmic remainder estimate at order zero gives

1 lo 1+ Zrec Trec
2 1 Zree — 1—a2,
Since .
14+ Zrec K—-1\" 9 9
= , 8K* <9(K*—1),
1 — 2rec <K +1 =9 )
we obtain

K-1 2Trec 2K2 9
~K1 < = <2
Klog g s K== 157

rec

Exponentiating, using the positivity of (K —1)/(K + 1), gives

K
6_9/4< K-l .
“\K+1

For the numerical calibration, the standard numerical exponential bound and the rational
exponential inequality give

11
e < 27182818286 < —, e/t < %

Here the latter estimate is the specialization at 1/4 of

6y<2ﬂ

(0<y<2).
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Consequently,

2
O 2pt/a o (L)9 1089 32
—\ 4 7 112 — 3

Taking reciprocals yields

| co

K
<o (K1Y
32 = =\K+1

Combining the coefficient and power bounds,

op. _ gl — 1 (K -1\"
K= rr \K+1

1

3
32 12

Y

4
92.-.

9
Thus, in both cases,

'/z‘ldﬂl(z) — /z—ldno(z)

Together with the finite support and moment identities established above, this proves the
result.

1
— 2Ex| > 2Ex > —.
2Ek| = 2Bk = 15

O]

The finite priors Ilg, II; supplied by Lemma 7 satisfy the prior requirements of Algorithm 2.
Matching includes the zeroth moment, and reciprocal separation remains bounded below by an
absolute constant. Finite support makes the augmented laws finite mixtures of experiments
generated conditional on a fixed latent vector.

C.3 A one-category family

For the effective sample-size component, the local family in Lemma 8 places the entire baseline
mass on category zero. Both potential surrogates and the control potential outcome are zero; the
treated potential outcome is Bernoulli with mean u € [1/4,3/4]. Treatment is an independent
fair coin, and arrival is an independent Bernoulli variable with probability q. Thus P,, the
full-data law indexed by the treated outcome mean and defined through Lemma 8, has average
treatment effect u. The following statement records both squared-error and honest-interval
comparisons for this family.

Lemma 8. [lem:one-cell-testing-family| (One-cell testing family bounds) There ezist a
universal constant ¢ > 0 and constants ¢, > 0 for every a € (0,1), independent of n,d,q, such
that the following holds whenever:

e (Sample and alphabet sizes.) n,d are integers with n > 1 and d > 1.
e (Arrival probability.) 0 < g < 1.
e (Rare-arrival slice.) The restriction in Assumption 8 holds.

Write N = nq for the effective sample size. There ezists a family of full-data laws {P, : u €
[1/4,3/4]}, chosen independently of o, such that, for every u € [1/4,3/4],

Pue€Mpag  Pu(X=0,50)=51)=0,Y(0)=0)=1,  P(R=1)=¢q, 7(P)=u



Here X = 0 denotes the first baseline category in the alphabet {0,... ,d — 1}; the model class
My, a4 and average treatment effect T(P) are defined in Definitions 8 and 14.

There exist distinct ug,u1 € [1/4,3/4] such that every possibly randomized estimator T € Ty,
as defined in Definition 16, satisfies

cmin{1, Nfl} < max {Epuo [(T — uo)Q] ,Epul [(T — u1)2]} .
Moreover, the minimazx squared-error risk in Definition 16 satisfies
Rydq > cmin{l, N1}

For every o € (0,1), there exist an integer M > 1 and pairwise distinct grid points
g, upr € [1/4,3/4] from this same family such that every uniformly honest connected-
interval procedure | € Cp, g 4 o, as defined in Definition 29, satisfies

geee

¢, min{l, N7/} < ._maXMEpui [u—1],

where (I,u) are the random endpoints returned by |. Moreover, the minimaz expected interval
length in Definition 29 satisfies

Lodga > Cqmin{l, N7/},
All expectations include the observed sample and the procedure’s randomization.

Proof of Lemma 8. 1. Construction of the family. Choose

1 3(1 — a)?
= — =— R).
ST AN sz (@R

These constants have the required positivity. Fix admissible n, d, ¢, and write N = ng > 0.
Define
clipp,1)(v) := max{0, min{1,u}} (u € R).

For every u € R, define P, by
X =0, S(0)=S5(1)=Y(0) =0,

A ~ Bernoulli(1/2), Y(1) ~ Bernoulli(clip[m] (v)), R ~ Bernoulli(g),

with A,Y (1), R mutually independent. The first baseline category exists because d > 1.
All atom weights are nonnegative, and their sum is

1 1 ) .
(2 4 2) (chp[m] (u) +1— clipg, 1 (U)> (¢+1-q)=1

Thus P, is a full-data probability law for every real u.

For u € [1/4,3/4], clipping leaves u unchanged. Set the realized variables to S = S(A)
and Y = Y (A), and use independent observed records with their induced marginal law.
This gives the sampling and consistency conditions. Independence and the fair treatment
coin give

AL {X,S(0),8(1),Y(0),Y(1)}, P, (A=1)=—.
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Moreover, for a,y,r € {0,1},
P(R=rY=y|X=0A=0a,5=0))=P,(R=r)P,(Y=y|A=a),
because R is independent of (A4,Y (1)) and ¥ = AY(1). This verifies Assumption 6 on

both occupied cells; all joint probabilities on the other cells vanish. Direct summation also
gives
1/2, =0, s=0,

. PU(A:CL,XZJ‘,SZS,R:D:qpaIS(Pu).
0, otherwise,

paxs(Pu) — {

Consequently, pq00(Py,) = ¢, so Assumption 7 holds. The fixed parameters satisfy Assump-
tion 8; hence
Pu € Mn,d,q-

Finally, the construction yields
P,(X =0,50)=5(1)=0,Y(0) =0) =1, P,(R=1)=gq, 7(P,) = Ep,[Y(1)=Y (0)] = u.
The family is chosen independently of a.

. Observed laws and chi-square divergence. Define the observed-record space, its
one-record laws, and its sample laws by

Og:={0,...,d=1} x{0,1}",  Qu:=Lp,(X,A,5 R RY),  Q,:=Q;"

For u € [1/4,3/4], the potentially nonzero atom probabilities are

0= (X,A,S,R,RY) | Qu({o})
(0,0,0,0,0) (1-q)/2
(0,1,0,0,0) (1—q)/2
(0,0,0,1,0) q/2
(0,1,0,1,0) q(1 —u)/2
(0,1,0,1,1) qu/2

and all remaining atoms have probability zero. Each full-data atom of positive P,-mass
has positive P o-mass: the treatment weights are identical, both central outcome weights
are positive, and a zero arrival weight vanishes under both laws. Passing to the observed
marginal and then to products gives

Qu < Q12 Qu < Qo

For these finite laws, define

s (Qulloh = Qialioh)”

2 N
X (Qull@1y2) = Q1/2({o})

0€0y
Q1/2({0})>0

Expanding the square and using the unit total masses gives

2 _ QU({O})2
L (Qull@y2) = Og(;d Q1/2({0})

Q1/2({0})>0
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If 0 < ¢ < 1, summing the five displayed atoms yields

1 2
L4 QulQu2) = (1= a)+ 4 ol — i = 120 (u—3)

If ¢ = 1, the two nonarrival atoms have zero mass and are omitted; the remaining three
terms give the same identity. Thus

1 2
Q@) =2 (u-3)

To record the product calculation, define

o) e Qu({0})/Q1/2({0}), Q1/2({0}) >0, o) e < o) (0cOn
tu(0) : {0, Ql/g({O}) =0, Lun(0) : HEU( i) (o€ Og).

These are likelihood ratios almost surely under the corresponding reference laws. Inde-
pendence gives

2 2\"
E@l/gLu,n =1, E@l/zLu,n = (EQ1/2£u> .
Defining the sample chi-square divergence by

X2(QuH@1/2) = EQ1/2 (Lu,n - 1)27

we obtain

L+ x4 (QullQijo) = (14 x*(QullQu2))" < exp(nx*(QullQ12)) -

The final inequality follows from 1+x < e® for x > 0. With the total-variation convention
of Lemma 2, the finite-space formula and Cauchy—Schwarz give

1 1
TV(QU?QI/?) = §EQ1/2|LU,TL - ]-| S 5 XQ(QuHQl/Q)

. A two-point testing bound. Define

(11 .1 Co1
Apy i= m1n{4, M} , uf) = 3 ul’ = 3 + Aps.

Since N > 0,
1
0<Ap < T

The two means are therefore distinct and belong to [1/4,3/4]. Also,

1 1
A2 < 2 _ 2
Pt = 16N’

The product calculation above yields

Xz(ngtH@l/z) <1<
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For the numerical bound, use
(61/2)2:€<3<4, el/8 < el/? < 2.

Consequently,

[\D\H

TV(Q, P‘%Qlﬂ) <

The testing inequality in Lemma 2, applied with the identity kernel, now gives, for every
measurable &7 C O7F,

l\.')\r—t

Qu‘ft (5270) + ngt (527) >1-TV (Qupl)t7ngt) >
. From testing to squared risk. Fix any T € 7, and define its barycenter by
br(o) :== / hT(o,dh) (o€ Of).

(—1,1]

By Lemma 1, this is a measurable function taking values in [—1,1], and, for j € {0, 1},

EQu;’t [(bT — u?t)ﬂ < EPu?t [(T - U?t)Q] :

Define the sample events

A .
& = {o: lbr(0) — u§t| > ;t} (=0,1),

Ay = {0+ br(o) — ub'| < [br(0) — uf'|}
The triangle inequality gives, at every sample,
Ape < |br — ub' + |1 — ub'].

Thus
oy C &), gy C &1, Q pt(éao) +Q pt(éal) >

l\')\»i

Since squared error is at least A /4 on the corresponding error event,

AQ
max Fp [(T - upt)ﬂ > P maxQ pt( &)
“j

j=0,1 J 4 j=0,1
An
— 16
For the scale of this bound, first suppose
1 1
— S R
47 4N
Then Ay = 1/4, and
1 1
2 _ 1
AR T > Emln{l,N }



In the complementary case, Ay, = 1/(4v/N), so

1 1
2 1
Ap = 16N 216 min{l, N""}.

Both cases therefore give

1 1 pt)2
2—56mln{1 N~ }<]m%>§Ep [(T—uj ) ]

Both testing laws belong to the model. The estimator class is nonempty, as witnessed by
the constant-zero estimator. For every full-data law,

T(P)=P(Y(1)=1) - P(Y(0) = 1) € [-1,1],
and hence every estimator in 7, has risk between zero and four:
0 < Ep[(T —7(P))% < 4.

Thus the model supremum is a finite real number and dominates the displayed two-point
maximum. Taking the infimum over estimators, as in Definition 16, proves

1
Rndqg > 256 min{1, N1},

. Construction and scale of the interval grid. Fix a € (0,1), and define

p
Ba:i=1—aq, ea:zf.
Choose an integer
M2
Ba
Then M > 1, and 0 < ¢, < 1. Define
1 Werid grld 1 .
Wgrid = = min 4 \/7 Agrid = M U = 5 + ]Agrld (] € {0? cee M})
These quantities satisfy
0<wga <o Agia>0, 2N’ <2N< fa )2 .
Woeori - i 3 w rid > - —.
grid 4 grid grid 4\/N 3
For every grid index,
. 1 rid _ 3
0< ]Agrid = ﬁwgrid < Wegrid, 5 < ug i < 1

Positive spacing makes the grid points pairwise distinct.

We also need .
Za min{1, N71/2} < Werid-

75



If 1/4 < £,/(4V/N), then

1
Werid = Za % min{l’N_1/2} < g

—a
4

AN

<

In the complementary case,
€a

4N

€a o . —1/2
Werid Wik 1 min{1, N } <

This proves the required scale inequality in both cases.

. Coverage and comparison of interval-output laws. Let | € C, 44. Define its
endpoint-output laws by

Mref = Q1/2|7 = Qufridl (j:O77M)7

meaning explicitly that, for every measurable endpoint set @Z,q,

J

e (Fond) = / (0, o) Q1 j2(d0), 115(Fona) = / (0, Hena) Q, gia (do).
Write the returned endpoint pair as
(lttend), =1 <1< epg < 1.
Define the coverage events
Bj = {(ltena) : =1 <1 < thena < 1, 1 < ¥ < g}

All grid laws belong to the model and have the corresponding grid means as their average
treatment effects. Honesty therefore gives

1j(Bj) > Ba (3=0,...,M).
For the comparison with the reference sample law, define
& =2N(jAgia)® (j=0,...,M).
The width budget implies

0 <& < 2Nwgyq <

The one-record identity and product calculation give
3 (@l Q) < €5 - 1.
J
For 0 < ¢; < 1, use the exponential bound ef < (1— ¢;)~!. Furthermore,

< ei.

g

&l +e2) <26 <
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Since 1 — &; > 0, this implies

1 &
i —1< —1= ] <2
1=¢; 1-& = ¢
Consequently,
1
TV(Qu/2 Qem) < 2\/x2( QuselQu) < L <o
J
Applying Lemma 2 to the common interval kernel yields
TV(Hrefa ,U,]) <
Thus, by the defining event bound for total variation,
7
piret (Bj) = 11j(Bj) — €a = fa — €a = %,

. Counting covered grid points. For every ordered endpoint pair, define

M

Cgrid(lauend) = Z 1{l < u;;rid < uend} (_1 <1 < Uepg < 1)
=0

We claim the pointwise inequality
Agrid (Cgrid(l7 Uend) — 1) < Ueng — I

If the covered index set is empty, its left-hand side equals —Agiq < 0 < ueng —1. Otherwise
define its extreme indices by

j—:=min{j € {0,...,M}:1 < u]g-rid < Uend } J+i=max{j €{0,...,M}:1< u?rid < Uend }-
Every covered index lies between j_ and j;, so

Corid (1, tend) < j+ —j— + 1.
The two extreme grid points lie in the interval, and hence

. . id id
Agrid (Cgrid(la uend) - 1) < (]+ - ]*)Agrld - ufil grl < Uend — l.

This proves the claim, including the empty and singleton cases.

Summing coverage probabilities under the reference output law gives

/Cgrld l uend) ,uref l uend Z,uref M + 1)(ﬁ 504)-
Integrating the pointwise length bound therefore yields

[ Cn = 1) (0 ten)) > By <<M )T 1)
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The choice of M gives M3, > 8, and

7B 3aM  MPBy  Tha
M+ 1)2% 1 - =
(M+1) 8 4 s g

Since M Agriq = Wgrid, We conclude

—-1>0.

3Ba
/(uend - l) ,UJref(d(l’ uend)) 2 % Wgrid -

The endpoint length is measurable and bounded by two. Integrating first over the sample
and then over the kernel therefore equals integration under its output law, giving
3Ba

EPl/Q[uend - l] = /(uend - l) /Lref(d(la Uend)) > T Wegrid -

All randomization is included in this expectation.

. Minimax length and constant calibration. The honest interval class is nonempty.
Indeed, for every full-data law,

7(P)=P(Y(1)=1) - P(Y(0) =1) € [-1,1],

so the constant procedure returning [—1,1] has coverage one. Every admissible interval
procedure also satisfies, for every full-data law,

0< EP[uend - l] < 2)

because 0 < ueng — I < 2 for every returned endpoint pair. Thus the real-valued model
suprema are finite. Since P; /5 belongs to the model, the preceding bound implies

3fa

sup  Ep[ueng — 1] > EP1/2 [Ueng — 1] > e Werid -
PeMy 4.4

Taking the infimum over honest procedures in Definition 29 gives

3fa

Sn,d,q,a > 1 Wgrid -

The width inequality and £, = [3,/8 give the required calibration:

3 2
¢, min{1, N"Y/2} = % min{1, N~1/?}
3BaEa
16

3B
< Ta Werid -

< min{1, N~/?}

Finally, u%rid = 1/2. Hence every honest procedure satisfies

¢, min{1, Nfl/z} < Ep .4 [tUend — 1] < max Ep ., [tend — 1],
uf §=0,, M uf

and the minimax length satisfies the same lower bound. These are grid points from the
family fixed in the first step, completing all assertions.
O
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The squared-error comparison already applies when all individuals share a baseline cate-
gory and both potential surrogates are constant. It isolates the information supplied by arrived
treated outcomes, whose frequency is governed by balanced assignment and the arrival proba-
bility. The same family supports the interval comparison: the family is common across coverage
levels, while the finite grid and interval lower constant may depend on the chosen coverage level.
Both conclusions retain the randomized decision classes of Definitions 16 and 29.

C.4 The many-category comparison in the full experiment

The many-category component uses the augmented laws of Algorithm 2, with the finite priors
supplied by Lemma 7. Their membership distribution, treatment allocation, and activation
distribution are common to the two hypotheses. The comparison therefore concerns the full fixed-
sample experiment, including the information in repeated memberships and in both randomized
arms.

Two mathematical inputs have distinct roles in this comparison. Moment matching governs
comparison of the integrated observation laws, while reciprocal-mean separation governs sepa-
ration of the treatment-effect functional across the prior constructions. The common activation
mechanism connects these roles while preserving the original record coordinates. Together with
the one-category component in Lemma &8, these inputs support the following lower bound for
the entire decision class.

Theorem 12. [thm:full-experiment-lower| (Full-experiment minimax lower bound) There
exists a universal lower constant ¢ > 0 such that, for every n,d € N and q € R satisfying

e (Sample size and dimension.) n>1 and d > 1.
e (Arrival parameter.) 0 < g < 1.
o (Rare-arrival slice.) The restriction in Assumption 8 holds.

the minimazx squared-error risk R, 44 defined in Definition 16 obeys
iRn,d,q > CTn,d,q>
where 1y, 44 is the frontier rate defined in Definition 17.

The bound combines effective sample-size uncertainty with uncertainty across many cate-
gories. The one-category family accounts for the reciprocal effective sample-size term, and the
activated comparison accounts for the squared category term in Definition 17. Full membership
observations remain available throughout the experiment. Consequently, the lower bound de-
scribes the difficulty of estimating the treatment contrast with all recorded baseline, assignment,
surrogate, and arrival information under the stated rare-arrival conditions.

C.5 Large alphabets and the ascertainment deficit

The separate unrestricted comparison is Theorem 2. Its domain is n > 1, d > 1024n?, and
0 < ¢ < 1, with the model and risk defined in Definitions 7 and 12. The observed-law comparison
concerns all n original records, including their category memberships. Target separation supplies
the ascertainment-deficit component, quantified by the lower bound (1 — ¢)?/1024; the sampling
component is bounded below by 1/(256n).
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These components have complementary interpretations. The sampling term remains present
at complete ascertainment. The squared deficit measures the additional difficulty captured by
the large-alphabet comparison when the arrival floor is below one. The matching upper bound
4/n + (1 — q)? in Theorem 2 comes from the observed-outcome envelope of Theorem 1. Thus
the large-alphabet result supplies a comparison with universal constants for the joint sampling-
and-deficit scale.

C.6 Squared-error comparisons and their consequences

The lower bound in Theorem 12 and the constructive upper comparison in Theorem 6 provide
the two sides of Theorem 4. Under Assumption 8, the minimax squared-error risk is therefore
comparable, with universal constants, to the rate in Definition 17. Conditional averaging pre-
serves the upper guarantee by Lemma 1, while the lower comparison covers the full class of
possibly randomized estimators.

For a fixed alphabet and growing effective sample size, Proposition 4 records risk of order
N~ including within the constant-surrogate submodel. Along growing-alphabet sequences sat-
isfying the rare-arrival restriction and N — oo, Proposition 5 gives consistency exactly when
d = o{Nlog(e+ N)}, and risk of order N~! exactly when d = O{v/N log(e + N)}. These conse-
quences distinguish the category-growth range permitting consistency from the range preserving
effective sample-size precision.

For the unrestricted model, Proposition 1 combines the large-alphabet lower comparison
with the dimension-free upper envelope. An eventual risk bound of order n~!, simultaneous
over every alphabet size, is equivalent to an ascertainment deficit 1 — ¢, = O(nil/ 2). The
numerical comparison along arbitrary alphabet-size sequences is given by Proposition 2. At
complete arrival, Theorem 3 and Proposition 3 establish the same sampling order uniformly
over category growth.

Finally, the fixed-floor comparison in Theorem 5 concerns each fixed ¢ € (0,1/2), with
constants depending on that floor. Its lower comparison invokes the discrete observational
result of Zeng et al. [2026, Theorem 2, Section 3.2, p. 9, and its proof in Section C.5, pp. 39-44],
including the submodel with zero control regression. The resulting category-growth consequences
are stated in Proposition 6: consistency corresponds to d = o{nlog(e + n)}, and parametric
squared-error order corresponds to d = Ofy/nlog(e + n)}. These comparisons preserve the
distinct parameter domains and constant dependencies of the rare-arrival, fixed-floor, and near-
complete ascertainment results.

D Interval and observational proofs

The interval and observational comparisons use two features of the constructive analysis: a
deterministic bound on squared-error risk and a parameter-independent transformation pre-
serving the target. The decision-theoretic results in Lemmas 1 and 2 supply the corresponding
comparisons for procedures using auxiliary randomization.

D.1 Coverage and expected interval length

Fix a € (0,1), and suppose that n,d > 1, 0 < ¢ < 1, and Assumption 8 holds. The deter-
ministic envelope i, 4, in Theorem 6 controls squared-error risk uniformly over the model in
Definition 14. Its role in Definition 30 is to determine the radius before observing the sample.
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Markov’s inequality converts this risk control into coverage at least 1 — «. Because the target
belongs to [—1, 1], intersecting the interval with that range preserves coverage.

The mixed-count estimator ?flncilxq is defined in Algorithm 1. The resulting interval I™X has

length bounded by
length(I™>) < min {2, 24/ ﬂm’d’q} .
«

Thus the envelope comparison with the rate r, 4, in Definition 17 supplies the upper expected-
length comparison in Theorem 7. The upper constant C, may depend on the fixed miscoverage
level and is uniform over the sample sizes, dimensions, and arrival floors satisfying these condi-
tions.

The lower comparison concerns every endpoint procedure admitted by Definition 29. Its
sampling component is supplied directly by Lemma 8. For each fixed «, that result supplies a
finite grid of distinct target values within the same one-category family and bounds maximal
expected length below at order

min{1, (nq)~*/?}.

The underlying family is common across coverage levels; the grid and its comparison constant
may depend on «. This finite-family formulation supports every coverage level 1 — « € (0, 1).

The many-category component of Theorem 7 uses the separation and observation-law com-
parison associated with Algorithm 2 and Lemma 7. Moment matching controls statistical dis-
tinguishability, while reciprocal separation determines the target scale. Connectedness supplies
the geometric link to expected length: an interval containing separated target values spans their
separation. Finite testing families at the specified coverage level retain this link throughout the
coverage range in the theorem.

Auxiliary endpoint randomization enters through the joint observation—action laws defined
in Lemma 2. Apply that result with the action space equal to the ordered endpoint pairs and the
common decision rule equal to the interval procedure. The joint-law total variation equals the
total variation of the observation laws. Consequently, coverage events can be compared while
retaining both the observed sample and the reported endpoints. Expected length is evaluated
under this same joint law, exactly as required by Definition 29.

Together, these components give the lower constant ¢,, in Theorem 7. The minimax expected
length £, 44, is therefore comparable to /7y, 44, with constants depending on «. The square-
root scale reflects both sources of uncertainty: effective sample size and the number of covariate
categories. Along sequences satisfying the rare-arrival restriction, at fixed «, optimal expected
length tends to zero exactly when r, 4, tends to zero.

D.2 Synthetic assignment and observational risk

Fix a strict positivity margin 0 < € < 1/2. The observational class Dy ¢ is defined in Definition 31,
and its target is the contrast in Definition 32. The transformation in Lemma 5, with arrival floor
q = €, assigns an independent fair arm to each observational record and retains the outcome
when that arm agrees with the observational treatment. Positivity supplies the arrival floor in
both arms.

The induced full-data law P, defined by Lemma 5, belongs to the unrestricted randomized
class and preserves the target:

7(Py) = 0z(Pz).

81



The same statement identifies the synthetic sample law with the product observed-record law
of this completion. These two properties make the unrestricted risk certificate in Theorem 6
applicable to the mixed-count estimator evaluated on the synthetic records.

The observational estimator 953,}; in Theorem 8 averages over the independent synthetic
assignments conditional on the observational sample. The barycenter comparison in Lemma 1
weakly reduces squared-error risk under this averaging. Accordingly, the constructive bound
has a universal upper constant and retains the positivity dependence explicitly through

nd1 L. d 2
Tnde=min¢ 1, — + | —————| 5.
e "ne | nelog(e + ne)

Synthetic assignment converts observational treatment imbalance into selective outcome arrival;
conditional averaging then removes the variation introduced by that assignment. Target preser-
vation connects both operations to the same observational contrast.

The matching lower comparison invokes Zeng et al. [2026, Theorem 2, Section 3.2, p. 9,
together with its proof in Section C.5, pp. 39-44]. The relevant published conclusion concerns
fixed strict positivity, sufficiently large n, and 1 < d < cognlogn, where ¢y > 0 is a constant in
that conclusion. Its proof uses the submodel with zero control regression on occupied categories

and supplies the lower order
2
1 d
— + .
n nlogn

This conclusion supplies the observational lower-bound input. The matched comparison in
Theorem 8 covers every n,d > 1, incorporates bounded-risk truncation, and uses log(e + n).

For each fixed €, the observational minimax risk SRTZL 4. consequently has the two-sided com-
parison stated in Theorem 8, with positive finite constants ce and C, depending on that margin.
This dependence is distinct from the universal constant in the constructive bound expressed
through 7, q..

D.3 Fixed arrival and category-growth consequences

The same transformation determines the direction of the fixed-arrival experiment comparison.
Fix ¢ € (0,1/2). For every observational law in D, ,, Lemma 5 supplies a target-preserving
completion in the unrestricted class ./\/lz dg of Definition 7. Composing any randomized estima-
tion procedure with the synthetic assignment gives an observational procedure with the same
risk at the corresponding completion. Hence the unrestricted randomized minimax risk 9%;“ dg
dominates the observational minimax risk at positivity margin q. The published observational
lower comparison therefore transfers to this randomized class.

Combined with the constructive upper comparison, this transfer supports Theorem 5. Its
constants ¢(q) and C(q) depend only on the fixed arrival floor and apply uniformly over n,d >
1. The resulting category-growth conclusions are recorded in Proposition 6: consistency is
equivalent to

d, = o{nlog(e +n)},
and parametric squared-error order is equivalent to
dn, = O{+/nlog(e +n)}.
For an eventual bound d,, < My/nlog(e+n), the lower risk constant may depend on ¢, while the
upper constant may depend on both ¢ and M. The eventual sample-size threshold may depend
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on the category sequence. These dependencies specify the fixed-arrival scope of the matched
comparison and its sequence-level consequences.

E Verification note

The theorem and lemma statements and proofs attached to the frozen results are machine-
checked in Lean 4 under their stated hypotheses and cited dependencies. The checked conclusions
cover the identification identities in Lemmas 3 and 4, the decision-rule comparisons in Lemmas 1
and 2, and the synthetic-assignment construction in Lemma 5. They also cover the estimator
risk certificates in Theorems 9 to 11, the approximation and testing conclusions in Lemmas 6
to 8, and the lower bound in Theorem 12. The point-risk comparisons and their stated phase-
boundary consequences, the connected-interval comparison in Theorem 7, and the observational
comparison in Theorem 8 are checked with the conditions and constant dependencies recorded
in their statements.

The model restrictions enter as assumptions. These include independent sampling, random-
ized assignment and balance, surrogate and outcome consistency, conditional independence of
outcome arrival, and the occupied-cell arrival floor in Assumptions 1 to 7. Results for rare
arrival additionally use Assumption 8; the observational comparison uses the positivity class
specified in Definition 31. Presentation definitions specify the laws, targets, decision classes,
and procedures to which the mathematical assertions apply.

Published mathematical conclusions used through theorem-local cited dependencies remain
part of the assumptions of the corresponding checks. The generated local verification disclosures
identify those conclusions, preserve their source locators, and distinguish them from proofs
formalized in Lean. Together, the stated hypotheses and those disclosures specify the scope of
the machine-checked conditional conclusions.

F Proofs of the main results

Proof of Theorem 1. 1. Choose the universal constant C' > 0 supplied by Theorem 6. For
every admissible law P and the specified sampling law, that result gives
Ep|(755,(00) = 7(P))*] < thag < Triag,

and
Ep|(75,(00) = 7(P))’] < Bp[BL[(7(0uiw) — ()| 0] .

Its envelope is exactly the branchwise envelope in the statement, and its auxiliary output
includes the zero output on the Poisson tail. We retain this same constant throughout.

2. We first record how a deterministic risk bound yields a minimax bound. Write
Oq4:=1{0,...,d -1} x {0,1}*

for the observed-record space. For a bounded estimator kernel T, define its risk by

= -7 ’T(o o).
Re(Tyi= [ [ (0= 7P o) £5(00) o)
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These risks are nonnegative.

Let fqet : O} — [—1,1] be measurable, and let by, > 0. Suppose

Ep|(faet(On) — 7(P))?| < by for every P € M, .

The parameter-independent kernel
Tdet(oa ) = Dirac(fdet(o))

belongs to the decision class in Definition 12, and satisfies

Rp(Taet) = Ep [( Faer(On) — T(p))ﬂ .

Consequently,
Roag < s Ep [(fdet(on) ~ T(P)ﬂ < bup.
pemt, .

For a nonempty model class, the last inequality follows by taking the supremum of the
pointwise bounds. For an empty class, the real supremum is defined to be zero, and the
inequality follows from by, > 0.

. Fix n,d > 1 and 0 < ¢ < 1. Binary potential outcomes and Definition 8 give
T(P)=PY(1)=1)-PY(0)=1) €[-1,1].

Indeed, each probability belongs to [0, 1]. The zero map is measurable and takes values in
[—1,1], and its risk under the canonical product probability law is

Ep[(0—7(P))?*] =7(P)* < 1.
Applying the deterministic comparison just established yields

+
E)%n,d,q <L

. The rate in Definition 17 satisfies

1 d 2 _
—mindl, —+|—% | sy C > 0.
Tnidg mm{ g {nq log(e + nq)] } - fmda =

The estimator in Algorithm 1 is measurable. Its auxiliary output lies in [—1, 1] for every
sample and every randomization, so averaging gives

~1 < Eu[f(o;w) | o] = Ty, (0) < 1.

Under the canonical product law, the coordinate observations are measurable and inde-
pendent, with
Lp(0;) = Lp(0y), 1=1,...,n,

so they satisfy Assumption 1. The first step therefore applies to every law in the model
class. The deterministic comparison, with by, = C'ry, 44, gives

i —
iRn,d,q < CrnvdJI'
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5. We next establish the observed-contrast bound. Fix P € /\/l:lr dg- For an observed record,
write its coordinates as

0 = (X(0), A(0),5(0), R(0), (RY)(0)),
and define
Eabsl0) = 2(2A(0) — )1{R(0) = 1, (RY)(0) = 1}.

For a sample o = (01,...,0,) € O}, define

_ 1 <&
’Sn(o) = E Zéobs(oi)'
i=1
The canonical product law gives

_ — 1
Epl&n(On)] = Eplobs(O1)],  Varp(£,(On)) = — Varp(€obs(O1))-
Since every observed coordinate is binary,

-2 S gobs(o) S 27 VarP(fobs(Ol)) S EP[é.obs(Ol)2] S 4.
Expanding the squared error around the mean now gives

_ Varp (éobs (Ol )) +

p (Ep[€obs(01)] — T(P))*.

— 2
Ep[(€,(0,) = 7(P))’]
By Definition 18, B
T (0) = clip|_1,11(€,,(0)).
Because 7(P) € [—1, 1], considering whether £,(0) < —1, belongs to [~1, 1], or exceeds 1,
gives

(7T (0) — 7(P))? < (€,(0) — 7(P))*.

6. To bound the bias, define the missing-outcome masses for both arms by
Ay (P):=2P(A=a,R=0,Y =1), a € {0,1}.
For every cell indexed by a, x, s, the occupied-cell arrival condition implies
qPazs(P) < P(A=0a,X =2,S=5R=1).

For an occupied cell this is the arrival-floor inequality in Assumption 7; for a null cell
its left side is zero and its right side is nonnegative. Partitioning a cell according to R
therefore gives
P(A=a, X =2,S=5R=0) =pas(P) —P(A=a,X =2,S=s,R=1)
< (1 - q)pazs(P)'

Balanced assignment gives P(A =1) =1/2 and P(A=0)=1—- P(A=1) = 1/2. Thus,

for each a € {0, 1},
d-1 1

Zzpaxs(P) = %7

=0 s=0
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and the finite cell partition yields

d—1 1
P(A=a,R=0)=> > P(A=a,X=2,=5R=0)
:z?:()s:Od1 X
l_q Zzpazs :7(]-
=0 s=0

The event {A =a,R=0,Y = 1} is contained in {A = a, R = 0}, so
0<AuP)<2P(A=a,R=0)<1—gq.
Outcome consistency, randomized independence, and balanced assignment give

P(A=a,Y=1)=P(A=a,Y(a) =1)
=P(A=a)P(Y(a)=1)=-P(Y(a) =1).

Using the observed-record map and partitioning the outcome-one event according to ar-
rival, we obtain

Ep[&ons(01)] = 2P(A = =1,Y=1)-2P(A=0,R=1Y =1)
=2P(A= —1)—2P(A:0,Y:1)—A1(P)+A0(P)
=7(P) — Al( ) + Ao (P).

The bounds on the two deficits imply

—(1=¢q) < Ep[€obs(O1)] = 7(P) <1 —gq,
and hence, since 1 — ¢ > 0,
(Ep[gobs(Ol)] - T(P))2 < (1 - Q)2'
Together with the preceding variance and clipping bounds, this gives
~ 2 = 2
Ep|(7T(0,) = 7(P))’] < Bp|(€,(04) - 7(P))’]
4
< =+ (1-9)0>
< +(1-q)

The clipped contrast is measurable on the finite sample space and takes values in [—1,1].
Since 4/n + (1 — ¢)2 > 0, the deterministic comparison gives both

4
SR7J7,rdq = n +(1_Q)2
and
sup  Ep|(FT(0,) = 7(P)*| <=+ (1-¢)2
peMt n
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7. For the lower bound, first construct a complete-arrival pair. Define

1 1 ) 1
(5gap = m, O < 5gap S Z’ 5gap — ]_677’1,
For ¢ € {0,1}, let Piest, be the full-data law specified by
X=0, S0 =81)=0 Y(0=0  R=1,
A ~ Bernoulli(1/2), Y (1) ~ Bernoulli(1/2 + t6gap), A1 Y(1),
S=5(A)=0, Y=Y(A)=AY(1).
The baseline value 0 is available for every d > 1, and the outcome parameters lie in
[1/2,3/4]. Independence and the fair treatment coin verify randomized independence and

balanced assignment. The displayed definitions verify consistency. Constant arrival verifies
arrival MAR and gives arrival probability one in every occupied cell. Therefore

1
= + t0gap-

+ _
Ptest,Oa Ptest,l € Mn,d,l’ T(Ptest,L) ~ 9

Define the observed laws and their sample laws by

Qtest,b = EPteSt,L(Ol)7 Qtest R Qtest L
Their common support consists of the three records
Otest,control ‘= (07 0,0,1, 0)7

Otest,zero = (O, 1,0,1, 0)7 Zest = {Otest,contrOb Otest,zeros Otest,one}-
Otest,one ‘= (07 1,0,1, 1)7

The atom probabilities are

1
Qtest,L({Otest,control}) = 57
1
Qtest,L({Otest,zero}) = - — ﬂ’
4 2
1
Qtest,b({otest,one}) = 4 + ;ap

with probability zero elsewhere. In particular, Qtest,1 <K Qtest,0-

For finite laws with a positive reference law on their common support, define

(Qtest,l({o}) Qtest 0({0}))
Z Qtest 0({0})

X2 (Qtest,l ||Qtest,0) =

0€ Ztest
Summing the squared probability ratios gives

Z Qtestl {0}

1 + X (Qtest IHQtestO Qt .0 {0}>

0€ Zte,
_ (1/° (L/4 — 8gap/2)” | (1/4+ bgap/2)”
1/2 1/4 1/4
=1+ 262,
Thus 1
2 2
X (Qtest,lHQtest,o) = 2(5gap = e
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8. Define the sample likelihood ratio on O} by

];[ Qtest,O({Oi}) ’ Ztesm
07 o ¢ Zt%st'

Ltest,n (0) =

The product laws satisfy
E (n) [Ltest,n] = ]—)

test,0

and independence gives

1+ x%(

n)’ ) =F é:;)t [L‘?est n]
= (1+x%( 0)"

Here the product divergence is defined by the same finite-sum formula on Z{!
1+t<elfort>0,

Lst- Since

X2(Q‘EZs)t,l||Q§Zs)t,0) <ef 1<

For the numerical inequality, monotonicity gives e'/® < ¢1/2, while

(e'/?)? = e <3 <4,
so el/® < 2.
Define total variation for these sample laws by

1
Qi ko) =5 . Qi (oh) — Qliho(foh)| -
()Ezézggst

Cauchy—Schwarz applied to the likelihood ratio yields

1
(Qtest 1 tes)t o) = §EQE;2 O\Ltestn - 1!

2 \/EQ(H) Ltest,n - 1)2]

test,0

1 n 1
- 5\/X2(Qtest,1||QEes)t,0) < 9

| /\

Consequently, for every measurable £ C O,

(01 (E) + QU o(8) = 1= (QU1(€) — QU (&)
1
>1- TV(Qtest 1 Ees)t 0) 2 5
9. Take any parameter-independent bounded kernel T in the decision class, and define its
barycenter by

br(0) = /[ |, Tlo.dn)
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By Lemma 1, this is a measurable map into [—1, 1], and

By, |(07(00) = T(Prest))’| € R, (T, € {0,1}.

Define the two large-error events and the nearest-target test by

0
Guas, 1= {0 52 < or(o) = (P} v€ (011

and
-Atest = {0 : |bT(0) - T(Ptest,l)‘ < ’bT(O) - T(R:est,O)‘} .

The target separation and the triangle inequality give, for every sample,
Ogap < |07(0) = T(Prest,0)| + [b7(0) — T(Prest.1)] -

On Ajgest, the first error is at least dgap/2; on its complement, the second error is at least
dgap/2. Hence
Atest g gtest,[)a Afest c Etest,l-

Applying the testing bound and then event monotonicity gives

1 n c n n n
9 < Qges)t,l(‘Atest) + QEes)t,O(‘AtESt) < Qées,)t,l(gteStyl) + Cgées)t,(](gteStyO)7

SO

NG

Lg%(z)l,}l(} Qtest,b( test,L) =

Integrating squared error over each large-error event yields

Saap \~ A (n
<g2p) QEeS)t,L(gteSt,L) < EPtest,L [(bT(On) - T(BﬁeStvL))2

Whether the probability for « = 0 is smaller than that for « = 1, or conversely, multiplica-
tion by the nonnegative factor (dgap/2)? preserves their ordering. Therefore

(%ap < Ogap i max Q(n) (Etest.r)
16 — 2 Le{01} test,. \“test,e

Sean )
:Lg{l(z)i,)l(} ( 2 ) test,L(gtest,L)

< E b On - Pes L 2
< max B, |(07(0n) = 7(Pes))’

< max Rp,,., (T).

1€{0,1}

For every bounded kernel and every full-data law, bounded actions and 7(P) € [—1, 1] also
give

0<R P(T) < 4.
Thus the worst-case risks are finite. The decision class is nonempty because it contains
the zero estimator, and the complete-arrival class contains the constructed pair. Taking
the supremum over that class and then the infimum over kernels gives

62 1
m‘f‘ > gap — i
ndl = 16 ~ 256n
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10. Finally, every complete-arrival law belongs to the model with arrival floor ¢q. Indeed, all
other conditions are shared, and for each occupied cell of such a law,

QPams(P) Spaxs(P) < P(A:CL,X :an: s, R = 1)
Together with 0 < ¢ < 1, this proves

+ +
Mn,d,l - M

n,d,q’

For every kernel T, class inclusion gives

sup Rp(T) < sup Rp(T).

PeMf PeM;, .

The risks lie in [0,4], and both classes contain the complete-arrival pair. Taking infima
over the same nonempty decision class therefore yields

1
+ +
256N < f’)%n,d,l < ERn,d,q'

Combining this with the three upper bounds proves

1 (= 4 )
%E6n < %:,d,q Smln{l, Crndgs - +(1—9q) }

The first step supplies the mixed-count envelope and its auxiliary-risk comparison, and

the observed-contrast calculation supplies the asserted uniform witness bound.
O

Proof of Theorem 2. 1. Put
d:=1-¢q€l0,1).

Since d > 1024n? > 1, the hypotheses of Theorem 1 hold. Its lower bound and the last
term of its upper envelope give

1
_ + -
256n S Roag Rdg <
If 62 < n~!, then
2
0 < ! < ! <RE,
1024 = 1024n — 256n n,d,q
This case includes ¢ = 1. For the remaining case, assume

62 >nt, so in particular n~t <62
We establish the deficit lower bound in this regime.
2. Write an ordered observed sample as
0= (01,...,0,) € ({0,....,d— 1} x {0,1}*)",

with each record ordered as (X, A, S, R, RY). The decision class contains the constant

zero kernel
To(o, ) := Dirac(0).
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Fix an arbitrary T € 7, the bounded, parameter-independent kernel class of Definition 12,
and define its risk under a full-data law P by

= w—T 2 o, aw 0).
ReP)i= [ [ (P Tlo.dw) £6(0n) do)

Define the separation between the two target centers by

1 q 0
2 1+q 2(1+49q)

hsep =

Because 1 <1+ ¢ <2 and § > 0, this identity gives

o o

1 < hsep < 9 hsep 2 0.

Construct a comparison law P, by taking a uniform baseline, zero surrogates and control
outcome, and a Bernoulli treated potential outcome:

X ~Unif{0,...,d—1}, S(0)=S1)=Y(0)=0, Y(1)|X~ Bernoulli<1 j’r > .
q

Draw A ~ Bernoulli(1/2) independently of the baseline and potential variables, set
and draw the arrival indicator conditionally independently of Y (1), with

1, A=0,

These distributions are well defined because

q 1 1—|—qS

— <z, q< 1.
1+q =2 2

0<
Evaluating the average treatment effect of Definition 8 yields

T(P) = Ep[Y(1) = Y(0)] = {7 — = 5 — fsep.

. For each
¢ = (&)azp € {0,101,

construct a law Pe with the same uniform baseline and independent fair treatment assign-
ment, and with

S(0)=S81)=Y(0)=0, Y(1)=&, S=5(4), Y=Y(4).
Its arrival draw satisfies, for « € {0,...,d — 1} and a € {0, 1},

P(R=1|X=2,A=a)=1-ad,.
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Thus every arrival probability is either ¢ or 1, and

Put the product fair-coin prior on these vectors:

d—1

veen := Q) Bernoulli(1/2),  veen({£}) =27%

=0

Define the sample laws and their mixture by
Qg = £P§(On)7 Q* = ‘CP*(OTL)7 Qmix = /Qf Vcell(dg) = Z 2_dQ£-
3

For each fixed full-data law, the sample consists of n independent observed records as in
Assumption 1. The mixture draws £ once for the entire sample.

Define the test event, the exceptional prior vectors, and the two risks by
1
2 2

h
Eliost ::{(o,w):wg —Sep}, w e R,

Fiaq = {5 :

hse
T(Pg)—2‘> 4p},

Rprior(T) = /RT(Pﬁ) Vcell(d£)7 R*(T) = RT(P*)

The notation @ X T denotes the joint sample—action law used in Lemma 2.

If € ¢ Fiaq and (0, w) € Eyest, then

1 A 1 h h
-z (3-0) (5% -

Consequently, for every &,

hgep hgep
16 (Q§ X T)(EteSt) S RT(Pf) + 16 1Fbad(£)'

For exceptional vectors this follows from the probability bound by one and nonnegativity
of risk; for the other vectors it follows by integrating the displayed pointwise loss bound.
Since the same kernel is used for every &, finite averaging gives

(Quuie % T) (Buest) = / (Qe % T)(Brest) veen (d€).

Averaging the member-wise risk inequality therefore yields

h2 52
%(Qmix X T)(Etest) < Rprior(T) + %Vcell(Fbad).
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Under P,, an action in Ef. satisfies

1 hee 1 hse
w—T1(Py) > (2 - 2p) - (2—hsep> = 2p.

In particular, its squared loss is at least hgep /16, so

(@ X T)(Efegy) < Ru(T).

. We next compare the two sample laws. For a single treated visit to any baseline cell x,
averaging the fair coordinate &, gives the following observed-mark probabilities:

(R, RY) /Pg((R, RY)| X =a,A=1)veen(d€) | P.((R,RY) | X =2, A =1)
(11) /2 S =
(1,0) 1/2 1gq<1—1frq) =1/2

, 5/2 - % y
(0,1) 0 0

In the prior column, the first probability comes from &, = 1 and arrival, the second from
&z = 0, and the third from &, = 1 and nonarrival. A control visit has mark (R, RY') = (1,0)

with probability one under every law. All surrogates equal zero.

Define the event of distinct treated baseline cells by

Egistinct 1= ﬂ {Az #1or Aj 7& 1or X; 7& XJ}

1<i<j<n

For any sample atom o = (01, ..., 0,) in this event, each treated-record probability depends
on a different prior coordinate, while each control-record probability is constant in &.
Independence of the prior coordinates and the one-visit calculation therefore give

Quis((0)) = [ T] £r(0 {0} ()
=1
=11 [ £r(00 o) (@)
=1

=120 (0)((0) = Qu({o})
=1

The equality also covers atoms with impossible surrogate or arrived-outcome marks, whose
probabilities are zero under both constructions.

5. Under each P: and under Py, the probability of any treated baseline cell is

Pg(A:LX:x):P*(A:LX:@«):%, ze{0,...,d—1}.



Thus independence of distinct observations gives, for 1 <1i < j < n,

Gy N
Q.E{Az A] 17 Xz X]}_;)(Qd) 4d’

1
= < —
Qu{Ai=4;=1, X; = X;} < ..

Taking a union over the (g) pairs yields

n\ 1 n? 1
Qf(Egistinct)7 Q*(Egistinct) < (2) <7 S Sione

When n = 1, the pair set is empty and these collision probabilities are zero. Averaging
the first bound over the prior gives

c c 1
QmiX(Edistinct) = / Q§ (Edistinct) VCeH(dé-) <

8192

On the finite sample space, agreement of the atom masses on Fgigtinct implies

TV(Qui @) < 5 3 |Quix({o}) ~ @u({o))

1 1
< 5 {Qmix(E(Ciistinct) + Q*(Egistinct)} < @
Indeed, the summands vanish on Fyjstinct, and elsewhere each absolute difference is

bounded by the sum of the two atom masses. Applying Lemma 2 to the common kernel
and the measurable event Fi.t now gives

1
]. - m >~ ]. - TV(Qm1X7 Q*) (Qmjx X T)(Etest) —+ (Q* X T)(Egest)

. Under vgq, the independent fair coordinates have

Eyeon [§$] = Var,, (ﬁér) - !

1
2’ 4
Consequently,

Veell

d—1 d d—1 d
Z €CC] = 57 Va'rllccn (Z é-CC) - 4
=0 =0

The regime n~!' < 62, together with § > 0, implies

)
§>0, hsep21>o, 1 < nd?, 5% < 16h2

sep*
These inequalities and the alphabet-size condition give the concentration budget

dh2. > 1024n%h2. > 64n262 > 64n > 64.

sep = sep =

Since 7(P:) = d~1Y", &, Chebyshev’s inequality applied to the sum of the prior coordi-
nates yields

d dh
F _ i sep
Veell (Fbad) Vceu{ E 13 5 1 }
d/4 41
(dhsep/4) dh‘sep 16
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7. Multiplying the testing and concentration bounds by the nonnegative factor A,

2
sep

/16 gives

o <1 1 )<h§e‘°{<@ o0 % T) (Buest) + (Qu % T) (B}
> mix test * test )

16 © 8192 16
hgep hge
5P, (Frag) < —2P
16 Veell (Fhad) < 556

Combining these with the two test-risk inequalities established above, we obtain

Ropn(T) L Ru(T) > o [y L L
prior =16 8192 16
> hgep
= 327

where the last inequality uses 1 —1/8192 —1/16 > 1/2.

. To pass to worst-case risk, define

Rsup(T) = sup RT(P)

+
PeMy .

Binary potential outcomes give 7(P) € [—1,1]. Since the kernel takes values in [—1, 1], its
loss and risk satisfy

0<(w—71(P)?*<4 (wel-1,1), 0<Rt(P)<4

Thus the member-law risks are bounded above.

Every constructed law belongs to the model class in Definition 7. The independent fair
treatment draw verifies Assumptions 2 and 3, and the defining identities for the realized
variables verify Assumptions 4 and 5. Within an occupied cell, the outcome under P
is deterministic, while under P, its arrival draw is independent of the outcome; these
properties verify Assumption 6. For every a € {0,1} and x € {0,...,d — 1}, the cell
probabilities of Definition 6 are

1

pazO(PE) - paxO(P*> - ﬁ: Paz1 (Pf) = Pazx1 (P*) =0.

On the occupied cells, their arrival probabilities are

pazO(Pg) =1- aég:}c > q, Pa:vO(P*) = {

This verifies Assumption 7, and hence

P, P, € M;:,d,q.

Each member-law risk is therefore at most Reup(T). Since veey is a probability law,
Rprior(T) < /Rsup(T) Vcell(dg) = Rsup(T)7 R*(T) < RSUP(T)'
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It follows that )

h
2Rsup(T) Z 7zprior(T) + R*(T) Z %-

Using hsep > 0/4 > 0, we conclude

h2p 52
aup(T) > —2 > ——
Reup(T) 64 1024

This holds for every kernel in the stated decision class. Taking its infimum, as in Defini-
tion 12, proves
52 I
— <R
1024 — 7 mda
in the remaining regime.

9. The two cases establish the deficit lower bound throughout the stated parameter range.
Combining it with the initial bounds gives

1 & <t <2 g

max {4 ——, —— — :
256n° 1024 f — T vda T

Adding the two lower inequalities and dividing by two yields

1 52 1 1
er > > — 52 .
nd:q = 512n + 2048 — 2048 {n + }

Finally, 62 > 0 gives
4 1
R, <= +6 §4{+52}.
n n

nvdvq -

Substituting § = 1 — ¢ proves the asserted envelope.
O

Proof of Proposition 1. 1. We first record two bounds. By Theorem 1, for every n,d > 1,
4
n

+
S)f{n,dﬂn <

+ (1 = qn)2
For n > 1, the alphabet size 1024n? satisfies
1 < 1024n°.

Thus Theorem 2, applied at this alphabet size, supplies

I 1 2 +
2048 {n +(1=an) } < R 102n2, g,

Multiplication by n > 0, using

1 (1 1
e b1 e 11— g)?
" 2048{n+( q”)} 5oas L1+l —an)},

gives
1

n,1024n2 ,gn °
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2. Multiplying the upper bound from the preceding step by n > 0 yields, for every d > 1,

4
n%:,d,qn =n {n + (1= Qn)z} =4+n(l—g,)%
For any real b satisfying the stated strict inequality, the same step gives

1 2 +
b< 2048 {1 + n(l - qn) } < nmn,1024n2,qn'

Hence d = 1024n? is the required integer witness.

. Suppose first that the arrival-rate condition holds with M > 0. For all sufficiently large
n>1,

1 < M

Since ¢, < 1 and /n > 0, this implies

0<(1-gn)vn<M.

Squaring and using (y/n)? = n, we obtain
2

n( =g = (1= g)Vi)? <M (- g2 <

Consequently, for every d > 1 and all such n,

4 4 M? 44+ M?
—+ (=)’ < —+ — = :
n n n n

+
n,d,qn

IN

This proves the uniform risk bound with D = 4 + M?2.

Conversely, suppose the uniform risk bound holds with a real constant D. Define the
nonnegative real constant

Mg := /max{2048D, 0}.

For all sufficiently large n > 1, applying that bound at d = 1024n? and multiplying by n
gives
+
ng{n,1024n2,qn <D.

Combining this with the lower bound from the first step yields

1

In particular,

(Va1 = gn))* = n(1 — g,)* < 2048D < max{2048D,0} = M

risk*
Both v/n(1 — g,,) and M, are nonnegative, so

Mrisk
vn

\/ﬁ(1 - Qn) < Mgk, 1—¢g, <
This is the arrival-rate condition.
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4. The lower bound in Theorem 1 directly supplies, for every n,d > 1,

1
—— <R®T .
256n - nydyqn

5. Finally, assume that (\/ﬁ(l — qn))n>0 is unbounded above, and fix C' € R. Suppose, for
contradiction, that the claimed strict risk inequality holds for only finitely many integers
n. Choose an integer ng,; > 1 such that

nR+

110242 g1 <C for every n > niajl-

Define the nonnegative real constant

Miai := /max{2048C,0}.

For every n > nya;, the first step implies

1

and hence
(V1 = ga)? = n(1 — g,)? < 2048C < max{2048C, 0} = M2y,
Nonnegativity therefore gives
V(1 = gn) < Myaq (N > Ngain).-

The remaining terms form a finite set. Explicitly, the finite maximum below exists and
bounds every term:

\/ﬁ(l — qn) < max ({Mtai]} U {\/7?(1 - qn/) :n' € N, n' < ntail}> (TL S N).
This contradicts unboundedness above. Thus there are infinitely many integers n for which

+
C< n%n,1024n2,qn'

Proof of Proposition 2. 1. For all sufficiently large n, we have

>1 1 < M

n , —gn < —.

Fix such an n. Since d, > 1 and 0 < ¢, < 1, Theorem 1 applies. Retaining the last term
in its upper-bound minimum gives

1 4
< m|F < = 4+ (1-g,)>%
256m — ~ Mdnidn = p +( an)

98



2. Since n > 0, we have y/n > 0, so multiplying the deficit bound by /n yields
(1 —gn)v/n < M.

Moreover, ¢, < 1 implies
0 S (1 - Qn)\/ﬁ

Thus, using M > 0, we may square the inequality to obtain

((1 - Qn)\/ﬁ)2 < M2-

The identity (/)% = n then gives

n(1—gn)? = (1 gn)v/n)” < M2,
Dividing by n > 0, we conclude that
2
(1—gn)? < o
3. Substituting this bound into the upper estimate gives

4 4  M?* 4+ M?
+ 2 _
ndan < 5 HL @) S DA T =

Together with the lower estimate, this proves both asserted inequalities for all sufficiently

large n.
O

Proof of Theorem 3. Fix integers n,d > 1, with sampling as in Assumption 1.

1. Since 0 < 1 < 1, specialize Theorem 1 to ¢ = 1. Its lower bound and observed-outcome
contrast bound give

W
3'\»&

1 . 2
%S%:,d,l’ sup EP|:{ HT n)—T(P)} i| SE+(1_1)2:
PeM 4

2. The estimator in Definition 18 is measurable, takes values in [—1, 1], and depends on the
observed sample and the fixed parameters n, d. Define its deterministic probability kernel
by

Tur(0, Eow) = 1{75"(0) € Eout}, o€ ({0,...,d=1}x{0,1}*)", Egu C [~1,1] Borel.

This parameter-independent kernel belongs to the decision class 7, of Definition 12. For
every T € 7T, and P € ./\/l; 41> Squared loss gives

0< // (h —7(P)) T(0,dh) Lp(O,)(do).
[_171}
Evaluating the defining minimax infimum at Ty7 therefore yields

+ su —T o O).
Wans s [ [ () Tur(o,n) £p(00)(do)

PeMj[ a1
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By the definition of this kernel, for every such P,
A~ 2
//[ - 7(P))? Tur(0,dh) Lp(0,)(do) = Ep[{7HT(0,) — 7(P)}’] .
1,1

Consequently,

Eﬁ:dl < sup Ep{{?fT(On) —T(P)}Q} .
w7 PeMt

3. Combining these inequalities gives
1

N 2
sre SRS s Ep[{FT(0,) - r(P)}] <
n PeM}

S|

The constants 1/256 and 4 are independent of n and d, establishing order n~! uniformly

over d > 1.
O
Proof of Proposition 3. 1. Choose the real comparison constants
1
=—_— C:=4.
“ 256

Then 0 < ¢ < C. Fix any sequence of natural alphabet sizes (dy,)n>0 satisfying d,, > 1 for
every n. Define the arrival-floor sequence and deficit constant by

=1 (n>0), M :=0.
Thus M > 0 and g, € (0, 1] for every n. For every n > 1,
M
v

so the arrival-deficit condition holds for all sufficiently large n.

1—¢q,=0=

2. Applying Proposition 2 with these choices gives, for all sufficiently large n,

1 4
— <R, < -
256m — ~ Mwdnl = g
since ¢, = 1 and 4 + M? = 4. These are precisely the required bounds with the chosen ¢
and C. Both constants were fixed before choosing the alphabet-size sequence, so they are
independent of that sequence.

O]

Proof of Theorem 4. 1. Choose universal constants ¢ and Cj supplied by Theorems 11 and 12,
respectively, and set

0<eg, 0 < Cy, C := max{c, Cy}.

Thus
0<c<C < oo, Co<C.

Fix n, d, ¢ satisfying the hypotheses of the theorem. By Theorem 12,

Qr/n?d?q S mn7d7q.
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2. We next construct an admissible decision kernel from the deterministic estimator in Algo-
rithm 1. For each observed sample o, its defining finite average is

n
Taidg(0) =Y Pr(Ko=v) E,[f(0;w) | Ko =v].
v=0

The omitted Poisson tail contributes zero by the estimator’s definition. Each conditional
expectation is the uniform average over the 3 stream assignments. Clipping, together
with the zero-output branches, gives

—1<7(ow) <1, 1< Eff(ow) [ Ko=v]<1 (0<v<n)

The prefix weights satisfy

n
Pr(Kg=v) >0, Y Pr(Ko=v)=Pr(Ky<n)<L.
w =0 w w
Consequently, at every observed sample,
—1 < —Pr(Ko <n) <75 (0) < Pr(Ko<n) <1
w ” w

The observed-sample space is finite with measurable singletons, so this deterministic map
is measurable. Its Dirac kernel,

TmiX(Oa dh) = 5?::5(7(1(0) (dh)7
therefore belongs to the decision class 7, of Definition 16.

3. For every T € 7, and P € M,, 4,4, the joint squared-error risk is nonnegative:

Bpl(T =P = [ [ 0P Tlo.dh) £(O)do) 2 0.
1,1
because both integrals have nonnegative integrands. For the Dirac kernel just constructed,
~mix 2

Ep[(Twix = 7(P))?] = Ep | (75,(00) = 7(P))?].

Moreover,
>0 inq1 ! + d 2 >0
n , T =min< 1, — - >
1 b ng | nglog(e+ nq)

For each P € M,, 4,4, Theorem 11 now yields the uniform bound

Ep [(Tmix - T(P))z} < iln,d,q <Cy Tn,d,q < aTn,d,q~
The last inequality uses Cp < C and Tn,dgq = 0.

4. Nonnegativity of all the risks permits comparison of the minimax value with the worst-case
risk of any admissible estimator. In particular,

9{n,d,q < sup EP [(TmiX - T(P))2] :
PeM,, 4.4
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If M, 4,4 is nonempty, the uniform bound from the preceding step gives

sup EP [(Tmix - T(P))Q] < 6r”7d7Q'
PeM,, 4.4

If M, 4,4 is empty, the real-supremum convention assigns its worst-case risk the value zero.
Since C' > Cy > 0 and 7, 44 > 0, in this case

sup  Ep[(Tmix — 7(P))?] =0 < Crypag
PeM,, 4.4

Thus, in either case,
CTn,dq < 9{n,d,q < Crn,d,q'

The constants were chosen independently of n, d, ¢, as required.

Proof of Proposition 4. Write
N(t) =n(t)q(t) > 0, L(t) =log(e + N(1)).
Define the restricted model class and its minimax risk by

MY, = {P € Myaq: P(S(0)=0,51)=0)=1}, R, = inf sup Ep[(T-7(P)).
&y Paad] T€7;1, (O)
PeM, ",
Here the estimator class and joint sample-and-kernel expectation are those of Definition 16.
1. Since N(t) — oo, eventually
N(t) > max{2, d*}.

Also £(t) > 1, because e + N(t) > e. Consequently, on this eventual range,

d 2 _ d2 _ v »
[N(t)é(t)] ON(B)20(t)2 T N(H)(t)2 — ).

The expression in Definition 17 is nonnegative for every t. Eventually N(¢)~! < 1, and
both entries of its minimum are at least N (¢)~!. Thus

d 2
N(t)il S Tn(t),d,q(t) = min {1, N(t)il + [W] } S 2N(t>71.

These inequalities prove the first order comparison.

2. Let
0< Cmatch < Cmatch < 00

be the constants supplied by Theorem 4. Its hypotheses hold at every ¢: the sample and
alphabet sizes are positive, 0 < ¢(t) < 1, and the rare-arrival restriction is assumed. Hence

Crmatch "n(®).da(t) < Rnt)dqt) < Cmateh Tn(t) dq(t) (t €N).

In particular, both quantities are nonnegative, and the lower inequality also gives

-1
rn(t)7d7q(t) S Qmat(}h%n(t)vdvq(t).
Combining these bounds with the eventual frontier bounds from the preceding step yields

QmatchN(t)_l < iRn(t),d,q(t) < 2€matChN(t)_1'
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3. We next obtain a pointwise upper bound for the restricted risk. For each ¢, use the
estimator of Algorithm 1 with parameters n(t),d,q(t). Its auxiliary output is zero or a
value clipped to [—1, 1], so its conditional average satisfies

—1 = Eu[~1] On] < 705 d.aty(On(ry) < Eu[l] O] = 1.

The average is measurable because it is a finite sum over the admissible prefix lengths and
assignments. Therefore the deterministic kernel

-I—Ir:nix(o, dh) = DiI‘anzmix (o) (dh>

(t),d,q(t)

belongs to Ty,;. Its joint risk equals its deterministic risk:

ERl(TP = 7(P)P) = B | (708 a0 (Onie) ~ (7))’

Let o
0 < Chix < 00

(0)

be supplied by Theorem 11. For every P € Mn(t) da(t)

allows us to apply its risk-envelope bound:

membership in the full model class

Ep[(TP™ = 7(P))?] < at).dq(t) < Crmix Tn(t).d,q(t)-

All squared risks are nonnegative, so the minimax value is bounded above by the worst-
case risk of this admissible kernel. If the restricted class is nonempty, taking its supremum
gives

0 mix Yol
%L&),d,q(t) < S(})l)p EP[(Tt - T(P))Q] < Chix Tn(t),d,q(t)- (2)
PeM

n(t),d,q(t)

If the restricted class is empty, its real-valued worst-case risk is zero under the empty-
supremum convention. The same inequality follows from

0 < Chmix (), dyq(t)-
Thus the upper bound holds for every t.
4. To derive the restricted lower bound, fix ¢t. For pest € [1/4,3/4], define P;stt by
X =0, S(0)=S5(1)=Y(0) =0, A ~ Bernoulli(1/2), Y (1) ~ Bernoulli(pitest), R ~ Bernoulli(g

where A,Y (1), R are mutually independent, and set S = S(A), Y = Y(A). The category 0
exists because d > 1. Take the observed sample independently from the induced observed-
record law.

This construction satisfies randomization and consistency, and independence of R from
(X, A, S,Y) implies the required conditional arrival independence. Its occupied cells satisfy

1
Paoo(Pil) =5 paoo(Pil) =at)  (a€{0,1}),
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while every other cell has zero membership probability. Together with the assumed pa-
rameter restrictions and rare-arrival slice, these facts establish

PO eMO) o TR =By V(D) = Y(0)] = st

Define the separation and the two outcome means by

f1 0 T
i(t) == mm{4,4\/m}, up(t) :== 5 1(¢) - 5 +4(%).

Since N(t) > 0,
0<o(t) < uo(t),u1(t) € [1/4,3/4].

For i € {0, 1}, define the single-record and sample laws by

»JMH

QM) = Lo (O, QD)= Ly (Oun) = (@2(1) .

For finite probability laws Q1 < Qg, use the divergence and total-variation conventions

> (@1({0}) — Qo({o}))?

2 —
X (anQO) T QO({O}) ’

V(Q1,Qo) := sup |Q1(A)—
0: Qo ({0})>0 A

Under PFEQS“ every observed record has X = S = 0. The remaining coordinates, with
arrived outcome RY = RY’, have probabilities

(A, R,RY) | (0,0,0) (1,0,0) (0,1,0) (1,1,0) (1,1,1)
Probability ! —2q(t) 1 —2q(t) q(2t) q(?)(1 2— Htest) Q(t)gttest

and all other records have probability zero. At ¢(t) = 1, the first two atoms have zero
probability under both laws and are omitted from the divergence sum. Thus Q$™(t) <
Sbs(t), and summing the atom probabilities gives

142 (Q‘fbs(t)HQBbs(t)) =1—q(t) + q(;) +q() (1 = wi(t)? +u(1)?)
=14 2q(t)6(t)%

The definition of §(t) gives

16N(t)5(t)2 <1, Y < ObS( )HQObS( >) _ 2q(t)5(t)2 < 8n1(t)

Factoring the finite product sums and using 1 4+ x < e® now yields

L@@ = (1 (@0l o))
< exp(n(t)x ( ObS( )||QObS( )>> <ol
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Since
61/261/2:€<3, 61/8§61/2<\/§<2,

the sample divergence is less than 1. Cauchy—Schwarz applied to the finite total-variation
sum therefore gives

TVQE™ (1), Q1) < 5y @I (D) < 5

Consequently, every measurable sample event A satisfies

) (A7) QF(0(A) > 1~ TV(QE™ (1), Q5™(1) > 5.

. Let T € T,(4) be arbitrary, and define its barycenter and the relevant sample events by

br(0) ::/[ . hT(o,dh),

ot .
Eri= {o : (2) < |br(0) — uz(t)]} (i € {0,1}), At :={o: |b1(0) —u1(t)| < |b1(0) — up(t)|} .
These events are measurable. The triangle inequality gives, at every sample,
6(t) = ur(t) — uo(t)| < [br(0) —uo(t)] + |br(0) —wr(t)].

It follows that
At C &1y, AT C &1

Applying the testing bound from the preceding step and then these inclusions,

% < QU(O(AT) + Q5 (1) (AT) < QT () (E7.1) + @™ (H)(ET0)-

hus 1
- < m Qsa t)(& i)-
4 = z‘e{g,)f} ! ( )( T )

On &1, the barycenter’s squared error is at least (5(¢)/2)?. The barycenter inequality of
Lemma 1 therefore supplies

o(t)

2
(%)) @rmrer < [r(0) - w0 @00 < By [(T = st

Whether the probability for ¢ = 0 is at most the probability for ¢ = 1, or conversely,
multiplication by the nonnegative factor (6(t)/2)? preserves their order. Hence

a(t)?
16

6(t) 2 sam
< (2> iggﬁ(}Qi (t)(ET,)

~ () \* sam
—i§3§}{<2> Q; (t)(gT,i)}

< E T — u(t 2.
< 2, B (7~
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6. The separation also has the required lower calibration. If 1/4 < 1/(4y/N(t)), then

1 1
2:7>7 1 -1 .
o(t) TERT: min{1, N(¢)""}
In the other case,
1 1
t)? = ——— > —min{1, N(t)"'}.
o) 16N (t) — 16 min{1, N (1)~}

Combining either inequality with the preceding risk bound gives, for every T € T,

. —1 5(t)? 2
I < < — U .
556 min{l, N(t)"" } < T ig%gﬁ(} Epliz)(t) (T —ui(t))7]

The estimator class is nonempty: the constant kernel
T%(0,dh) := Diracy(dh)

is admissible. Moreover, binary potential outcomes imply 7(P) € [—1,1], and the kernel
outputs lie in [—1, 1], so
0 < Ep[(T—7(P))’] < 4

for every full-data law P and admissible T. Both testing laws belong to the full model and
to its restricted subclass. Their maximum risk therefore bounds each corresponding worst-
case risk from below; the uniform bound by 4 ensures these suprema are finite. Taking
the infimum over estimators gives

' B 1 . _ 0
—min{1,N(t)"!} < Ro(1),dq(t)s 256 min{l, N(t)™'} < %2&)@@@)'

7. The last lower bound establishes nonnegativity of the restricted risk for every t. Its upper
bound in Equation (2), combined with the eventual frontier bound, gives

0 — _
0< 9%7(1&)7d7q(t) < 2Cmix N (t) 1 eventually.

Also N(t) — oo implies N(t) > 1 eventually, so
min{1, N(¢t)"'} = N(¢)~L.
The lower bound consequently becomes

0)

LN(t)*l < RO equivalently N(t)~! <256 9‘{;(0 da(t)

256 = T n(t),d,q(t)’

Together these inequalities prove the restricted-risk order comparison, and hence all three
assertions.
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Proof of Proposition 5. 1. For every t € N, write

. (AN
l == log(e + Ny), Tt *= Trny,dy,q = I {I,Nt L4 <N:€t> } 5 R =Ny dy gy

The expression for 74 is supplied by Definition 17. The size and arrival assumptions give

d 2
N, = nyq; > 0, N;1+<N;> >0, re > 0.
ttt

All hypotheses of Theorem 4 hold at every ¢t. Consequently, there are constants 0 < ¢ <
C < 00, independent of ¢, such that

cry <R < Oy

In particular,
0<rm<c'®, 0<R<Cr.

The first inequality and the squeeze theorem show that 98; — 0 implies r; — 0; the second
gives the converse. Thus
Re —0 <— r,—0.

2. Define, for every t € N,
dy

= N1 = .
Vt t &t NZ,

Since e > 1 and Ny > 0,
6+Nt>]., €t>0, Nt£t>07 Vtzo, ftZO

Effective sample growth gives
vy — 0.

Continuity of the square root, together with

\/5:2 = |€t‘ = 5?57

shows that &2 — 0 implies & — 0. Continuity of squaring gives the reverse implication.
Hence
£ —0 = & —0.

Because N ¢, > 0 for every t, the quotient characterization of little o gives
di = o(Nply) <= & — 0.
We next establish the truncation equivalence
re =min{l, v, + &2} — 0 — & —0.

For the forward direction, r;, — 0 implies 7; < 1 eventually. At each such index, v; +&2 > 1
would give r, = 1. Therefore, eventually,

v+ & < 1, re = v + E2.
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The sum consequently tends to zero, and
0<&<n+§
implies ¢ — 0. Conversely, if £ — 0, then
v+ & — 0,  min{l,y + £} — min{1,0} =0,
by continuity of addition and minimum. Combining these equivalences with Item 1 yields

%t — 0 <= dt = O(Ntet) = 0<Nt log(e + Nt)) .

. The comparison in Item 1 also gives a two-sided asymptotic comparison. Indeed, nonneg-
ativity allows us to write, for every t,

Rl <Clrely el < 7Pl
These are the defining bounds for

R = O(ry), re = O(Ry), and hence R = O(ry).

. Since Ny — oo, eventually Ny > 1. At those indices,
0<y <1, ve < v+ &2

Thus both entries in the minimum defining r; are at least 14, and
0 <y <min{l, v + ff} = 1.

This proves the baseline bound
vy = O(’l“t).

. Define the dimension scale, for every t € N, by
Bphase,t = VN by
The positivity established in Item 2 gives
Bphase,t > 0, Nl > 0.
Moreover, using (v/N;)? = N,

Vt(Nt‘gt)2 = N[leff = thg = thase,t‘

Suppose first that 7, = O(1;). Choose a real constant S;ate such that, eventually,
0 S Tt S ﬁratth'

Since Bratetyr — 0, the squeeze theorem gives 7y — 0, and hence r; < 1 eventually. As in
Item 2, this forces
v+ & <1, m=utE
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eventually. Intersecting these eventual conditions with the assumed bound gives

2 2
v + & < Bratelt, & < Bratelt,

where the latter inequality uses 14 > 0. Multiplication by the positive quantity (N:¢;)?
then yields
d% = f?(thty < Brate%&(NtEt)z = ﬁratethase,t-
Set
Boound := max{l, Bate} € R.

Then

Boond = 1, Brate < Boound < Bpound-
Consequently, eventually,

d7 < Bgounnghase,t'

Both d; and Bpound Bphase,t are nonnegative, so this squared inequality gives

dt < /Bbound Bphase,t .

Therefore
Ty = O(Vt) — dt = O(Bphase,t)-

. Conversely, suppose that d; = O(Bphase,t). Choose a real constant fgim, such that, eventu-
ally,

0 < dt < Bdimehase,t-

The right-hand side is consequently nonnegative, so squaring gives

2 2 2
dt < 5dimehase,t .

Dividing by (N¢/;)? > 0 and using the identity from Item 5 yields

d? B%
2 _ t < 2 phase,t — A2 Vs,
gt (tht)g = /Bdlm (tht)Q ﬁdlm t

It follows that, eventually,
0<r = min{l?”lf +§t2} Sy +§t2 < (1 +5§im)yt'
Thus r; = O(v4). Together with Item 5, this establishes

re=0() <= di=O0(Bphases) = o(\/Nt log(e + Nt)> .

CIf E}it = @(Vt), then
Ty = O(%t), Ry = O(l/t) - Ty = O(I/t),

by transitivity of big O. The equivalence in Item 6 therefore gives dy = O(Bphase,t)-

Conversely, if d; = O(Bphase t), then Item 6 gives r, = O(v;). Combining this with Items 3
and 4 gives
mt = O(’l"t), Ty = O(I/t) — mt = O(Vt),
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and
vy = O(Tt), ry = O(Eﬁt) — Vg = O(%t)

These two bounds prove

R=O(N) = d=0(VNlogle+N)),

which is the second claimed equivalence.

Proof of Theorem 5. Fix 0 < ¢ < 1/2. For n,d > 1, put

by '*l"f' S 2 bn,a := min{1,b; 4}
nd Ty nlog(e+n) /) ’ nd P on,dlt

For a bounded estimator kernel T and a full-data law P, write
Rp(T) := // (h — 7(P))?T(0,dh) Lp(0,)(do).
[7171]

Thus Rp(T) integrates both the sample and the estimator draw.
1. The deterministic estimator in Algorithm 1 defines an admissible decision kernel
Tunix (0, dh) := zmix (o) (dh).
By Theorem 6, there is a universal constant C mix > 0 such that
0 < Rp(Tmix) < Cmix Tn.dq for every P € M:zr,d,q'

Taking the supremum over the model and then using this kernel in the defining infimum

gives
mrtd,q < sup RP(Tmix) < Chix Tn,d,q-
PeM] .

If the model class is empty, its real-valued worst-case risk is taken to be zero, and the same
inequality follows from

1 d 2
—mindl, —+ [ >0.
A By - (nq log(e + nQ)> -

2. We next convert this upper bound to the fixed-q rate. Define

_1-—1loggq

/Bq: q

N :=ng, ¢:=log(e+ N), U1 = log(e +n).

Throughout the present domain,
N >0, £>1, ly1 >0, logg <0, By > 1.

Since N
e—l—n§e+ )
q
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monotonicity of the logarithm yields
b <€ —logq < (1—logq)tl.
The second inequality follows from

(—loggq)(¢—1) > 0.

Consequently,
nln1 < n(l —logq)l = B,NL.
Moreover,
qﬁqzl—longl, q,B(?:(l—lqu)Bqu,
SO 2
1 B
N~ n

The positive denominator comparison also gives

d d d\> [ d \*
< — < B— — ] < .
0= {— ﬁqngnJ’ (NE) - Bq (nﬁn@)

Adding these bounds,

1 d\> _ 5.0
Nt <N€> < Babn.a-
Truncation therefore gives
Tn,dq < min{l, 53h2,d} < ﬁghn,d-

Indeed, if by, ; <1, the last inequality is

min{1, 8705, 4} < BIb5.a = B bn.ai
if by ;> 1,1t is
min{1, 87h5 4} <1< 57 = B7hna-
Define the positive fixed-q constant
6poly((]) = amixﬁg'
The upper bound from the preceding step now implies

m'rtvdvq é Umixrn7d7q S 6I)Ol}’(q) hn,d~

. For the lower bound, invoke the published fixed-positivity lower bound on the control-zero
observational subclass [Zeng et al., 2026, Theorem 2, Section 3.2, p. 9, with its proof in
Section C.5, pp. 39-44|. Its truncated, all-n,d comparison is supplied by Theorem 8: at
€ = q, there is a constant ¢, (q) > 0 such that

cz(@bnag <RY 4, (n,d>1).
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We transfer this lower bound to the unrestricted experiment. For an observational esti-
mator kernel 6, define

RZ (0) = / /{1 1](h — 02(P2))?0(z, dh) Lp,(Zy,)(dz).

Given any admissible unrestricted kernel T, define its observational pullback by

fr(z. V) =27" > T((olws biyiz )iy V)
ue{0,1}n

where

z = ((x4,b;,9i)) iz, u = (u;)iq, Ve B(-1,1]),

and o(x, b, y; u) is the synthetic observation map of Lemma 5. This finite mixture composes
the parameter-independent fair-coin transformation with T, and hence is an admissible
observational kernel.

For every Pz € Dg 4, Lemma 5 supplies a completion P, € /\/l:lr dg whose observed product
law is exactly the transformed sample law and whose target satisfies

7(Py) = 0z(Pz).

Thus N
R%,(67) = Rps(T).

Both targets and all kernel outputs lie in [—1, 1], giving

0<RZ (6r)<4, 0<Rp(T) <4

The supremum comparison and the observational minimax definition therefore give, for
every T,

N2, < sup RE (1)< sup Rp(T).
P26'Dd7q PEMI,d,q

Taking the infimum over T yields

mid,q S m:’;d,q'
Now define (@
cz\q
c(q) = Zﬁz > 0.
q

Using the rate comparison established in the preceding step,

cz\q
(Q)rndq < 2(9) 5§bn,d =cz(q)bpa < mid,q < %:,d,q-

bi
4. Choose the common upper constant

é(q) = HlaX{émimépoly(Q)} + Q(Q)-
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These are finite real constants depending only on ¢, and
0 < c(q) < Clg).

The rates are nonnegative:
hn,d > 0, Tn,d,q > 07

and the chosen constant satisfies
6mix < 6(Q)7 6poly((]) < €(Q)

To obtain the fixed-rate lower bound with the same constant, observe that

0< N <mn, 0<l<tyn, 0 < NEL<nly;.
It follows that
1 1 d d
— < AT 0 S S N7
n - N nlp1 — NL

and hence

d \? d\?
< | — .
(n&m) _<Nf>

Adding and truncating at one proves

b mmmd .t (— ) el L ()L
n,d = mMin v ngn’l < min "N N7 = Tn,dgq-

Combining this comparison with the preceding bounds gives

c(@bna < c(@)rnag <Ry gy
iRr+1,cl,q < Chroly (@)bn.a < C(q)bn 4,
ADrndg <R 400
mr—:d,q < ChixTndg < C(Q)Tndg-

These are the two asserted comparisons.
O

Proof of Proposition 6. Fix ¢, the arrival floor, with 0 < ¢ < 1/2. Throughout the proof, n
ranges over positive integers, and all limits are taken as n — oo.

1. For a sequence of integers d,, > 1, define

fix fix : 1 dn ?
0% =log(e+n), rpX =min < 1, St .

fi
niix

Apply Theorem 5, whose lower comparison uses the published zero-control-regression lower

bound [Zeng et al., 2026, Theorem 2, Section 3.2, p. 9, and its proof in Section C.5, pp. 39—

44]. Tt supplies constants 0 < c¢(q) < C(q), depending only on ¢, such that
cg)rix<wf, <C(gr™  (n>1).

These constants are common to every dimension sequence. Moreover,

o<rix  0<C(g).
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2. We first establish the consistency equivalence. The comparison above gives

0<ri<clg R, . 0<RT, < Clg)ri

Applying the squeeze theorem in each direction yields

m-ﬁ-

fix
ndng 0 = 1 —0.

To characterize the latter limit, define

Py— 1 Pyp— dn
S T
Since e +n > 1, we have
x>0, x>0 £>0, v, >0, v, —0.

The last limit follows from n — co and continuity of inversion at infinity. Continuity of
the square root and nonnegativity of &, give

2 —0 = &=+ —0.
Conversely, continuity of squaring gives
b — 0 = & —0.

The positive denominator also gives the usual quotient characterization of little-o:

dn, = o(nﬁgx> = & —0.

It remains to handle the truncation. If % — 0, then eventually

i = min{1, v, + €2} < 1.

At every such index,

Vn+£7%<17 Tgszn+523

indeed, v, + &2 > 1 would make the minimum equal to 1. Thus v, + &2 — 0, and
0< & <vntén
implies ¢2 — 0. Conversely, if £2 — 0, then
Up +& — 0,  min{l,v, + &} — min{1,0} =0,

by continuity of addition and the minimum.
Consequently,

fix
n

X 50 = £ -—50 <— & —0 <= d,=o(nlogle+n)).

Together with the risk comparison, this proves the first assertion.
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3. For the sufficient condition for the parametric rate, choose
c:=c(q) > 0.

Given M > 0, define B
C = C(q)(1+ M?).

These constants satisfy

IN

c=c(q) <C(q) < Clg)(1+M?) =C.

Suppose that eventually
dp < M~/n it

2

Both sides are nonnegative, so squaring this inequality and using (y/n)? = n gives

2 2
&2 < (M\/ﬁ zZX) — M2 (Ef;‘) .
Dividing by the positive squared denominator yields

T (ntix)2 T o

Here the cancellation uses ) )
fix)2 fi
ﬁ(nﬁnx) =n (ﬁnx) .
Since 1/n <1 for n > 1, both entries of the minimum defining the rate are at least 1/n.

Hence 9
1 1 1 1+ M
éri"zmin{l,+§i}§+fié =

n n n

n

Multiplying the lower and upper bounds by the corresponding frontier constants gives,
eventually,

c — C
” < c(q) rfizx < %j;qu < C(q) "”fizx < "

The choice of ¢ depends only on ¢, and the choice of C' depends only on ¢ and M. The
eventual dimension bound determines the threshold along each sequence.

4. For the converse, suppose there exist constants 0 < ¢, < C, such that eventually

Cx +
g S mn,dn,q S

.
n

In particular, C, > 0. Combining the upper risk bound with the lower frontier comparison

gives
C
fix + *
o) <, <
and therefore o 1
0< 7’2" <X -390
c(q) n

Thus eventually ri* < 1.
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Define the dimension-bound constant

Kgim := max {1, Cu } )
c(q)

Its calibration gives

0<Kima 1§Kima SKim<K
At all sufficiently large indices, % < 1 implies
L o fix _ 1, 42
ﬁ+§n<17 rnxzﬁ—i_gn?

because a sum at least 1 would make the truncated rate equal to 1. The preceding rate
bound and 1/n > 0 now yield
1 1
2 2 fix

Multiplying by (ni*)? > 0 gives

d? < Cu n (52)‘)2 < K3 .n (EEX)2.

The second inequality uses n(£iX)2 > 0. Also,

fi fix) 2 2 fixc) 2
Kaimvn 6, >0, (Kdim\/ﬁfnx) = Kijmn (fnx> :
Since d,, > 0, comparison of these squares implies
dp < Kgimv/n 05 eventually.

Both the dimension and the comparison scale are nonnegative, so this is precisely the
required bound

dp = O(v/n log(e +n)) .
O

Proof of Theorem 6. 1. By Theorem 9, choose a universal constant 0 < C' < oo. For every
n, d, q, P satisfying the stated domain, model, and sampling conditions, this constant gives

Ep | (75,(0n) = ®(P))*| < thyag < Crnag,

where ®(P) is the signed cell functional of Definition 10. The envelope here has precisely
the branch formulas in the statement.

2. The model hypothesis permits application of Lemma 3, which supplies
T(P) = ®(P).
Substituting this identity into the preceding risk bound yields

Bp | (75,(0) = 7(P))°] < 844 < Tty
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3. To establish the auxiliary-risk comparison, fix an observed sample
o= (o) € ({0,....d— 1} x {0,1}*)", 0i = (Xi, Ai, Si, Ry, R;Y5).

Define the prefix probabilities and remaining probability by

why = Po(Ko = o) = e-n/22D° g S = 1= S = Pu(K
ko 1= Pu(Ko = ko) =€ ol (ko € Z>0), il = 1= Y wg, = Py(Ko > n).
' ko=0

The disjoint prefix events imply
n
W, > 0, Z W, <1, Otail > 0.
ko=0

For each 0 < kg < n, define the assignment set and its output average by

Ske = {0 {1,... ko} = {1,2,3}},  Tp,(0) :=3"" Y F(0;(ko,0)),

JGEkO
where the three assignment values denote the membership, pilot, and estimation streams.
The notation (kg, o) specifies the auxiliary prefix and assignment in Algorithm 1.

The weights wy, . .., Wy, dtaj] SUM to one, and

n

> Wi T (0) = T(P) = Stait (~7(P)) + Y wiy (Thy (0) — 7(P)).

k():O kOZO
Convexity of the square therefore gives

2

S wiyThy(0) = 7(P) | < Sranm(P)2 4+ Y wi,y (Tho(0) — 7(P)).
ko=0 ko=0

4. Since |S,| = 3%, centering the assignment average gives
Tho(0) = 7(P) =375 % (7(03 (ho, 0)) = 7(P)).
UEZkO

The finite mean-square inequality, obtained by Cauchy—Schwarz, consequently yields

(Tro(0) = 7(P))* < 375%™ (7(0; (ko, o)) — 7(P))*.

O'GEkO

This also covers kg = 0: the empty prefix has one assignment, so the averaging denominator
equals one.

5. Multiplying these inequalities by the nonnegative prefix probabilities and summing gives

n

>~ w,y (Tro(0) — 7(P))?

ko=0

< S w33 (7 (oi (ko, ) — 7(P))’.
ko=0

O’EZkO

117



The estimator’s finite averaging formula in Algorithm 1 is

n
Thidg(0) = D Wi Ty (0)-
ko=0

Combining this identity with the preceding two bounds establishes, for every o,
~mmix 2
(Faidq(0) = 7(P))

<N w3 ™ 3T (F(o; (ko, ) — 7(P))? + brant(P)?

k0=0 O'Ezko
~ 2
= B[ (7(Onw) = 7(P))* |0 = o]
The last term in the sum is the squared loss of the zero output on Ko > n. All func-

tions in this inequality are measurable and integrable on the finite observed-sample space.
Integrating under the canonical product law yields

Ep[(724(00) = 7(P))’] < Bp[Bu| (7(Onw) — 7(P)* | 04] ],

as required.

Proof of Theorem 7. Fix o € (0,1). Throughout the proof, write
B:=1—a>0, N :=nq >0, ¢:=log(e+ N) > 1,
where n,d > 1,0 < ¢ < 1, and ¢/ < 1/64. Define the two length scales by

Spar := min{1, N—1/2}’ Smany 1= Min {1, ]\C/fﬁ} .

1. Upper bound for the risk-envelope interval. By Theorem 11, there is a universal
C > 0 such that, for every P € M,, 4,

~mi 2 —
Bp| (7, = 7(P)*] < tnaq < Crnag.
For every observed sample, define the envelope radius by

./ Un dq
Penv ‘= - -
a

The endpoints in Definition 30 satisfy

length(I2"™) = min{1, 725, + penv} — max{—1, 70, — penv} < 2peny-

n7 n7d?q

Cy ::2\/9>o,
[0
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we have
- by
Epl[length(I™™)] < 24/ =% < €, /roda.
Q@
Taking the supremum gives
sup  Ep[length(I™)] < Co/Trdg-
PeMn,d,q
For an empty model class, the supremum is zero by the convention in Definition 29, and
the same inequality follows from 7, 4, > 0.

. Calibration of the activated regime. Define constants depending only on « by

8 1843202
n-= 87327 Mact,Oé = lrﬁ—‘ + 1, Dactu = |VaCt7a—‘ + 17

5
32 —1lo 16 21
Tact,oz ‘= max {17 627 4n, 277Dact,on €xp <2g8(5/)> } ) Cact,a *= 3726% .
The ceiling inequalities give
1 18432M2
Mact,a 2 17 Mact,a S ga Dact,a Z 1, Tam S Dact,a-
Use the quantities from Algorithm 2:
K:=[0, H=EK. by=-1, Ji—minld—1|-—
* ) * ) O * Ng? * ) 2b0 *

They are defined for all the parameters under consideration, including d = 1, when J = 0.

Suppose first that N > T}t o. Since £ > 1,

D N _Ne
aka =9n = 2 2by
Also,
o< L1 0>2 K>2
O_N_47 = 4y = &

S

The ceiling bound K < ¢+ 1 < 2/, together with the slice restriction, gives
1
gH = qK? < 4q0? < 6"

By Lemma 7, choose finitely supported probability laws IIp,II; on [1, H] with matching
moments through degree K. Interchange their names if necessary and define

Hrees = / 2HdIL(z) (i =0,1).

Then .
/ZW dlly(z) = /zv dil;(z) (0<v<K), Mrec,1 — Hrec,0 = G

We will show that whenever J > Dgct a,

Cact,aSmany < 2'n,d,q,oa .
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3. The activated grid and its likelihood comparison. Continue under N > T, o and
J > Dget,o- For each integer 0 < ¢ < My o, define

H(L)::<1— ‘ >H—|—
Mact,a 0

L
11;.
Mact,cx

These are finitely supported probability laws on [1, H], with the same moments through
degree K.

For completeness, the full-data laws underlying the activated experiment can be specified

as follows. For a fixed z = (20, ...,24_1) € [1, H]¢, let P2°* have baseline probabilities
bo, 0<z < J,
PPYUX =2)={1—Jby, =1,
0, J <z <d.

Let treatment be an independent fair coin, and set
S(0)=S(1)=Y(0) =0, S =0, Y =AY (1).

Conditional on X = x, generate the treated potential outcome and arrival independently,
with
27 <,

T

0, x> J,

qze, <,

P:“(Ym:uX:m):{ s

@%R:uxzam:{

The inequalities Jbg < 1/2 and ¢H < 1/16 ensure valid probabilities. Independence of
treatment, consistency, conditional independence of arrival and outcome, and the arrival
floor follow from this construction. Thus
J—1
Pyt e Myag, TP =bo Y 2"

=0

Let @act,L be the augmented sample law obtained from the rule in Algorithm 2, using
(H(‘))‘g’d for the latent vector. Let Qact, be its projection onto the observed sample. The
conditional probabilities in that construction give

Qact, = / L pact (0y,) d(TT)®%(z).

Define the activation count in each rare category and the common cutoff event by

n

V, = Zl{Xi =z, Bacty =1} (0<z < J), Gact == {Vz < K for every x < J}.
i=1

Conditional on the membership, treatment, and activation pattern, every activated ob-
servation in category x contributes an affine factor in z,, and every inactive observation
contributes a constant factor. The conditional likelihood therefore has degree at most V,,
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in each z;. On Gac, integration against the product priors and moment matching imply
equality of all augmented sample atoms:

@aot,L({Oaug}) = @aet,()({oaug}) (Oaug € Gact)-

Hence the two laws also assign the same mass to Gt and its complement. Splitting any
event into its intersections with these two sets, and then projecting, yields

TV(Qact,07 Qact,b) S @act,O(G;ct)~

To bound this last probability, define

K2
Kiai := K + 1, Aact 1= nbogH = 777

The membership and activation pattern has a common law under all the priors, and each
V. has distribution Binomial(n,bygH ). Counting subsets of Ky, successful observations

gives
V. n
E z — boaH Kmn)
(Ktail> <Ktaﬂ>< 0 )

with both sides zero when Ky, > n. Since 1{V, > K} < (K‘:;l)’

)\Ktail

Pr(V, > K) < 22t
r(x> )_Ktail!

The ceiling inequalities imply

~ nK? 31
Aact = 7 < 277Ktail <e Kian, Kian > L.

Using the Ki,j-th term of the exponential series,

)\Ktail KK.tail
act < 6—31Ktai1 tail < 6_30Ktail < 6_306.
Kian! Kian!

A union bound, followed by the mass cap and N < ef, ¢ < e, now gives

~ NY
—30¢ —30¢ 32—-28¢
Bnero(Gr) < T < 0 om0 < o8

Finally, the definition of T} o implies

_ 32-108(B/16) ooz B

= 28 ’ — 16

Thus, for every grid index,

B
TV(Qact,Oa@act,L) < E
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4. Coverage of the prior neighborhoods and their length cost. Define the target
separation, centers, and neighborhood radius by

Jbo
Aact 7= Jbo(firec,1 = Hrec0) 2 5 > 0,
L L LAact AaCt
Oactr = Jbo | (1 — — =0 ) = ‘
acte ° |:< Mact,a> fireed - Mact,a :U’I“BCJ:| et - MaCt:a et 8MaCt’a

Under the «-th product prior, the actual target has mean 0,c(,. Independence of the latent
coordinates and z; ! € [0, 1] give

J—1
b2
Var <bo Z zzl> < %.
=0

Indeed, a variable in [0, 1] has variance at most 1/4, and the variances of these independent
summands add. Chebyshev’s inequality therefore gives

Jb3 /4 _ 2304M§Ct7a _ B
2 —_—

Pr (‘T(PzaCt) — Oact, 7 =3

11()®d

> wact) <

wact

Fix any | € Cy,4,4,o» and let vaet, denote its returned-interval law when the sample has law

Qact,L :

Vact,, *= Qact,bl-

For each grid index, define the interval event

Fact,L = {[lv U} : [la u] N [gact,b — Wact, Hact,L + wact] 7é Q} .

Honesty holds for every fixed completion. Averaging that coverage over the finite prior
and subtracting the target-concentration failure probability yields
B_T18

Vact,L(Fact,L) > B - g S

By Lemma 2 and the preceding likelihood comparison,

1383

TV(Vact,0> Vact,L) Vact,O(Fact,L) > F

<77
— 16

Define the number of neighborhoods met by a returned interval by

Mact,a

Nhit([l’u]) = Z 1Fact,L(U7u:|)'
=0

Meeting the ¢-th neighborhood is equivalent to fact,, € [l — Wact, U + Wact]. The centers are
spaced by Aact/Mact,o. Thus the distance between the extreme centers contained in this
expanded interval gives

AaC
(u— 1) + 2Wact > A tt (Muic ([T, u]) = 1).
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For zero or one contained center, the right side is nonpositive or zero, so the inequality
covers those cases as well. Taking expectations,

A 13
EVact,O [U - l] Z act |:(Mact,a + 1)1765 - 1:| - 2wact
act,«

13 13 5

= Aau:t |: IB + B — :|
16 16Mact,a 4Mact,a

218
Z gAacta

where the last step uses 1/Myct,o < /8. The left side is a prior average of the expected
lengths of this same procedure over laws in M,, 4 ,. Therefore

2 N < sup  Epflength(l)].

32 PEMn,d,q

The constant procedure returning [—1,1] is honest, so the procedure class is nonempty.
Taking its defining infimum gives

218

32 Aact < En,d,q,a-

To express the separation in terms of d, split according to the minimum defining J. If
d—1 < [(2bp)7!], then J = d—1, and J > Dyetq > 1 implies d > 2 and J > d/2.
Otherwise, J = [(2by) '], and

1 1
Jbyg > — — by > —.
0 = 2 0 = 4
In both cases,
dby 1
Jby > min{ —, - ;.
0 > mm{ 5 4}
Since n < 1/2, the two inequalities
n dbo n 1
ﬂsmany > ﬂ’ ﬂsmany < @
give
n 1 . dby 1 Jbg
ﬂsmany < 12m1n{2, Z < ﬁ < At
Consequently,

Cact,aSmany < Sn,d,q,a (N > Tact,a; J > Dact,oc)-

5. An explicit one-cell floor. Use the family P, supplied by Lemma 8. We record the
calibration needed here:

382
Cpar,a ‘= 5@ > 0, Cpar,aSpar < Sn,d,q,a'

To obtain this explicit constant, define

._ B R 1 neen
ncell T o Weel] -— 1111 — .

8 4’ 4\/N
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Choose an integer Mceno > 8/, and set

Weell 1
= > 07 Ucell,, = 3 + L(gcell (0 <:< Mcell,a)-
cell,« 2

Ocell 1=

These grid points are distinct and belong to [1/4,3/4], and

Tlcell
1 ——Spar-

2
2 Teell
2chell < (:8e ) Weell >

Indeed, N > 0 and 0 < neen = 5/8 < 1, 80 weepp > 0. The defining minimum gives

Weens < el ONw?, < 2N ( MTcell )2 _ Teen
Ce_4\/ﬁ7 cell = 4\/N 87

where the equality uses (vV/N)2 = N. For the lower bound, if 1/4 < nee1/(4v/N), then
Weell = 1/4, and spar < 1 gives

Tlcell Tlcell
S <
4 P =y

< = Weell-

NG

Otherwise, Weell = Neent/ (4V/N), and Spar < N—Y2 gives

ncell Tlcell

S S = Weell -
par ce
4N

Write the one-record and sample laws of this family as

1 1 n
Qgefl,u = ‘CPu (01)7 chllu = (@gegl,u)(8 :

In this family, the arrival floor and P,(R = 1) = q, together with balanced assignment,
force arrival probability ¢ in each treatment arm. Conditional independence of arrival
and outcome then gives the two treated arrived-outcome atom probabilities qu/2 and
q(1 —w)/2; all other observed atom probabilities are constant in u. Consequently, defining
the one-record chi-squared divergence by its finite sum,

2
Qe (o) = QL ({0}
Xc(ell)lL = Z [ el (1) / = 2Q(L5cell)2'
(1) cell 1/2({0})
Qe 1/2({0})

This computation also covers g = 1, since the vanished nonarrival atoms are omitted from

the sum. Define Xc(elf , by the analogous sum for the sample laws, and put

2
Ui
tcell,b = 2N(L5cell)2 < %ﬂ-

Independence of the observations gives

X(n) — (1 + X(l) )n S etcell,L_

cell,. cell,.
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For 0 < tcen, < 1, comparison of the exponential and geometric series gives

1 tCBH,L 2

t
ercelhe < = Teells

=~ 7T,
1- tCGH,L 1- tCGH,L

using teen, < 77<2;e11 /8 and neen < 1. Thus Cauchy—Schwarz applied to the finite likelihood-
ratio sum yields

(n) (n) )
TV(@CZH,l/Q’ QCZH,UCEH,L) < 5 Xc:H,L < Neell-

For any honest procedure |, coverage of each grid point is at least 8 under its corresponding
sample law. By Lemma 2, under the reference law P/ each point is contained in the
returned interval with probability at least 8 —ncen = 7/3/8. A connected interval containing
a given number of grid points has length at least their spacing times that number minus
one. Summing the inclusion probabilities therefore gives

7
Ep, ,[length(1)] > deen | (Meena + 1)§ 1

> Z’wcella

because 1/Mceno < 3/8. All interval risks lie in [0, 2], and the constant interval [—1,1] is
honest. Hence taking the supremum over models and the infimum over honest procedures
preserves this lower bound. Finally,

36 Tlcell 3/6
Cpar,aSpar > ZTSP&Y < chell < Sn,d,q,a7

which proves the asserted explicit floor.

. Extension of the many-cell scale to all regimes. Define

. . . -1/2 Cpar,a
Cmany,o := Min {Cact,aa Cpar,o min{1, Toctlo 1, Di’ > 0.
act,«x

We claim
Cmany,aSmany < Sn,d,q,a
throughout the parameter range.

First suppose N > Tict.o. If J > Dact o, the activated bound gives

Cmany,aSmany < Cact,aSmany < 'Qn,d,q,a-

If J < Dact,«, the capacity inequality from Item 2 implies

1
\‘%J Z Dact,a-

Thus the minimum defining J forces d — 1 < Dagct o, and hence d < Dyt . Since N > 1
and £ > 1,
d Dact,a

Smany = N7 = \/N = Dact,ozspar'
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It follows that

Cmany,aSmany < Cmany,aDact,aspar < Cpar,aSpar < £n,d,q,a-

This case includes d =1 and J = 0.

Finally, if N < T,ct,, monotonicity of the square root and reciprocal gives

min{1, T71/2} < Spar-

act,«
Using Smany < 1, we obtain

. —1/2
Cmany,aSmany < Cmany,a < Cpar,o Min{1, Tact,a} < Lndga-

. Combination of the lower scales. The identities

2
vmin{l, N1} = spar, min {1, (]\ié) } = Smany

follow by splitting at N~' = 1 and d/(N¥) = 1, respectively. Define

Choth,a += mln{cpar,ou Cmany,a} > 0.

The preceding bounds give

Cboth,a max{spar, Smany} < Sn,d,q,a-

Moreover,

2

par»

Tn,d,q < 2max{s 12nany}'

S

Indeed, when both untruncated terms N~! and (d/(N¥))? are at most one, their sum is
at most twice their maximum. If either exceeds one, the maximum of the truncated terms
equals one, while r,, 4, < 1. Since the maximum is nonnegative,

m <2 max{spara Smany}-

Therefore, defining

Choth,a
Clow,a ‘= 9 > 0,

we obtain

Clow,a\/Tn,d,q < 2n,d,q,a-

. Honesty and the minimax comparison. Set

Co = min{ciow,a; Ca}, C, :=C,.

Then 0 < ¢, < C, < 00, and Item 7 supplies the required lower inequality.
Fix P € M,, 44. Define the squared error by

Veny := (1 (0,,) — 7(P))”.

n
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The risk bound implies
0< EP[‘/env] < i'l'rL,d,q-

If $, 44 = 0, nonnegativity gives Veny = 0 almost surely, so the interval contains 7(P)
almost surely. If i, 5, > 0, define

ﬂ*n,d,q

(0%

> 0.

teny :=

Integrating the pointwise inequality Veny > teny1{Veny > tenv} gives

tenv }I)DT(‘/env > tenv) < EP[‘/EIIV] < i/LrL,d,qa I;r(v:env > tenv) <a.

Because 7(P) € [—1, 1], squared error at most tep, implies inclusion in the clipped interval.
Consequently,

{7(P) ¢ 15} € {Veny > tenv},  Pr{7(P) € Ig™} > 1-a.

The mixed-count estimator takes values in [—1,1] by Algorithm 1. Its envelope interval
therefore has ordered endpoints in [—1,1]. The finite observed-sample space makes its
endpoint map measurable, and its Dirac kernel is an honest member of C,, 44 . For this
kernel, joint sample-and-kernel expected length equals Ep[length(I™%)]. The definition in
Definition 29 hence gives

Lhdga < sup Ep[length(I;niX)].
PEMn’d’q

Combining this comparison with Items 1 and 7 proves

CaVTndg < Lndga < PGSMUP Ep[length(I;niX)] < éavrn,d,qv
n,d,q

together with the asserted coverage.
O]

Proof of Theorem 8. 1. Uniform risk bound for the deterministic estimator. Let C' > 0 be
the universal constant supplied by Theorem 6. Fix n,d > 1, 0 < € < 1/2, and Pz € Dg.
Define the auxiliary assignment vector and synthetic sample by

u~ Unif({0,1}"),  OF™ := (0i(ui))iey,
with u independent of Z,,. By Lemma 5, there exists P} € M: 4. such that
Lp,u(O9") = (Lpy(X, A, S, R, RY))™",  7(P}) =02(Pz).

Thus the synthetic sample satisfies the sampling and model hypotheses of Theorem 6 at
q = €.
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For each fixed sample realization z = ((x;, b;, y;))i~,, Cauchy-Schwarz on the 2" assign-
ment vectors gives

2

Z { TI?de 01(u1), On(un)) _QZ(PZ)}

uec{0,1}"

<2n N {FR (or(w), ... on(un)) —02(P7)}
ue{0,1}n

Dividing by 22" and using the defining finite average yields
POl Py
( n,d, 6( )>

z) — 07 (Pz
< LS (ot ontn) — 0P}

ue{0,1}n

Integrating this inequality, identifying the uniform coin average with the synthetic sample
law, and then applying Theorem 6, we obtain

~ 2
e, | (B25(20) - 02P2))’|
< Bryu| (FI(0™) — 02(P2))”]
= Bpy [(F15.(00) = 7(P1)°] < thnae < Crnac

Tn,d,e

Taking the supremum over a nonempty observational class proves the first assertion. If
that class is empty, its real-valued supremum is zero, and the same bound follows from

: 1 d 2 _
0<7hde=min{l, —4+|—F— , 0<C.
w ne nelog(e + ne)

. Upper bound at fized positivity. Fix 0 < e < 1/2. For n,d > 1, define

Ty = 1 + I 2 riX = min{1, P22,
n,d n nlog(e+n)| ’ n.d 1 nd
and set -
—loge
le, :=log(e + ne), 0y 5, = log(e +n), Ye,cmp = %
All denominators below are positive. In particular,
lem > 1, Ui >0, loge <0, Ye,cmp = 1.

Since € < 1,

e+ ne
e+n< .
€

Monotonicity of the logarithm therefore gives

U <Uley —loge < (1 —1loge)lep,
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where the second inequality follows from
(—loge)(len — 1) > 0.
Consequently,
nfl,n < Ye,cmp nege,n-
Also,
Yecmp = €Ve,emp = 1 —loge > 1.
These two comparisons imply, respectively,

d 1, d 1? 1, 1
S’Ye,cmp N ) 7§7€,cmpa‘

nele n nli

Adding gives

1 2
— ¥ < praw
ne nfze,n 76 ,cmp’ n.d *

Truncation preserves the needed comparison. Indeed, if 7% < 1, then

praw praw fix .
fYE ,cmp n d } fYE ,cmp n d ny cmprn d»

min{1,
if T = 1, then
. fi
Il’lln{l, 76 ,cmp!” fzay} <1< 76 ,cmp 76 ,cmp nxd

Thus

fix
Tnde > ’75 cmp’n,d-

The mixed-count estimator takes values in [—1,1], by its clipped output and averaging
construction in Algorithm 1. Hence, for every sample,

“2< D A(or(m), - onm)) <27,
uc{0,1}"

SO

1
—1< 0% (2) < 1.

This finite-sample map is measurable and is an admissible deterministic procedure in
Definition 33. The defining infimum and the preceding bounds therefore give

~ 2
%fd < sup Ep, [(950;)’6(2”) — QZ(PZ)> }
w PZGDd € 77

2
< C'r'nde < C. ,up nd? Ce,up = C'ye,cmp > 0.

. Published lower bound on the zero-control subclass. Define
Dé?e) :={Pz € Dy : ftox = 0 for every z with p, > 0},
and its minimax risk by

. ~ 2
%5’26 :=inf sup Ep, [(0 - HZ(PZ)) ] ,
o 0 PZED((;E
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using the same procedure class as in Definition 33. The subclass inclusion gives

RZ0 < B2

n,d,e = 7 'n,d,e

The published lower bound [Zeng et al., 2026, Theorem 2, Section 3.2, p. 9, and its zero-
control construction in Section C.5, pp. 39-44] supplies constants

Ce lit > 07 Ce,dim > 07 Te lit eN
such that )
7,0 1 d
R > cenit § — +
nd,e = Celit {n [nlog n} }
whenever
n > Nelit, 1 <d < cegim nlogn.

The target belongs to [—1, 1], since it is a probability-weighted average of differences of two
means in [0, 1]. By Lemma 1, clipping and then taking conditional barycenters preserve or
reduce squared-error risk at every law. Thus the deterministic and randomized minimax
values agree, and the published bound applies to the procedure class above.

. A uniform parametric lower bound. We next establish a universal constant cpar > 0 such
that

Dar - jZ0 <mZ, . (md>1,0<e<1/2).
n Ehatl »
For n > 1, define
1 1 1
f - ﬁtest = = ﬁtest P S
T 4y 0 2’ ! g T on

Then 0 < d,, < 1/4, so both target values lie in [0, 1]. For ¢ € {0, 1}, define the one-record
law P%?ft on {1,...,d} x {0,1}? by

1/27 (:L'7 b? y) = (]"07 0)7
es (1 _ﬁfeSt)/Z (x7 b7y) = (1’170)7
PEM b)) =1 -
2, (z,b,y) = (1,1,1),
0, otherwise.

Its sole occupied baseline category has treatment probability 1/2, control mean zero, and
treated mean ¥'t. Thus

P e Dy, 0z(PE) = 0.

The two laws have common support. Define their chi-square divergence by

s (PEE - PEGD.

2 test test
X (PZY 1Py ) =
( ) PEie)

z€{1,...,d} x{0,1}2:
PEea{z}>0
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Only the two treated-outcome probabilities change. Each changes in absolute value by
dn/2, and each has reference probability 1/4. Hence

1
N (PETIPER) =202 = .

Write the sample laws and their likelihood ratio as
Qi = (P}‘fft)@m, 1 €40,1},
Lo () i= {@r“{z}/@%ﬁ“{z}, Qf*H{z} > 0,

o, Qi™t{z} = 0.

Independence gives the second-moment identity and bound

1 n
B Ll = 14 C(PEFIPED)]" = (14 5 ) <™

Define the universal testing constant by

1

Ctest +— m > 0.

For any event A in the finite sample space, set

= QI (A) + QI (A).
Cauchy—Schwarz yields
1= na < QY (A) = Eguest [Liest1a] < 1/ e/5QE(A).
If A < Ctest, then QF*(A) < n4 implies
TG <L 1onas

because crest < 1/4. This contradicts the preceding inequality. Therefore every event
satisfies

Qtlest(Ac) 4 Q[t]est (./4) 2 Ctest.-

Consider an arbitrary estimator. By Lemma 1, it suffices to consider its clipped conditional
action kernel k, supported on [—1, 1]. Define its barycenter by

bk(z) := / h k(z,dh).
[7171]
The same cited result gives
be(z) € [-1,1],  Egues [(be — 9'°)?] < Epyen [(5 - ﬂfest)ﬂ . e {01},

where the right-hand expectation includes the estimator’s randomization.
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Define the nearest-target test and its large-error events by

Atest — {Z n 19test| < |b ( ) 191(:)est|}’

)
Ay = {2 bu(a) =01 = 2} ve o)
The triangle inequality gives
5n — W%est _ 19Best| < ‘bn _ ﬂgest‘ 4 ‘bm _ ﬁtlest’.

Consequently,
Atest c -Abad,()a -Agest c -Abad,1~

Applying the testing bound and then these inclusions yields
Crest < Q1 (Apad,1) + Q6™ (Abad,0),
and hence

Ctest test
< max A
9 {01} Q ( bad L)

On each large-error event, squared loss is at least (6,/2)?. Therefore

2 2
M < (5n> max QteSt(Abad L)

8 2 1e{0,1}
< Epest [(by, — 911)?
e B |(be = 9,77
< E tes [é\—’&teSt 2:| .
S max st | ( )

Both testing laws belong to the zero-control subclass, so taking the minimax infimum gives

Cpar Ctestén Z,0 . Ctest
n = 3 <9Cind€§9‘{nd€, Cpar'—@>0-

. Calibration and the large-sample bound within the published range. Choose an integer ne 1

satisfying
2
The,1 > ’
Ce,dim

and define

— L Ce,dim
Nex = max{ne,lita 3, ne,l}a Cesat += Celit 9 s

&
— mi par
Ce 1= mln{ mln{c6 lits Ce sat}} > 0.

T

For all n,d > 1,
0<ri <1

First suppose n > n, .. Then

n 2 N lits n > 3, logn > 1, nlogn > 0.
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Furthermore, the choice of n. 1 gives

2< Ce,dim T < Ce,dim T log n.

If
d < Ce,dim T log n,

the published bound and subclass inclusion imply

1 d 1? 7,0 z
Ce lit n + [nlogn] = mn:d,e < SRn,d,e-

d d
<
~ nlog(e+n) ~ nlogn

Since

0 < logn <log(e+n),

9

we have

fix <l+ L 2<l+ d ’
"nd =0 nlogle+n)| —n |nlogn| °

Using ce < ce iy gives

1 d 1?
Ce'rgj(d S Ce {n + |:n10gn:| }
1 d 17
< Celit {n + [nlogn] } <R e

. The large-alphabet case. Continue to assume n > nex, and now suppose

d > cedim 1 logn.
Define the smaller alphabet size by
dgild = |Ceaimnlogn] .
The preceding lower bound of two on the quantity inside the floor gives
1<d@d<d,  d* < cogimnlogn.
Also, the elementary floor bound gives

Ce.di
—““Z nlogn < ceqimnlogn — 1

< dpad,

The published lower bound therefore applies at this smaller alphabet:

2
d
1 et Z,0
Z
Celit § — —_— <R” <RY aa -
elit ) 5 F nlogn = Tndlile = T ndlile
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To compare the two alphabet sizes, extend each law Pz € D paa _ by zero masses. Explicitly,
define the d-category law pad jpaa , Pz by 7

Pg{(z,b,y)}, 1<w<diy,

b,y € {0,1}.
0, P < < d, y 0,1}

(Pad paa , Pz){ (2, b,y)} := {

On the original categories, all baseline, treatment, and outcome probabilities are preserved;
the added categories have zero mass. Thus

paddgaglVdPZ S ,Dd,a Gz<paddgid’dPZ> = QZ(Pz).
For a d-category estimator 5, define 6™ on the smaller sample space by

é\res((xi) biu yl)?:l) = é\((l‘“ biyyi)?:1)7 T € {]—7 o 7d2£:1,d})

preserving its conditional action distribution if it is randomized. The product sample law
is preserved under this inclusion, so

Ep, |:(§res - 9Z(PZ)>2]

~ 2
= Epaddpad dPZ |:<9 - HZ (paddﬁ’aﬁid PZ)) :| .
Taking suprema and then infima proves
i <RZ

pad n,d,e"
n7d6,7L ,€ e

Since nlogn > 0, the floor bound also gives

ad
Ce,dim Ie),n
2  ~ nlogn’

Squaring and using 1/n > 0, we obtain

2
1 drad
Cesat < Celit - + @

Finally, rgxd <1 and cc < cegat give

fix
Cel'n.d <ece < Ce,sat

2
1 drad
< Celit § — +
n nlogn

< R0 <RZ . < RZ

ad = — n,d,e*
nydg,n ,€ nadé,n 5 [aat!
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7. Small samples and the final constants. If 1 < n < ney, the parametric bound and the
calibration of ¢, imply

G Cpar Cpar
Cernfdﬁceﬁniﬁ - <R
€,%

Together with the two large-sample cases, this establishes the lower bound for every n,d >
1. Define
Ce := max{Ce yp, C }-

Then 0 < ¢ < Ce < 00. Since Tgf‘d > 0, the upper bound already proved gives

RZ Ceuprnd<0r

n,d,e =

Thus, for every n,d > 1,

, 1 d ? - 1 d ?
ccming 1, — 4+ [—7—— <i)‘{nd€<Cem1n L,—+ | ,
n  |nlog(e+n) n | nlog(e+n)

as claimed.
O

Proof of Theorem 9. We take C' = 10%°. We first compare the deterministic envelope with the
rate, and then establish the risk bound.

1. Define the untruncated rate expression by

o Nty (2 TN moNe=N = logle+ N)
T = =n m= — = — = log(e .
n,d Ng ) q, 6’ 0 6 ) g
The domain assumptions give
0< N <n, m > 0, Ny > 0, Tnd,g = min{l,7y 4 }.

If N<1,then N~!' > 1, so0
Undg =Tndqg=1< 1030Tn7d,q~
For the envelope comparison, henceforth suppose N > 1.

2. The logarithmic scale and stream sizes satisfy

1<, e =e+ N, et <N, — =6N"!, < 6N

1 6
Ny m n

Indeed, e + N > e, and inversion of e/ = e + N > N gives the exponential bound.

The elementary numerical bound for log 2 gives

l\D\»—\
OO\H

Yo = log2 —

For every real tqe. > 0, the inequality tgee < e'dec implies e tdee < 1) 1 . Applying this with
tdec = N7y yields



. Suppose first that ¢ > 128 and d > v/N. On this branch,

¢ ¢
= = — < k< —.
k=[0/64], B=256(, o<k< o

For completeness, for every real tqoor > 1,

t
LtﬂoorJ Z ﬂ;or'

If thoor < 2, its floor is at least one; if thoor > 2, use |tacor] > thoor — 1 > taoor/2. This
proves the lower bound on k.

The inequality 2tey, < elexe  for real texp, gives
0 <16e/%?,  ¢* < 65536€"/°.
Since e < 3 and N > 1,

el =e+ N <4AN <4d*, €72 <2d.

Consequently,
(€8 + 1)¢* < 2¢"/8 65536¢"/ s
¢ <et? <2d.
= 131072¢%* < 131072¢%/? < 2621444,
. On the same branch, the preceding bounds imply
2d
e 160 < N1 e3 < N1, Nl < =
Moreover,
4dB  6144d(
Nok? — Nk2
6144d¢ d
< —————= = 100663296 —.
~ N(£/128)2 NY
Thus
4dB

d
+ 3¢ 16 < 100663302 —,

Nok? NY

and, because both sides are nonnegative,

d 2
2
b2 44 < 40532401478172816 (W) .

. Since N9y <m and B > 1,

B B B?
< — < —.
mNo_Ng—Ng

Therefore ) ) )
B B 2B 14
— + —— < — = 4718592 —.
NO2 + mNy — NO2 N2
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The growth estimate above also gives

(e’ +1)02  d(e"/® +1)¢t d\?
RE = §262144(>.

Combining these inequalities,

B2 B 2
64d(e"/® + 1) ( > < 79164837199872 <d> .

N2 T N, N/t

The remaining variance terms satisfy

4 1
8 — +—) <240N"1,
<N0 - m) -
and, using N=! <1 and 1/m <6,
—32¢ 1 1
32e 1+ — ) <224N"-.
m

Together with the prefix-tail bound, this proves

d 2
by g+ Undq + 4e”™0 < 40611566315372688 <M> + 496N < 10979 4 ..

If T?L,d,q < 1, take the minimum with four on the left. If Tf;,,d,q >1,useth, g, <4< 1030.
In either case,
Undg < 10307ﬂn7d,q-

. On the remaining branch, ¢ < 128 or d < v/N. Since e > 1,

8d _ 48d 8d \° d\?
< —< — —_— <2304 (| — .
O_GNO_N7 (6]\70) =230 (N)
_ — _ < . )
<N> l <N€> _16384<N€>
If d < v/N, then d? < N, so
d 2
— ] <NL
(¥) =
Hence throughout this branch,
d\2 d\2
— ) <N 1116384 — | .
(N> < N4 1638 <N€>

4 (4 + 1) < 120N L

If £ < 128, then

Also,

NO m
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It follows that

8d 4 1 d\?
o2 4 4e™M0 < 256N~ 4
<6N0> + <No m>+ e 56N ! + 37748736 (z\w)

<10%75 40

The same split at rfL, dq = 1 proves

iLn‘vdvq S 1030Tn7d7q'
This completes the deterministic comparison over the stated domain.

. Fix now P € ./\/ln 4.4~ By Lemma 3 and Definition 8,

4"

O(P) =7(P) = P(Y(1) = 1) — P(Y(0) = 1) € [1,1].

The auxiliary output in Algorithm 1 lies in [—1, 1]. Its conditional average lies in that inter-
val as well: for each prefix length v < n, there are 3" equally weighted stream assignments,
and

n
Pr(Ko=v) >0, ZPr(KO =v) <1,

with the remaining probability assigned output zero. Thus

7o (On) € [-1,1],  Ep[(Er, — a(P))?] < 4.

n, n,d,q

If N <1, the auxiliary output and its conditional average are zero, so

Ep[(Thiy — ®(P)?] = ®(P) <1 =ty dg

If N >1and i, 44 = 4, the displayed bound by four proves the required inequality. We
henceforth consider N > 1 and i, 4, # 4.

. We first establish the transfer to independent Poisson streams. Write

Qgtr := ® Zeim ﬁp Ol)) R

hstr€{07172}

where each sum is a probability law on the disjoint union of finite observed-record se-
quences. The stream labels 0, 1,2 denote membership, pilot, and estimation, respectively.

An uncapped prefix of length Ky ~ Poisson(n/2), marked independently with these three
labels, has law Qg after separation into streams. Indeed, for any prescribed nonnegative
integer stream sizes vg, V1, Ve, put Vet := g + V1 + 2. Their joint probability is

6_"/2 (n/2)umt Vtot! 3~ Vtot — H e s .

Uiot!  voluile! th

hstr =0

Conditional on these sizes, the records in the three streams have their respective product
observed-data laws. Equality on all count fibres proves the asserted stream law.
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Let

7~'Pois = Clip[flyl] 2 Z g(a)WjGj
j=(a,x,s)ETq

be the uncapped output, using the statistics of Definitions 22 to 28 on these finite streams.
On the ratio branch, Gj = D;. Here and below Epgis and Prpgis denote expectation and
probability under Qgty.

For the capped auxiliary output, conditional averaging gives
Eu[(7(Op;w) — ®(P))* | O]
= (Taig(On) = ®(P)) + E, [(F(Onsw) — 70, (0n)” | On] -

On each prefix-count fibre v < n, its stream law agrees with the corresponding uncapped
law. Summing these fibres, discarding the nonnegative uncapped loss on the remaining
fibres, and bounding the overflow loss by four yields

EP [(?H,lcli),(q - q)(P))Q] < EPois [(;Pois - (I)(P))z] + 4PI‘(K() > n)

n
The Poisson probability series evaluates the exponential moment as
(o) ny
Koy _ ,—n/2 o n/2
B[R] =e/2) " — =2,
v=0
Since {Ko > n} C {250 > 27} exponential Markov gives
Pr(Ky > n) < Pr(250 > 9") < 27" E[2K0] = gnlog2n/2,

/2 cancels the intensity factor, so

Multiplying by e~
Pr(Ky > n)e ™2 < g7nlog2, Pr(Kop>n) <e ™.

Consequently,

Ep[(FR% — ®(P))?] < Epois[(Trois — ®(P))?] + 4e~™0.

All these expectations are well defined; the capped sample space is finite and the clipped
outputs are bounded.

. For every j = (a,x,s) € Jy, define
Dj = Pazs(P), Wi = ags(P), tir=mP(A=a,X=2,5=5s,R=1).

These definitions include null cells, with the mean convention of Definition 10. Probability
monotonicity and the occupied-cell arrival condition give

0<pu; <1, t;>Nops, > pi=1, |Jal =4d.
J

For p; = 0, the membership, arrival, and arrived-one probabilities are zero, and all the
associated counts vanish almost surely.
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10.

Applying the same Poisson partition calculation to stream and cell categories gives inde-
pendent counts across distinct cells and streams, with

M ~ Poisson(mp;), C}, Cj ~ Poisson(t;).

The estimation arrived-one and arrived-zero intensities are, respectively, ¢;1; and t;(1—p;).
Poisson moments therefore yield

D
EPoist = Dj, E‘PoisVVj2 = p? + Ej

Also, the membership statistic is independent of every statistic formed from the pilot and
estimation streams.

Consider the polynomial branch ¢ > 128, d > v/N. Define the pilot-selection event by
L = {C]’ < B/4}.

The coefficient and cell-statistic definitions in Definitions 21, 24 and 25 give
k—1
1 —Qk(t) :Zavtv, Gj = 1|_].Hj—|-1|_§Dj (t >0).
v=1

To justify the expansion at zero and its degree, the numerator 1 — Ty (1 — 2t/B) vanishes
at zero and has degree at most k. The recurrence for T}, differentiated at one, gives

T =0,  TQ) =1,  Th(l) =2+ 2T4(1) ~ Th_,(1) (h>1).
Induction yields T} (1) = h?. Division of the numerator by ¢ therefore gives

Qr(0) =1, deg(l —Qx) <k—1,

which proves the displayed finite expansion.

For integers v > 1, write

v—1

v—1
(Cj)v = H max{C; — h, 0}, Fiv:=U; H max{C; — h,0}.
h=0 h=1

Empty products equal one. Counting ordered distinct tuples with the first record an
arrived one and the remaining records arrived gives

Epgis Fj,v = tg,uj-

More explicitly, condition on the marked prefix size, count its ordered distinct v-tuples,
and then use the Poisson factorial moment E(Kjy), = (n/2)". The one-record probabilities
are P(A = a,X =2, =5 R =1Y = 1)/3 for the distinguished record and P(A =
a,X =x,5 =s,R=1)/3 for the others. Their product gives the stated identity. When
the arrived-cell probability is zero, both sides vanish. Thus

EpoisHj = pi{1 — Qr(t;)}-
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For the ratio statistic, conditioning on the pattern of estimation arrivals gives mean p;
when C; > 0; its zero-count value is zero. Consequently,

BpoisDj = pj(1—e™),  0<D; <1

Pilot independence now gives the exact selected-statistic bias:

EPOISG — My = Uy { ( )Qk( ) + PI‘(LC) } :

Pois

11. We next derive the coefficient bound needed for the polynomial moments. For a real

polynomial F},q, define
Fpotllcoer := > ltpoil Fpoll,
h>0

where t,, is the polynomial indeterminate and the sum is finite. For a second real poly-
nomial and coefficient indices, take

En S R[tpOlL hcoefa Z‘coefajcoef € N0~

All coefficient sums below are finite, with coefficients beyond the polynomial degree equal
to zero. The coefficientwise triangle inequality gives

hcoe coe:
||Fpol + En‘|coef = Z ‘[tpol f]Pﬂpol + [ pol f]ﬂn

hcoef>0
coef hcoef 1
s § : ‘ pol POI + E : ‘[tpol ]En
coef>0 hcoefzo

= || pol”coef + ||F‘ianoef-

Applying this inequality successively to the finite monomial expansion of the product yields

FtFilleost = | 357 (Vo) (s P 5

tcoef 20 Jeoet =0

coef
Zcoef Jcoef tcoef tJcoef
< Z Z H pol pOI)([tpol ]‘Fm)tpol coof
Zcoef>0 Jcoef>0
— Zcoef Jcoef
- Z 2 : ) pol pol ‘[tpol ]En
teoef >0 ]coef >0
_ looef Jeoef
= | X [t Bal | | X |EA
lcoef 20 Jeoef >0

= HFpochoefHEanoef-

Here the norm of each monomial is the absolute value of its coefficient, by the defining
coefficient sum. For every real polynomial Fi,, submultiplicativity gives by induction

1E% lcoet < | Finlléoes (B € No).
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For Fyo # 0, expand the composition as the finite sum

deg Fp01

Fpol o En = Z ([tgol}FPOI)F}}rLl'
h=0

For the composition bound, assume || Fiy|lcoef > 1. Subadditivity and the power bound
then give

deg Fjol
[ Fpo1 © Finllcoet < Z |[tgol]Fpol|||Fi}IL1”coef
h=0
dengol
< |[tso] Fpot | Fin 1
>~ pollL pol n || coef
h=0
deg F}01 dow F
h eg
< ST ] ol il 5
h=0
deg F;
— "Fpol|‘coef||En||C§§f p01-

When F,, = 0, the composition has coefficient norm zero. The Chebyshev recurrence
implies
HTthQHcoef < 2HTh+1H00ef + ||Th”coefa HTOHCoef = ||T1||coef =1
Since (14 v/2)? = 2(1 + v/2) + 1, induction gives
| Thllcoet < (14 V2)" (b eN).
Define
Pr(tpol) =1 —=Ti(1 — 2t,01).

Then
| Prllcoet < 14 (1+V2)F3% <14 8k,

using [|1 — 2tp1|coef = 3 and V2 < 3/2. The scaled quotient satisfies

b P (tpol)

Btyol) =
Qk( pol) 2k2 tpol )

where division is exact because Py (0) = 0. Removing the zero constant coefficient cannot
increase the coefficient norm. Hence, using k > 2 and 8% > 64,

1+8F
2%?2
1+8k
8

Hl - Qk(Btpol)Hcoef <1+

<1+ < 8k,

In particular,

k—1
> |ayB’| < 8"

v=1
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12. For t > 0 and integers v, w > 1, define the factorial overlap

min{v,w}
A R T

h=0

Counting the h shared entries of two ordered distinct tuples gives

=3 () (e

h=0
Taking Poisson factorial moments yields
Epois[(C)v(C))uw] = Avuw(ty)-
Since 0 < Fj,, < (C}j)y, expansion of HJ2 gives

k—1 k-1

EPoisI—IJ2 < Z Z ‘avaw|“4vyw(tj)'

v=1w=1

For 0 <t < B and v,w < k, the bound

(i) ()= S5

implies
min{v,w} . h
(k%/B)
Aty < oy IR
h=0
< Bv—l—wekQ/B'
Therefore, when ¢; < B,
k—1 2
2 2
f?Pois]{J2 S ek /B (Z |avBU‘> S ek /364k.
v=1
The tuning bounds give
k2 l k
Yoo 64k = 26k < 6k
B~ 64’ =

SO

13. A second overlap estimate controls arbitrarily large intensities. Using (l;;)h! < w" and the

binomial theorem,
v
Avu®) <30 <Z> -

h=0
= (t+w)"t" < (t+v+w)'tv.
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14.

For v, w < k, split according as (¢t + 2k)/B < 1 or exceeds one. In both cases,

£+ 2k\ T t+2k\ 2
< +B ) < max {1, < +B ) } .
The coefficient bound thus gives

t:+2k\2*
EpOiSHJ2§64kmaX{1,<]+ ) }

B

Suppose t; > B. Define the integer pilot cutoff by
Veut := | B/4].

Then vew < tj/4. The Poisson lower-tail estimate used here follows from the centered
exponential moment. To see its relevant form, put

1
Qtail ‘= \ﬁ
The elementary exponential inequality
2

) Aios
e <1 — agan + o8

follows by multiplying e%tail > 1 + . + afaﬂ /2 by the nonnegative quadratic on the right
and using

2 2 4
<1+atail+at;ﬂ> <1—ataﬂ+at23ﬂ> =1—|—%21.

For C; ~ Poisson(t;), exponential Markov therefore gives

Pois

t; t;
Pr (tj -C} > \é) < exp {—2] +tj(e” Ml — 1 + ataﬂ)}
< e til4,
On {CJ’ < Veut}, tj — C’;- > 3tj/4 > tj/\/i. Consequently,

Pr(L;) < et/

Pois
Since t; > B, the maximum in the preceding moment bound selects its second argument.

The inequalities 64% < 5% and tarow < €'Y for terow := (t; + 2k)/B give

2 J J
I:Zé(Lj)EPOiSHj < exp {— + 6k + } .

Here

t; 2%k
B

k< < —
~ 16384’ -

1
8192’
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15.

16.

and hence

2k (t; + 2k) 6 1 1 ts
k4t = < < 2.
6k + B = <16384 + 8192 + 67108864> - 8

Thus
Pr (Lj) Epois H? < e7'9/8 < e73%,

Pois

Also Prpgis(Lj) < e 32t

We now bound the two terms in the selected-statistic bias. For 0 < ¢ < B, the polynomial
quotient in Definition 20 satisfies

1Qu(t) = 52 {1~ Ti(1 — 20/B)).

Because |1 — 2t/B| < 1, the cosine characterization of Ty gives |Tx(1 — 2t/B)| < 1, and
therefore

B
t -
Qut)] < 5
For t; < B, use Nop;juj < t; to obtain
15 Pr (L) Qu(t)] < =
Pil Po{‘s J R = Nokiz'

This includes t; = 0, because then p; = 0.

For t; > B, Cauchy-Schwarz and the heavy moment estimate give

2
)| EpoisHj| ¢ < Pr(L;)EpoisH?
{Pms< ’ Pois ‘} - Po?s( ]) Pois ™
< e~ lil8,
Using ,uij(tj) = lj — EPoisHja it follows that
pj Pr(Lj)|Qr(t;)] < Pr(Lj) + Pr(Lj)|EpoisH;|
Pois Pois Pois
< 2e—tj/16 S 26_166.

Splitting the cell sum at ¢t; = B, using |g(a)| = 1 from Definition 9, and then using 4d
cells and 3, p; = 1, yields

QZQ(G)PM}E)Y( 7)Qk(tj)| < Nk2+4e*1“.
j

The complementary-pilot term uses an upper-tail bound with the same integer cutoff. The
Poisson probability series gives

o0

C
EPOlS 273 I
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17.

The threshold inclusion and exponential Markov inequality imply

Pr (C > veys) < g’r (205 > 2Veut)

Pois ois

S 2_chtEP0iS|:2CJ,'] — 6—l/cut log 2+tj‘
Multiplying by e~% cancels the intensity factor and yields

/ —t; —Vcut log 2
Pr(C) > veus)e™ < e7ent 087,

Since

640 < vews +1,  £>128,  log2 > g,

we have vey log2 > 16£. Thus

¢\, —t; —16¢
Pt e

including t; = 0, when the upper-tail probability is zero. Consequently,

2 Zg(a)pj,uj ll?)é(L?)e_tj < 2e7 10,
J

Define the ideal raw contrast by

Traw = 2 Zg(a)WjGj'
J

Membership independence gives Epgis(W;G;j) = pjEpoisGj. Combining the exact bias
identity with the last two aggregate bounds,

8dB
Nok?

|EPoisTraw - (I)(P)| < + 66716[ = bn,d,‘]'

We next establish the ratio variance contribution. For a fixed marked prefix length v,
define the estimation-arrival index set by

Igy) = {i €{1,...,v} : 7 has estimation label and is an arrival in cell j}.

On a prescribed pattern IE.V) = layr With vy := [laxe| > 0, the restricted product law makes

the arrived-outcome indicators independent with mean p;. Their centered first moments
vanish, and their centered squares are at most one. Expanding the square therefore gives,
for patterns of positive probability,

E|:(U] - Varruj)2 | Igy) = Iarr} < Varr,

and hence

arr *°

E[(Dj — ;) | |§V) = Iarr:| <vgt
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Zero-probability patterns contribute zero. On the zero-count pattern, (D; —pu;)? = u? <1.
Summing first over arrival patterns and then over the Poisson prefix size gives

Lic,>0)
C; ’

Epois(Dj — 11)* < Epois | 1{c;—0y +

where the quotient is zero at C; = 0.

If t; < 1, the integrand on the right is at most one, so its expectation is at most 1 <
4/(14t;). If t; > 1, its value is at most 2/(C; + 1). For every nonnegative integer Acount,
the Poisson probabilities satisfy

thcount t .
Pr(C; = heount) = €7 -2 J Pr (C; = heount) = Pr(C; = heount +1).
Po?s( J cou t) e hcount!7 hcount 1 PJS( j cou t) Po¥s( j count + )

The probability series sums to one, and the reciprocal series is bounded termwise by it.
Summing the recurrence and shifting the index therefore gives

1 t;
t; Epojs——— = — T _pr(Cj=h
jLPois Cj 1 X tho hcount +1 Po?s( 7 count)
[o¢]
= PI‘ (Cj = hcount + 1)
Pois
hcount:0
=Pr(C;>0)=1-¢".
Pois
Dividing by t; > 1 yields
1 1—e b
Ebpo; =
Pois Cj 1 t]
Therefore 5 4
Epois(Dj — pj)? < = < (t; > 1).
ti ~ 1+t

When the arrived-cell probability is zero, C; = U; = p; = 0 almost surely, so the centered
second moment is zero. In all cases,

4
1+tj'

Varpeis(D;) = Varpeis(D; — 1) < Epois(D; — p15)* <

Expanding the variance of the independent product W;D; gives
. ) — 2 ) , bj 2
Vaers(W]D]) = Dj Vaers(D]) + EEPOISD]"

Using DJQ» <1 and Nop; < tj,
2
Pj
1+

including p; = 0. Summing over cells proves

gl

J

<

)

4 1
%:Varpois(Wij) < Fo + E
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18. On the polynomial branch, define the weighted correction by
Aj = W;(Gj — Dj) = Wil (Hj — Dj).
Pilot and membership independence give

Pr (L;)Epois(H; — D;)?.

Pois

D
EPoisA? = (p3 + é)

Since (H; — Dj)? < 2(H} + D3), for t; < B,
EpoisA2 <2 (p? + 22) (/% 41
Pois=j > pj + . (6 + )

Here p; < B/Ny, so
2
R A G B
P+ m ~ N& + mNy
Summing over at most 4d cells,

B2 B
§ Fpois A2 < 64d(e?® + 1) [ = + —— ).
5 poisy < 64d(e 1) | F2 T 0
Jjit; <B

For t; > B, the two heavy-pilot estimates instead yield

Pr (L;)Epois(H; — D;)* < 4e73%

Pois

and therefore

_ 1
8 Y EpoisAf < 32e7 <1 - ) :

m
j:tj>B

; 1
S () <1+,
, m m
j
because 0 < p; <1 and ijj =1.

In the last step we used

19. Distinct cells are independent in the uncapped marked experiment. Since g(a)? = 1,

Varpois (Traw) =4 Z Val"pois (Wj Gj) .
J

For each cell, W;G; = W;D; + A;. Nonnegativity of Varpes(W;D; — A;) implies
Varpois(W;G ;) < 2 Varpeis(W;D;) + 2 Varpeis(Aj) < 2 Varpeis(W;D;) + 2EpoisA§.
The preceding aggregate estimates thus give
Varpois (Traw) < Vn,d,g-

The raw contrast has finite second moment by the finite polynomial moment bounds
already established, and its squared error decomposes as

EPois(TraW - (I)(P))Z = VarPois(Traw) + (EPoisTraW - (I)(P))Q < Un,d,q + b%7d7q-
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20.

Clipping decreases squared distance to every point of [—1, 1]: below —1 it replaces the value
by —1, above 1 by 1, and inside the interval it preserves the value. Since ®(P) € [—1,1],

Epois (Tpois — 2(P))* < b ag + Undag-
Combining this with the prefix transfer and the bound by four proves

Ep[(Triay — ®(P))?] < min{d, b} 44+ vnaq +4e7"0} = Unag.

Finally, consider the ratio branch. Its ideal raw contrast is
rratio . — 9 Zg(a)Wij.
J

The ratio mean and membership independence give

Epoistia” — ®(P) = =2 g(a)pjpje".
J

Because t; > Nopj, 0 < pj <1, and thiase ies < e~ for every real thias > 0,

1
—ts —_Nops:

e < pae 0P < .
Pik; =P ~ eNg

The exponential inequality follows from efbias™! > #,.. . Thus

rati 8d
el = 9(P)| <

Independence across cells and the ratio variance aggregate give

i 4 1
VarPOiS(Tﬁaa\?vlo) = 4ZVaI"POiS(Wij) <4 (]\70 + ’I?’L> .
J

The squared-error decomposition, clipping, prefix transfer, and bound by four therefore

imply

Ep[(7idy — 2(P))*]

8d \? 4 1
< mi 4, | — 4| — + — 4e”™0 & — .
_mm{ 7<€N0> + <Ng+m> + 4e } U dq

Together with the zero and capped-envelope cases, this establishes the risk bound for every
admissible P. Combining it with the deterministic comparison proved above gives

~mi 2
Ep| (725(00) = ©(P))*] < g <10™m44.

The expectation is under the canonical product observed-sample law specified in the state-
ment, and 1030 is positive, finite, and independent of P, n,d,q.
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Proof of Theorem 10. 1. Choose the universal constant supplied by Theorem 9, so that
0<C < oo.
Fix n,d,q and P € M,, 44 satisfying the hypotheses.
2. The parameter, randomization, consistency, and arrival conditions in Definition 14 give

Pe Mt

n,d,q’

by Definition 7. Moreover, Definition 14 supplies Assumption 1 for the observed sample.
Applying Theorem 9 therefore yields

~mix 2 ral
Ep |:(Tn7d7q(on) — ®(P)) } < U dgs Undqg < Crpdg,

where ®(P) is the signed cell functional of Definition 10. The estimator, rate, and deter-
ministic envelope in that certificate are precisely those in the present statement, with the
same formulas on each branch.

3. Since P € /\/l:d o Lemma 3 gives

Substituting this identity into the risk bound proves
~mix 2 ~mix 2 ral
Bp|(75,(0n) = 7(P))*] = B | (7155,(00) = ©(P))*] < thhag < Ty

The chosen constant is universal, so these inequalities hold throughout the stated model
class.
O

Proof of Theorem 11. 1. Choose the universal constant C' > 0 supplied by Theorem 10. Fix
n,d,q and a full-data law P satisfying the stated conditions. Membership in M, 4, sup-
plies all hypotheses of that certificate. By Lemma 4, the causal target equals the total
observed-cell functional on this model class, which is the identification step used by the
certificate. The certificate therefore gives

Bp | (75,(00) = 7(P))°] < 44 < Tty

The envelope and branch rules in that certificate are exactly those in the present statement.
It remains to establish the comparison with the auxiliary randomized risk.

2. Write the prefix probabilities and their remaining mass as

nj2(n/2)%0

wg, = Pr(Ko=ko) =e kol

n
ko € N, Whail = 1 — Z Wy -
ko=0

The singleton prefix events are disjoint, so

n
Wee 20, D wig <1, Wi = Pr(Ko >n) > 0.
ko=0
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For each integer 0 < kg < n, define the assignment set by
Astr ko = {0 : {1,..., ko} — {membership, pilot, estimation}}, | Astr ko | = 3ho,
Let the output at a prescribed prefix and assignment, and its assignment average, be

Tho,o(On) :=T(Op;w) when w prescribes Ky = kg and assignment o,

_ 1 ~
Tstr,ko(on) = 370 Z Tko,a(on)'

GeAstr,kO

These outputs use the branch rules of Algorithm 1. For kg = 0, the assignment set contains
the unique empty assignment.

The zero output on the prefix tail and the conditional-average definition give
A'ranclqu Z Wi T str ko )
ko=0

Pointwise in the observed sample, its centered value therefore satisfies
n
Tiag(On) = 7(P) = weai (— Z o (Tstr,ko (On) — 7(P)).
The weights on the right are nonnegative and sum to one. Convexity of the square yields
n
(7 (0n) = 7(P))” < wiant (PP 4+ 3 Wiy (Fatna (0n) = 7(P))*.
ko=0

. For every 0 < kg < n, centering the assignment average gives

Tarko (On) = 7(P) = 550 D (Fhoo(On) = 7(P).

UeAstr,kO

The finite Cauchy—Schwarz inequality consequently gives

(Tatrko(On) = 7(P)* < g D (Trao(On) = 7(P))”.

UE-Astr,kO

Multiplying these inequalities by the nonnegative wy,, summing, and inserting the result
into the preceding bound yields

(70 (0,,) — T<P>>2

n,a,

w
< Wean (P Z ko Z (Fro,0(On) = 7(P))*.

ko= 0 UE-Astr,kO
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4. Conditional on the observed sample, the prefix has probabilities wy,, each assignment has
probability 37%0, and the tail output is zero. Thus

B, |(7(0uiw) = 7(P))* | O]

= weant(P)? + — Z (Tho,o (On) — T(P))*.

The observed-sample space is finite, so the displayed functions are measurable and inte-
grable. Integrating the pointwise inequality establishes

Bp[(715,(00) = 7(P)*] < Bpu[(7(0n;w) — 7(P))?]

Together with the certificate bound, this proves all the asserted inequalities with the same

universal constant C.
O

Proof of Theorem 12. Let c,,, > 0 be the universal constant supplied by Lemma 8. Define the
universal constants

n=e32 Ny = max {1, ¢2, 4n, 40967, ¢32+108 8)/28} :

: 1 1 n? inf ! c,
Coct = Min ¢, = min{c, ., C c==.
act 256 N,ey ' 256 - 20482716384 f © TonerTactly =Ty
These constants are positive and independent of n,d, q.
Fix parameters satisfying the hypotheses, and define
N= (=1 N _ 4 =N g = 12
= ng, — Og(e + )a Uact = NZ’ Qeff = ) dim = Uget-
Then
N >0, {>loge=1, aer > 0, baim > 0.

By Definition 17,
Tnd,q = min{la Qeft + bdim}-

1. The one-cell contribution. By Lemma 8,
Cone MIN{1, aeg} <Ry, g4
We next establish the complementary bound

VN <d = cumin{l,bgim} < Rnag

2. A numerical one-cell estimate for constant calibration. We record explicitly the numerical
estimate used below:

1 _
ﬁ mln{]., N 1} < %n’d’q.
For fione € [1/4,3/4], define Pone oo DY

X =0, S(0)=S5(1)=Y(0) =0, (A,Y (1), R) ~ Bernoulli(1/2)®@Bernoulli(ione )@Bernoulli(g),
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S=0, Y=AY(1).

Treatment is independent of the potential variables, and arrival is independent of the
outcome conditional on the observed cell. Every occupied cell has arrival probability q.
Consequently,

Pone,uone € Mn,d,qy T(Pone,uone) = Hone-

Write

.1 1
Qone,poue = EPOHS,#one (01)7 5one - {4’ m} .

Thus 0 < done < 1/4, and the two target values 1/2 and 1/2 + done belong to [1/4,3/4].
Considering the two branches of this minimum gives

1
62, > —min{l, N}, 16N62 < 1.

one — 1 6 one

For probability laws @' < @, use the convention

c@io= [ (92 1) i

The two one-record laws differ precisely at the treated, arrived records with outcome zero
or one. Each of these atoms has probability ¢/4 under Q1 /2, and its probability changes
in absolute value by ¢done/2. Summing their contributions gives

X2 (Qone,1/2+5onc||Q0ne,1/2) = 2q5(2)ne < 87’0

Independence of the records factors the second moment of the likelihood ratio, so

n
1+ X2< ?n1,1/2+5one||Q;®fe,1/z> = [1 4+ X% (Qone,1 /2600 |Qome,1/2)] " < €5,

Since e/ < e!/2 < /3 < 2, Cauchy-Schwarz applied to the likelihood ratio yields

1 1
® ® . o
TV( On2,1/2+5one7Qor:;1/2) < 2\/X2 <Qor$,1/2+éoneHQonzvl/2> =5

For every T € 7T,, define its barycenter on the observed-sample space by
br(o) = / hT (o, dh).
[_171]

By Lemma 1,
br(o) € [-1,1],  Ep[(br(0n) — 7(P))’] < Ep[(T - 7(P))?].

Define the nearer-target test

Yone(0) =1 {

br(o) — (; + 5)’ <
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An error under either target entails absolute estimation error at least done/2. The testing
inequality in Lemma 2, followed by the barycenter risk comparison, therefore gives

max {E‘Poneﬂl/2 [(T B %)2] ’EPone,1/2+50ne [(T - % - 5one)2] }

52n ® & 52n 1 . —1
Z % |:1 — TV( 01:271/2_’_60“6)@01?671/2)] 2 i6e 2 ﬁmln{l,]\f }

Both laws belong to the model class. Taking the supremum over that class and then the
infimum over T proves the displayed numerical estimate.

. Large effective size and many rare cells. To prove the complementary bound, suppose
v N < d. Use the construction parameters of Algorithm 2:

_ _ K2 _ —mindao1 | L
K =1/], H =K"=, bO_NE’ J—mln{d 1,{%0J}.
Here by >0,0< J <d—1, and
1

The ceiling bound and ¢ > 1 give
(<K<0+1<20, H>1.

The rare-arrival restriction then implies
0.< qH < 4gf> < —
=21 =g
First suppose Nyt < N. In particular,

N >1, N > €2, N > 4n, N > 40967, N > (32+10g8)/28

The capacity bound is

<1, 2048< L

409617
2048(2bg) = < .
048(2b) ; S

Within this branch, first suppose J > 2048. Since N > 62,
¢=log(e+ N) > 2, K > 2.
By Lemma 7, there are finitely supported probability laws IIy, II; on [1, H] satisfying

/z”dHo(z) :/z”dﬂl(z) (0<v<K,veN).

If the reciprocal mean under Iy exceeds that under II;, interchange the priors; otherwise
retain their order. Their separation then reads



For each z = (zw)g;é € [1,H]?, define a full-data law Ptz as follows. Its baseline
probabilities are
bo, 0<z < J,
Dacte = § 1 — Jby, x =,
0, J <z <d.

Set S(0) = S(1) =Y (0) = 0, draw A ~ Bernoulli(1/2) independently of the baseline and
potential variables, and impose S = 0 and Y = AY (1). Conditional on X = x, draw Y (1)
and R independently with

V(1) [ X =2~ Bernoulli(z; 1), x < J, RIX=an~ Bernoulli(gz,), z < J,
Bernoulli(0), x> J, Bernoulli(¢H), x> J.

The baseline masses sum to one and are nonnegative. Since 1 < z, < H, the occupied-
cell arrival probabilities belong to [g,1]. The specified independences give randomized
assignment and conditional independence of arrival and outcome, and the definitions of
S, Y give consistency. With independent sampling from this fixed law, all model conditions

hold:
J—1
Pact,z S Mn,d,qa Tact (Z) = T(Pact,z) = bO Z Z;l-
=0
For ¢ € {0,1}, draw
Z = (Zu)yp ~ 1171

once for the entire sample. Define the observed mixture law
Qact,L = / EPact,z (On) dl‘[?d(z),
[1,H]
and let Qvacw be the corresponding augmented law constructed in Algorithm 2. Thus
Quea = [ Ll(Bucss Oy |2 = 2) 11 (2).
(1,H]4

The activation flags have probability ¢H, independently of the latent vector and the base-
line and treatment pattern.

At the record level, forgetting the flag gives the following probabilities for the three marks
(R, RY) = (1,1),(1,0),(0,0):

| (1,1)  (1,0) (0,0)

A=1, X=zx<J| q¢ qzz—1) 1—¢qz
A=0, X=z<J]| 0 Gz 1—qz,
>J 0 qH 1—qH

These are exactly the probabilities induced by P, . Define the forgetting map by

Probs ((Bact,t, Or)i1) = (Op)ie;.

Conditional independence of the records and integration over the common latent vector
therefore give

A —1
Qact,L = Qact,L O Propg -
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4. Fquality on the moment-matching event. Continue in the branch N > Ny, J > 2048.
For an augmented sample, define the activated count in cell x and the cutoff event by

Vx:Zl{Xt::r, Bact,t = 1}, G={V, <K forevery 0 <z < J}.
t=1

Fix a possible augmented sample 0,4, and denote its coordinates by the corresponding
record symbols. Its baseline, treatment, surrogate, and flag pattern has the common
probability

n
Woue = 1{5¢ = 0 for every t} H %(qH)B““(l — qH )1 Bactt
t=1

For each cell x, define Po,,, +(2) as the product, over records with X; = x, of their
conditional mark probabilities from Algorithm 2:
7)':’anugy-l'("‘;:) - H PI'((R7 RY) = (Rt7 Rt}/;f) ‘X = x? A = At? BaCt = Bact,h Zl‘ = Z) .

t:Xi=x

Empty products equal one. The row entries extend these expressions to polynomials on R;
their probability interpretation applies on [1, H]. Impossible marks have weight zero. For
a rare cell, an inactive factor is constant and an activated factor is affine in z. For every
other cell the factors are constant. Hence

deg Poyee < Vi (x < J), deg Poyyge <0 (x> J),

where a zero polynomial satisfies each stated degree bound.

On G, define the coefficients S,,,, +v by the polynomial expansion

K
Poaug7$(z) = Z Boaugzxavzv (Z S R)’
v=0

padding with zero coefficients when necessary. Product-prior independence then gives

(Oaug € G).

d—1 K
Qact,b{oaug} = Woaug H [ ﬂoaug,x,v/zv dHL(Z)
0

=0

V=

The matched moments make the right-hand side identical for + = 0,1. Thus
éact,O{Oaug} = éact,l{oaug} (Oaug € g)

5. The cutoff probability and total variation. The retained baseline, treatment, and flag
pattern has the same distribution under both priors. In particular, for x < J,

Vz ~ Binomial(n, bogH ).

Define )
K
ktail =K+ 17 Vact = nbqu = 777
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For an integer v > 0, let its falling factorial be

Fgai—1
v—1), v > kil
(g = L =0 02 b
0, vV < Kail-

Expanding over ordered distinct record indices gives
i k ai
E[(Vx)ktail] = (n)kmil(bqu)ktaﬂ < l/act:t L

When ki1 > n, both falling-factorial moments are zero. On V, > K, the falling factorial
is at least kia;!. Therefore

_ Ktail
Qact,L(Vm > K) S Vai.
ktail!
The bounds K < 2¢ and K < ki imply
K2 < 2£ktaila Vact < 277k7tail < 6731]{%3&17 ktail > £7

where 2 < e gives the second inequality involving the exponential. The exponential series
gives kkt"“/ ki) < €Ftail | whence

tail
thail kktail
act < e_3lk3tail tail < 6_30ktail < 6_306.
Ftai! Ftai!

A union bound over the rare cells yields
@act,L(gc) < J6730£-

The mass cap and elementary exponential bounds give

Jgg—g, N<ef, t<e, Ne<e
n

Consequently,

~ N¢ e2t -
QaCt7L(gc) < %e 30¢ < 76 300 _ ,32-28(

The threshold N > e(32+1088)/28 jpplieg

14

32 +1log 8 ~ .
Z Tg; Qact,L(g ) S

| —

Equality of the atoms on G implies equality of the probabilities of G, and hence of its
complement. For every augmented-sample event B,

‘@act,O(B) - @aet,l(B)
- ’@aet,O(B N gc) - @act,l(B N gc) S éact,O(gC)~

Applying this inequality to preimages under the forgetting map gives

~ - 1
TV(Qaet,Oa Qact,l) < TV(Qact,Oa Qact,l) < g
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6. From center separation to squared-error risk. For ¢ € {0,1}, define the prior center and
its separation by

Hact,L = EHL®d [Tact(z)] = JbO/Z1 d]-_-[L(Z)7 Aact = yeact,l - Hact,O"

The reciprocal-mean separation implies

Aact 2 @
12

Since Z 1 € [0,1], its variance satisfies

Varn, (Z; 1) = En, [(Z,' - $)?] - (B, (2,1 - §)° <

T

e

Independence of the latent coordinates therefore yields

Jb3

Eﬂ?d [(Tact(z) Oact, D)7 = bO Z VarHL ) < VR

Fix T € T,, and define its maximal model risk and its centered mixture risks by

W(T) = PeSMup Ep[(T - T(P))Q]a Cact, (T) = /(bT( ) — Bact L) dQact,.(0).

The bounded action and target make these risks finite. Class membership of every prior
support law gives

[ B [(T = @) a1t (a) < W),
Using the barycenter comparison from Lemma 1 and
(b7(0) = Oact,.)? < 2(b7(0) = Tact(2))? + 2(Tact (2) — Oact,.)?
inside the mixture integral gives

o0

Cact,L(T) < 2W(T) + 5

Define the nearer-center test

wact(0> =1 {‘bT<0) - eact,l‘ < ’bT(O) - Hact,Ol} .

The triangle inequality shows that a testing error under center ¢ entails

Aact

|bT(0) - 9act,L| > 9

By Lemma 2,

Qact,0(¢act = 1) + Qact,l(wact — 0) > 1-— TV(QactD? Qact,l)-
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Bounding each error probability by its centered squared risk consequently gives

A2,
o 1- TV act,0» ac S Cac L T .
g | (Qact,0, Qact,1)] e G, (T)

Together with the total variation and centered-risk bounds, this implies

TAZ,  Jb3
_—act — Y <« ).
128 4 = w(T)
Now J > 2048 and A, > Jby/12, so
7 1 (Jbg)?
T) > (Jb)?* | oo — — | > :
WIT) 2 (Jbo) <18432 4]) = 4096
Taking the infimum over T gives the calibrated fuzzy bound
(Jbo)?
<R,
4096 — b

. Converting rare-cell mass to the dimensional contribution. Still suppose N > N, and
J > 2048. We have

n 1

bp = — < =
TN =g

1
0<n:e*32§§, d> 2.

The first inequality uses N > 4n and ¢ > 1; the second follows from €32 > 1 + 32.
If d — 1< [(2bp) 1], then

db
Jby > 2.

—d—1>
J=d > 5

l\fi\&.

Otherwise the floor determines J, and

1 1 1
Jbo {QboJ bo > 5 bo >

Thus both branches give

Moreover,

NUact dbO n . n
= &0 L nin{1 <o
a1 g in{litaal <5 <o

% min{1, tae} <

It follows that

) 1 . dby 1 Jb
2”—4 min{1, uaet } < T3 min {20, 4} < 1—20,
and hence
gmin{l,uact} < Jby.

For u,t > 0, considering uact < 1 and uaer > 1 gives

. 2 .
(mln{l, Uact}) = min{1, ugct}.
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Squaring the mass bound therefore yields
n* 2 2
Zmin{l,uact} < (Jbo)“.

The choice of ¢, and the calibrated fuzzy bound now imply

2 2
n . 2 (Jbo)
To3aa ™MD tac} < 506" < Rnag:

Qact mln{17 bdlm} S

. Large effective size with fewer rare cells. Suppose instead that N > Nyt and J < 2048.
The capacity bound established above gives

1
— | > 2048.
\‘QbOJ -

The definition of J therefore forces
d—1 <2048, d < 2048.

This includes J = 0, for which the same argument gives d = 1.

Since N > 1 and £ > 1,

VN < N < N
Consequently,
. d 2048 . 20482
min{1, taet } < N7 S Nk min{1,u2,} < A
Also,

1
min{l, N~} = N71  ¢,,2048% < 75

The numerical one-cell estimate thus gives

20482 1
Coo {1, by} < 2 ]\? ~ < 26N =

%n’d’q'

. Small effective size. In the remaining effective-size branch, N < N,¢. Because N > 0 and
Nact Z 17
Nl<i, N 1< N Nl < min{1, N}

act act act

The definition of ¢,.; and the numerical one-cell estimate give

. 1 1 _
e MIn{1, bgim } < Coer < 256N s < 275611111‘1{17]\7 < Rndq-

Ca

The three effective-size and rare-count branches establish the complementary bound when-
ever VN <d.
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10. Combining the bounds when d > +/N. First suppose v N < d. Both component bounds
apply, and their nonnegative capped factors give

¢, min{1, aer} < cope Min{l, e} < Ry a,q,
¢, min{1, bgim } < oo MIn{1, bgim } < Ry dq-
For the nonnegative quantities aeft, bdim,
min{1, e + bgim } < min{1, aeg} + min{1, bgim }-

Indeed, if both quantities are at most one, the right-hand side is their sum; if either is
at least one, the right-hand side is at least one. Each capped quantity is at most their
maximum, so

min{1, aer + bgim} < 2 max{min{1, acg}, min{1, bgim } },
while the component risk bounds imply
¢, max{min{1, aeg }, min{1, baim } } <Ry a,4-

Since R, 44 = 0, we conclude that

Cy . . 1
CTndg < ’5 max{min{1, aeq }, min{1, bgim } } < ?ﬁn’d’q <Rpdq-

11. Combining the bounds when d < v/N. Suppose v' N > d. Since d > 0,
d* < (VN)*=N.
Also £ > 1, so
Z>1,  (NO)?’>0, N YNO? =N
Therefore
A ¢ _ N
T Ne? T (N

and monotonicity of the minimum gives

—1
N = Qeff,

min{1, bgim} < min{l, aeg}.
Applying the capped-sum inequality established above,
Tn,dg < min{l, aeg} + min{l, bgim } < 2min{1, acq}-

Finally, the one-cell contribution and ¢, < ¢, yield

Sy

CTn,d,q < 5 min{l, aeff} <c min{l, aeff} < DC{n,cl,q-

one

The two dimension branches cover all admissible parameters.
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