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Abstract

We characterize finite-resource precision for estimating first-best treatment welfare in a
randomized binary trial with public uniform stratum probabilities, fair assignment, consis-
tency, and binary potential outcomes whose arm-specific means lie in [1/4,3/4]. Indepen-
dent participants each release one message satisfying pure local differential privacy for the
complete observed record. Conditional on the classical Bernstein limit for polynomial ap-
proximation of absolute value, we establish matching bounds, up to universal constants, for
minimax squared error and worst-law expected length of connected confidence intervals with
coverage at least 0.90 at every law in this causal class, including exact treatment ties. For
participant count n > 2, stratum count d > 2, and privacy budget 0 < £ < 1, let t = ne? be
the effective private resource and L = log(ed) the logarithmic stratum-count factor. Minimax
squared error has order d?/(tL) when t > d?L and min{1, [log(e + d®L/t)/L]?} otherwise;
honest length has the square-root order. An explicit noninteractive polynomial procedure
attains both orders, and matching converses cover one-message sequential interaction with
independent public randomness. The bounds characterize saturation, consistency, and the
bounded-dimension boundary for inverse-resource squared error. A signed-experiment cor-
respondence yields the same complete characterization for uniform-reference total-variation
distance on a paired family, together with estimation and honest-length lower bounds on the
full probability simplex.

1 Introduction

The population welfare attainable by assigning the better treatment in each stratum is a natural
benchmark for a randomized trial. Reporting this benchmark requires estimating the larger
of two conditional outcome means in every stratum and then averaging over the population.
Treatment ties make this scalar target nonsmooth: a small change in a treatment contrast can
change which arm supplies the maximum. When each participant reports through a confidential
local channel, precision depends jointly on the number of strata, the participant count, the
privacy budget, and the permitted interaction during collection.

This paper characterizes that dependence for a specified categorical trial model. Strata
have public uniform probabilities, treatment is assigned fairly conditional on the stratum and
both potential outcomes, observed outcomes satisfy consistency, and binary potential-outcome
means belong to [1/4,3/4] in every arm and stratum. Participant records are independent and
identically distributed. Pure local differential privacy protects the complete observed record,
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including the realized stratum, assignment, and outcome. Each participant sends one message.
Collection may use independent public randomness, participant-specific kernels, and standard-
Borel message spaces; sequential collection additionally permits a participant’s message rule to
depend on earlier releases.

Under these conditions, and conditional on the classical Bernstein absolute-approximation
limit, we establish matching finite-resource bounds for two reporting criteria: minimax squared-
error risk and minimax worst-law expected length of connected closed intervals with coverage
at least 0.90 at every law in the causal class. The bounds are uniform over arbitrary admissible
treatment contrasts, including exact ties. An explicit noninteractive procedure attains both
precision orders simultaneously, while the lower bounds apply to every admissible one-message
sequentially interactive protocol.

The welfare target admits a useful decomposition. Write d > 2 for the stratum count. Let
V(P), the first-best population welfare under a causal law P, be the average of the larger arm
mean across strata. Let B(P), the baseline observed-outcome mean under fair assignment, and
7;(P), the treatment contrast in stratum j, denote its two components. Then Proposition 1
gives

d
V(P)= B(P)+ 53 3 I(P)]
j=1

The baseline is a bounded-mean target. The average absolute contrast captures the gain from
choosing the better arm separately in each stratum and supplies the nonsmooth component
governing the dimension-dependent precision bounds.

To state the characterization, write n > 2 for the participant count and 0 < & < 1 for the
pure local privacy budget. Define t = ne?, the effective private resource, and L = log(ed), the
logarithmic dimension factor. The common squared-error scale is

d2
E7

p(tvd) = 2 2
min{l, {W} } 0<t<dL.

For both noninteractive and sequentially interactive collection, minimax squared error is com-
parable to p(t,d), and globally honest expected interval length is comparable to +/p(t,d), with
universal comparison constants Theorem 1. Thus sequential adaptation improves either minimax
criterion by at most a universal multiplicative factor within the declared protocol classes.

The evaluated rate gives precise resource implications. Its saturated range ends at

_ d*log(ed)

t
ed—e

Along any admissible sequence of resource tuples, estimation error vanishes and honest intervals
shrink exactly when effective private resource diverges and

log(1 + d?/t)
log(ed)

Along sequences with diverging effective private resource, inverse-resource squared-error order
and inverse-square-root-resource honest-length order are equivalent to eventual boundedness of



dimension. When dimension diverges and ¢/d? stays in a fixed positive finite interval, squared
error instead has order [loglog(ed)/ log(ed)]?, with the corresponding unsquared order for honest
length. The two-stratum result supplies a direct calibration across the entire resource range
Theorem 2.

The construction combines separate private estimates of the baseline and the absolute-
contrast component. A sign-vector message law supplies scaled coordinate observations whose
means equal the treatment contrasts. Products over distinct participants give unbiased estimates
of contrast powers, and elementary-symmetric recursions compute those moments. Resource-
dependent polynomial approximation estimates absolute value; in the dense branch, an inde-
pendent pilot selects polynomial estimation near zero and a signed evaluation mean for larger
contrasts Algorithm 1. The analysis accounts explicitly for dependence among coordinates re-
leased in the same messages Lemma 1. For the converse, moment-matched coordinate priors
create separated welfare values, while higher-order transcript contraction controls their distin-
guishability after history-dependent privatization Lemmas 3 and 4. The common approximation
input is the Bernstein limit reported by Cai and Low [2011, Section 3.1, p. 8].

These results complement statistical treatment choice and policy learning, which evaluate
treatment rules through welfare and regret [Manski, 2004, Kitagawa and Tetenov, 2018, Athey
and Wager, 2021]. Here precision is evaluated for the scalar population optimum under the de-
clared randomized-trial model. Optimal-value inference supplies closely related estimand com-
parisons: Luedtke and van der Laan [2016] develop inference accommodating possibly nonunique
optimal strategies under their conditions, and Whitehouse et al. [2026, Theorem 3.3 estab-
lish asymptotic inference through controlled smoothing. Our characterization evaluates finite-
resource minimax precision and global connected-interval honesty over the categorical causal
class.

Methodologically, the paper implements the polynomial-approximation and moment-
matching approach of Cai and Low [2011, Theorem 1 and Sections 3-5] through private
participant messages. It also complements local-private functional estimation for positive power
sums [Butucea and Issartel, 2021, Theorems 2.4-2.7] and quadratic density functionals [Butucea
et al., 2023, Theorems 3.2-3.3 and 4.1-4.2]. The resulting interaction comparison concerns the
average magnitude of signed treatment contrasts, with its kink at equality of the arm means.

A further consequence isolates the statistical component of the welfare problem. The signed
record induces a paired law with equal total mass in each pair, and its total-variation dis-
tance from the public uniform reference equals one half of the average absolute contrast. On
a symmetric causal family, the protocol correspondence preserves both collection classes and
the joint seed-transcript law Proposition 1. Conditional on the same cited Bernstein absolute-
approximation limit, we obtain matching estimation and honest-length bounds on the paired
family Theorem 3; embedding that family in the full simplex yields the corresponding lower
bounds for arbitrary laws on the same alphabet Theorem 4.

The paper proceeds from related work to the trial model, privacy requirements, and report-
ing criteria. It then presents the welfare construction and uniform precision bounds, followed
by the total-variation consequences, welfare interpretation, and limitations and future work.
The appendices develop approximation and private-moment bounds, sequential contraction and
decision lower bounds, a guide to the main proofs and verification scope, and proofs of the main
results.



2 Related work

Welfare and optimal-value inference. The estimand is the population welfare attained
by choosing the better treatment in each stratum. It corresponds to the unrestricted binary
first-best benchmark in Cerulli [2026, Section 2, equations (3)—(7)]. Statistical treatment choice
and policy learning evaluate data-dependent treatment rules through their welfare and regret
[Manski, 2004, Kitagawa and Tetenov, 2018, Athey and Wager, 2021]. Here the decision criterion
concerns precision in estimating the scalar population optimum. For the randomized binary
trial with public categorical strata studied here, the causal model combines uniform stratum
probabilities, fair assignment, consistency, and interior arm means, with independent participant
records Definition 2 and Assumption 5. The welfare decomposition in Proposition 1 connects
this optimum to the baseline outcome mean and the average absolute treatment contrast. Exact
equality of the arm means is therefore part of the parameter space over which precision is
evaluated.

Optimal-value inference has developed several approaches to the resulting nonsmoothness.
Luedtke and van der Laan [2016] characterize pathwise differentiability and construct asymptotic
inference for a possibly non-unique optimal treatment strategy, including inference at excep-
tional laws under their stated conditions. Softmax smoothing yields asymptotic inference under
controlled behavior of treatment gaps near zero, suitable smoothing sequences, and nuisance-
estimation conditions [Whitehouse et al., 2026, Theorem 3.3]. For optimal welfare gains inte-
grated against a known target density, Chen et al. [2025, Theorem 1, Assumptions 1, 2(b)(c),
and 3] obtain asymptotic normality under smooth regression functions, overlap, a bounded
target-to-training density ratio, a regular zero level set, and the specified uniform first-stage
convergence rate. Feng and Hong [2026, Sections 3.2 and 4] develop differentiability results for
sorting operators and asymptotic inference for allocation values under their level-set regularity
and estimation conditions. Adaptive smoothing and efficiency results in Xu and Guo [2026,
Theorems 2.2 and 3.1, Assumptions 1-8] accommodate nonregularity under the stated overlap,
moment, margin, nuisance-rate, bandwidth, and homoscedasticity conditions. These contribu-
tions establish condition-specific asymptotic guarantees, with several explicitly accommodating
treatment ties. Our comparison concerns finite-resource precision uniformly over the declared
categorical causal class, including exact ties, and connected confidence intervals with coverage
at least 0.90 at every law Definitions 6 and 7.

Nonsmooth estimation and private moments. Polynomial approximation and moment
matching provide the closest statistical precedents. Cai and Low [2011, Theorem 1 and Sec-
tions 3-5] combine a composite-testing lower-bound inequality with Gaussian absolute-mean
estimation using polynomial approximation, unbiased Hermite-polynomial estimates, and a hy-
brid construction. For independent unit-variance Gaussian observations with a fixed coordinate
bound, their minimax mean-squared error is asymptotic to $2M?2[loglogd/logd]?. The same
squared log-log over log form appears here when effective private resource t = ne? is proportional
to d?, although private transcripts replace Gaussian coordinates and the present result is uniform
over the full resource domain. In the discrete sampling model, Jiao et al. [2018, Theorems 24|
obtain worst-reference mean-squared error of order S/(nlogn) for raw-sample L;-distance esti-
mation under their large-alphabet comparability conditions. That setting observes categorical
draws directly; the present paired problem estimates a population distance from locally private
original-record messages.

The present construction implements this approximation strategy through participant-level



private messages. Products over distinct participants furnish unbiased estimates of contrast
powers Definition 14. Their use in polynomial estimation requires bounds that account for
dependence among coordinates released in the same messages Lemmas 1 and 2. On the lower-
bound side, moment-matched priors are compared through the distribution of the entire private
transcript. The sequential contraction result controls their distinguishability when each partici-
pant’s release can depend on preceding messages Lemma 3. Thus the approximation comparison
is attached to two features of the observation model: attainable moments arise from distinct-
person private products, and the converse applies after history-dependent privatization.

Confidentiality and sequential interaction. Under pure local differential privacy, the tar-
get functional and the permitted interaction jointly determine statistical precision. For pos-
itive power sums with exponent v > 1, Butucea and Issartel [2021, Theorems 2.4-2.7] give
sequential mean-squared error bounded at order ¢t~ ((V=DAD  with matching ¢t~! converses for
~ > 2. For integrated squared densities over their bounded Besov classes, Butucea et al. [2023,
Theorems 3.2-3.3 and 4.1-4.2] obtain noninteractive power t78s/(45+3) and sequential power
t=4s/(2s+1) yp to their stated logarithmic factors; their parametric upper regimes begin at
s > 3/4 and s > 1/2, respectively. The functional here averages absolute signed contrasts,
whose kink occurs at equality of the treatment means. Conditional on the cited, unformalized
Bernstein absolute-approximation limit, the matching noninteractive construction and adaptive
sequential converse establish the same minimax rates in both protocol classes for the specified
causal and paired models Theorems 1 and 3. The extra work is to control dependence among
private coordinate moments and to contract higher-order, moment-matched transcript mixtures
uniformly over adaptive histories and resources.

Average treatment effects provide a complementary causal comparison. Ohnishi and Awan
[2025, Lemma 4 and Theorem 7] give an order-t~! known-propensity estimator based on a
bounded inverse-probability score, a matching private minimax comparison, and asymptotic
intervals. Their average treatment effect is a signed mean contrast; optimal welfare incorporates
the average magnitude of the stratum-specific contrasts. The confidentiality condition here
protects the complete observed record, including stratum membership, assignment, and outcome
Assumption 7.

The interval criterion also connects to honest-confidence theory. Low [1997] studies expected-
length limits under uniform coverage, Cai and Low [2004] develops modulus-based expected-
length theory for linear functionals, and Armstrong and Kolesar [2020] constructs bias-aware
nonparametric intervals. Here honesty is finite-sample and global over the declared nonlinear
causal or paired model, performance is worst-law expected connected length, and the upper
interval is obtained from the uniform squared-error construction. The lower bound is interval-
specific: connectedness forces a single reported set to span separated target neighborhoods when
private transcript mixtures are difficult to distinguish.

Public randomness also matters for private identity testing: Acharya et al. [2019] and
Acharya et al. [2021] establish its benefits for distinguishing a reference distribution from sepa-
rated alternatives. Our paired-model criterion estimates the numerical distance from the public
uniform reference and assesses globally honest connected intervals for that distance Definition 16.
A further comparison concerns empirical distribution sketches. Cormode and Ting [2025, The-
orems 4.6, 4.10, and 4.13] provide sketch accuracy guarantees and approximate item-level local
privacy for empirical distribution shifts in the federated setting. The present population criteria
use pure privacy for each complete participant record and allow public randomness within the



admissible sequential protocols.

Conditional on the cited, unformalized Bernstein absolute-approximation limit, the contri-
bution is the joint finite-resource characterization, up to universal constants, of minimax squared
error and minimax worst-law expected length of globally honest connected intervals for the spec-
ified causal and paired signed models. Noninteractive procedures attain these bounds, while the
converses cover every admissible one-message sequentially interactive protocol Theorems 1 and 3.
Under the same premise, embedding the paired family in the full probability simplex also yields
the corresponding full-simplex estimation and honest-length lower bounds Theorem 4.

3 Randomized trials, local privacy, and welfare

Throughout, n > 2 denotes the participant count and d > 2 the stratum count. Stratum indices
range over [d] = {1,...,d}, and participant indices range from 1 to n. Generic positive numerical
constants are denoted by c and Cy; their values may differ across comparisons. For a finite vector,
the £1 norm is the sum of its absolute coordinates. The notation =< denotes comparison within
fixed positive multiplicative constants, with its sequence convention specified in Definition 8.
We first describe the trial population and welfare target, then the private observation scheme
and the statistical criteria.

3.1 Trial population and welfare

Each participant has a stratum, a treatment assignment, an observed outcome, and two potential
outcomes. We first state the public uniform-stratum condition; the complete record space and
observed-record marginal are collected explicitly below.

Assumption 1. [ass:uniform-covariates] (Uniform participant strata) The participant stra-
tum X is uniformly distributed on [d]:

PX=j)=- (el

Thus the stratum X, assignment A, and observed outcome Y form the observed record O
in the alphabet O. The potential outcomes Y? and Y enter the full-data law, while Y2
denotes the outcome selected by assignment. The observed-record distribution is Pp, as defined
in Definition 1.

For laws assigning positive probability to every stratum, define the arm-specific conditional
mean fi,;(P) and treatment contrast 7;(P) by

paj(P) =Ep[Y* | X =jl,  7(P) = pj(P) = poj(P),  7(P) = (nu(P), ..., 7a(P)).

Here the arm index a € {0,1} distinguishes control from treatment, and j € [d] indexes the
stratum. A cellwise treatment rule selects an arm in each stratum. Under uniform strata, its
first-best population welfare is obtained by choosing the arm with the larger conditional mean.
We write the first-best value V' (P) and the observed-outcome baseline B(P) as

1

d
V(P) = =3 max{uo;(P).pj(P)},  B(P)=EplY]
j=1

This target evaluates the welfare attainable by an optimal stratum-specific treatment choice.



The remaining single-participant restrictions specify randomized assignment, the relation
between observed and potential outcomes, and the admissible conditional means.

Assumption 2. [ass:fair-randomization] (Fair conditional treatment assignment) The bi-
nary treatment assignment A, conditional on the participant stratum X and potential outcomes
YO Y1, satisfies

Lp(A| X, Y Y1) = Bernoulli(1/2).

Uniform categorical sampling fixes the stratum probabilities at a public reference distribu-
tion, specializing the multinomial sampling framework used for distributional functionals [Jiao
et al., 2018]. Equal population weights make each cell’s contribution to welfare explicit, while
the realized participant stratum remains part of the private record.

Assumption 3. [ass:consistency| (Observed outcome consistency) The observed outcome Y
equals ijt, the potential outcome selected by the realized assignment, almost surely:

PY =Y} =1.

Known randomized treatment assignment is maintained here in its fair-assignment form
[Ohnishi and Awan, 2025]. Conditioning on both potential outcomes ensures that assignment
supplies experimental variation within each stratum and gives the two arms equal weight in the
baseline mean.

Assumption 4. [ass:interior-means| (Interior potential-outcome means) The conditional
potential-outcome means pq;(P) satisfy

Naj(P) € [1/473/4] (a € {071}7 JE€ [d])

Potential-outcome consistency connects the recorded response to the outcome under the
assigned arm, giving the observed data their treatment-welfare interpretation [Luedtke and
van der Laan, 2016]. Together with fair assignment, it identifies each conditional arm mean
from the corresponding observed treatment group.

Assumption 5. [ass:iid-people] (Independent identically distributed participants) The vec-
tor of observed participant records O has the product law

£P(O) = Pgma
where Pp s the observed-record marginal law induced by P.

Fixed interior Bernoulli means strengthen the bounded-outcome framework for optimal treat-
ment value [Luedtke and van der Laan, 2016]. The maintained interval keeps every arm mean
away from the outcome boundaries, places treatment contrasts in [—1/2,1/2], and places first-
best welfare in [1/4,3/4].

We now define the complete record space before collecting the four single-participant restric-
tions into the causal class.

Definition 1. [synth_1] (Full-data causal law space) For an integer d > 2, write [d] =
{1,...,d}. Define Py as the class of all probability laws on the finite record space

[d] x {0,1}%,



equipped with its discrete sigma-algebra. The coordinate variables are ordered as (X, A,Y,Y? Y1):
X € [d] is the covariate stratum, A € {0,1} is the treatment assignment, Y € {0,1} is the
observed outcome, and YO, Yt € {0,1} are the potential outcomes under control and treat-
ment, respectively. Write YOpOt = Y0 and YlpOt = Y!. For P € P;, the observed record is
O=(X,AY) € O=][d x{0,1}2, and Po denotes its marginal law under P.

The causal class V; in Definition 2 leaves the dependence between the two potential outcomes
unrestricted subject to these conditions. Under this class, fair assignment and consistency give

1 d
= 9 Z 110 (P) + p1j(P)).

For a contrast vector, let the average absolute contrast F'(6) be defined by

1 &
=7 > 185l
j=1
The identity max{u,v} = (u+ v + |u — v|)/2 then yields

1
V(P)=B(P)+ §F<T(P))
The baseline records welfare under fair assignment; the absolute-contrast component records the
gain from selecting the better arm separately in each stratum.
The following definition collects the four single-participant restrictions. Sampling is specified
separately through the iid condition above, with observed sample O = (Oq,...,0y).

Definition 2. [def:causal-model] (Causal law class V) Vy is the class of full-data probability
laws P € Py satisfying all four conditions:

(Uniform strata.) Assumption 1.

(Fair assignment.) Assumption 2.

(Consistency.) Assumption 3.
o (Interior means.) Assumption 4.

Independent identically distributed one-record participants provide the standard sampling
structure for local-private minimax analysis [Duchi et al., 2018]. Every participant contributes
one draw from the same trial population, and the collection protocol acts on these separate
records.

3.2 Private collection and statistical criteria

Fix the privacy budget 0 < ¢ < 1. Collection may use a shared public seed R taking values
in a standard-Borel seed space R, with probability law A. Participant ¢ sends one message
in a standard-Borel message space Z;. The analyst also has a uniform randomizer U for ran-
domized statistical decisions. We first state the independence condition on public and analyst
randomness.



Assumption 6. [ass:independent-randomness| (Independent public and analyst randomness)
The shared public seed R, with probability law A, and the analyst randomizer U have conditional
joint law

L(R,U | O) = A ® Uniform|0, 1],

where O 1is the vector of observed participant records.

The history space H; in Definition 3 contains the messages preceding participant ¢. A history
7 and a seed realization r therefore index the participant’s conditional message distribution
Qi(- | 0,m,7), where o denotes an observed-record input. Sequential collection generates

Z’L | O,R, Z17. . .,Zifl ~ Q’L(' ‘ Or“ (Zl,...,Zifl),R).

The private transcript is the message vector Z = (Z1,..., Zy); the analyst observes this vector
and the public seed. The next condition imposes privacy on every history-indexed message
kernel.

Assumption 7. [ass:full-record-privacy]| (Full-record local privacy) For every participant
index i, observed records 0,0, history n, public seed v, and measurable message set E in their
declared domains,

QZ(E ’ 0,1, 71) < esQi(E ’ 0/777771)'

Independent public coins and independent randomized decision rules allow coordination and
randomized analysis within the observation scheme [Acharya et al., 2019]. The product condi-
tional law makes their joint distribution the same for every observed sample.

Privacy compares the message distributions induced by any two complete observed records,
including their strata, assignments, and outcomes. Let o’ denote the second record and E a
measurable message event. The following definition makes the history domain used in that
inequality explicit.

Definition 3. [synth_2| (Participant message histories) For a protocol with n participants, let
(Zi)1 be its standard-Borel participant message spaces. For each i € {1,...,n}, define the
history space

with the product sigma-algebra; the empty product Hy is a singleton. A history n € H; records
the messages of participants 1,...,i — 1. Thus, with public-seed space R, the participant kernel
Q; is a Markov kernel from O x H; X R to Z;, and the realized history preceding participant i is
(Z1,...,Zi—1).

Pure sequential local differential privacy controls the change in each participant’s message
distribution when the complete input record changes [Duchi et al., 2018]. Requiring the bound at
every seed and history applies the same protection to every conditional collection rule, including
histories that arise under other population laws.

The sequential class permits later collection rules to depend on earlier messages. Its nonin-
teractive subclass imposes a further condition, with 1’ denoting a second history.

Assumption 8. [ass:noninteraction] (Independence from message history) For every par-
ticipant index i, observed record o, public seed r, and histories n,n € H;,

Ql( ’ 07”]3”") = Ql( ‘ 0, 77,,7“)-



Noninteractive channels use rules fixed independently of the preceding messages, while per-
mitting participant-specific rules and shared public coins [Acharya et al., 2019]. Thus coordina-
tion through the independent seed remains available within this subclass.

We collect these requirements into two protocol classes, both of which give each participant
one message.

Definition 4. [def:sequential-class] (Sequential protocol class Qgi(n,d,e)) Qsi(n,d, ) is
the class of sequences

Q= (Qi)i
of the declared Markov kernels satisfying Assumption 7.

The one-message sequential class Qgi(n,d, ) in Definition 4 allows the conditional message
distribution to respond to earlier releases. The next definition restricts this dependence.

Definition 5. [def:noninteractive-class] (Noninteractive protocol class Qni(n,d,¢))
Qni(n, d, €) is the subclass of Qsi(n,d, e) satisfying both Assumptions 7 and 8.

The noninteractive class Qni(n, d, €) in Definition 5 is contained in the sequential class. Let
the class index C € {NI, SI} select the admissible protocol class Q¢(n,d, ). A welfare estimate
T(Z,R,U) is a Borel real-valued function of the messages, public seed, and analyst randomizer.
Expectations and probabilities below include participant sampling, message generation, and the
independent randomizers. Our precision criterion optimizes over both the collection protocol
and the estimate.

Definition 6. [def:risk|] (Minimax welfare risk R¢(n, d,€))

Re(n,d,e) = inf inf sup E T(Z,R,U) — V(P))?|.
clm €)= o nt ) sup Ero | (72, R.0) ~V(P)'

Here C € {NI, SI} selects the corresponding declared protocol class Qc, and the second infimum
ranges over Borel real-valued welfare estimates T'(Z, R,U) based on the private message vector
Z, the public seed R, and the independent uniform analyst randomizer U. The target V(P) is
the average of the larger arm mean in each stratum under P.

The minimax squared-error risk Re¢(n, d, €) in Definition 6 measures the best worst-law pre-
cision available within the selected protocol class. Its population supremum permits arbitrary
treatment-effect patterns satisfying the causal restrictions.

For inference, a welfare interval I(Z, R,U) is connected and closed, with ordered Borel
endpoints in the welfare range [1/4,3/4]. Its length is the upper endpoint minus the lower
endpoint. Global honesty requires coverage of at least 0.90 at every law in the causal class; the
corresponding criterion minimizes worst-law expected length.

Definition 7. [def:honest-length| (Honest interval length $c(n,d,e)) The minimaz expected
length of a globally honest welfare interval is

n,d,e) = inf inf sup Epgllength I(Z, R, U)| .
S’jC( ) QReQc(n,de) I: ianEVd Prp’Q{V(P)EI(Z,R,U)}ZO.QO Pejlj)d P7Q[ 5 ( )]

The second infimum ranges over connected closed intervals whose ordered endpoints are Borel
functions of the private messages Z, public seed R, and analyst randomizer U, and take values
in [1/4,3/4].
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The honest-length criterion $¢(n,d, ) in Definition 7 couples interval precision to uniform
coverage over the same population class used for squared-error risk. Connectedness makes the
reported uncertainty a single welfare range, and the endpoint restriction respects the range
implied by the interior means.

3.3 The signed experiment

The welfare decomposition separates a population mean from an absolute-value functional of
treatment contrasts. To connect the latter to a finite-alphabet experiment, define the signed
treatment-outcome statistic S by

S=(24-1)(2Y —1).

The signed input consists of the stratum and this sign, taking values in the paired alphabet
Ag = [d] x {—1,1}. For a contrast parameter 6 € [~1/2,1/2]¢, define the paired law Py and the
uniform reference law Uy by

1+ s0; 1

Pg(j,S)— 2d U2d(j78):ﬁ'

Here s € {—1,1} is the sign coordinate. Total variation on this finite alphabet is one half the
sum of the absolute differences in probability masses, so

d
1 1
TV(Fy, Uaa) = o5 > 161 = S F'(0).
j=1

These definitions connect the absolute-contrast welfare component to distance from a public
reference distribution.

A symmetric causal family embeds every allowed contrast vector into the trial model while
keeping the baseline fixed. Its construction specifies the dependence of the potential outcomes
as well as their means.

Definition 8. [synth_3] (Private resource rates and their regimes) For n,d € {2,3,...} and
0<e<1,putt=ne? and L =log(ed). Define

2
j—L, t>d’L,
p(t,d) = 2 2 re(n,d,e) = p(t,d), he(n,d,e) = +/p(t,d)
min{l, [W] } . 0<t<dlL,

for each C € {NI, SI}.
For positive numerical sequences fo, ge, write f; < gy when there exist constants 0 < ¢ <
Cy < oo and an integer by such that

cgr < fr < Coge (0> 1tp).

We say that these rates satisfy the resource conclusions when all the following properties hold.
For every integer d > 2 and every 0 < t < d*log(ed),

2

1

ptd) =1 e t<losled)
ed—e
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Thus the saturated regime ends at d*log(ed)/(ed — €), the intermediate regime occupies

d?log(ed)

2
o <t < d”log(ed),

and the dense regime starts at t = d*log(ed).
For every sequence (ng,dg, €¢)e>1 satisfying
nz,dg€{2,3,...}, O0<er <1,
put tp = ngé% and Ly =log(edy). Then

log(1 + d%/tg)

p(te,dy) — 0 <— t; — 00 and 7
f4

— 0,

and
p(te, dy) < te_l < (Ja>0, Iy, VU >Ly:ty>a) and (IM < oo, Iy, Yl > {1 : min{ty,de} < M).
For every such sequence with ty — oo,

pltede) <t;' < 3IMeN, Iy, V> ly:dy < M.

Finally, for every 0 < a < b < oo, there exist constants 0 < ¢ < Cy < oo and an integer Dy
such that, for every integer d > max{2, Do} and everyt > 0 with a < t/d* < b,

[Shee] <en<a[HER]

The constants and dimension threshold in this last comparison may depend on a,b.

The symmetric law Gy in Definition 9 pairs arm means equally around 1/2. The following
result states its membership in the causal class and establishes an exact correspondence be-
tween private signed observations and private trial records. The correspondence preserves both
collection classes and the joint law of the public seed and messages.

Definition 9. [def:symmetric-law] (Symmetric causal law Gy) The full-data law Gy is gen-
erated by

1—0, 1+6;
X ~ Uniform[d], YO ’ X :]N Bernoulh( 5 J) ’ Yl ‘ X :J ~ BernOLlHi( _; ]) )

with Y° and Y conditionally independent given X. Independently of (X,Y", YY), generate the
treatment assignment and set the observed outcome by

A ~ Bernoulli(1/2), Y =Y

Proposition 1 identifies the absolute-contrast component with total variation from the uni-
form reference for every law in the causal class. On the symmetric family, the baseline equals
1/2, so variation in welfare is precisely variation in this distance. The assignment bit is fair
conditional on the signed input, and the observed outcome is determined by that input and
the assignment. Averaging over the assignment therefore reproduces the private transcript of
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any admissible trial-record protocol on this family. Conversely, a signed-input protocol can be
applied to trial records by computing the sign locally. These transformations preserve full-record
privacy and history dependence, allowing estimation procedures and decision lower bounds for
the signed experiment to inform welfare analysis in both collection classes.

The absolute value also explains the statistical focus on small treatment contrasts. Selecting
the better arm contributes |7;(P)|/2 beyond the cell’s fair-assignment mean, and this contribu-
tion changes slope at a zero contrast. The signed experiment retains the entire contrast vector
in its input probabilities, while the target aggregates coordinate magnitudes. Thus the welfare
problem combines estimation of the linear baseline with estimation of this nonlinear aggregate.

3.4 Resource scales and paired procedures

To state the finite-resource comparisons uniformly across sample sizes, dimensions, and privacy
budgets, we use the effective resource ¢t = ne? and the logarithmic dimension factor L = log(ed).
The following definition records the sequence conventions used later for the paired minimax
values; the paired model and decision criteria are introduced immediately afterward.

Definition 10. [synth_6] (Sequence conclusions for paired minimax values) For each C €
{NI, SI}, let

Re(n,d,e) = %EV(Pgair; n,d,e), He(n,d,e) = ﬁgV(Pgair; n,d,e),

where the minimaz risk and globally 0.90-honest connected-interval length are defined in Defini-
tion 16. We say that the sequence-quantified value conclusions hold when the following properties
hold for each class.

For every sequence (ng, dg, e¢)e>1 with

nfad€€{2a37"'}7 0<€€S17
write
te = neey, Ly = log(edy), Ry = Re(ne, dy, €0), Hy = He(ng, dg, g)-

Then
log(1 + d?/tg)

Ry — 0 < ty—> 00 and i3
14

— 0,

and, separately, : ”
log(1 + dj /t,
L,

Define Ry < tg_l to mean that there exist 0 < ¢ < Cy < 0o and £y such that

Hy—0 << t;,—> o0 and — 0.
c/te < Ry < Co/ty (> 4y).
For every allowed sequence,
Ry =< t;l < (Ja>0, Iy, YV >1ly:ty>a) and (IM < oo, Iy, Yl > {1 : min{ty,ds} < M).
For every allowed sequence satisfying t; — oo,

Rgxtzl <— dMeN, ¥y, V{>{y:dy < M.

13



Finally, for every 0 < a < b < 0o, there exist 0 < ¢ < Cy < 0o and an integer Dy such that,
for every allowed tuple (n,d,e) with d > Dy and

both comparisons hold:

2 2
. [loglog(ed)} < Re(n.d.e) < Co [loglog(ed)} ’

log(ed) N log(ed)

log log(ed) log log(ed)

— | < d < 4/ _
Ve log(ed) | — Hen.d,e) < v Co log(ed)

These constants and the dimension threshold may depend on a,b and the fixed class, and are
uniform over the displayed resource domain.

The squared-error scale r¢(n,d,e) and length scale he(n,d,e) in Definition 8 use the same
resource function for both collection classes. The defined resource conclusions distinguish a
saturated range, an intermediate range, and a dense range, and express consistency and inverse-
resource comparisons along arbitrary admissible sequences. They provide the notation for the
statistical comparisons made in Theorems 1 and 3. _

We also specify the attainment guarantees for the paired experiment. Its input family Pgalr
consists of the paired signed laws, and its target Drv(Fp) is their total-variation distance from
the uniform reference, as defined in Definition 15. The paired-input protocol class Ke(n,d,€)
uses the same public randomness, message histories, and one-message privacy requirement on the
paired alphabet; its full definition is in Definition 16. A paired protocol K generates the private
message vector ZX. The estimate D and interval Jry target the numerical distance. The
next definition packages the finite-message attainment properties that the subsequent results
establish.

Definition 11. [synth_5] (Resource-selected paired polynomial procedure) Fiz n,d €
{2,3,...},0<e <1, and Cp > 0. Put

t = ne?, L =log(ed), d = tanh(e/2), b=4d/o, m = [n/3].

Use a singleton public seed. For participants i = 1,...,2m, release a sign vector Z; € {—1, 1}d
with conditional probabilities

Ki(z | (4,8)) = 2_d(1 + 052;5).

The remaining participants release the constant vector (—1,...,—1). All releases use independent
local randomness and are independent of histories.

If n =2, set D= 1/8. If n > 2, use the first m active participants as the pilot block and the
next m as the evaluation block. Define

W =bZ;j, W =bZmyiy,  1<i<m, jeld],
and
02:g oc=Vo? H =log(e + 0*L) M-:iin:WP»il W-:iiwﬁv.
m’ ’ ’ ’ ma= v ’ mia Y

14



For the evaluation block, define the distinct-person moments

-1
U()j = 1, Uvj = <TZ> Z HWZV, 1 S v S m.

JC{L,...m}ieJ
|J]=v

Their finite computation uses elementary-symmetric recursions.
For each even degree D > 2 selected below, define

To(x) =1,  T(x)==z,  Topa(r) =22T(x) = Toa(z) (v=1),

b D/2 v+17§
pp°(z) = — 72 402 — 1 ZCD”:B

and, for a positive radius ayaq,
i~ R U
paraduDJ - CD)vaI‘ad C¥

Forn > 2, define F by the following ordered branches, taking the first applicable branch:

d
1 __
22 wil, L < 4096,
=1
1 d
7 P [ﬁamd,D,jl{\Mj\ST*} + Sign(Mj)Wj1{|M]-|>T*}} , L >4096, t > d’L
1/4, L > 4096, ¢ < d®L, L/(1024H) < 4,
1 d
7D Do L > 4096, t < d’L, L/(1024H) > 4.
j=1

In the second branch, set

L .
=92 {2048J , T, = 40V, rad = 80 V'L, sign(0) = 0.

In the fourth branch, set

Forn > 2, set

For every n > 2, report

10Cop(t,d), Jry = [max{(), D — g}, min{1/4,D + q}| .
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We say that the concrete procedure guarantees hold with constant Cy when this fized protocol
belongs to Axi(n,d, ) and, for every 6 € [—1/2,1/2]%,

Ep, k (ﬁ - DTV(PG))ﬂ < Cop(t,d),
Pr {Drvy(Py) € Jry} > 0.90,
Py K

EP@,K [length JT\/] < Cyv p(t, d)

Here Py(j,8) = (1+3s0;)/(2d) and Dry(Py) = (2d)~! >_;105|. Both decisions are Borel functions
of the transcript, and the reported interval is nonempty, connected, closed, and contained in
[0,1/4].

The attainment properties in Definition 12 require a finite sign-vector message from each
participant and place both decisions on the paired target’s natural range. They combine squared-
error control, global coverage, and expected connected-interval length under a common protocol.
A more explicit specification selects its polynomial estimate from public resource parameters.
In that construction, the privacy attenuation § determines the scaled-message magnitude b, and
the block size m separates pilot information from evaluation information.

Definition 12. [synth_4| (Finite sign-vector attainment) Fizn,d € {2,3,...},0<e <1, and
Co > 0. Let
. 1+ 8(9j

Py(j,8) = —5 7 0e[-1/2,1/2]%, jeld, se{-1,1}.

The paired family and its total-variation target are

d

: 1
air . d _ .
PY = {Py:0€[-1/2,1/2]%}, Dty (Py) = 5% § 1|19jy.
j:

We say that the general attainment guarantees hold with constant Cy when there exist a protocol
Ke RNI(TL, d,s),

a Borel estimator lA?, and a Borel interval decision Jpy with the following properties.

FEach participant’s message space admits a measurable bijection with {—1, 1}d. The protocol
is a one-person-one-message pure-local protocol on the original alphabet Ag = [d] x {—1,1}, as
specified in Definition 16. In particular, its kernels are constant in the history and satisfy

Ki(E | (4, 8),m,m) < eKi(E | (§',8),m,7)

for every participant, public seed, history, Borel message event, and pair of original inputs.
The estimator depends on the transcript alone: there is a Borel function f such that

D(ZX,R,U) = f(ZX).

The interval JTV(ZK, R,U) is nonempty, connected and closed, has ordered Borel endpoints, and
is contained in [0,1/4].
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For every 0 € [—1/2,1/2]¢, under n iid inputs from Py,

Epy k [(ﬁ - DTV(PG))ﬂ < Cyp(ne?, d),
Pr {Dyv(Py) € Jpv} > 0.90,
Py K

Ep, k [length Jry]| < Coy/p(ne?, d).

Probabilities and expectations include input sampling, channel randomness, the independent pub-
lic seed, and independent analyst randomization. The same protocol belongs to Rsi(n,d, ).

The construction in Definition 11 fixes collection independently of histories and uses resource-
dependent branches for the statistical decision. Its scaled messages WP and W*" support pilot
averages and distinct-person moments U,;. In the dense, large-dimension branch, the pilot
selects between a polynomial estimate near zero and a signed evaluation mean away from zero.
The other branches use an absolute empirical mean, a constant, or a polynomial across the full
contrast range, according to the displayed resource conditions. This deliberately conservative
construction serves as an explicit uniform rate-attainment witness. The concrete guarantees
are the three uniform decision bounds specified in the definition; their establishment is part of
Theorem 3.

Finally, the paired minimax squared-error criterion 9{3 and honest-length criterion jﬁc are
defined in Definition 16. The next definition records the sequence comparisons for these values
that accompany the finite-resource bounds. It keeps the quantifiers explicit when dimension and
privacy vary with sample size.

Proposition 1. [prop:signed-causal-bridge| (Signed causal experiment equivalence) Fiz a
sample size n € N, a stratum count d € N, and a sampling scheme satisfying:

e (Dimension.) d > 2.
e (Independent participants.) Assumption 5.
e (Independent randomization.) Assumption 6.

Let Vg be the class of causal probability laws in Definition 2. For the stratum X, binary assign-
ment A, observed outcome Y, and potential outcomes Y°,Y', write

S=02A-12Y -1),  p(P)=Ep[Y* | X =j],  7;(P) = p1;(P) — po;(P).

Write T(P) for the vector of these contrasts, and define the baseline mean, first-best value, and
average absolute contrast by

d d
1 1
B(P) =Ep[Y], =3 Z max{o;(P), p1;(P)}, =3 Z
The paired signed law Py has masses
, 1+ s0; .
P@(]?‘S): 2d ]7 J € [d]7 Se{_Ll}a

and Usg is the uniform law on this paired alphabet.
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For every P € Vg and every j € [d],

Ep[S|X =jl=7;(P),  Lp(X,S5)= Prp),

and
F(r(P
V(P)=B(P)+ 7( 2( ) = B(P) + TV(PT(p), Usa).
For every 0 € [—1/2,1/2]¢, the symmetric law Gg of Definition 9 is a probability law in Vg,
and )

Moreover, for every j € [d], s € {—1,1}, and a € {0, 1},

P@(j? S)
2 9

Go(X =j,S=s,A=a) =

and
2Y —1=S5(24-1) Gg-almost surely.

For every privacy parameter € € R, the following two protocol transformations preserve both
the sequential and noninteractive classes of Definitions 4 and 5. Let H; denote the message-
history space preceding participant i, and let R denote the declared space of the public-seed
random variable R. For every original-record protocol Q = (Qi)l, define its paired-alphabet
protocol K by averaging over the fair assignment bit:

1 1 20— 1
Ki("(j7s)7hvr):§ Z Qi("<j7a7—i_8(2a)>ahar)a hE%i7 reR.

ac{0,1}

Sequential membership of QQ at ¢ implies sequential membership of K at e, and noninteractive
membership of Q implies noninteractive membership of K at e. For every 6 € [—1/2,1/2]¢, the
joint law of the public seed R and message vector Z generated by QQ under Gy and the fized
sampling scheme equals the joint law generated by K from n independent Py inputs and an
independent public seed with the same law.

Conversely, for every paired-alphabet protocol K, define its original-record protocol Q) by

QZ( | (j7a7y)7h7r):Ki(" (j,(2a—1)(2y—1)),h,r), he%iv r€R.

Sequential membership of K at € implies sequential membership of Q at e, and noninteractive
membership of K implies noninteractive membership of Q at €. For every 6 € [~1/2,1/2]¢, the
joint public-seed and message law generated by this Q under Gy and the fized sampling scheme
equals that generated by K from n independent Py inputs and an independent public seed with
the same law.

The comparisons collected in Definition 10 distinguish vanishing estimation error, shrinking
honest intervals, and inverse-resource squared error. Their uniform resource-domain formula-
tion also specifies the dimension-dependent scale when effective resource is proportional to d?.
Together with the exact signed-experiment correspondence in Proposition 1, these definitions
provide the population, observation, and decision framework for the welfare and total-variation
results.
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4 Minimax precision and an attaining private procedure

The signed-experiment correspondence in Proposition 1 separates optimal welfare into the base-
line outcome mean and one half of the average absolute treatment contrast:
1
V(P)=B(P)+ §F(T(P)).

This decomposition suggests collecting separate private messages for the two components. Es-
timating the baseline is a bounded-mean problem; estimating the absolute-contrast component
requires accounting for the behavior of absolute value near treatment ties. The procedure be-
low combines private mean estimation with polynomial approximation and selects its statistical
decision using the public sample size, dimension, and privacy budget.

4.1 Private messages and the welfare procedure

We first specify the sign-vector message law and the distinct-person moments used to estimate
polynomials of the treatment contrasts. Under the scaled-message convention, the privacy at-
tenuation is 0 = tanh(e/2), the message magnitude is b = d/§, and a sign-vector coordinate is
scaled as W;; = bZ;;. The following message law places the record-dependent information in the
participant’s realized stratum while drawing the remaining coordinates as fair signs.

Definition 13. [def :vector-kernel] (Sign-vector kernel Q¥°°) The sign-vector message kernel
18
Q™ (2| 0=(j,AY)) = 2_d(1 +0(24-1)(2Y — 1)Zj>v ze{-1, 1}d7

where 6 = tanh(e/2) is the privacy attenuation. A sampler draws the coordinates independently:
every coordinate other than j is a fair sign, and coordinate j has mean 0.5, where

S=(24-1)(2Y —1).

The message law V¢ in Definition 13 protects the full observed record: its likelihood ratio
across any two records is bounded by (14 d)/(1 — §) = e°. Uniform strata and fair assignment
make the scaled coordinate mean equal to the corresponding treatment contrast. Products
formed from distinct participants therefore supply unbiased estimates of powers of that contrast.
The next definition collects these products into symmetric averages.

Definition 14. [def:private-moments] (Private moments Uy;) For a block of m participants
with scaled coordinate messages Wij;, define

-1
m
Ukj:(k) Z HWZ']' (1§k§m), UOj:1~

JC{L,...m}ieJ
|J|=k

These quantities are computed by elementary-symmetric recursions.

At moment degree k, the distinct-person construction in Definition 14 uses independence
across participants to estimate Tj(P)k . To compute all moments through a selected degree D,
initialize Fy = 1 and E, = 0 for 1 < v < D. For each observation W;;, update in descending
order

E,+ FE, +WijEv71 (U = min{D,i},...,l),
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and then set U,; = E,/("'). This costs O(mD) arithmetic operations per coordinate and avoids
enumerating participant subsets. It is the classical symmetric-statistic structure of Hoeffding
[1948], applied here to scaled private messages.

The complete procedure uses disjoint baseline, pilot, and evaluation blocks. Binary messages
estimate the baseline; the pilot determines which treatment contrasts are close to zero; and
evaluation messages supply both coordinate means and polynomial moments. All message laws
are fixed before collection. Items 1-7 and 9 below specify collection and the reported estimate
and interval. Item 8 records converse tuning packaged in the same verified declaration; it is an
analytical choice and is not an operation performed by participants or the analyst.

Algorithm 1 (Public-resource welfare construction .7”)

The construction .77 takes the participant records, sample size n > 2, dimension d, and
privacy parameter € as inputs; its tuning parameters are fixed below, and all auxiliary quantities
and summation indices are local to the construction.

1. Fix the numerical constants, effective private resource, and logarithmic scales:

1 d’L
. = — Lo =4 — nel L =1 -~ —1 )
n 031" 0 = 4096, t = ne’, og(ed), 24 T w = log(e+2y)
Define the squared-error rate function by
2
i, t>d’L,
(t,d) tL )
pit, @) = 1 d*L/t
min{l, [og(e—i—L/)] . 0<t<dlL.

Use a singleton public seed and ignore analyst randomization.

2. If n = 2, each participant sends a constant message, and set

~ 1
V=
2
For this branch, proceed directly to the converse tuning and interval output in the final
two steps. For n > 2, define the block sizes by
m = |n/3], mo =mn — 2m.

In the fixed participant order, allocate a baseline block of size mg, a disjoint sign-vector
pilot block of size m, and a disjoint sign-vector evaluation block of size m.

3. For n > 2, define the privacy attenuation and scaled-message magnitude by

0 = tanh(e/2), b:g.

Each baseline participant sends a binary message with law

1+ hé(2Y —1)
2 )

Pr(H;=h|0) = he{-1,1}, 1 <i < my.
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Define the baseline mean estimate by

B= 2(5mg Z Hi.

. For n > 2, each participant in either vector block sends one message with law
Q2] 0= (L AY) =27 (1+ 524 - )2V — 1)z;), 2 € {-L1}",

using independent local randomness. Write ijﬂ and Z77 for coordinate j of participant
7’s message in the two blocks, and define the scaled-message matrices by

WH =bzZi, W =0z, 1<i<m, 1<j<d

The participant order, binary and sign-vector message alphabets, and kernels are prede-
termined. This is one fixed noninteractive protocol on the original participant inputs for
both protocol classes Q1 and Qg;.

. For n > 2, define the noise scale, polynomial calibration factor, and coordinate means by

b2
02:77 o= /b2/m, H:log(e+02L),
m
1 & — 1
w=LtSw W=l isisa
=1 i=1

Define the evaluation-block moments by

-1
Uyj = (T) Z HWGV (1 <v<m), Up; = 1.

JC{1,...m}ieJ
|J]=v

Compute these moments by elementary-symmetric recursions.

. For each even degree D > 2 selected below, define the Chebyshev polynomials and the
absolute-value approximation by

To(x) =1,  Tx)=xz  Ton(@)=22T(z) = Toa(z) (v2=1),

D/2 v+17'2
b v
paDS —_ 72 402 — 1 Zchx

For the positive radius a,.q selected below, define the coordinate polynomial estimate by

-~ _ 2 : 1—v .
paradvaj - CDu'Uarad U/U.]'
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7. For n > 2, define the estimate F of the average absolute treatment contrast F(r(P)) by

10.

taking the first applicable branch below.
If L < Ly, set

1<t
F=- > Wl
j=1
Otherwise, if d>L < t, define

L
D=2 {J , T, = 40’\/5, Qrad = 80’\/5,

2048
and set
1A
F=- {ﬁarad,D,jlﬂMﬂgT*} + sign(M;)W ;1 >,y | > sign(0) = 0.
j=1
Otherwise, if L/(1024H) < 4, set
~ 1
F=".
4

Otherwise, define

1 L
rad =5, D=2 {2048HJ :

and set

F\:

SHN

d
z :paradava'
=1

. For n > 2, combine the baseline and absolute-contrast estimates and clip the resulting

welfare estimate:

V=B+-F,  V=max{1/4,min{3/4,V}}.

N

. For every allowed resource tuple, define the converse amplitude and integer degrees by

1
ﬁ\/Z7 2[16L-| + 1> y Rx S 1,

1
ﬁ’ 2|716L/U)-| + 1> 5 Zy > 1,

(Q,k): K:k—l

Use these values in the scaled symmetric moment-matching measures, their independent
coordinate product priors, and the symmetric causal laws Gy.

For every n > 2, define the interval radius by

¢ = /10T (. d).

Output the welfare estimate and connected closed interval

‘7_{1/2, n=2,

- B F 14"7_ *I . 34)‘7“‘ * .
max{1/4, min{3/4, B+ F/2}}, n > 2, [max{ / ¢+ }, min{3/ q }}
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The welfare construction # in Algorithm 1 uses pilot information solely in the statistical
decision, so collection remains noninteractive. Independence between the pilot and evaluation
blocks separates coordinate selection from evaluation. Near zero, the polynomial estimates ab-
solute value through distinct-person moments; beyond the pilot threshold, the signed evaluation
mean uses the locally linear form of absolute value. The remaining branches calibrate the es-
timate to bounded dimension or lower effective resource. Clipping places the welfare estimate
and interval endpoints in the model’s welfare range.

For clarity, the converse tuning recorded in item 8 of Algorithm 1 belongs to the lower-
bound analysis rather than the reporting algorithm. It specifies the moment-matching priors
and resource-dependent symmetric causal laws used later in the converse. The operational
construction consists of message collection, moment computation, branch selection, clipping,
and the interval output; its interval radius is calibrated to the uniform squared-error bound.

4.2 Uniform precision across resource regimes

The next result characterizes minimax squared error and globally honest expected interval length
for the causal model in Definition 2. Its approximation input is the Bernstein limit for best
polynomial approximation to absolute value, as presented by Cai and Low [2011, Section 3.1,
p. 8]. The comparison is uniform over the stated resources and covers both noninteractive and
sequentially interactive collection.

Theorem 1. [thm:uniform-private-value-frontiers| (Uniform private welfare frontiers)
This result is conditional on the cited, unformalized Bernstein absolute-approximation limit. If
er = infaegp<i SUpp <1l|z| — p(z)| is the best uniform error for approzimating |z| on [—1,1],
then 2kesg, — By« for a constant 0.278 < B, < 0.286. See Cai and Low [2011, Section 3.1] and
Bernstein [1913].

There are universal constants 0 < ¢ < Cy < oo with the following properties. For every
sample size n, dimension d, privacy budget €, and sampling scheme satisfying

e (Resources.) n>2,d>2,and 0 <e <1;
e (Sampling.) Assumption 5;
e (Randomization.) Assumption 6;

let t = ne? be the effective private resource and L = log(ed) the log-dimension factor. For either
protocol class C € {NI, SI}, define

2
td—L, t>d’L,
re(n,d,e) = p(t,d) = 2 2 he(n,d,e) = /p(t,d).
min{l, [W] } 0<t<dL,

The minimax squared-error risk Re and globally 0.90-honest connected interval length H¢, defined
in Definitions 6 and 7 for this sampling scheme, satisfy

cre(n,d,e) <Re(n,d,e) < Core(n,d,e), che(n,d,e) < $Hc(n,d,e) < Cohe(n,d,e).
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For each class, a noninteractive e-private protocol Q, a transcript-only estimator T, and
a connected closed interval decision I with endpoints in [1/4,3/4] attain these upper bounds
simultaneously: for every P € Vy, the declared causal model,

Ep [(T(Za Ra U) - V(P))Q] < CO TC(na d76)7 PP{V(P) S I(Zv R7 U)} > 0907
Ep(length I(Z, R,U)] < Cy he(n,d,€).
Here expectations and probabilities use the specified sampling scheme and protocol. The resource-
selected explicit noninteractive welfare procedure also satisfies these three guarantees with the
same Cy and the NI rates.
For both classes, risk and squared honest length obey the quantitative comparisons

2

2
%%C(na d7 5) < ﬁc(n,d,&')Q < %%(nvda E)'
0

The class comparisons are

< mNI(n7d7€> S 70’ 1< ﬁNI(nv d7€> @

1 .
~ Rsi(n, d, e) c ~ $Hsi(n,d,e) T ¢

For every d > 2 and 0 < t < d?log(ed), the saturation condition is exactly

< d? log(ed)'

t,d) =1 t
p(?) — ed_e

Along every sequence of allowed resource tuples (ng, di,€), write ty, = nkei. Then

log(1 + di/tk)

tr, d 0 «— t d
p(te, dp) — |k — 00 an og(edy)

Moreover,

pltr,dy) <t;! <= (Ja>0: t, >a eventually) and (3M € R: min{ty,dy} < M eventually),

where < denotes eventual comparability by positive finite constants. In particular, when tp, — oo,
pte, di) < t,;l < dM € N: di < M eventually.

For every family of sampling schemes satisfying Assumptions 5 and 6 at each n,d, and for
either fized class C, these consistency and private-parametric characterizations also hold for the
corresponding minimaz risk. Honest length tends to zero under the same consistency condition,
. . : L —1)2 . iy
and its private-parametric order is t; under the same comparability conditions.
Finally, for every 0 < a < b < 0o, there are constants 0 < ¢ < Cy < oo and an integer Dy,
possibly depending on a,b, such that for every d > max{Dy,2} and every t with a <t/d*> <b,

e < ) 2

Consequently, along allowed sequences with dy — co and tk/d% i a fized positive finite interval,
either class has

log log(edy,)

log log(ed;,) 1
gg(k‘):| ﬁc(nkadkﬂsk) = log(edk)

Re(nk, di, ex) =< [ log(edy,)

24



The intuition behind Theorem 1 is a balance between approximating absolute value and
estimating its polynomial approximation from noisy messages. Higher degrees reduce approxi-
mation bias while increasing the variability of private moments. The resource-dependent choices
in Algorithm 1 balance these effects, with the pilot localizing the approximation when resources
are large. The squared-error rate r¢(n, d, ) and honest-length rate he(n,d, €) express the same
precision scale: honest length has the order of the square root of minimax risk.

For t > d?L, squared error has order d?/(tL), and honest length has order d/v/tL. Below
this threshold, precision depends logarithmically on the resource ratio d>L/t. At and below the
stated saturation threshold, risk and honest length both have constant order. These regimes
translate participant count and privacy budget into uncertainty for reporting population welfare,
uniformly over treatment contrasts that include exact ties.

Consistency requires both diverging effective private resource and a vanishing normalized
logarithmic resource deficit:

log(1 + di/tk)
log(edy,)

The first requirement controls the overall information available after privatization; the second de-
scribes how dimension may grow relative to that information. Under these conditions, minimax
squared error vanishes and globally honest intervals shrink in either protocol class.

The private-parametric boundary is especially sharp along sequences with ¢, — oco. Eventual
1/2

t — 00,

boundedness of dimension is equivalent to squared-error order t,;l and honest-length order ¢,
The theorem also gives the full comparability criterion for sequences whose effective resource
stays bounded away from zero. When dimension diverges and t;/ di remains in a fixed positive
finite interval, the logarithmic regime yields squared-error order [loglog(edy)/log(edy)]? and
interval-length order loglog(edy)/log(edy).

The protocol comparisons establish equality of statistical orders between noninteractive and
sequentially interactive collection. A fixed noninteractive procedure attains the common orders,
while the lower bounds apply throughout the sequential class. The constants in these compar-
isons quantify uniform comparability; equality of orders leaves room for differences in leading
constants. The explicit numerical calibration in Algorithm 1 serves simultaneous risk, coverage,
and length guarantees.

4.3 Two-cell calibration

A two-stratum trial provides a direct calibration of the bounded-dimension characterization.
The following result states the saturated and private-parametric orders across the entire two-
cell causal model, together with simultaneous attainment by a transcript-only noninteractive
decision.

Theorem 2. [thm:two-cell-calibration| (Two-cell risk and length calibration) There exist
universal constants 0 < ¢ < Cy < 0o such that, for every sample size n, privacy budget €, and
sampling scheme for two-cell observed records satisfying

e (Resources.) n>2 and 0 < e <1.

!Formalization scope. This result uses the cited conclusion [Cai and Low, 2011] (Section 3.1, definition of
the Bernstein constant and immediately following paragraph, page 8). The cited source proof is not formalized
here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that
depend on it are not certified.
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e (Sampling.) Assumption 5.
e (Randomness.) Assumption 6.

the minimax squared-error risk and globally 0.90-honest expected interval length defined in Def-
initions 6 and 7, evaluated under this sampling scheme, satisfy, for every C € {NI, SI},

cmin{l, (ne?) ™'} < Re(n,2,¢) < Comin{l, (ne?) ™},

cmin{l, (vVne) '} < He(n,2,¢) < Comin{l, (vne) 1}

Moreover, for each such sampling scheme, n, and €, there exist a total noninteractive protocol
Q € Ani(n,2,¢e) on the original observed records, an estimator T(Z,R,U) equal to a Borel
function of the message transcript Z alone, and a connected closed interval I(Z,R,U) with
ordered Borel endpoints in [1/4,3/4], such that, simultaneously for every P € Vs, the causal
model in Definition 2,

E[(T(Z,R,U) — V(P))?] < Comin{1, (ne?)™'},

P{V(P) € I(Z,R,U)} > 0.90, E[length(I(Z, R, U))] < Comin{1, (v/ne) '}.

The expectations and probability are taken under the decision law induced by the sampling
scheme, Q, and P.

With two strata, the dimension factors are fixed, so effective private resource governs the
precision orders in Theorem 2. Diverging ne? gives inverse-resource squared error and inverse-
square-root-resource honest length, while bounded resource retains the saturated scale. The
guarantees hold uniformly over the two-cell model, including exact treatment ties. This cali-
bration connects the general characterization to the familiar privacy order for bounded-mean
estimation.

4.4 Analytical ingredients

The upper-bound analysis separates approximation bias from aggregate private-moment vari-
ance. The Chebyshev approximation and exact moment-duality conclusions are established in
Theorems 6 and 7. The cited Bernstein limit in Cai and Low [2011, Section 3.1, p. 8] supplies the
quantitative inverse-degree approximation scale used in the general minimax converse. Private-
moment variability and dependence across coordinates are treated in Lemma 1, and Lemma 2
connects those bounds to the resource-selected polynomial estimates. The bounded-mean con-
centration bound in Theorem 5, associated with Hoeffding [1963], controls pilot selection. These
ingredients assign separate roles to approximation, evaluation noise, and selection error.

For the lower bounds, the sequential converse construction combines moment-matching co-
ordinate priors with separated welfare values under the symmetric causal laws in Definition 9.
The contraction bound in Lemma 3 controls the distinguishability of the resulting sequential
transcript mixtures. Their welfare separation is quantified in Lemma 4, while Lemma 5 supplies
the complementary private two-point bound. The same indistinguishability argument supports
squared-error and honest-length lower bounds: estimating separated welfare values requires dis-
tinguishing the mixtures, and global coverage requires intervals long enough to accommodate
their separation. Detailed calculations and the proofs of the main results are assigned to the
appendices.

26



5 Total-variation estimation and interpretation

The signed experiment in Proposition 1 connects the welfare analysis to estimation of total-
variation distance from a public uniform reference. The resulting statistical characterization
concerns a family with equal mass across pairs and an unknown signed contrast within each
pair. A separate converse applies to the full probability simplex on the same alphabet. To state
these conclusions, we first specify the two statistical models and their common estimand.

Definition 15. [def:tv-corollary-models] (Total-variation models Ppalr and Agg) Define
the finite paired alphabet and its probability simplex by

d
As=[d) x {11}, Asa=1{p:Aa—[0,1]: 3 Z p(j,s) =1

Here p is a probability law on the paired alphabet. Define the paired family and its uniform-
reference total-variation functional by

PP — (Py: 0 e [-1/2,1/2)%} C Agg,

Drv(p Z 2.

_7 1se{— 11}

1

24|

The reference law Uqg is public and uniform on Ag. In either statistical model
M= Pgair or M = Ay,

the data are n independent, identically distributed draws from one unknown law p € M, and the
estimand is Dy (p). The causal model Vg retains its full-data laws and welfare estimand V (P).

The paired family Pgair fixes each pair’s total probability at 1/d, whereas the simplex Agy
permits arbitrary probability masses on the alphabet. In both models, the scalar target Dv(p)
measures departure from the known reference law Uyy. This common reference makes the model
comparison precise: the input alphabet and target remain fixed while the set of possible sampling
laws expands.

The estimation and interval criteria use pure local privacy across every pair of input symbols.
The following specification also fixes the information available to the analyst and the meaning
of sequential interaction.

Definition 16. [def:tv-private-decision-values| (Private total-variation decision values
iﬁgv and Sﬁgv) The class Rc(n,d,e), for C € {NL,SI}, consists of one-message-per-participant
protocols on the paired input alphabet Ay = [d] x {—1,1}. A protocol K satisfies the following
conditions:

e (Spaces and kernels.) The protocol has an arbitrary standard-Borel public-seed space
with probability law X\, standard-Borel participant message spaces, and participant-specific
message kernels K; conditional on the input, preceding message history, and public seed.

e (Local privacy.) For every participant i, public seed r, preceding message history m,
Borel message event E, j,j' € [d], and s,s" € {—1,1},

Ki(E | (7,s),m.7) < eKi(E | (5, 8'),m,7).
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e (Public specification.) All protocol choices depend only on n,d, e, the specified model,
and public bounds.

e (Interaction.) For C = NI, every kernel is constant in its message history; participant-
specific kernels and shared public seeds are permitted. For C = SI, kernels may depend on
preceding messages, and each participant is accessed once.

e (Independent randomizers.) The public seed R and analyst randomizer U have laws
R~ U ~ Uniform|0, 1],

and are mutually independent and independent of the independent, identically distributed
Mnputs.

Write
Z" = (Z{)i,

)

for the resulting message vector. An estimate D is any Borel real-valued function of (ZK¥, R, U).
An interval Jpv is any nonempty connected closed interval contained in [0, 1], with ordered Borel
endpoints that depend only on the same information.

For either statistical model

M e {PP" Ay},

the minimaz squared-error risk and globally honest expected interval length for the uniform-
reference total-variation distance Dry(p) are

RIV(Min,d,e) = inf infsup E,x[(D—D 2],
R L G A
9V (M;n,d,e) =  inf inf sup E, k length Jrv.

Kefe(n,de) Jrv:infpe p Prp k{D1v (p)EJTV }>0.90 pe M

Here length Jrv is the difference between its ordered endpoints. Probabilities and expectations
include input sampling, channel randomness, public randomness, and analyst randomization.
Singleton intervals are permitted. For the paired model, the attaining intervals specified below
are contained in [0,1/4].

Global honesty requires coverage at every sampling law in the selected model, and expected
length is evaluated at the worst such law. The connected interval Jpy therefore measures
the precision of a single reported range for the scalar target. The noninteractive and sequential
classes both allow shared public randomness and participant-specific message distributions; their
distinction is whether a participant’s message distribution may depend on preceding messages.

5.1 Matching precision on the paired family

For the paired family, total variation is one half of the average absolute contrast in the signed
experiment. This identity carries the approximation and private-moment analysis into the sta-
tistical problem. The published Bernstein approximation limit used in the comparison is given
by Cai and Low [2011, Section 3.1, p. 8]. Under this input, the following result supplies match-
ing squared-error and honest-length bounds, together with a concrete noninteractive procedure
attaining their orders.
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Theorem 3. [thm:paired-uniform-tv-frontier| (Paired-uniform total-variation frontier)?
This result is conditional on the cited, unformalized Bernstein absolute-approximation limit. If
ex = infdegp<ic SUP|g<1||z] — p(z)| ds the best uniform error for approzimating |x| on [—1,1],
then 2kegr, — By for a constant 0.278 < B, < 0.286. See Cai and Low [2011, Section 3.1] and
Bernstein [1913].

For the paired family in Definition 15, every integer d > 2 and every 6 € [—1/2,1/2]? satisfy

1+ 50, 1 1 <
Py(j,s) = L, Dry(Py) = TV(Py,Uza) = 37 (0) = o > 185l
=1

2d

Here Usg is the uniform law on the paired alphabet and F(0) is the average absolute contrast.
There are universal real constants 0 < ¢ < Cy < oo such that the following conclusions hold
for every resource tuple satisfying

e (Sample size.) n is an integer with n > 2.
e (Dimension.) d is an integer with d > 2.
e (Privacy.) 0 <e <1.

For either C € {NI, SI}, let

t:7’L€2, Tc(n,d,5) :,O(t,d), hC(n)d7€) = Vp(tad)a
where p is the evaluated rate defined in Algorithm 1. The decision values of Definition 16 obey

cre(n,d,e) < MEY (PR in,d,e) < Core(n, d,e),

che(n,d,e) < ﬁgV(Pgair;n,d, g) < Cohe(n,d,e).

For each such resource tuple there exists a pure e-locally private noninteractive paired-input
protocol K, with each participant’s message space in bijection with {—1, 1}d, together with a
transcript-only estimator D and a connected closed interval Jpy C [0,1/4], such that, for every

pair

p € Py, under independent sampling from p,

Epx[(D — Dry(p))?] < Core(n,d,e),
Pp,K{DTV(p) c JT\/} > 0.90,
EpyK[length(JTv)] < Oy hc(n,d, 8).

These guarantees also hold for the concrete resource-selected sign-vector polynomial protocol
and its total-variation estimator and interval, with the construction specified in Algorithm 1
and Theorem 1: this protocol is noninteractive and pure e-locally private, and its squared risk,
coverage, and expected length satisfy the three displayed bounds with C = NI.

For the same universal constants and every admissible resource tuple,

I

< Ryt (PY¥in,d,e) < Co
= %TV(Pgalr;n’d’ 8) ~ ¢
rP}i)alr;n,

Sy ( Co
= S{)glv(,])é)alr;

c .

d,e)
<
d,e)
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The rate has the following exact resource properties. Write L = log(ed). For every integer
d>2 and every 0 < t < d°L,

d’L
pltd)=1 = t<——.
For every sequence of admissible resource tuples (ny,dy, ), write
ty = nges, Ly, = log(edy).
Then
p(tg,dy) — 0 <t — oo and lmg(lzkdi/m) — 0.
Moreover,

p(ty, di) < t,;l — (Ela >0: ty, >a eventually) and (EM € R: min{tg,dp} <M eventually).

Here < means two-sided comparison by fized positive finite constants for all sufficiently large k.
If t;, — oo, this equivalence becomes

p(tg, di) < t,;l < dM e N: di < M eventually.

For every pair of real numbers 0 < a < b, there exist real constants 0 < ¢ < Cy < oo and an
integer Do such that, for every integer d > Do with d > 2 and every real t satisfying a < t/d*> < b,

log L 2 log L 2
< <
() <ot < co(“5F)

Finally, these sequence properties transfer to the actual minimax values for each fized C €
{NI, SI}. Along every admissible sequence,

9{ (Ppalr nk,dkpﬁk) — 0 <= tp — o0 and
log(1 + di/tk)

Ly
f)gv( pair‘nk,dk,ak) —0 <= t — o0 and
log(1 + dj/tx)

Ly

— 0,

— 0.

The squared-error value satisfies
%EV(PCI;:“; Nk, di, €g) < t,;l < (Ja>0: ty > aeventually) and (3M € R : min{ty,d} < M eventually).
Under t;, — oo, equivalently,

%EV(ngir;nk,dk,ek) = t,;l < dM e N: d < M eventually.

For each fixed C and every 0 < a < b, there exist real constants 0 < ¢ < Cy < 0o and an integer
Dg such that every admissible tuple with d > Dy and a < n€2/d2 < b satisfies

log L log L\ 2
C(Oi ) <SR (Ppalrnd€)<00<0§ > :

log L
L

Ve <5V (P, d,e) < \/Co

logL’
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The identity in Theorem 3 explains the common precision benchmark: departure from uni-
formity within a pair contributes the absolute value of its signed contrast. Thus the scalar
total-variation target retains the same absolute-value structure that governs welfare in Propo-
sition 1. The concrete paired protocol, estimator, and interval in Definition 11 use the same
private-moment and polynomial-approximation ingredients as the welfare construction in Algo-
rithm 1. They attain both the squared-error order and the square-root order for globally honest
expected interval length.

The resource characterizations describe when these guarantees yield increasing precision.
Both decision values vanish exactly when effective private resource diverges and the normalized
logarithmic resource deficit vanishes. Along sequences with diverging effective private resource,
the usual inverse-resource squared-error order is equivalent to an eventually bounded dimension.
When effective private resource is proportional to the square of the dimension, the theorem
instead identifies squared-error order (log L/L)? and honest-length order |log L/L|, where L =
log(ed) is the log-dimension factor.

The interaction comparison is uniform over admissible sample sizes, dimensions, and privacy
budgets. Within the one-person-one-message classes of Definition 16, sequential adaptation can
improve the minimax criteria by at most a universal multiplicative factor. A noninteractive pro-
cedure already attains their common orders. This comparison concerns adaptation to preceding
participants’ messages under the same pure local privacy requirement and with each participant
accessed once.

5.2 A converse on the full simplex

The paired family is a subset of the full simplex in Definition 15. Consequently, estimation over
the simplex includes the paired-family problem, and global simplex coverage includes coverage
over the paired family. With the same alphabet and protocol restrictions, this inclusion transfers
the paired lower bounds to arbitrary probability laws. The approximation input remains the
Bernstein limit cited in Cai and Low [2011, Section 3.1, p. §].

Theorem 4. [thm:full-simplex-tv-converse] (Full-simplex total-variation lower bounds)?
This result is conditional on the cited, unformalized Bernstein absolute-approximation limit. If
ex = infdegp<ic SUP|g<1||z] — p(2)| ds the best uniform error for approzimating |x| on [-1,1],
then 2kegr, — By for a constant 0.278 < B, < 0.286. See Cai and Low [2011, Section 3.1] and
Bernstein [1913].

Let Agg be the probability simplex on the paired alphabet Ay = [d] x {—1,1}, and let

DTV(p) = TV(p7 U2d)7

where Usy is the uniform reference law. There is a universal constant ¢ > 0 such that, for every
sample size n, dimension d, and privacy budget € satisfying

o (Sample size.) n > 2.

e (Dimension.) d > 2.

*Formalization scope. This result uses the cited conclusion [Cai and Low, 2011] (Section 3.1, definition of
the Bernstein constant and immediately following paragraph, page 8). The cited source proof is not formalized
here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that
depend on it are not certified.
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e (Privacy budget.) 0 < e < 1.

and every protocol-class label C € {NI,SI}, the private decision values of Definition 16, with iid
inputs drawn from p € Aoy, satisfy

mEV(AZd;n’CL 6) > CTC(TL?da 5)’
9¢ " (Aga;n, d,e) > che(n, d,e),

where the squared-error and connected-length rates are

TC(na d7 5) = p(n527d)> hC(n7da 6) =V TC(n7da 6)'

The interval value uses connected closed intervals in [0, 1] with coverage at least 0.90 at every law
in Dog. The protocol classes permit arbitrary public seeds, participant-specific kernels, standard-
Borel message spaces, and, for the sequential class, dependence on preceding messages, with one
message per participant and pure local privacy.

The intuition behind Theorem 4 is that a larger model retains the difficult sampling laws
contained in its paired subfamily. Allowing arbitrary pair masses therefore preserves the lower
bounds for the minimax squared-error value Dﬁigv and the globally honest expected-length value
ﬁgv. The result supplies necessary precision bounds on the simplex, while Theorem 3 supplies
a matching characterization on the paired family.

5.3 Interpretation for welfare reporting

The causal result in Theorem 1 gives a precision benchmark for reporting a fixed population’s
first-best welfare under the model in Definition 2. The population law determines the target,
and independent participant sampling and private messages determine the uncertainty in its
estimate. Squared-error risk measures the accuracy of the reported welfare value; global honesty
requires coverage across the declared population laws, with expected connected interval length
measuring reporting precision.

The signed bridge in Proposition 1 explains why the paired statistical problem is informa-
tive for this interpretation. Both analyses involve the average absolute stratum contrast, and
Theorem 3 isolates that component as a distance from a known uniform law. The welfare and
paired-family interaction comparisons in Theorems 1 and 3 establish common minimax orders for
noninteractive and sequential protocols within their respective declared classes. These conclu-
sions give a sample-size and privacy benchmark for scalar reporting under independent sampling
and one message per participant.

5.4 Limitations and future work

The causal model uses public uniform stratum probabilities and fair treatment assignment.
Unknown stratum probabilities or treatment propensities would require an analysis of their
estimation and their contribution to welfare precision under local privacy. Repeated records per
participant would likewise require a participant-level privacy specification and a sampling model

3Formalization scope. This result uses the cited conclusion [Cai and Low, 2011] (Section 3.1, definition of
the Bernstein constant and immediately following paragraph, page 8). The cited source proof is not formalized
here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that
depend on it are not certified.
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that accounts for dependence within participants. The present interaction comparison concerns
protocols that access each participant once.

The displayed procedure is a conservative witness to uniform rate attainment rather than a
calibrated recommendation for applied reporting. Its polynomial branches require L = log(ed) >
4096, hence d > €99 and each active participant releases a d-coordinate sign vector. Its welfare
interval uses radius \/1017p(t, d); whenever p(t,d) > 2.5 x 1078, clipping makes that interval
span the entire welfare range regardless of its center. Sharper constants and communication-
efficient procedures are therefore important practical questions even though these conservative
choices establish the stated uniform rates.

The matching bounds characterize minimax orders up to universal constants. Sharp leading
constants and procedures optimized for those constants remain topics for further work. Learned-
policy regret is a separate target from estimation of the population’s first-best welfare: it would
require evaluating the welfare achieved by a policy selected from private data. Design-based
inference for a finite population would require uncertainty and coverage statements based on the
treatment-assignment mechanism with the population held fixed, rather than the independent
population sampling used here.

Finally, Theorem 4 supplies lower bounds for total-variation estimation and honest intervals
on the full simplex. Matching full-simplex upper bounds remain an open question; the attaining
guarantees in Theorem 3 apply to the paired family.

Appendices

A Approximation and private-moment bounds

The attaining procedure in Algorithm 1 combines polynomial estimation near zero with a signed
mean estimate for larger treatment contrasts. Its analysis separates three sources of error:
approximation of absolute value, variance of the estimated polynomial, and mistakes in selecting
a branch from the pilot sample. The results below supply the corresponding bounds, together
with the moment-matching construction used in the converse.

A.1 Concentration and approximation inputs

Independent bounded observations provide the concentration control needed for pilot selection.
The following formulation records both tails and includes the degenerate bound explicitly. For
a positive bound on the summands, it is the bounded-variable inequality of Hoeffding [1963,
Theorem 2.

Theorem 5. [lem:bounded-mean-concentration]| (Bounded mean concentration) Let m > 1
be an integer, let b € R, and let Hy, ..., Hy be mutually independent, measurable real random
variables on a common probability space. Suppose that

-b< H; <V
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at every sample point, for each i =1,...,m. Then, for every real x > 0,

m e mat\ £0
ool e
Pr {m—l N (H; ~EH;) > x} < { P\ T ) ’

i=1 1, b=0,

m expl b0

Pr{m 'NT(H; - EH;) < - } < P\ T ) ’
i=1 1, b=0.

The exponential bounds quantify the precision of a block mean through its sample size and
the magnitude of its summands. In the private construction, those summands are scaled sign
messages, so their magnitude incorporates the privacy attenuation. Both tails matter because
pilot selection uses the absolute value of a coordinate mean.

Polynomial estimation addresses the nondifferentiability of absolute value at zero. The next
result specifies an explicit approximation and controls its monomial coefficients. The approxima-
tion error governs bias, while the coefficient bound enters the variance calibration when powers
are replaced by estimated moments.

Theorem 6. [lem:cai-low-chebyshev-approximation] (Chebyshev approximation of abso-
lute value) Let D > 2 be an even integer. Define the Chebyshev polynomials by

To@)=1, T =z  Torrle) = 2T(0) - Toa(2) (0> 1),

and define the polynomial qp and its monomial coefficients ap, by

D/2

+1
gp(x) == —Z i 75 Zamm

Then, for every x € [—1,1],
2

|QD($) - |$H < m7

and, for every integer v with 0 < v < D,

|aDv| < 23D/2.

Increasing the degree reduces the uniform approximation error at an inverse-degree rate. The
accompanying coefficient bound makes the statistical cost of that choice explicit: estimating a
higher-degree polynomial requires controlling a larger collection of weighted moments. The finite
calibration below balances these two effects.

The converse uses the complementary approximation principle. Two symmetric distributions
can agree on every moment through a prescribed degree while retaining a separation in their
expected absolute values. The following statement expresses that separation in terms of the best
uniform approximation error.

Theorem 7. [lem:cai-low-moment-duality] (Symmetric moment matching duality) For ev-
ery positive even integer K, define the best uniform polynomial approrimation error

ex = inf sup |p(z
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where the infimum is over real polynomials p. There exist probability measures &y, &1 on R, each
supported on [—1,1] and invariant under reflection x — —x, such that

/xe déi(z) = /xe déo(x) for every integer 0 < £ < K,

and

[ el dsa(@) - [ 1eldto(e) = 2exc

Moment agreement makes polynomial expectations through the stated degree identical un-
der the two measures, whereas the absolute-value expectations differ by twice the approximation
error. Thus the same approximation problem supplies both an estimation device and a quantita-
tive separation for moment-matched alternatives. Reflection invariance aligns this construction
with the symmetric contrast distributions used in the converse.

A.2 Private moments and dependence across strata

The signed-vector channel QV¢° in Definition 13 releases one vector per participant. Independent
participant sampling supplies the distinct observations needed for the moment estimates in
Definition 14; coordinates within a released vector share the same participant record. The next
result establishes privacy, the required moment identities, and a dependence bound for arbitrary
measurable column statistics with the displayed variances.

Lemma 1. [lem:private-moment-and-dependence| (Private moments and column de-
pendence) Let n,d,m be nonnegative integers and let € be the privacy budget. Suppose
that:

e (Sampling.) The sampling scheme satisfies Assumption 5.

e (Population.) The full-data law P belongs to Vy, as defined in Definition 2.
e (Privacy calibration.) 0 < e < 1.

e (Dimension and block size.) d > 2 and 0 < m < n.

Apply the vector channel QV° once per participant, with a singleton public seed. Define the
privacy attenuation and scaled-message magnitude by

0 = tanh(e/2), b=

Sk

For an m-participant message block, write Z;; € {—1,1} for coordinate j of participant i’s
sign-vector message and define the scaled messages by

Wij:bZij, 1<i<m, je€ [d]
Write 7;(P) for the cellwise treatment contrast,
75(P) = p1;(P) — poj (P)-

All expectations, variances, and covariances below are taken under the block message law induced
by P and QV¢°.
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The protocol satisfies
Qvec € QNI (n7 d7 6)7

where membership has the full-record privacy and noninteraction requirements of Definition 5.
For every 1 <i<m and j € [d],

EWy] =7;(P),  E[Wj] =10
For every 1 <i < m and distinct j,j" € [d],
E[Wi;jWij] =0

The private moments Uy; of W, defined in Definition 14, satisfy, for every integer 0 < k < m

and every j € [d],
E[Uk;] = 75(P)".

For every nonnegative integer k with 2k < m and every j € [d],

o\ k
E[U,] < (a(P)? n 2‘“’)

m

For any deterministic measurable column statistics TjCOI, each a function of (Wi, ..., Wnj),
every pair of distinct coordinates j,j' € [d] satisfies

|7 (P)7yr (P)]
V(07 = 7(P)?)(6? — 75:(P)?)

‘Cov (T]?Ol,T]‘?Pl)‘ < / Var(T°h) Var (T52)).

The same collection satisfies

ZTCO] < — maxVar(TCOl)
d je[d)

Proof of Lemma 1. Write
[m] ={1,...,m}, S=024-1)(2Y —1).
We use the indicator convention

1, if the condition holds,
H{condition} = 0, otherwise

and take empty products and zeroth powers to equal one, including 0° = 1. By Assumption 5,
the singleton seed and independent local draws give independent, identically distributed message
rows in the block. All the statistics considered below have finite moments because the block
message alphabet is finite.

1. Single-coordinate means. By Assumption 3,

l{X:j}S = 21{X:j,A:1,Y1:1}_1{X:j,A:1}_21{X:j,A:O,Y0:1}+1{X:j,A:O} P-almost surely.
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Fair assignment in Assumption 2 supplies, for a € {0, 1},

P(X = j,A=a, Yo =1) = %P(X:j,Y“ —1), P(X=jA=a) = %P(X:j).

Taking expectations in the preceding identity and using Assumption 1 therefore gives

Eplix_S]=P(X=4Y'=1)-P(X=4Y'=1) = p(P) — poj(P) Tj(P).

d d
The sampler in Definition 13 gives
58S, X =j,
E[Zi; | O] = .
0, X#j.
Consequently, for every i € [m] and j € [d],
d _7;(P)
E[WU] = b(SEp[].{X:j}S] == S ) ]d = Tj(P).

. Protocol membership. The exponential formula for the hyperbolic tangent yields

s 1 0<d<1 146 =¢(1-24)
T e 41 ’ - '

For any observed records o, 0’ and any z € {—1,1}¢, the masses in Definition 13 satisfy
271 —6) < Q™(2 | 0) <2741 +6).
It follows that
Q"(2]0) <2714 6) = 2741 — §) < Q" (2| o).
Summing over any message event E C {—1,1}¢ proves
QVGC(E | 0) S eEQveC(E ’ O/).
The participant kernels are constant in message history. Thus they satisfy Assumptions 7
and 8, and Definition 5 gives
Q" e QNI(TZ, d, 5).
. Second and cross-coordinate row moments. Since Z;; € {—1,1},
WZ=b%,  E[W}] =0
For distinct j,j" € [d], flipping coordinate j pairs opposite terms in the first sum below.
Flipping every coordinate pairs opposite terms in the second sum, for every ¢ € [d]:

Z zjzj =0, Z zjzjrzg = 0.
ze{—1,1}4 ze{—1,1}4
Expanding the kernel mass from Definition 13 hence gives
E[Zisz’j’ ‘ O] =92 Z ZjZj + 27459 Z ZjZj1ZX
ze{—1,1}4 ze{—1,1}¢
=0.
Averaging over the record and scaling proves

E[W;;Wij] =0 (G#3).
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4. Unbiased private moments. For each integer 0 < k < m, define the family of participant
subsets

T ={J C[m]:|J| = k}.

Independent rows imply, for every J C [m)],

[Twi

ieJ

E = [[EWy] = m(P)VL.

ieJ

There are (Tkn) > 0 members of Ji. Applying Definition 14 therefore gives
m\ L
E[Ug;] = <k) > (P =1(P)".
JETk
For k = 0, the family consists of the empty subset and this is the identity E[Ug;] = 1.

5. The second-moment bound at degrees zero and one. At k = 0, both sides of the claimed
second-moment bound equal one. At k = 1, Definition 14 gives

1 m
Uyj = — > Wi
=1

The diagonal row terms have expectation b?, while independence gives E[W;;W;/;] = 7;(P)?
for 7 # /. Thus

E[U%j] _ mb® + m(m — 1)7;(P)?

m?
b* — 7;(P)?
m
2b2
< Tj<P)2 + ool

=7(P)* +

where the last inequality follows from nonnegativity of the squares. This establishes the
required bound in the degree-one case.

6. The second-moment bound at higher degrees. Suppose now that k£ > 2 and 2k < m. For
J,J' € Ji, each row in J N J’ contributes a second moment, each row in either set differ-
ence contributes a first moment, and every remaining row contributes one. Independence
therefore gives

E

(H Wij> <H Wij>] = bQIJﬂJ’\Tj(P)|J\J’|+|J’\J\
ied icJ’

— p2lang’| (Tj(P)z)kf\Jﬂjll_
Expanding the square of the subset average gives the exact identity

E[Uij] = (TIZ) - Z Z bQ\JﬁJ’I(Tj(P)Q)kflJqu.

JeJ, J' €Ty
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We first establish the inclusion count bound

()= E) oseen

At v = 0 this is equality. For 0 < v < k, the assumptions give m —v > m/2 > 0, and

hence
k—wv 2k
< —.

m-—-v  m

The binomial recurrence and induction then yield
m—(v+1)\ (m—-v\k—-v
k—(w+1)) \k—v)m-—v

m 2k v+1
< — .
=(+) (%)

In particular, for any Jgp, C [m] with |Jgw| < &,

_ J | m Qk ‘Jsub‘
' : cgh— (™ | Jsub < ar )

Fix J € Ji. All moment weights are nonnegative, and the subset Jg,, = J N J' is one of
the terms in

b2|JﬁJ’\(7_j(P)2)kf\JﬁJ/|S Z b2|Jsub|(Tj(P)Q)k*|Jsub|'
JeapCINJ’

Summing over J’, interchanging the finite sums, and applying the inclusion count bound

gives
/ k—|JNJ’
Z p2lInJ |(Tj(P)2) | |
J' €Tk
< Z leJSUb|(Tj(P>2)k7|Jsub|#{Jl € Tk Jsub Jl}
Jsung

= @) 2 <2if>|| (my(P))*
RBICIEE

- (5) (o2

The penultimate equality counts the v-subsets of J, and the final equality is the binomial
expansion. Averaging this row bound over J € Ji proves

s (2) " ()5) (o2



7. Finite orthonormal column bases. By Assumption 4,

=

Since 0 < 6 < 1 and d > 2,

d
b=5>d>2, v —7;(P)? > 0.

For i € [m], j € [d], and J C [m], define

row Wij — (P CO row
Yt = =k i )2, L= e
b? — Tj (P) icJ
In particular, 1/1C°1 = 1. The row moments already established give
E[Wij —7;(P)] =0,
E[(Wij — 75(P))?] = b — 27;(P)E[Wy] + 75(P)* = b — 7;(P)?,
and, for j # 7/,
E[(Wij — 73(P))(Wijr — 75 (P))]
= E[WiiWij] — 750 (P)E[W;;] — 75(P)E[W;j] + 75(P) 75 (P)

Thus
E]=0,  E[@5MA=1

) v

If J#J,arowin J\J or J \ J contributes a single centered factor. Factoring over
independent rows therefore gives, for any j, 5" € [d],

1, col
E[y55 451 =
For equal subsets in the same column, row independence instead gives

col H E row

e

Consequently,

col ; col L J=J, col 1, J=g,
Bl ]—{0’ O Evl- {07 e

For each j, these functions of the column are linearly independent by orthonormality.
Their number equals the dimension of the real function space on the column patterns:

#{J:J C [m]} = 2™ = dimg RI-09",

They therefore form a basis of that function space.

40



8. Centered column expansions. Fix the given collection of deterministic measurable statis-
tics. For every j € [d] and J C [m], define

0 J=0
Kf]a]w — [TCOI¢C01] KJj = law 3
Ky, J#F 9.

The finite basis and its orthonormality give the pointwise expansion

col _ raw ,/col
T Z ki ¥ij-
JC[m]

Indeed, multiplying a basis expansion by ¢C°1 and taking expectations identifies its coeffi-
cient with the displayed definition. Taking expectations of the expansion shows that

E[TCOI] r@a]w'
Subtracting this constant deletes precisely the empty-subset coefficient:

TfOI TCO] Z HJJ¢J] 5 H@j = 0.
JC[m]

9. The dimension bound for row correlation. For each distinct pair j,j’ € [d], define

Its denominator is positive, and

= i .
i T PR 7 )
For every ¢ € [d], the bounds above and d > 2 imply

1
b —(P)? > d* - 12

Multiplying the two nonnegative lower bounds and taking square roots gives

(6% = 75(P))(b* = 750(P)?) > d?, \/(52 — 7(P)?)(0* = 7(P)?) = d.

Also, |7j(P)7j(P)| < 1, since both contrasts have absolute value at most 1/2. Hence

10. Covariance of arbitrary column statistics. For j # j', the centered row cross moment and
positivity of the variances give

—Tj(P)Tj /(P)

\/ —’7'] \/b2—’7'/ —7]_7’
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Factoring over independent rows therefore yields

[dewCOl] ‘J| (J C [m])

Expanding the centered statistics, discarding unequal-subset terms by their zero mixed
moments, and using the within-column unit moments gives

COV(TCOl TCOl Z KJjjkJj ’Y /, Var TCOl Z HJ]
JC[m] JC[m]

Because |7jj/] < 1, induction gives
i) < gl (w>0):

the degree-one case is equality, and the induction step uses

’v+2

1571712 < g 12 < g

For the empty subset the covariance summand vanishes because rkg; = 0. For every
nonempty subset the preceding power bound applies. The triangle inequality and Cauchy—
Schwarz thus give

1 1
Cov (T3, TS

E ‘/iJ]HJ]”Y]]

JC[m]
< gl Y ksl k]
JCm]
< |5l Z "3;‘ Z ’{?Ij’
JC[m] JC[m)]
|7 (P)75 (P)| ” co
= J J \/Var(Tj D) Var(T7; h.

V(07 =7 (P)?) (07 — 7;:(P)?)
11. Variance of the column average. Define the finite maximum

Umax = Max Var(TCOl)
j€ld]

Since d > 2, the index set is nonempty, and
0< Var(j’;‘)l) < Vmax, 0 < Vmax-

It follows that

\/Var(TJ‘?Ol) Var(TjC,Ol) < V025 = Umax-

Combining the covariance bound with |y;;/| < 1/d gives, for distinct coordinates,

1 Umax
< p \/Var(TjCOI) Var(T]‘?,Ol) < .

COV(T']-COI, ijclol) < ‘COV(T]-COI, fT]{:/ol) y
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On the diagonal,

COV(TJ?OI’ TJ(;OI) = Var (TJQOI) < Umax + Uncliax.

Thus each covariance row satisfies

d
3" Cov(TE, T5") < i + ”fjla" +(d— 1)“2“ = 2max.
Jj'=1

Finally, the finite covariance expansion of the average gives

IN
w"_'
)=

[N}

S

5

D

b

O

The sampling and population conditions connect the released coordinate means to the treat-
ment contrasts. Privacy calibration determines the scaled-message magnitude, while the positive
block size supplies the observations used by the distinct-person moments. Their unbiasedness
permits a polynomial in a contrast to be estimated by replacing each power with its correspond-
ing private moment. The restriction 2k < m accompanies the second-moment bound needed to
control the variance of this substitution.

For the column statistics T;OI, the covariance inequality explicitly accounts for dependence
across strata. Its aggregate consequence gives a factor of 1/d in the variance of their average,
up to the stated factor of two. This control applies to nonlinear column corrections and supplies
the averaging bound required by the polynomial procedure.

A.3 Global and pilot-selected calibration

The final result combines the preceding inputs into two finite-sample calibrations. A fixed ap-
proximation radius covers the entire contrast range supplied by Definition 2. A second calibration
uses independent pilot and evaluation blocks: the pilot selects between polynomial estimation
near zero and a signed evaluation mean for larger contrasts. The concentration and approxima-
tion conditions are stated explicitly so that each calibration’s resources and error bounds remain
visible.

Lemma 2. [lem:finite-private-polynomial-calibration| (Finite private polynomial cali-
bration) Let n,d be sample size and dimension, € the privacy budget, and m the evaluation-block
size. Suppose that:

e (Resources.) n>2,d>2,0<e<1,and0<m<n.
e (Sampling.) The sampling scheme satisfies Assumption 5.

e (Causal model.) The full-data law P belongs to V4, as defined in Definition 2.
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e (Bounded mean concentration.) For every positive integer m, every b > 0, and every
collection of independent measurable real random wvariables Hq, ..., H,, taking values in
[—b,b], the following bounds hold for every x > 0:

1 & ma? 1 & ma?
Pr{m ;(HZ —EH;) > :L'} < exp<—2bz> , Pr{m;(Hi —EH;) < —x} < exp(—sz> .

e (Chebyshev approximation.) For every even integer D > 2, the explicit Chebyshev
absolute-value approximation, with monomial coefficients apy,

D
ap(z) = apya’,
v=0
satisfies

2
sup [gp(z) — |z]| < o lap,| < 2*P2 (0<wv < D).

z€[-1,1] D+1)’

Set the privacy attenuation, scaled-message magnitude, logarithmic dimension, calibration
constant, and block noise scale to

d 1 b?
0 = tanh(e/2), b= 5 L =log(ed), = To9a° o = - o=Vo2

Use independent participant releases from the signed-vector kernel
S=(@A-DEY -1), Q(:|0=( AY) =21+35z), ze{-11}",

and let W;; be coordinate j of release i, multiplied by b. On an evaluation block of size m, define
the distinct-person moments and polynomial estimates by

-1
Uojzl, Uvjz (T) Z HVVZJ (1 Svﬁm%

IC{1,...m} i€l
[I|=v

D

pa,D(‘r) = G’QD(‘T/G)? Z/)\a,D,j = Z aDvalivuvj-
v=0

The target coordinate and its average absolute magnitude are
1 d
7i(P) = 1 (P) — poj (P), F(T(P)):me(P)L
j=1

For every even integer D > 2 satisfying

2D < m, H =log(e + 0?L), D <
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take a = 1/2. Then, for every j € [d],

d
D 1 IS¢ exp(9DH)
|Ep1j2,p,; — |7(P)]| < 1 Vel 3 < pPODH)
For every integer D > 0 satisfying

N« L
2

L > 4096, D:2{ J, 2D < m, 2m < n,

use two independent signed-vector release blocks of size m, with scaled messages WP and We.
Define

m m
; — 1
w-LSws W lSwy noawdi a-m
i=1 i=1
and form p, p,; from the evaluation-block moments. With sign(0) = 0, put

Hj = pa.pj1{myi<r.y + sign(My)Wilgag >m,)-
Then, for every j € [d],
200000

[EH; — |;(P)|| < T

Var(H;) < 4000°L exp(L/100),

and
2

2

d
g
E H; — F(r(P < 000000 —.
jZl j = F(r(P) | | <500 -

Proof of Lemma 2. The resource assumptions give

ef—1 5 b2
0= > 0, b>0, c°=—>0, o >0, L>1.
e+ 1 m

All statistics below are measurable and have finite moments, since their message spaces are
finite.

1. Global polynomial bias. Fix an even degree D > 2 satisfying the first set of degree condi-
tions. In particular, D < m. By the moment unbiasedness in Lemma 1, for every positive

radius a,
D

N _ 7i(P
Epan,; = ) apva' "mj(P)" = aqp <JEL)) = Pa,n(7;(P)).
v=0

The interior means in Assumption 4 imply

Consequently, at a = 1/2, the assumed approximation bound gives

1 1
< .
(D+1) ~D+1

- 1
|ED1 /2,5 — |75 (P)| = 3 lap(27;(P)) — [275(P)|| < -
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2. Global polynomial variance. For 1 < v < D, the moment second-moment bound in
Lemma 1 applies because 2v < m. It yields

E[((1/2)'7"Uy)*] = ; 4"B[U2)]

IN
»lk\)—va—wM'—l

(47;(P)* + 8va?)"

IN

(1+8Do*)P

For v = 0, the same final bound follows from Up; = 1. Here we used 7;(P)? < 1/4 and
1+8Do? > 1.

The assumed coefficient bound and log2 < 1 give, for 0 < v < D,

3D
lapy| §23D/2:exp<2log2> < e3P2, a2, < e3P,

Finite Cauchy—Schwarz therefore gives

E[pl/ZDj (D+1) ZGDU [ (1/2)'7°Uy;) }

IN
I SN
o)

(D +1)%*P (1 + 8Do?)P

IN

5D(1+8Do?)P

where the last inequality uses

D+1<el, (D+1)2 <.

For the stipulated H = log(e + 0?L), we have

H< — D<IL H _ 2L,
= 1024 =L, e =eto

H>1,
Since 8 < €3, these inequalities imply
14+ 8Dc? < 8(e + 02L) = 8l < M,

Thus

and hence )
Var(pl/g Dg) < E[p1/2 D]] < ZegDH.

Each polynomial estimate is a deterministic measurable statistic of its own column. Ap-
plying the average-variance conclusion of Lemma 1, with 0 < m < n, proves

69DH

d
1 2
g g 12,05 | < Ifé?j](Var(Pl/Q D) < d
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3. Hybrid bias inside the approzimation window. Now fix a degree satisfying the second set
of hypotheses. The floor inequalities give

L L
] - < [
D is even, D > 1024 2, 2 .D7

where L > 4096 supplies the lower bounds. Also D < m, and

T, =40V L > 0, a=2T, =8sVL >0, a® = 640°L.

The two release blocks are independent by Assumption 5 and the independent participant
releases. Within either block, the rows of a fixed column are independent. The row
moments in Lemma 1 therefore give

EMj = EW] = Tj(P),

and
—o.  mb?+m(m — 1)7;(P)? b2 — 7;(P)?
BT} - TR oy 4 BB
m m
. b2 — (P 2
Var(W;) = il 1 Gl < o2
m

First suppose that 7;(P) > 0. Define the pilot probabilities
hj =Pr{{Mj| < T.},  w;=Pr{M; < -T.}.
They satisfy
0<h; <1, w; > 0, hj +Pr{M; > T} + w; = 1.

The bounded mean concentration assumption applies to the independent pilot messages,
each bounded by b in absolute value. For every real u > 0, it gives

Pr{M; — 7;(P) > u} < e /") Pr{M; — 7;(P) < —u} < e %/,

In particular,

(7(P) + To)?
w; < exp (_3202*
(P _st
< exp <_%r2 e,
because T2 = 1602L and 7;(P)T, > 0.
The elementary exponential envelopes give
Tj(p)e—Tj(P)Q/(%z) <o, Tj(p)2e—7j(P)2/(202) < o2

For the first inequality, multiply

m(P) _ " 7i(P)? < 7i(P)?/(20%)



—7i(P)?/(20*) | For the second, use the elementary maximum

by oe
ue " <e ! (u>0)

at u = 7;(P)?/(20?), together with 2/e < 1. Consequently,

7j(P)w; < oe Bk, 7(P)*w; < o%e 8 < o2
Moreover,
VL <L <eéb, e_SLS\/lE, Tj(P)wjg%.
Suppose in addition that 7;(P) < a. Approximation and the degree lower bound imply
Pn(r(P) = 5(P) € —p s < 5
o
< 16384 ﬁ

To compute the hybrid mean, its three disjoint pilot branches give
Hj = Pa.p 1<y + Wili sty — Wil <—1.3-
Block independence, polynomial unbiasedness, and the probability partition yield
EH; = hjpa,p(7j(P)) + (1 — hj — 2w;)7;(P),
EH; — 7j(P) = hj(pa,n(7j(P)) = 7;(P)) — 27;(P)w;.
Hence, throughout 0 < 75(P) < a,
[EHj —75(P)| < hjlpa,p(75(P)) — 7;(P)| 4 275 (P)w;

ag g
< (16384 + 2)— < 20000 —.
( NG 7T

. Hybrid bias outside the approxzimation window. Consider the complementary case 7;(P) >
a, and define
73 (P)
a

Y = > 1.

On the central pilot event,

(P)

Mj —7(P) < T = 7j(P) < ==

The pilot concentration bound therefore gives

. 2
< exp<_n (P) ) s

8c2

The coefficient bound gives the polynomial growth estimate

D
() < S lapuly?
v=0

<(D+ 1)63D/2ij < egDyJD.
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For y; > 1, the inequality logy; < y; — 1 and the nonnegativity of (y; — 1)? impl
Y q y 108Y; =~ Y; g y Yj ply

v

logy; < 5

For every nonnegative integer v < L/1024, it follows that

7 2 7 2 2
3v+vlogy; < SUY; < mLyj < Lyj,

SO

_8Ly2 T2
e 8LyJ€3vy}1 <e 7Ly].

Applying this with v = D proves
_8Ly2 —7Ly?
hylpa,p(7i(P))] < ae™ S 3PyP < ae” T,

Since 1,2 < L/1024, the same bound with v = 1,2 gives

Y

2 2 2
hjyi < e 8LY; y; < e 8Ly; e3”y;-’ < e LY (v=1,2).

Thus , ,
hji(P) < ae” ™5, hyTi(P)* < a’e” ™.

The exponential lower bound et >14+7L>1L implies

7.2 1 a 8c
67Lyj§ef7L§7 a _ o0

L’ L VL
Using the hybrid mean identity and the wrong-sign bound consequently gives
[EH; — 75(P)| < hjlpa,p((P))| + hj7j(P) 4 275 (P)w;
< (8+8+2)—— < 20000 —.

VL VL

Together with the inside case, this proves the bias bound for every nonnegative contrast,
including zero and the boundary 7;(P) = a.

. Reflection for the hybrid bias. For a coordinate with 7;(P) < 0, define the reflected causal
law
Pref — G—T(P)7

using Definition 9. The parameter vector belongs to [—1/2,1/2]¢. The construction gives
a probability law with uniform strata, fair assignment, and consistency, and

1—7;(P)

1 +Tj(P)
2 ’ '

o (P*) = 5

pny (P) =
Both means lie in [1/4,3/4]. Thus

rfev, P =-5P) (jeld).
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We establish the reflection identity for the hybrid mean. The Chebyshev polynomials
appearing in the explicit approximation are characterized, for ( € R, by

To©) =1 T =¢  Tor1(Q) =2CTo(C) = To-1(¢) (v =1).

Induction gives
To(=¢) = (=1)°Tu(C)-

The explicit approximation has the expansion

wO=2+1%"

s

Consequently,

qp(—¢) = qp (), (—=1)%apy, =ap, (0<v< D),

where the coefficient identity follows by comparing the two polynomials.

Viewing moments and estimates as functions of their message arrays, negation gives
Upi (=W) = (=1)"Up; (W), Pa,p,i(=W) = Pa,p,; (W?).
The pilot and evaluation means change sign, while
| = Mj| = |M;],  sign(—M;)(-=W;) = sign(M;)W;.
These identities include M; = 0 under the stipulated sign convention. They prove
Hj(_wpil’ W) = Hj(wpil7wev)7

with threshold ties preserved.

It remains to identify the reflected message law. Fair assignment, consistency, and uniform
strata, as specified in Assumptions 1 to 3, give

Ep[Slix=jl = % (2P(X =, Y! =1) - P(X = j))
~ % (2P(X = 4,Y? = 1) — P(X = j))
_ Tj(P)
s

Averaging the vector kernel over a participant record therefore gives, for every row ¢ in
either block and every z € {—1,1}¢,

Wi; \“ -
l?f{(f) } RR)ICLICIN
j:
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Replacing z by —z gives precisely the row law under P™f. Independence of participant
rows and of the two blocks then yields

L pret (WPL W) = Lp(—WPL —ev),
Combining this law identity with the invariance of H; proves
Epreij — ]EPH]
The nonnegative-contrast bias bound applied under P f now gives
[EpHj — |75(P)|| = [Epret Hj — 75(P™")

g
< 20000 —=.
- VL

This proves the coordinate bias bound for every j.
. Polynomial second moments at the hybrid radius. For 1 < v < D, Lemma 1 and 2D < m

give

i (P)? ;i—2va >

Bl U, < o (2

(P)2+2Dg%\\"

a2

For v = 0, the left side is a?, so the final bound also holds. Finite Cauchy-Schwarz,
a3, < e3D, and (D +1)2 < eQD yield

E[paD] (D+1) Za’Dv l_vUUj)2]

(P)? + 2D\ \”
a?(D +1)%e3P <max{1,7—j()—ga})

a

(D)2 27\ P
a

. Hybrid variance inside the approzimation window. First suppose 0 < 7;(P) < a. Since

2Do? < 640%L = a2,

(P)% +2Do?
maX{l,T]()—gU}SZ
a

we have

Using 2 < e and D < L/1024, the polynomial second-moment bound becomes

E[p> Dyl <a 2ePD9D < 268D < 2el/100,

The three disjoint pilot branches give the pointwise identity
(Hj — 7;(P))* = 1qu, |<T*}(pa pj—7i(P))
+ 1o >1) (W; — T](P))2
+ 1<y (- Wj —7(P))*.
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Unbiasedness of the evaluation mean implies

E[(-W; — 7;(P))?] = E[(W; — 7;(P))?] + 47;(P)EW
= Var(W;) + 47;(P)?.

Block independence and the pilot probability partition therefore yield
E[(H; — 7j(P))*] = i E[(Pa,p,j — 75(P))"]
+ (1 — hyj) Var(W;) + 47;(P)*w;.

The pointwise inequality

(Pa,p.j — T (P))* < 2]/)\3,D,j +27;(P)?
and Var(W;) < o2 give

Var(H;) < E[(H; — 7;(P))?]
< 2h; E[paD]] + 2thj(P)2 =+ O'2 =+ 4Tj(P)2’wj.

This centered-error bound also applies to the outside case.

Inside the window, h; < 1, 7;(P)? < a?, and the wrong-sign estimate gives 7;(P)
Hence
Var(H;) < 2a%eL/10 4242 4 5452

= 12802 Le /10 4 12862 + 502
< 4000‘2L6L/100,

using L > 1 and elL/100 > 1.

. Hybrid variance outside the approximation window. Suppose 7;(P) > a, and again use
yj = 7j(P)/a > 1. Then

7j(P)2 +2Do®> , 2Do?

_ 2 2
22 =y; + <y;+1<2y75,
SO 9 9
i(P 2D
max {1, TIPS T2DITL o0
a

Combining the pilot tail and polynomial second-moment bounds gives
hE[52 p ) < a?e M PP (2y2)P

Since 2 < e,
2D _ D _2Dlogy;
(2y;)” <e e 8V

Moreover, logy; < yjz/Q, yjz- > 1, and D < L/1024 imply

7
D +2Dlogy; <7D <—L < Ly2.
6D +2Dlogy; < TDyj < 350, Yi

It follows that ,
h; E[paDj] < a?e” i < a2
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10.

The contrast-weighted pilot bound also gives
2
hii(P)? < a’e” ™Y < o
Using these inequalities and 7;(P)?w; < o2 in the centered-error bound yields

Var(H;) < 4a* + 50
= 25602L + 502
< 40002 Lek/100,

The inside and outside cases establish the variance bound for every nonnegative contrast.

. Reflection for the hybrid variance. If ;(P) < 0, use the same law P = G_;(p)- The

reflected message-law identity and invariance of Hj, together with equality of its means,

imply
Var pret (Hj) = Epret [(Hj — Epret H;)?]

= Ep[(Hj - EPH]')Q] = VaI‘p(Hj).
Since Tj(Pref) > 0, the nonnegative-contrast variance bound gives
Varp(H;) = Var prer (H;) < 40002 Le2/1%0,
Thus the asserted coordinate variance bound holds for every j.

Variance of the hybrid average. Stack the pilot rows followed by the evaluation rows.
Their joint law is the 2m-participant product release law, and each H; is a deterministic
measurable function of the combined column

pil pil 2
(WL W WYL W) € R

Because 0 < 2m < n, Lemma 1 applies to this combined block. The coordinate variance
bounds therefore give

1 2 80002 Lel/100
Var dj;Hj < 8%?5]<Var(Hj) < — g

We absorb the dimension factor using L > 4096. The elementary exponential lower bound
gives

< b/ L% < 162,

)

and

4 < 49L 14 ﬂ—l < A9L/100-1
- 100 -

Since el~1 = d, it follows that
L2110 < 16eL/21/100
— 16e51L/100

< 4651L/100649L/100_1 — 4d.
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As d, L > 0, this proves

80002 LeL/100 - 320002
d = L

32000

Q=
”M:‘

11. Mean squared error of the hybrid average. Linearity of expectation, the definition of F’,
and the coordinate bias bounds give

1 1
gzz: (P)| = gz — |7 (P ‘)

J=1

1 d
< 3.2 B = (P

< 20000 -

VL
Squaring, with 02 > 0 and L > 0, yields
2

d 0_2
Z (P)) | < 400000000 .

&M—‘

Finally, expansion around the expectation gives the variance-plus-squared-bias identity

2

1< -
E gZHj—F(T(P)) = Var gZHj
j=1 j=1
1 :
32 (P))

2
< (3200 + 400000000)"f

o2
= 400003200 —
L

o2
< 500000000 T

O]

The concentration and approximation hypotheses are supplied by Theorems 5 and 6. The
sampling and causal conditions give the moment identities in Lemma 1. Together, these con-
ditions connect deterministic approximation error to bias and estimated-moment variability to

polynomial variance.

In the global calibration, the radius 1/2 covers every admissible treatment contrast. The bias
bound decreases with the degree, while the variance bound grows exponentially in the degree
times the noise-dependent calibration factor. The stated upper bound on the degree balances
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this growth against averaging across strata, and the block-size condition supplies the second
moments required for all polynomial terms.

For the pilot-selected calibration, the threshold T is measured in units of the block noise
scale, enlarged by the square root of the logarithmic dimension. The approximation radius
is twice that threshold. Independent blocks separate branch selection from evaluation, while
concentration controls threshold and sign mistakes. Under the stated logarithmic-dimension
and block-size conditions, the coordinate bias and variance bounds account for these selections,
and the final bound controls the squared error of the average absolute-contrast estimate. This
is the nonlinear component of the welfare procedure in Algorithm 1.

B Sequential contraction and decision lower bounds

The approximation and private-moment bounds describe the precision attainable by the wel-
fare procedure. The complementary lower bounds connect moment matching to the information
retained by a sequential private experiment, and then connect that information to welfare estima-
tion and honest interval length. The argument accommodates independent public randomness
and message rules that depend on the preceding private messages, as specified in Definition 4.

B.1 Measurable densities for conditional experiments

Sequential experiments require density versions that are measurable jointly in the conditioning
variables and the next message. For the auxiliary result below, H denotes a measurable pa-
rameter space and Z a standard-Borel output space. The finite kernels K and L assign output
measures to each parameter value, with L serving as the reference kernel. A jointly measurable
Radon—Nikodym density f represents K relative to L throughout this family of conditional ex-
periments. The following result supplies that representation under pointwise absolute continuity.

Theorem 8. [lem:measurable-kernel-radon-nikodym| (Jointly measurable Radon—-Nikodym
density) Let H and Z be measurable spaces, and let K, L : H — Z be kernels satisfying:

e (Standard Borel target.) Z is a standard-Borel space.
e (Finiteness.) Both K and L are finite kernels.
e (Pointwise domination.) K(h,-) < L(h,-) for every h € H.

Then there exists a jointly measurable function f: H x Z — [0,00] such that, for every h € H
and every measurable set E C Z,

K(h E) = /E F(h, ) L{h, dz).

The standard-Borel restriction applies to the output space, while the parameter space re-
mains an arbitrary measurable space. This distinction allows the conditioning parameter to
collect the public seed, the preceding messages, and the contrast vector. Joint measurability
makes the density suitable for integration over both public randomness and parameter priors.
The representation holds at every parameter value, matching the all-history formulation of pri-
vacy in Definition 4.
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B.2 Higher-order contraction under sequential privacy

Fix a sequential protocol ) from Definition 4. For a public-seed realization r, the reference
experiment is the conditional transcript law under the zero-contrast causal law Gy. The sym-
metric causal family Gy is defined in Definition 9. Write pQ(G, r) for its conditional transcript
density relative to that reference. The privacy contraction scale is 3, equal to (e — 1)/(2d).
Conditioning on the seed preserves the protocol’s dependence on the entire preceding message
history.

To compare experiments generated by different contrast priors, let « be a positive amplitude
at most 1/2. The coordinate priors vy and vy are probability laws on [—a, a], chosen indepen-
dently of the public seed. Drawing the coordinates independently from either prior and then
running the protocol gives the joint seed-transcript mixtures MOQ and M?. Moment matching
means that the two coordinate priors have equal moments below a specified order. The next
result bounds the resulting transcript proximity through the corresponding higher-order density
derivative.

Lemma 3. [lem:adaptive-moment-contraction| (Adaptive higher-order transcript contrac-
tion) Let n,d be integers and let & be a privacy budget. Suppose that:

e (Parameter regime.) n>2,d>2, and 0 <e < 1.

e (Sampling and randomness.) The sampling scheme satisfies Assumptions 5 and 6.

(Sequential privacy.) Q € Qsi(n,d, <), as specified in Definition 4.

(Measurable kernel densities.) For every measurable parameter space H, standard-
Borel output space Z, and finite kernels K, L from H to Z satisfying K (h,-) < L(h,-) for
every h, there exists a jointly measurable f : H x Z — [0, 00| such that, for every h and
measurable & C Z,

K(h,E) = /E F(h, 2) L(h, dz).

Set the privacy contraction scale to
e —1

b=
There exists a jointly measurable real-valued density version p?(0,7)(z), defined for all § € R?,
public seeds r, and transcripts z, with the following properties. For every 0 € [—1/2, 1/2]d and
every r, it is nonnegative at every transcript and gives the conditional transcript law under Gy
relative to the zero-contrast reference:

%r(dz |, Gg) = pQ(H,r)(z) PQr(dz | 7, Go).

For every 0,r,z,j, its dependence on coordinate 8;, with the other coordinates fized, is a poly-
nomial on R of degree at most n. For every 0 € [—1/2,1/2]%, every r,j, and every integer

1<k <n,
/‘39’§PQ(‘9=7“)(Z) %f(dz | r,Go) < k!\/@ﬁk-

For every 6 € R?, every r,z,j, and every integer k > n,

P (0,1)(z) = 0.
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For every amplitude 0 < o < 1/2, let vy, be probability laws supported on [—«, a, fixed
independently of the public seed. Define their seed-transcript miztures by

M (dr, dz) :A(dr)/ Pr(dz | r,Gg) v¥4(dF), ¢ e€{0,1}.

—a,0)d

For every integer k > 1 such that

/uqyg(du):/uqyl(du), q=0,....,k—1,

the following conclusions hold:

TV(MOQ,M?) Smin{l, da’f,/(@ 5’“}, 1<k<n,

M =MY,  k>n.

and

Moreover, every Borel measurable seed-transcript decision f(r,z) € [0,1], interpreted as a ran-
domized test’s acceptance probability, satisfies

‘/frzMerdz /frz ©(dr,dz)| < TV(MZ, M$).

Proof of Lemma 3. All products over empty index sets equal one. We use the fixed-seed protocol
experiment as the conditional-law version, including at seeds of zero A-probability.

1. Construction of the density. Define the observed-record and transcript spaces by
= x{0,1}?,  z=]]z

For 0 = (jo, G, Yo) € Og, and for § € R and o = (oy,...,0,) € Oy, set

1 0,
SgNobs(0) = (20,—1)(2y—1),  mass{(0) = *Sg“jgs(o) o, mass)’ Hmass9 0i).

The reconstruction identities in Proposition 1 give
Go(O = 0) = massi (o) (0. €[-1/2,1/2]%).

For every o € O} and r € R, define the fixed-record transcript law by successive kernel
integration:

n
Law@, (dz) = [ [ Qi(dzi | 0,2, 7).
i=1
For 0 € [~1/2,1/2]%, define the conditional transcript law and its zero-contrast reference
by
Probgr Z mass,) ™) (0) Law?
o€y

AZ = Probg,.

o,r?
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In particular,
AP = (4d)™" Y Lawg,.
ocOy}

Since d > 2, every coefficient in this last sum is positive. Consequently,

Lawfir < A9 for every o, r.

Apply the measurable-kernel-density hypothesis to these two probability-kernel families,
parametrized by (o,r). It supplies jointly measurable functions

Pt R x 2 — [0, oq], Lawgr(E) / ©=(r, 2) A9 (dz).
FE

Their integrals over Z equal one, so their infinite-value sets are A?—null for each o,r.
Define everywhere finite versions by

p(rz), 95 (r,z) < oo,
polr,z) = ext
0, Po ( T, ): 0.

These versions are jointly measurable, nonnegative, and satisfy
Law (dz) = Lpo(r,z)Af?(dz), /(po(r,z)Af?(dz) =1

Now define, on the full domain R? x R x Z,

Z masse 0) Yo(r,2).

ocOy

This is jointly measurable and real valued. On the parameter cube its summands are
nonnegative, and finite summation of the density identities gives

Probg’, (dz) = p?(0,7)(z)A% (dz).

For j € [d] and u € R, define coordinate replacement by

gliul — ) T =17
* O, «F#j.

Each observed-record mass obeys

1{jo:j}sgn0bs(0) w
4d

(1)
mass, ;..

(0) = massét):o](o) +

Thus each sample mass, and hence p?, is a polynomial of degree at most n in each coordi-
nate on all of R. Its coordinate coefficients are finite linear combinations of the integrable

functions o (r, -), so those coefficients and all coordinate derivatives are integrable against
AZ.
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2. Pointwise normalized stage densities. Use the paired-input protocol K supplied by
Proposition 1. It satisfies the same sequential privacy inequality at every history and seed.
For i € [n], r € R, and n € H,;, define

KP(- | ) = ZZK 18),157)-

I 1se{-1,1}

This is a probability kernel, and each summand is absolutely continuous with respect to
it. The density hypothesis, with the same finite-value convention as above, therefore gives
jointly measurable nonnegative real functions

wraw R X H; XZZ'—>[O,OO)

such that
Kl(dc ‘ (1’,8),1’],7’) = fzws(r m, C)Kzo(dC ’ r, 77)

For each r,n, the definition of KZQ and uniqueness of densities imply

Zd;ra‘” r,n,¢) =2d KO( | 7,n)-almost everywhere.

1,T,8

Privacy gives, for every measurable £ C Z;,

/ B (1, QKO | ) < &8 [E = (o, QKOG | ).

The comparison of these integrals over all measurable sets implies the corresponding den-
sity inequality almost everywhere.

Define the measurable good set

Qi—{v"né Z"L/}fiwsrnc ) = 2d,

v (rym, €) < ey L (rym, €) for all x,s,x',s'},

©,T,S iz’ s’
and set, on their full domains,

. _ ;‘;v:/s(,r’ UR C)v (Tv m, C) € gia
wz,a;s(nna C) - {1, (7’7 7, C) gé Gg;.

For each r,n, the good set has full reference measure. Hence this repair preserves every
represented kernel and gives, everywhere,

Z wi,z,s = 2d, @Z}i,x,s < eswi,x/,s’-

Summing the second inequality first over the left-hand input and then over the right-hand
input yields
2d <2d 681/%,90,3, 2d wi,x,s < e Z wi@’,s’ = 2de".
s’
Therefore
e < Yips(r,n, ) <e everywhere.
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3. The stage product and coordinate identification. For all § € R? and all declared
stage arguments, define

¢i,j,1(7“,777C) %,3,71(7" 77,5)

1
dens; (0,71, ¢) = 52 > (1s0a)ias(r.n.C).  slopey(r,n,¢) = 5
x,8

Normalization gives the identities
d
dens;(0,r,n, () =1+ Z t;slope;;(r,n, (),
j=1

densi(O[j:“],r, n,¢) = dens;(0,7,1,¢) + (u — 0;)slope;; (1,1, ().

Define the reference stage-chain law and the stage product by

A@S18 () = HKiO(dzi | 7, 2<i), prod?(,r,z) = Hdensi(e, T, Z<iy Zi)-
i=1 =1

For a fixed paired-input vector x = ((ji, i)’ € ([d] x {—1,1})", define

n

Law (dz) HKi(dZi | (Jis 8i), Z<is 7).
i=1

Successive integration of the stage density identities gives

Law} , (dz) = {H Vi i, (T3 Z<is Zi)} AQSt28((z).
=1

The fair ancillary-bit reconstruction in Proposition 1, followed by expansion of the averaged
kernels at successive stages, gives the fixed-seed identity

ProbgT = Z {ﬁ Pg(ji,si)} Law;r (0 €[-1/2, 1/2]d).
x \li=1

Indeed, each ancillary assignment vector has probability 27", and its recovered observed-
record vector is obtained coordinatewise by

. 1+ 5;(2a; — 1
05 = <]i7ai, 1(22)> ) (alv"' 7an) € {0’1}n

Finite distribution of sums over products now gives

> H { L o122t >}

X 1=1
W
- H {2(1 Z(l + Sea:)wi,x,s(ra Z<q, Z’L)} = PrOdQ(e» T, Z)-

i=1 z,s
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Consequently,
Probg’, (dz) = prod? (0, r, ) A*'2°(dz).

At 0 = 0, every stage density equals one. Thus

A?,stage _ A?, Probg?T(dz) = pron(Q,TB z)Af:?(dz)

Fix 6 € [~1/2,1/2]¢, r, and j. Both
w—s p? (VY r)(z), w —s prod? (0 1. 2)

are polynomials of degree at most n. Define distinct interpolation points by

1
= —, € N.
v L+ 2 ;

Every U lies in the cube. Since the two nonnegative functions represent the same law
there, uniqueness of densities gives equality almost everywhere at each v,. Taking the
countable intersection of these full-measure sets, the two polynomials agree at infinitely
many distinct points. Polynomial uniqueness therefore gives

for A?—almost every z, for every u € R, pQ(H[j:“},r)(z) = pron(HU:“],r, z).

This identity also identifies every order of coordinate differentiation on the same full-
measure set.

. Scores and their moments. Fix § € [~1/2,1/2]%, r, and j. For each stage define
Gimin (757, €) = min i 4 (7,7, C).-

The weights (1 4 s6,)/(2d) are nonnegative and sum to one. Privacy and the minimum
therefore imply

densi (97 r,mn, C) > wi,min(ru mn, C) > 07
|wi7j71(7ﬂ, 7, C) - Qpi,j,—l(r? m, <)| < (68 - 1)¢i,min(r’ 7, C) < (66 - 1)densi(9’ r,m, C)

Hence
5|0Peij(7”a 1,¢)

densi (Ha r,n, C)

<o
Under Probgr, define expectation, the history filtration, and the scores by

Egr[] = L() PrObg{r(dZ)v Fy = U(Zla SRR Zmin{v,n})7 veEN,

slope, . (1, z<;, z;
6 e (nzcnz) oy
score, " (z) = < dens;(0, 7,2, %) ie{l,2,...}.
0, >N,

The parameter-specific stage kernel is

dens; (6,7, 1, Q) K7 (d¢ | r,m).
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Its successive kernel integrations give Probgr, by the product identity above. Each input-
row density integrates to one, so

1-1

[ soves(ran YA | ron) =1 =0,

Cancellation of the positive stage density in the score integral gives

<p.

Eg’r [score”™ | Fi_1] =0, |score?"7

The zero extension satisfies these identities after the horizon as well.
For k,v € N, define the elementary score polynomials recursively by
elemg, =1, elempo=0 (k>1),
7r7j

elemy, 11 = elemy , + scoregﬂelemk,m (k>1).

Here elemy, ,, is a function of the transcript, with the fixed 6, r, j understood. The recursion
gives elemy,,, = 0 when k > v, and each prefix polynomial is F,-measurable. Conditional
mean zero thus implies

Egr elemy, , scorezi’lj elemy_1,| =0 (k>1).
Squaring the recursion and using the score bound yields

Egr [elemimﬂ] < IE;Q’T [elemzﬂ)] + B2Eg%r [elemi_lvv].

Induction from the displayed initial values, using (”“,:1) =)+ (.,), gives

g elen | < ()

This includes k = 0 and k > v.

The nonnegative centered square gives

2

0< 53, | (1tems| — 29,
2

= Egr[elem%’v] - (Egr\elemkﬂ) :

Since § > 0, it follows that

v
Egr\elemk,v| < (kz) g~

. The derivative certificate. Multiplying the affine coordinate-shift identities recursively

gives
n

pron(G[j:ajJr“], r,z) = pron(H,r, z) Zuqelemq,n(z), u € R.
q=0
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The simultaneous coordinate identity from the preceding construction therefore yields
aglij(O,r)(z) = k! p?(0,7)(2) elemy, ,(z) A%-almost everywhere.

Changing measure by the nonnegative density p@, and applying the first-moment estimate,
gives

/‘8 @O, 7)(z)| AL (dz) = k!E?’T\elemkM

gk!,/(Z)ﬁk, 1<k<n.

Finally, the coordinate polynomial representation of the finite-sum density gives, pointwise
on its full domain,

69’j,pQ(9,r)(z) =0 (OERd, reR,ze€Z, jeld, k >n).

Together with the construction and representation already proved, these are all the asserted
density properties.

. A single-coordinate moment bound. Fix 0 < o < 1/2, the two supported probability
priors, and 1 < k < n with the asserted matching moments. For 6 € [~1/2,1/2]¢, r € R,
and j € [d], define

it} () = [ 5265, 1)(a) voldu) — [ B2 ) (2) ),

diff?" ()
o — 1 7 diff%" (z) # 0,
slgnf-’ (z) = \diff?’r(z)] i @7
0, diff?" (z) = 0,

and the scalar polynomial, defined for every u € R, by

poly’” (u) = / sign’” (z) p2 (0, 1) (z) A% (dz).

The finite polynomial representation and integrable coefficients justify all these integrals,
coefficientwise differentiation, and the exchanges of integrals below. In particular,

sign”| <1, sign)" diff" = |diff’"].

and
) (@ . or o
(poiv}") ™ (w) = [ signf”(2) 0 p2 (657, () A ().

For |u| < «, the replacement parameter remains in the cube. Thus

) < [ |oks9er )] 42 () gm\/@ B,
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Define its Taylor polynomial by

At u = 0, the remainder equals zero. For u # 0, Taylor’s theorem with Lagrange remainder
on the segment joining 0 and u gives

Jul®

6,r o,r 6,r (k)
poly; (u)—taylorj’k(u)‘ < sup (polyj > (uy)

k!, emin{0,u}, max{0,u}]

< \UV"’\/@B’“ (lul < o).

Matching moments cancel its Taylor polynomial:

taylor’” (u) vo(du) = [ taylor®" (u) vy (du).
Jk gk

Each prior is supported on [—a, a] and has mass one, so

‘/ (Polyjﬂ’(u) - taylor?:]:(u)) ve(du)

<aF (Z) gk, refo,1).
Finally, exchanging the integrals in the scalar polynomial gives

[ 16657 @) A2(ad) = [ poly}” () vo(du) — [ poly?” () ()

This is uniform in the remaining coordinates, the seed, and the coordinate being replaced.

. Averaging and coordinate telescoping. Define the endpoint product priors and the
intervening product priors by

I, = V?dv t€{0,1},
T L

Their coordinates are ordered from 1 to d. They are probability laws supported on the

parameter cube, with
hyb hyb
I, = Iy, ;> =1I.

For each r and v, define the averaged density
avel(2) = [ p2(6.7)(2) T (0.
These functions are integrable against A,(i?, by their finite-row representation.
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For v < d, set j = v + 1. Resampling coordinate j from 1 preserves Y b; resampling it
from vy gives Hgibl. Explicitly, with # denoting pushforward,

(0,1 O L (I @ ) =TI, (0,00 697) (" @ 1) = ).

Fubini therefore gives

avel () — avel 1 (2) = [ diff)”(2) 1" (db).

The triangle inequality under the integral, followed by the single-coordinate estimate,
yields

[ 1o —avealind < [ { / |diff§”“<z>m9<dz>} I (d9)

< 2a"’@ﬁ’?

Telescoping the d replacements now gives
Qg [1o(dO) — Qg [T, (d6)| A9 (d

- / lavgh — avey| dAY

d—1
< Z/ lavg, — avg, .| dAY
v=0

< 2daF (Z) k.

. Fixed-seed total variation. To define probability kernels on the full parameter domain,

set 1 1
egl:max{_2’min{2’9j}}’ GGRd7 ]G[d]

This parameter belongs to the cube for every 6, and equals 6 on the cube. Define, for
¢e{0,1} and r € R,

condmixy,,(dz) = / Prob®, (dz)II,(df),

o<l r

seedrow,, = (z — (r,z))gcondmixg,,, avdeny(r,z) = /pQ(Q,r)(z) I1,(d6).

All these measure-valued families are measurable; the first two consist of probability mea-
sures. Mixing commutes with the displayed measurable map, so

seedrowy , = /(z — (7“,2))#Prob§201 L e(do).
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Support on the cube, the density representation, and Fubini give

condmixy . (dz) = avden(r, z)A%(dz), avdeny(r,z) > 0, /avdeng(r,z)Ag(dz) =1.

For completeness, the last normalization gives
/(avdeng(r, z) — avden (r, z))A;Q(dz) =0.

For every measurable ¥ C Z, the integral of this difference over E is the negative of its
integral over E¢. Thus

2 |condmixg . (E) — condmix; ,.(E)|

< / lavdeng — avden; | dA9 —|—/ lavdeng — avden; | dA9
E Ee
= / lavdeng — avden; | dA9.

Taking the supremum over measurable events gives the half-L! bound. A measurable push-
forward decreases total variation, since its event differences are differences over measurable
preimages. Consequently, at every seed,

TV (seedrowy ,, seedrow; ;) < T'V(condmixg,, condmix; )

1
< 5 / lavdeng(r, z) — avden; (1, )| A9 (dz)

< doF <Z> gk,

. Mixing over the common public seed. The sampling and randomness assumptions
ensure that, at each cube parameter, the observed-record vector has its independent prod-
uct law and is independent of the public seed and analyst randomizer. Successive kernel
integration therefore gives the seed-transcript law

A(dr) Prob, (dz).

The priors are supported on the cube and are fixed independently of the seed. Hence both
M? are probability measures, and

TV(ME, M%) < 1.

Interchanging the independent prior and seed integrations gives, for every measurable
seed-transcript event F,

M2 (E) = /]R ) /R (21 (r,2)) 4Proby, | (1) A(dr) T1,(d)

= / seedrow ,.(E) A(dr).
R

66



10.

The measurability established above justifies these mixture identities. Applying the fixed-
seed bound to each event gives

|M(C)’2(E)—M (E \</|seedrow0r ) — seedrowy ,.(E)| A(dr)

/da 1/ 5’% dr)
= do¥ <k> g-.

Taking the supremum and combining with the probability-measure bound proves

TV(M§,Mf) < min {1, da®y | (’;) ,8’“} . 1<k<n.

Exact cancellation above the sample degree. Now suppose k& > n. Define the
prior-predictive input laws on O} by

XN

Input, = / Z massé(lﬂ) (0) 0o II,(d), ¢e{0,1}.

0€0y

Since clipping equals the identity on the prior support, their atom masses are

Input,({o}) = / mass{™ (o) T1,(d6).
For J C [n], 0 € OF, and j € [d], define the coordinate counts

countj 7(0) =#{i € J : jo, = j}-

Expanding the affine sample mass gives

massén) (0) = (4d Z {H S8Nobs (04 } H 0o

JC[n] \ieg ieJ

Regrouping factors by coordinate and integrating under the product prior yields

d
/ [T ¢;., (o) / H =7 () 11, (dp)
iceJ Jj=1
d
H/ count; 7 (o I/g(du).

Every count lies between 0 and n < k, so every factor is the same for the two priors by
moment matching. This also covers the empty subset and zero counts. Finite expansion
therefore gives

Inputy({0}) = Input; ({o}) for every o € Oy,
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and hence
Inputy = Input;.

Define the probability channel from a fixed input vector to the seed-transcript space by
channel¥ (dr, dz) = \(dr) Lawgr(dz).

The sampling and randomness assumptions give

M? = Z Input,({o}) channel.

ocOy

The independent analyst randomizer integrates to mass one in this representation. Ap-
plying the same channel to the identical input mixtures proves

MY =M9 (k> n).

11. Bounded transcript decisions. Both mixtures are probability measures for every sup-
ported pair of priors. The standard bounded-range total-variation inequality, applied to a
Borel measurable f: R x Z — [0, 1], gives

‘/ f(r,2) M§ (dr, dz) — /f(r, z) M¥ (dr, dz)| < TV(MJ, M),
This applies for every k£ > 1 in the statement.

O]

The measurable-density condition is supplied by Theorem 8. The density has a probability
interpretation on the admissible contrast cube and a coordinatewise polynomial extension to all
real contrast vectors. Its degree bound reflects the finite participant count, while its integrated
derivative bound quantifies the sensitivity of the private transcript at each order.

The contraction calculation retains the adaptive history within each conditional experiment.
Both the density representation and the derivative bound hold for every public-seed realization,
so the mixture conclusion accommodates any independent seed law A. The prior independence
condition fixes the same comparison across those seed realizations. For matched moments below
order k, the displayed bound combines the amplitude factor o, the privacy factor B*, the
participant factor \/@ , and the dimension factor d. Matching beyond the coordinatewise
polynomial degree gives exact equality of the mixtures.

The final clause translates transcript proximity into a bound on every Borel randomized
testing decision. Thus the result controls the information available to an analyst after observing
both the public seed and all private messages. Together with the moment-matching measures
in Theorem 7, it supplies the experiment-comparison component of the welfare lower bounds.

B.3 From welfare separation to decision lower bounds

Transcript proximity becomes a decision lower bound when the two priors place their welfare
targets near different centers. For two priors supported on the causal model V; from Definition 2,
let Ny and N; denote their joint seed-transcript mixture laws. Write vy < vy for the welfare
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centers and A = v; —vg for their separation. The quantity 79 bounds the probability, under each
prior, that welfare lies farther than A/8 from its center; w bounds the total-variation distance
between Ny and Nj.

The following result separates these two requirements: concentration concerns the random
target induced by a prior, whereas proximity concerns the distribution of the observable pri-
vate experiment. Its decision laws also include the independent analyst randomizer U from
Assumption 6. This permits randomized estimators and intervals within the same comparison.

Lemma 4. [lem:separated-value-mixtures] (Separated welfare mixture bounds) Fiz a sam-
ple size n, a dimension d, a sampling scheme satisfying Assumptions 5 and 6, and a law-
independent one-message sequential protocol Q) with probability message kernels and standard-
Borel seed and message spaces. Write Vg for the full-data probability laws satisfying the declared
causal model of uniform strata, fair assignment, consistency, and interior arm means. The
welfare target is

d
V(P) = > max{os (P), g (P)}.
j=1

where f1,j(P) is the conditional mean of potential outcome Y in stratum j.
Consider two probability priors on full-data laws, called the first and second priors. Let
vy < v1 be their respective welfare centers, and define their separation by

A = v — 1.
Let ng,w € R. Suppose:
e (Causal support.) Each prior assigns probability one to V.

e (Decision mixtures.) Mizing the induced joint law of (Z, R,U) over either prior yields
a probability measure. Let Ny and Ny be the respective joint seed-transcript marginals,
namely the mizture laws of (R,Z).

e (Target concentration.) Under the first and second priors, respectively,

Pr{[V(P) —vo| > A/8} <mo,  Pr{|V(P) — v > A/8} < 1.

e (Transcript proximity.) The joint seed-transcript miztures satisfy

TV(N(], Nl) < w.
Then every Borel real-valued estimator T(Z, R,U) satisfies

9A?
swp Epo[(T(Z, R,U) = V(P))*] = 150 (1 —w = 2m0)+,
PeYy

with squared-error expectations interpreted in the extended nonnegative reals.
Moreover, every connected closed interval I(Z,R,U) with ordered Borel endpoints in
[1/4,3/4] and global coverage

PE)(B{V(P) € I(Z,R,U)} >0.90  for every P € Vy
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satisfies

A
sup Epglength I(Z, R,U) > 3

—(0.80 — 21mp — w)+.
Pevy 4

Here length I is the upper endpoint minus the lower endpoint, and x4 = max{z,0}.

Proof of Lemma 4. 1. Measurable decision laws. Denote the two priors by
7y := the first prior, 71 := the second prior.

Write
Oy :=[d] x {0, 1}2, Z = 1—‘[2Z ‘R := the public seed space.

A decision triple has the form
Wgec = (z,r,u) € Z X R x R.

For an observed record vector o € O} and a seed value r € R, define the probability
transcript law by iterating the protocol kernels:

Liw(0,r)(dz) == [ [ Qi(dz | 0,24, 7).
=1

Here the product denotes successive kernel integration in participant order. Define a
probability measure for each fixed record vector by

Dol(E) i= /R /m /Z 15(2, 1, ) L (0, 1) (d2) du A(dr),

for every Borel decision event E. Each measure is a probability measure because all the
message kernels and the seed law are probability measures.

For every nonnegative measure P on the full-record space, let Pp be its observed-record

marginal and define
Laee(P) := ) ( Po({Oz'})> Do.
i=1

o0y

This map is measurable: each coefficient is a finite product of measurable evaluations of
the observed marginal, and the measures D, are fixed.

The auxiliary target on all nonnegative measures uses the same welfare formula, with the
following conventions:

P(E), P(E) < o, %ﬂw:ﬂwm:$w:u

d
1
. ; V(P):= - E ma. -P7
0, P(E) = 00, Preal{X = ]} ( ) d = X{”OJ( ) M1

Division by zero, including 1/d when d = 0, is assigned value zero; empty sums and prod-
ucts have values zero and one, respectively. These formulas make the target measurable
and agree with the stated conditional means and welfare on V.
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For a probability law P, the finite atomic decomposition is
n
Pyt =>" (H PO({OZ'})> So.
oc0y \i=1

Consequently, integrating the protocol against the canonical product sampling law gives
exactly Lqec(P). Moreover, Assumptions 5 and 6 give, for every P € Vg,

Lp(0,R,U) = P§" ® A @ Uniform|0, 1], Laec(P) = Lpo(Z, R, U).

Define the completed mixtures, for £ € {0,1}, by

Ly(E) == / Laec(P)(E) me(dP).

Causal support and the preceding equality imply

Lg(E):/V Pr{(Z,R,U) € E} my(dP).

)

Thus these are the decision mixtures in the statement, and their seed-transcript marginals
are INy.

. Independence of the analyst randomizer. For P € Vg, the preceding construction gives
Liec(P)(Z X R x R) = 1.
For Borel sets £z C Z, Er C R, and Ey C R, successive integration yields

Ldec(P)(EZ X ER X EU)

/ ) /R 15, (r) Lir(0, 1) (Ez) Mdr) P£"(do) | Uniform|[0, 1](Ep).

Indeed, for fixed o, r, u, the rectangle indicator contributes the transcript probability mul-
tiplied by 1g,(r)1g, (u); integrating in u gives the displayed factor. Taking Ey = R
identifies the bracket as the transcript-seed marginal. More precisely, define

Lg£(P)(EZR) = LdeC(P){(Z, r, u) : (z,r) € EZR}-

Equality on measurable rectangles therefore proves, with the product identified with deci-
sion triples,
Laec(P) = LZE(P) ® Uniform[0,1], P € V.

dec

. Total variation of the decision miztures. Define a common probability kernel that appends
the analyst randomizer:

CCOil’l((r7Z)7E) = / ].E(Z,r, LI) du.
[0,1]
The rowwise product identity from the preceding step implies

Laec(P)(E) = /Z RCCOm((r,z),E) LZE(P)(dz,dr),  PeV,.
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Integrating this equality under either supported prior and interchanging the nonnegative
integrals gives

LZ(E) = / Ccoin((r, Z),E) Ng(dl’,dz).
RxZ
For a Borel event E, put

fE'(ra Z) = Ccoin((raz)uE)a 0< fE <1

The function is measurable. Its layer-set representation gives
1
||—O(E) - LI(E)| - '/ [NO{fE Z tlev} - Nl{fE Z tlev}] dtlev
0

1
S / ’NO{fE 2 tlev} - Nl{fE 2 tlev}| dtlev
0
< TV(Nog, Nq).
Taking the supremum over Borel decision events proves

TV(LQ, Ll) S TV(No,Nl) S w.

4. Probability rows for the testing argument. Since a probability prior is supported on V,,
that class is nonempty. Choose
P.eVy.

Complete the measurable decision laws to probability rows on the entire auxiliary param-
eter space by setting

dee(P) = Laec(P), Lgec(P)(Z xR xR) =1,
“ . Lec(Py), otherwise.

The condition selecting the first branch is measurable. The resulting kernel has probability
rows, and

Cace(P) = Laee(P) (P €Vy), / Cace( P) 7o(dP) = L.

Thus the completion preserves both prior-predictive laws and their total-variation bound.
The concentration and proximity hypotheses also imply

Mo > 07 w > 07
because probabilities and total variation are nonnegative.

5. Squared-error bound. Fix a Borel estimator T'. Define

Vo + U1 3A 2
Umid ‘= 9 s Cerr ‘= ? )

Er = {Wdec D Umid < T(Wdec>}7 Eerr,O = Er, Eerr,l = Eic“v
Eesc,é = {P : A/8 < ’V(P) - ’Ug|}, le {0? 1}7

ET(P) = /(T(Wdec) - V(P))2 Cdec(P)(deec)a Bg’T = /ET(P) Wg(dP).
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The last two integrals are nonnegative integrals with values in [0, co].

For each prior index, the following pointwise inequality holds over the entire auxiliary
parameter space:
Cerr Cdec(P)(Eerr,Z) < 5T(P) + Cerr]-EeSCyg (P)

To see this, first suppose P € FEeep. The left side is at most cerr, since the row is a
probability measure. Otherwise, |V (P) — v, < A/8. For £ =0, on Er,

3A
T(Wdec) - V(P) 2 Umid — (UO + A/S) = ?

For / =1, on EY,
3A

In either case the squared loss dominates cenlg,,, ,, proving the pointwise inequality by
integration.

Averaging under each prior gives
CerrLo(ET) < Bo.1 + CerrT0(Eesc,0), CerrL1 (BET) < Bi1 + CerrT1 (Eese,1)-
The testing inequality follows directly from total variation:
Lo(Er) + Li(ES) =1+ Lo(Er) — Li(Er) > 1 —w.

If max{By 1, Bi,r} = 0o, the Bayes-risk lower bound below follows immediately. Otherwise,
both Bayes risks are finite, so summing the preceding inequalities and using the escape
bounds yields

Cerr(l — W — 27]0) < BO,T + BI,T

<2 maX{BO’T, BI,T}-

Consequently, in both cases,

9A?
ﬁ(l —w —2n9) < max{Byr,Bir}

Fach supported prior average is bounded by the supremum on the causal class:

B&T = ST(P) Wg(dp) S sup /(T(Wdec) — V(P))2 LdeC(P)(deec)-
Vd PGVd

If 1 —w —2n9 > 0, combining these inequalities gives the stated positive-part bound. If

1 —w — 2y < 0, its positive part is zero and the bound follows from nonnegativity of

squared risk. Finally, equality of the decision laws on Vy; identifies the supremum:

sup /(T(Wdec) - V(P))2 Ldec(P)(deec)
Peyy

= sup Epg[(T(Z,R,U) — V(P))?].
Peyy

This proves the risk assertion with its extended-nonnegative interpretation.
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6. Coverage of the target neighborhoods. Fix an interval satisfying the stated endpoint and
coverage conditions. Write

I(Wdec) == [l(Wdec))Y(Wdec)L lengthI(Wdec) = T(Wdec) - l(Wdec)-
For ¢ € {0,1}, define
Jp = [Ug — A/S,U@ + A/S], E[’g = {Wdec : l(Wdec) <wvg+ A/S, Vg — A/8 < T(Wdec)}.

These are Borel events, and ordered endpoints make them exactly the events I N J; # .

For P € Vg \ Eescs
{Wdec : V(P) € I(Wdec)} - E[,Za

since V(P) € J;. Global coverage therefore gives

0.90 < LdeC(P)(E[yg) + 1Eesc,£ (P), P eV,

For a law in the escape event, this inequality follows from the indicator being one and
the event probability being nonnegative; for a law outside it, it follows from the displayed
inclusion and coverage. Integrating under the supported prior proves

0.90 < Le(Er ) + me(Fesc,e), L¢(Ere) > 0.90 — 1.

7. Intersection and expected length. The total-variation bound transfers the second neighbor-
hood event to the first mixture:

LQ(E]J) Z Ll(EI,l) — W 2 0.90 — o — Ww.

Under the first mixture,

Lo(EroNEr1) = Lo(Ero) — Lo(Ero\ E11)
> Lo(Er0) — Lo(£7 1)
= LO(ELQ) + LO(EI,l) —1
>0.80—-2n —w

Combining this with nonnegativity of probability gives

Lo(EroNEr1) > (0.80 — 2n9 — w) 4.

On the intersection event the endpoints satisfy

I(Waec) < wo +A/8, I(Wgec) > v1 — A/8.

Hence
3A

length I(Wec) 2 (v1 — A/8) — (vo + A/8) = —~.
Outside that event, ordered endpoints give nonnegative length. Thus the pointwise indi-
cator bound and its integrated form are

3A
length I (Wqec) > e 1EI’OOEI,1(Wdec)7
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3A 3A
/lengthIdLo > T Lo(E[,O N El,l) > 7(080 - 21’]0 — w)+.

Finally, nonnegative integration through the mixture and causal support yield

/lengthIdLo :/ [/ length I dLgec(P)| mo(dP)
Va

< sup /lengthIdeeC(P)
PeYyy

= sup Epglength I(Z, R,U).
PeVy

The same equality of decision laws transfers the global coverage condition to every com-
pleted row on Vg, so this establishes the interval assertion.
O

The squared-error bound has the scale of the squared welfare separation. Its positive-part
factor records the remaining testing separation after accounting for transcript proximity and
the two target-concentration failures. Causal support ensures that averaging over either prior
compares decisions within the same model used by the worst-law risk. Extended nonnegative
expectations include every Borel real-valued estimator in this reduction.

For intervals, honesty is a finite-sample coverage requirement at every law in ;. Conse-
quently, the coverage requirement applies throughout the support of both priors. The factor 0.80
reflects the two 0.90 coverage requirements, with target-concentration and transcript-proximity
penalties appearing explicitly. Connectedness gives the geometric content of the length bound:
an interval containing target values within A/8 of both centers must span at least 3A/4. Or-
dered Borel endpoints make coverage and length measurable, and their range agrees with the
welfare range in Definition 2.

Applied to independent-coordinate priors on the symmetric causal family, Lemma 3 supplies
the transcript-proximity bound. The bounded-mean concentration result in Theorem 5 sup-
plies the corresponding control of average coordinate contributions to welfare. The separation
supplied by approximation duality can therefore enter both decision criteria through Lemma 4:
squared-error risk scales with A2, and expected connected interval length scales with A.

B.4 A dimension-free calibration

A further comparison supplies a lower bound uniform in the number of strata. It uses the same
measurable-density property and the sampling and randomness conditions already required for
sequential contraction. The decision criteria are the minimax squared-error risk and globally
honest connected interval length defined in Definitions 6 and 7. The next result states their
dimension-free dependence on the finite privacy resources.

Lemma 5. [lem:dimension-free-private-two-point| (Dimension-free private two-point
lower bounds) Assume the following measurable Radon—Nikodym property: for every measurable
parameter space H, every standard-Borel output space Z, and every pair of finite kernels K, L
from H to Z satisfying K(h,-) < L(h,-) for every h € H, there exists a jointly measurable
density f: H x Z — [0,00] such that, for every h € H and every measurable E C Z,

K(h,E) = [E F(h, 2) L(h, dz).
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Then there exists a universal constant ¢y > 0 such that, for every sample size n € N, dimension
d € N, privacy budget € € R, and sampling scheme satisfying

e (Resources.) n>2,d>2,and 0 <e < 1.
e (Participant sampling.) Assumption 5.

e (Randomization.) Assumption 6.

the minimax squared-error risk Re(n,d,e) and globally 0.90-honest connected interval length
$Hc(n,d,e), defined in Definitions 6 and 7 for that sampling scheme, satisfy, for every C €
{NI, ST},
. 1 . 1
%C(nvd,E)chmln{l,W}, ﬁc(n,d,e)ZClmm{l,\/ﬁE}.
Proof of Lemma 5. Set
1
T 8102
Fix admissible n, d, e and a sampling scheme satisfying Assumptions 5 and 6.

0.

&1

1. Fix C € {NI, SI} and an admissible protocol
Q € Qc(n,d,e).
If C = NI, the inclusion in Definition 5 gives @ € Qsi(n,d, ). If C = SI, this membership
is the stipulated admissibility condition. Thus in both cases,
Q € Qgi(n, d,e).

We establish bounds uniform over all decisions based on this protocol.

2. Define the positive scale and two-point amplitude by
1 . 1
Kip = Vne >0, Qtp = —ming 1, — &
8 Iitp
Since n > 2 and € > 0,
1 1 Kt 1 1
0< oy < =< - appy/ne=—Lmin{1l, — » < =.
=g Ve =3 { ntp}—zs

For the squared-rate calibration, splitting according to whether k¢, < 1 or k¢, > 1 gives

1))\ 1, <1, 1
<min{1,}> = 5 fitp = =min¢ 1, — ».
Ktp Rip > Ktp > 1 Ktp

Here the first case uses 1 /K,tp > 1 and 1/ H%p > 1, while the second uses the reverse

inequalities. As

2 _ .2
Kip = NE™,

we obtain the two numerical comparisons

63az, 63 S oSy ]
= min — C1 Inin —
4096 262144 "pez [ = "ne? [

81atp 81

1 1
=2 mindl,— > mind1, — V.
320 2560“““{ ’\/ﬁe}—clmm{ ’\/ﬁz—:}
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3. Define the two contrast vectors, coordinate priors, and privacy contraction scale by

c—1
0](-0) =0, GJ(«I) =owp (J€d]), vy = Diracy, v1 = Diracg,,, B = ‘ 2d

where Dirac, denotes the unit point mass at z. These priors satisfy

vo([—oup, atp)) = v1([—oup, atp)) = 1, /uo vo(du) = /uo vi(du) = 1.

Thus their moments match through order zero. Each coordinate under the corresponding
product prior equals its point-mass location almost surely; intersecting these finitely many
probability-one events yields

vPU{09Y) =1 (£e{0,1}).
Consequently, writing the two joint seed-transcript laws as
Ny = ‘CGG(Z)Q(R» Z) (€€ {0,1}),
the mixtures in Lemma 3 reduce to
MZ =N, (£e{0,1}).

Apply that result with amplitude oy, these coordinate priors, and k = 1. Its hypothe-
ses hold by the assumed measurable Radon-Nikodym property, the sampling conditions,
sequential membership of @), and 1 < n. It gives

TV (No, N1) < min{l, dap (T) /3}

< agpy/n (e —1)
—_— 2 .
For 0 < e <1, the standard exponential estimate gives

e —1< e — 1] <2lg| = 2e.

Therefore,

TV(N(),Nl) S Oétp\/’ﬁéf S

ool =

4. Both contrast vectors lie in [~1/2,1/2]%. By Proposition 1, the symmetric laws of Defini-
tion 9 satisfy

Gy, Gpay € Vg.
Since d > 0, their average absolute contrasts are
Fo0) =1 Zdjo _o, Ry =1 Zdjat —a
d =~ ’ d =~ p tp:
The same cited result therefore gives
1 1 o

V(Ge(t))) = 57 V(G9(1>) = 5 + 7
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Define the full-data priors and their welfare centers by

1 Qg
v1 =z P

. : 1
Iy = DlracGem), I = DlracGG<1 2’ 9T 9 92

)2 Vo =

Their causal support and concentration properties are

(V) =1, II, <{P: V(P) — vy > 2}) =0  (Le{0,1}).

Mixing over a unit point mass returns the corresponding decision law. These decision laws
are probability measures because the participant and randomization laws are probability
measures and the message kernels are Markov kernels. Their seed-transcript marginals are
precisely Ng, V7.

Set

The preceding displays discharge the hypotheses of Lemma 4. Hence every admissible
estimator T' satisfies

9A2 7 63af
sup Epg|(T(Z,R,U) - V(P 21> L P
Pevy (T )=V 2 158 5 = 006

Every admissible connected interval I with global coverage 0.90 satisfies

3A 27 S8lay
Epolength [(Z, R, U) > o= . 2L — 2%
pey, Qe (2, 7.U) = = 15 = 320

Here 7/8 = 1 — w — 29 and 27/40 = 0.80 — 219 — w, so both positive-part factors equal
the displayed positive numbers.

. Combining these bounds with the amplitude calibration yields

1
sup Epg[(T(Z,R,U) — V(P))?] > ¢; min {1, 2}
PeVy ne

for every admissible estimator, and

1
sup Epglength I(Z, R,U) > ¢y min {1, }
Sup Erq ( ) e

for every admissible globally honest interval.

. These inequalities hold for every admissible protocol in either selected class. Taking the
infima over protocols and decisions in Definitions 6 and 7 therefore gives

. 1 _ 1
Re(n,d,e) chmln{l,ngg}> Hc(n,d,e) chmm{l,\/ﬁ}.

The infima are interpreted in the extended nonnegative reals, whose infimum over an
empty decision class is +00. Thus the same lower bounds cover that case as well.
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The two bounds depend on the participant count and privacy budget through ne?, uniformly
over every admissible dimension. When this quantity is at most one, they give constant lower
bounds; above one, they give inverse-resource squared-error and inverse-square-root-resource
length bounds. Both conclusions cover the noninteractive and sequential protocol classes, in-
cluding the independent public and analyst randomness permitted by their definitions.

This comparison supplies a finite-resource baseline alongside the dimension-dependent
moment-matching bounds. In particular, it applies at fixed small dimensions and throughout
the stated sample-size range. Its universal constant allows the lower-bound calibration to retain
the same dependence on privacy resources across dimensions, complementing the finite-sample
calibrations in Lemma 2 and the two-cell result in Theorem 2.

C Guide to the main proofs and verification scope

The welfare analysis begins with the signed causal representation in Proposition 1, which sep-
arates the baseline mean from the average absolute treatment contrast. For the attaining pro-
cedure in Algorithm 1, the approximation bound in Theorem 6 controls polynomial bias. The
moment identities and dependence bound in Lemma 1 control evaluation variability, while The-
orem 5 controls pilot selection. These ingredients enter the finite calibration in Lemma 2,
connecting the component bounds to the specified procedure.

The converse follows the complementary dependency chain. Approximation duality in
Theorem 7 supplies moment-matched priors with separated absolute-value expectations.
The measurable-density representation in Theorem 8 supplies the density condition used by
Lemma 3, which controls proximity of the resulting sequential private experiments. Concen-
tration of the prior-induced welfare targets then permits Lemma 4 to translate experiment
proximity into bounds for estimation and honest interval length. The comparison in Lemma 5
supplies the dimension-uniform component of the converse. The signed causal correspondence
also carries the paired experiment into Theorem 3; inclusion of that family in the full simplex
supplies the transfer in Theorem 4.

The causal conclusions concern independent population sampling under Definition 2
and Assumption 5. The model specifies binary outcomes, public uniform stratum proba-
bilities, fair treatment assignment conditional on the stratum and both potential outcomes,
observed-outcome consistency, and conditional arm means in [1/4,3/4]. These conditions give
the welfare target its randomized-trial interpretation. The total-variation conclusions instead
use independent draws from the paired family or full simplex specified in Definition 15, with
the public uniform distribution as reference.

Collection follows the one-message protocol classes in Definitions 4 and 5, with the indepen-
dent public seed and analyst randomizer specified in Assumption 6. Pure local privacy compares
every pair of complete observed records at every public-seed realization and preceding message
history, as required by Assumption 7. The seed and message spaces are standard Borel. Sequen-
tial collection permits dependence on preceding messages; the noninteractive subclass imposes
history independence. The paired-input formulation in Definition 16 imposes the corresponding
privacy comparison across all paired symbols. Estimation and coverage are evaluated under the
sampling, message-generation, and randomization laws specified by these definitions.
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Verification scope. The theorem statements and proofs are machine-checked in Lean 4 under
their stated hypotheses. For Theorems 1, 3 and 4, checking covers use of the published Bernstein
premise and all remaining steps. Writing ex for the best uniform approximation error defined in
Theorem 7, that premise is 2kegy, — B4, where the Bernstein constant 3, satisfies 0.278 < S, <
0.286 [Cai and Low, 2011, Section 3.1, definition of the Bernstein constant and immediately
following paragraph, p. 8]. The theorem-local verification disclosures identify the source-proof
boundary: the published proof of this premise remains external to the Lean checking scope, and
the dependent conclusions are certified conditional on it.

D Proofs of the main results

Proof of Proposition 1. Throughout, d > 2, so every stratum has positive probability under a
law in V.

1. Identification of the signed mean. Fix P € V4 and j € [d]. By Assumption 2, summing
over the potential outcome for the other arm gives, for a € {0,1},

P(X=jA=aY"=1)

= Y PX=jA=aY"=1Y""=y)
ye{0,1}

1 1
== P(X=4Y%=1Y"=y)=P(X=4Y%=1).
5 D P(x =i : y)=5P(X =7 )

ye{0,1}

Summing the analogous identity over both values of Y* yields
1

P(X:j,A:a)ziP(X:j):—

where the last equality uses Assumption 1.

By Assumption 3, the following indicator identity holds almost surely:

1{X:]}S = 21{X:j,A=1,Y1=1} - 1{X:j,A:1}

— 21yx—ja=0,yo-1} T L{x=j,a=0}-

Integrating and using the fair-assignment identities gives
Ep[lix_pSl=P(X =5Y'=1)-P(X=5Y"=1).
Dividing by P(X = j) = 1/d > 0, we obtain

Ep[S | X = j] = pj(P) = poj(P) = 7j(P).

2. Identification of the paired law. Because S takes values in {—1, 1}, its two signed atoms

satisfy
1
P(X=j,8=1)+P(X=j5=-1)=,
. . (P
P(X=j,S=1)-PX=j,5=-1)=Ep[lix-;5] = ](d ).
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Solving these two equations gives, for s € {—1,1},

. 1+ s7;(P)
P(X=j8=5=—2"—=
( .]7 S) 2d
Moreover, Assumption 4 gives
1 1 3 3 1 1
= _Z2<r(P)<2 ==
2 4 4~ ( )< 4 4 2

For any 6 € [~1/2,1/2]%, the paired masses satisfy

d
1+ s0; 1+80 1
_EZ 7=

TN VDS

J=lse{-1,1}

Thus P (py is a probability law. Equality of the displayed atom probabilities on the finite
alphabet proves
Lp(X,S) = Pr(p).

. Decomposition of the causal value. For each stratum, the two cases pig;(P) < p1;(P) and
p1;(P) < poj(P) give

po; (P) + p1;(P) n |Tj(P)’.

max{po;(P), p;(P)} = 2 2

Consequently,

1< +u (P) . F(r(P))
8; e 2

To identify the first term, consistency gives the almost-sure identity

Lix=j}Y = Lix—ja=oyo=1} + L{x=ja=1yi=1}-

The fair-assignment identity P(X = j,A = a,Y* = 1) = $P(X = j, Y% = 1) therefore
yields
PX=45Y'=1)+P(X=45Y=1
Ep[lix=pY] = ( ) 5 ( )
_ 1 po(P) + paj(P)
d 2 ’
Since the strata partition the sample space,

d d
B(P) =EplY] = Y Epllix—y¥] = %Z +M1J(P)_

Substitution proves
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4. Total variation from the uniform law. Fix 6 € [~1/2,1/2]%. Both Py and Usy = Py are
probability laws by the mass calculation above.

Define the event of nonnegative atom
differences by

Eos = {(j, s) e [d] x {~1,1} : Py(j,s) — % > o}

The atom differences sum to zero:

d 1
1,1}

Jj=1se{-

Splitting this sum into its nonnegative and negative terms gives

—_

. 1
PH(]?‘s)_ﬁ .

d
Py(E9+) — Uga(Epy) = B} Z Z

j=1se{-1,1}

For every event £ C [d] x {—1,1}, its sum of atom differences lies between the sum of all
negative differences and the sum of all nonnegative differences. Hence

1233 3 |

se{-1,1}

|Pp(E) — Uga(E

M\*—‘

1

The event & 4 attains this bound, proving the finite atom formula for total variation. For
each j, its two summands reduce to

2d 2d 2d 2d
se{—1,1}
_ 1ol
d .

Therefore
1 d
TV(P97 UZd 7d Z =
Applying this identity at § = 7(P) proves
V(P) = B(P) + TV(P,(p), Usa).

5. The symmetric causal construction. Fix § € [—~1/2,1/2]¢
define the Bernoulli masses

) o= (LTI (1= Cam 1)

2 2

. For a,y € {0,1} and j € [d],

Their success probabilities belong to [1/4,3/4], so

@) 20, Y mly) =1

yE{O,l}
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By Definition 9, the full-data atom masses are

Go(X =j,A=aY =9,Y0 =90 v =4
1 0 1 0,1

2d Woj( )le(y )1{y:(1—a)y0+ay1}7 a, Y, Y,y € {07 1}

Summing first over y, then over the two potential outcomes and assignment, gives total

mass

d

1
2 gl X ][ X meh] =1
j=1a€e{0,1} y0e{0,1} yte{0,1}

Thus Gy is a probability law. The same atom formula gives

and
Go(X =j,A=0a, Y’ =y Y =y¢)
1 1 .
= 50 (1) (") = 5Go(X =5, Y7 =4 ¥ =),
These are the conditions in Assumptions 1 and 2. The atom formula assigns all mass to
Y = YXOt, supplying Assumption 3. Finally, summing over the other coordinates yields

a 11+ (2a—1)0;
Go(X =j4,Y :1):d( 5 )J,

and hence 1 9 10
1o (Go) = Tj, 11;(Go) = 5 L.
Both means lie in [1/4,3/4], as required by Assumption 4. All four conditions of Defini-

tion 2 therefore hold.

. Symmetric value and the ancillary assignment. The arm means just computed satisfy

0i(Go) + p1;(Gy 1
T](GQ):GJ, M]( ) lu’]-J( ) - .
2 2
Applying the armwise maximum decomposition gives
1 1 1 F(0)
=3 Z} st 3t

Define the observed-record reconstruction map on the whole paired alphabet and both
assignment values by

1 2a -1
TeC(j,S,CL) = (j)a w

5 ), jeld, se{-1,1}, a€{0,1}.

Its outcome coordinate is binary. Summing the full-data atom masses over the unused
potential outcome gives

. 1 1+s(2a—1
GQ(X:j,st,A:a):Mﬂaj<(2)>
i 1 +89j o Pg(j, 8)
2d 2 2
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Indeed, for a = 0, the reconstructed outcome is (1 — s)/2, so the two choices of s select
the failure and success masses of Bernoulli((1 —6;)/2). For a =1, it is (14 s)/2, selecting
the success and failure masses of Bernoulli((1 + 6;)/2). In both cases the selected mass is
(1+ s60;)/2. Thus the joint signed-input and assignment law is

L, (X,S,A) = Py @ Bernoulli(1/2).

For every binary observed record, (24 — 1)? = 1, and therefore
S2A-1)=2A-1)2Y —1)2A-1)=2Y — 1.
This identity holds pointwise and hence Gg-almost surely.

. Class preservation by averaging. Fix ¢ € R and an original-record protocol ). Using the
same seed law and message spaces, define

Kl Go)hor) =5 3 Q| xec(js,a), 1),

ac{0,1}

Each kernel is a finite mixture of measurable probability kernels, so this defines a protocol.

Suppose ) satisfies Assumption 7. For every i, h,r, measurable message event E, and
paired inputs (j,s), (5',s’), apply that inequality separately with assignment zero and
assignment one:

QZ(E ’ rec(j, S, Cl), hv T) < BEQ’L'(E ’ rec(j', Sla Cl), ha T)7 ac {07 1}
Adding the two inequalities with weights 1/2 gives
Ki(E | (4,8),h,r) < K(E | (5',8"), by 7).

This proves sequential membership as specified by Definition 4. If Q) also satisfies Assump-
tion 8, then for all histories h, I/,

Ki(- | (4, 8), h,7) = %ZQZ'(' | rec(j,s,a), h,r)
- %ZQl( | I'eC(j,S,(I),h/,’r') = KZ( | (]7 S),h/,T).

Thus Definition 5 is preserved as well. These arguments apply at every declared history
and seed, for every real €.

. Reconstruction of the complete sampled input. For deterministic vectors, define

v =((i,si))ict € ([d x {=1,1})",  a=(a;)it, €{0,1}",

rec(”)(v,a) = (rec(ji,si,ai))?zl.
The single-participant ancillary identity and Assumption 5 imply

La, (X, Si))ieq, (Ai)iey) = P(;Xm ® Bernoulli(1/2)®”.
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To see the factorization directly, the probability of a specified pair of vectors is

H Po ‘7”81 (HP& i Si ) 27",

i=1

Reconstruction recovers every observed record, so pushing this product law through rec(™
gives
(P;™ @ Bernoulli(1/2)®") o (rect™) =1 = (Go)™.

Write A = L(R) for the protocol’s seed law. Including the independent randomness from
Assumption 6, define

Ap := P;”" ® Bernoulli(1/2)®" ® A ® Uniform|0, 1]
on tuples (v,a,r, u). Its pushforward satisfies
-1

LG,(O,R,U)=Apo [(V,a, rou) (rec(")(v,a),r, u)]

Thus running @ on the sampled causal records has the same joint message and randomizer
law as running it on these reconstructed product-law inputs.

. Averaging through the sequential recursion. For 0 < ¢ < n, define the prefix message space

Zey = HZZ Z<0:={0}-

For a fixed observed-input vector o € ([d] x {0,1}2)", paired-input vector v € ([d] x
{—=1,1})", and seed r € R, let H?(- | 0,7) and IIX(- | v,7) be the prefix probability laws
defined by
K
g =1 = g,

and, for 0 < /¢ < n,

2 | (dh,dz | 0,r) = I (dh | 0,7) Qes1(dz | 0rs1, hyr),
HZH(dh,dz | v,r) =TIK(dh | v,r) Kepr(dz | vegr, by 1),

where h € Z<y, z € Z¢;1, and (h, z) denotes the appended history.

We prove by induction on ¢ that, for every measurable ¢ : Z<y — [0, 00},

Z / HQ (dh | rec™ (v, a),r)

ac{0,1}"
- / o(h) T (dh | v, 7).

For £ = 0, both prefix laws are concentrated on the empty history, and 27" > onnl=1

For the induction step, take measurable ¢ : Z<¢11 — [0, 00] and define
Cave(h) = /go(h, 2) Kep1(dz | vegq, by 1), heZy.
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This is a measurable nonnegative function. For i € [n] and a € {0, 1}, define the updated
bit vector by

. a, =i .
(@) = { ’ i i’ i’ € [n].

Qg )

The uniform distribution on bit vectors is invariant under flipping coordinate i. Pairing
each vector with its flipped vector shows that averaging any nonnegative function over all
bit vectors equals averaging its two versions with coordinate ¢ set to zero and one.

Apply this identity at ¢ = £ + 1. Updating that coordinate leaves the first ¢ inputs un-
changed, hence leaves the preceding prefix law unchanged. The recursion and the definition
of Kyy1 therefore give, for every a,

% Z /(,O(h, Z) H?-H (dh, dz | rec(n) (V, af+1ea)7 7‘)
ae{0,1}

:/ % 2 /@(haz) Qe1(dz | rec(jot1, se1,a), h,r)

ae{0,1}
9 (dh | rec™ (v, a), 7)

= /Qpav,f(h) H?(dh | rec(") (Vaa)v 7").

Averaging this equality over a, applying the induction hypothesis to ¢,y ¢, and using the
paired recursion proves

Z”Z/cpﬂz_l(- | rec(”)(v,a),r)

- / av (W) TIS(dh | v, ) = / ST (- | V).

At £ = n, indicator functions of measurable transcript events give the equality of proba-
bility laws
27" Z H9(- | rec™ (v, a),r) = IIK(- | v, 7).
ac{0,1}"

Integrating against P9®”, A, and the uniform analyst randomizer, and using the identity
expressing Lg, (0, R,U) as the reconstruction pushforward of Ag, proves

EGG,Q(Za R7 U)
= Pégm ® A ® Uniform|0, 1] followed by Z ~ Hg( | v, 7).

Equivalently, for every measurable £ C Z<,, x R x [0, 1], the common probability is

/ / / / 1e(z, v, u) 11} (dz | v,7) Uniform[0, 1](du) A(dr) Py (dv).

Projecting onto (R, Z) gives the first asserted joint seed-transcript equality. The induction
begins at zero and therefore also covers n = 0.
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10. Class preservation by signed preprocessing. For the converse direction, fix a paired-alphabet

11.

protocol K. Define the deterministic paired-record map by

pair(j,a,y) :== (j,(2a — )2y — 1)),  (j.a,y) € [d] x {0,1}>,

and define @), with the same seed law and message spaces, by

Qi(- | (4, a,y), h, 1) == Ki(- | pair(j, a,y), h, 7).
Composition with this measurable finite-alphabet map preserves the probability-kernel
property.

If K satisfies the paired privacy inequality, then for every two observed records o, o/, every
history and seed, and every measurable message event F,

Qi(E | o,h,r) = K;(E | pair(o), h, )
< e*K;(E | pair(d'), h,7) = e Q;(E | o', h, 7).

Thus @ satisfies Assumption 7 and belongs to the sequential class whenever K does. If K
is independent of history, then

Qi(- | o, h,r) = Ki(- | pair(0), h,r) = K;(- | pair(o), ', r) = Q;(- | o, K, r).
This supplies Assumption 8 and hence the noninteractive membership in Definition 5.

The converse transcript identity. For a deterministic observed vector o, define its coordi-
natewise paired image by

pair™ (o) := (pair(oi))?zl.
The previously established identities 7(Gy) = 0 and Lg,(X,S) = Py imply, by coordinate-
wise pushforward of the independent observed sample,

((GG)%n ® A ® Uniform|0, 1]) o [(0, T, u) (pair(") (0),r, u)]
= P ® A ® Uniform|0, 1].
Here Assumptions 5 and 6 identify the measure on the left before pushforward with the
sampling scheme’s joint input law.

For each fixed o, r, induction through the prefix recursion gives
H?(- | 0,7) = II§(- | pair™ (o), r), 0<¢<n.

The zero-length laws are the same point mass. At a successor step, the induction hypothesis
identifies the preceding prefix laws, and the defining equality

Qu+1(dz | 0p41, h,r) = Kygy1(dz | pair(ogs1), by 1)
identifies their extension kernels. Thus their successor prefix laws are equal as well. In
particular, their full fixed-input transcript laws agree at £ = n.

Integrating this fixed-input equality and using the displayed input pushforward proves
that the joint law of (Z, R,U) under Gy, @ equals the law obtained from independent Py
inputs, the seed law A, and K. Projecting onto (R, Z) gives the asserted converse equality.
The same zero-length base case covers n = 0.
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O]

Proof of Theorem 1. We first establish uniform finite-resource bounds, then prove the numeri-
cal resource conclusions and transfer them to the minimax quantities. Throughout the finite-
resource argument, fix an allowed tuple and a sampling scheme satisfying Assumptions 5 and 6,

and write
5 d*L
t = ne”, L =log(ed), = w = log(e + z).

Thus t > 0, and
1<L=1+logd <d.

1. Invoke the published Bernstein limit
2kha1f€2khalf — B, knait € Nso, 0.278 < B, < 0.286,
as recorded in [Cai and Low, 2011, Section 3.1, p. 8]. Here

ex = inf sup |p(x) — |x]|.
1L oo o) = o]

Choose an integer Ny, such that

1
Ehait > Niait = (2knait) €2k = 10’

and define

1
Np = max{ N, 1}, b. = min {10, €2NB} )

The tail inequality gives ean, > 0, hence b, > 0. The approximation errors decrease with
degree, because the admissible polynomial spaces increase. Therefore, for every positive
even integer K,

by
CK > ?
Indeed, write K = 2kpai¢. If kpair > Np, then Keg > 1/10 > by. If kpae < Np, then

Kex > e > eang > by
For such a K and an amplitude 0 < a < 1/2, take the measures supplied by Theorem 7

and define
ve = (v az)p&,  Le€{0,1}.

These are probability measures supported on [—a, . Scaling their moments gives

/u” vo(du) = /u” vi(du) (0<v<K), /\u| vi(du) — / lu| vo(du) = 2aek.
Define the coordinate priors, induced causal priors, welfare centers, and separation by

1 1
I, = y(f’d, A = (0 = Go) 411y, ve=3 + 3 / |u| ve(du), A =wv — vy = aeg.
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By Proposition 1, the priors A, are supported on V,;, and

L
+2dzl|9j|-
J:

Independence of the prior coordinates consequently gives

V(Gy) =

N | =

1 2
B V(P) = v, Vary,(V(P)) = 5 Var, (Jul) < 2.

Here the last inequality follows from |u| < « almost surely. Chebyshev’s inequality and
the approximation lower bound yield

A>b*a

A 16a®  16K2
0 AR |V(P) — G Qi
e ke

. Use the converse tuning in Algorithm 1:

V R
2M16L] + 1 L <1,
000 26LT+1 ), a <
1

100’ 2[16L/w] + 1) . ze > 1

(a, k) = K=Fk—1.

Both branches have 0 < a < 1/2 and a positive even K. The ceiling inequalities give

_ 34L, 2e <1,
T |34 max{l,L/w}, z.>1.

Since w > 1 and L > 1, both bounds imply K < 34L.

We also have the calibrated separation inequality

For z, <1, the dense formula gives

\/p(tvd):\/Laa %Z \/Z

For z, > 1, put
Urate = min{l,w/L} = /p(t,d).

Then upate < 1 and upateL/w < 1. Hence

« Uy
trate < urae(32L/w +2) <34, 2> 2o
Because
L2
7 0 @)

choose a fixed integer Do, > 2 such that

2
16(34L)* _ 1

d > Decon 02d < 100"
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For these dimensions, the priors constructed in the preceding step satisfy

b Vp(t,d), Ag{\V(P)—W!>A}< L (¢=0,1).

A > —
— 3400 8 ) — 100

The cutoff depends on the universal approximation constant and is uniform over the al-
lowed resource tuples.

. Fix any @ € Qsi(n,d, ). The measurable-density requirement in Lemma 3 is supplied by
Theorem 8. Define

e —1 avet 1, 2z, <1,
B = , Yeon = ——— Weon =
2d dvV'k w, 2y > 1.

The matched moments through K = k — 1 give, when k£ < n,
TV(MZ, M9) < do (Z) B < dyk .

To justify the second inequality, the budget range gives

ef — 1< 2¢, 8 <

.l m

Moreover, the exponential series implies k¥ /k! < e¥, so

(== 0=(7)

For k > n, Lemma 3 instead gives MY = M?.

It remains to bound the geometric expression uniformly. In both branches,

2
a‘el
kweon > 32L, 730n = kz,
For z, <1, the amplitude formula and e < 3 give
Zx
e wcone“’wn/Q = me’ et/? < 322,
For z, > 1, use
ewze—l-z*, ngew/Qa
the latter following from 1+ w/2 < e*/2. Thus
we/? < 2(e+ z4) < 8z, aZewe?/? < 32z,.

Combining either budget inequality with kweon > 32L yields
7wcon/4

2 —w, 2
Yeon S € con/ » Yeon < €

Since d < e and L > 1,

1
d’Yécon < de~Fweon/t < de™8F < e Tk < e " < 100°
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For the last inequality, e > 2 gives e’ > 128. Consequently, for every sequential protocol,
1
TV(MZ,M9) < —.
( 0> 1 ) = 100

The sampling and randomness assumptions identify these mixtures with the joint seed-
transcript mixtures under the fixed sampling scheme; the independent analyst randomizer
supplies the decision mixtures required by Lemma 4.

. Suppose first that d > D¢on. Apply Lemma 4 with

1

The support, concentration, and transcript-proximity hypotheses were established above.
For every estimator and every globally honest connected interval,

9A2? 97

Epg(T —V(P))?> " —

sup e (P)" 2 55 1000
3A 77
sup Epglengthl > — —.
pey, QNS 4 100

Define

Seon = b—* c = min S(z;on Scon >0
con = 3400° large 1007 100 ‘

The separation bound gives

Az > Sgonp(tv d), A > Scon V p(tv d)
Since 9-97/12800 > 1/100 and 3 - 77/400 > 1/100, the preceding decision bounds imply

Sup EP,Q(T - V(P))2 > clargep(tv d)7 sSup EP,Q lengthl > Clarge V p(t7 d)
PeVy Peyy

. For the bounded dimensions and the later resource analysis, we need
1
min{1,¢" '} < p(t,d) < 4min{1,d*/t}, Zmin{t,d} <tp(t,d).

Here is their branchwise derivation. In the dense branch,

p(t,d) = — < p(t,d) < min{1,d?*/t}, tp(t,d) = — > d,

d? 1 d?
tL’ t L

using 1 < L < d.

For the nondense branch, z, > 1 and

p(t,d) = min{1, (w/L)*}.
The inequalities logd > 1 — d~! and e < 3 give

dL =d(1+1logd)>2d—1>3>e.
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Consequently,
log(e + d*L) > L, log(e +dL) >

N |

For the second inequality, the logarithm on the left is at least both 1 and logd.

The function

FIANE
Pres(t') =1 [log (e + )} , t' € (0, 00),

t/
is increasing. Indeed, for every wvgnige > 0,

e

log(e + vgpit) > 2 — ——,
g( shlft) = €+ Vanite

by logz > 1 — 2~ ! applied to z = (e + vgpitr)/e. Therefore

2Vshi e
log(e + Vepify) — —— At > >0
€ + Ushift € + Ushift

and differentiation gives

d*L d*L 2d°L /Y
Pl (') =log <e—|— v > [log <e—|— v ) — e—i—d?L/t’} >0

If t <1, then w > log(e + d?L) > L, so p(t,d) = 1. If t > 1, monotonicity gives
tw? > [log(e + d*L)]* > L?,
which proves p(t,d) > min{1,¢71}. If t < d, then w > log(e + dL) > L/2, so
t(w/L)? > t/4.
If t > d, monotonicity instead gives
tw? > d[log(e + dL)]? > dL*/4.

Since t > min{t, d}/4, taking the minimum with ¢ proves the asserted lower bound for ¢p.

Finally, for z, > 1,
log(e + zx) < log(e + 1) +log 2z, <2+ 2(\/zx — 1) = 2¢/2.
Here log(e + 1) < 2, and log \/zx < /zx — 1. Hence

4z 4d? 44>
2o 7 <« 22
W/L)" < 73 =90 <

Together with p < 1, this proves the upper comparison.

6. We next obtain a per-decision two-point bound for every dimension. Define

1
ape = gminfLt72) 6% =0 6 —ap (€ d).
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These vectors belong to [—1/2,1/2]%, and

oo =

1
0< Qlpt < g, apt\/{f <

By Proposition 1,
1 1 Qpt

=5 ViG) =5+

Gy, Gyay € Vg, V(Gy) st 5

Apply Lemma 3 with matching order 1 and coordinate measures do, da,,; their zeroth
moments agree. For their seed-transcript laws,

-1 1
TV S dapt\/ﬁGW S O[pt\/i S g

The point priors have zero target-concentration error. Thus Lemma 4, with centers sepa-
rated by apt/2, gives

6302 8la
Epo(T — V(P))? > —2, Epolength [ > ==
Igggd P (P))” > 1096 Igggd pqlengthl > —
Since
1 _
agt:6—4m1n{1,t n
these imply
1 1
Epo(T — V(P))? > — min{1,¢! Epolength I > —— min{1, ¢~ /21,
Sup Pl (P))* 2 gygp min{l, ¢t} sup EpglengthI'> gros min{1, }

For d < Doy, the elementary upper comparison gives

p(t,d) < 4D?

con

min{1,¢71}.

To see the comparison inside the minimum, use min{1,d?/t} < 1 when ¢t < 1, and
min{1,d?/t} < d?/t when t > 1. Taking square roots and enlarging the factor gives

V p(ta d) < 2Dcon min{l, t_1/2} < 4D20n min{l, t_l/z}.
Define
1
C -
small = 35768D2

con

Clo = min{clargey csmall} > 0.

For d < Dcgy, the two-point bounds give the frontier lower bounds with cgpan; for d > Deop,
the product-prior bounds give them with cjaree. Thus, for every sequential protocol and
every admissible decision,

sup Epg(T — V(P))2 > cp(t,d), sup Epglength I > cjo/p(t, d).
PeVy PeVy

Every noninteractive protocol is sequential by Definitions 4 and 5. Taking the decision
and protocol infima therefore gives, for either class,

Re > Clop(tu d)7 e Z oy p(tu d)

The risk lower bounds remain valid for extended nonnegative expectations.
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7. For the upper bounds, use the construction .7 of Algorithm 1, with its singleton public
seed and transcript-based output V. Its channels are fixed by the public resources. For
n = 2 the messages are constant. For n > 2, use the baseline, pilot, and evaluation blocks
specified there, with

m = |n/3| mo=mn—2m 5—tanh(s/2)—e€_1 b—g 2_6
- ) 0 — ’ - _68+1, _67 U_m'
The block sizes satisfy

m >n/5> 0, mo >n/3 >0, 2m < n.

For the first inequality, write n = 3m +r, r € {0, 1,2}, and use m > 1, giving n < 5m.
The second follows from m < n/3.

The binary channel probabilities are between (1 — ¢)/2 and (1 + §)/2, and

140 _ .

1-96

Thus their ratio across any two original records is at most e°. The vector channel satisfies
2791-0) <Q" (2| 0=(j,AY)) <271+  (re{-1,1}9).

Its probability normalization and noninteractive privacy are also supplied by Lemma 1.
Summing the pointwise privacy inequalities over message sets proves full-record privacy.
The kernels are independent of message history, so the entire construction belongs to the
noninteractive class.

The sampling and randomness assumptions imply the product transcript law

£p(Z) = <§:§> [t 10 potan)]

In particular, the disjoint blocks are independent and each vector block has the law used
in Lemma 2.

The privacy attenuation obeys
0 >¢e/4>0.

Indeed, e > 1+ ¢ and €f < 3 imply 4(ef — 1) > e(e® 4+ 1). Consequently,

2 > _ 80d’
oméz Tt

For the baseline messages,

EpH; = §(2B(P) — 1), Varp(H;) < 1.

Independence therefore gives

. ~ 1 12
EpB = B(P), Ep(B-B(P))>*< .
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The interior arm means imply

d
V(P) = 5 " max{uo;(P), my(P)} € [1/4,3/4].
j=1

For n > 2, the decomposition in Proposition 1 and clipping to this interval give

This follows by first contracting the distance through clipping and then applying (z +
y/2)? < 222 +y?/2. Hence

Ep(V — V(P)? < 2 + JEp(F ~ F(r(P))*

All branches also satisfy the pointwise bound

(V-V(P)?<

. We prove the risk bound with the fixed constant
Cup = 106

in the following order.

If n =2, then V = 1/2 and t < 2. Therefore

V- V(P)’ < -

= TG’ p(tad) > min{lvt_l} 2

I

N =

which proves the bound. For n > 2, if p(¢,d) = 1, clipping gives
~ 1
Ep(V —V(P))? < & < cupplt.d).

Next suppose the selected branch is the fallback F=1 /4. This branch has t < d*L and,
with
H =log(e + 0?L),

it satisfies L/(1024H) < 4. The noise bound gives
H< log(SO(e + z*)) = log 80 + w < 6w,

because log 80 < 5 and w > 1. Thus

1
L < 4096H < 24576w,  p(t,d) = (min{1,w/L})* > e

Clipping again yields
-~ 1
Ep(V = V(P))* < 7 < cupp(t,d).
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10.

Next, when L < 4096 and t < d’L, use w > 1 to obtain

1

t,d
pltd) = 40962

The same clipping argument proves the bound.

If L < 4096 in the remaining case, then ¢t > d2L, and the construction uses the absolute
evaluation means. The private-message moments in Lemma 1 imply

EpW; =75(P),  Ep(W; —1(P))* < o>

The absolute-value inequality and the squared-average inequality give

2

1 1 d 1<
12 Wil =g 2 P <52 0V =P
Hence R
Ep(F — F(7(P)))? < o?
and
PN 5 24 0%  64d?

. In the remaining dense case, L > 4096 and t > d?L. The construction uses

L
D=2 {MJ ., T.=40VL,  auq=8sVL.

This is an even degree, and its moments fit the evaluation block:

2

<
512 -

<m

ol 3

Here ¢t < n follows from ¢ < 1.

The concentration and approximation hypotheses of Lemma 2 are supplied by Theorems 5
and 6. Its hybrid conclusion, applied to the independent pilot and evaluation blocks, gives

2
Ep(F — F(r(P)))? < 500000000 % < 40000000000 p(t, d).

Since L < d?, the dense formula also gives t~! < p(t,d). Therefore

- 40000000000
? < (244 TR0

Ep(V - V(P)) 3 ) ) < copplt, )

The final case has L > 4096, t < d*L, p(t,d) # 1, and a branch distinct from the fallback.
With H = log(e + 0?L), this means

L L 1
>4, D=2 _1
1024H = {2048HJ o fed =g
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Since H > 1, the floor inequalities give

D > 2, D even,

<D< .
2048H — — 1024H
We verify 2D < m. Since 0 < § <1,

022

3%

If m < 2D, the degree budget would imply

L L
2D < —— < —
M2 S5 S s
Thus e+ 02L > ed and H > L. But then D < L/(1024H) < 1/1024, contradicting D > 2.
This proves the moment-fit condition.

oL > 512d>.

The global-polynomial conclusion of Lemma 2 now gives

9DH 1
T oy

Ep(F - F(r(P)) <

For completeness, the exponential dimension estimate used to calibrate this bound is
L2e1/100 < 44
Indeed, L/4 < eL/4 gives L? < 16eL/2, while L > 4096 gives 4 < e19L/100—-1 " Therefore
[26L/100 < 1651L/100 g L1 _ 41

Since DH < L/1024, it follows that
< —.
2d 2d L2
As above, H < 6w. The lower rounded-degree bound gives
1 2048H
<
D+1~ L

The nonsaturation condition and the nondense formula imply

w
< 12288 —.
- L

=<l ptd) = (w/L)”
Using w > 1, we obtain
cIDH 1
<2p(t,d ————— < 150994944 p(t, d).
s S i S ol d)

Also t=! < p(t,d): otherwise min{1,#7!} = 1, and the elementary lower bound together
with p <1 would force saturation. Consequently,

PN 1
Ep(V —V(P)*< |24+ 5(2+150994944) | p(t, d) < cupp(t, d).

All cases have therefore established

sup Ep(V — V(P))? < cupp(t, d).
Peyy
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11.

12.

Use the interval in Algorithm 1:
g = /107 p(¢,d), I= {max{l/él,f/ — ¢}, min{3/4,V + q*}} .

The rate is positive by the elementary lower comparison, so g, > 0. Because V € [1/4,3/4],
these endpoints are ordered, and the interval is connected and closed. All decisions are
Borel functions of the finite transcript.
For V(P) € [1/4,3/4], failure of coverage implies [V — V(P)| > ¢.. Markov’s inequality
therefore gives

10%p(t,d) 1

PHV(P) ¢ I} S PRV = V(P)P 2 2} < (57070 = 1

Clipping the endpoints gives

length I < 2¢, = \/40cup v/ p(t, d).

Thus the same noninteractive protocol, transcript-only estimator, and interval simultane-
ously satisfy

~

Ep(V-V(P))? < cupp(t,d), f;r{V(P) e I} >0.90, Eplength I < /40cyp \/p(t, d).
These hold for every P € Vg, including the n = 2 branch.

Choose the common constants

¢ = min{¢,, 1}, Co = max{1, cup, \/40cyp }-

Then
0<ec< (< oo, ¢ < ¢y, Cup <y, \/4OCup < ().

The displayed attainment bounds consequently hold with Cy. The estimate is a Borel
function of Z alone, since the public seed is a singleton and the construction ignores
analyst randomization.

The attaining protocol is admissible for both classes. Using it and its estimate as can-
didates in Definition 6, and its globally honest interval as a candidate in Definition 7,
gives

Re < sup Ep(V — V(P))? < Coplt, d),

Peyy
e < sup Eplength I < Coy/p(t,d).
PeVy

Together with the lower bounds, this proves

cp(t,d) < Re < Cop(t, d), cy/ p(t,d) < $He < Co/p(t, d).

The attaining candidates are precisely the resource-selected construction, so its three guar-
antees hold with this same constant.
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13. Protocol-class inclusion gives

Rs1 < R, st < HNI-

Both denominators are positive by the lower bounds, and all four quantities are finite by
the upper bounds. Hence

1< RNI < Cop(t,d) _ @7 1< HNI < CO\/ p(t,d) _ @
Rs1 — cp(t,d) ¢ Dt~ ey/plt,d) ¢

14. Squaring the nonnegative length bounds gives
Ap(t,d) < HE < C3p(t,d).

The risk bounds then yield the two comparison chains
2 2

c c
—Re < — Cop(t,d) = Pp(t,d) < HZ
CO C_CO Op(v) Cp(7 )—’607

C? C?
5 < Ciplt,d) = =2 cp(t,d) < =R

15. We now establish the resource conclusions. For any d > 2 and 0 < ¢ < d?L, the nondense
expression has a positive logarithmic ratio, and therefore
p(t,d) =1 < log(e +d*L/t) > L
— e+ d’L/t >ed
d’L

ed—e’

— t <

The final equivalence uses t > 0 and ed — e > 0.
16. Fix any sequence of allowed tuples and define

log(1 + d} /t
ty = nges, Ly, = log(edy), e = p(te, dg), g = g(ka/k)

All t;, are positive, and pg, g > 0.

Two numerical inequalities will give the consistency equivalence. For arbitrary d > 2,
t > 0, define

o 2
ot, ) = LI,

For s = d?/t > 0, the inequalities

_ log(e+ L)

ecorr(d) = T

14 Zres < €4 LXyes < (1 + xres)(e + L)

imply
10g(1 + xres) < IOg(e + Lxres) < IOg(l + mres) + IOg(e + L)

It follows that
p(tvd) <l = g(tad)Q < p(tad)'
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In the nondense branch, this follows by dividing the first logarithmic inequality by L,
because nonsaturation selects the untruncated ratio. In the dense branch,

TresL <1, 0< g(t,d) <

using log(1 + Zyes) < Tres; hence

For both branches we also have
2 1
p(t,d) < [g(t, d) + ecorr(d)] + 72
In the nondense branch use the upper logarithmic inequality and the nonnegative truncated
ratio. In the dense branch use p(t,d) < L~2. Finally,

ecorr(d) — 0, L'—o (d — o),

by L — oo and log(e + L)/L — 0.

Suppose pr — 0. The elementary lower comparison forces t;, — oco: for any real threshold
Mtes‘m if tr < Mtestv then

1

_—— > 0.
max{ Miest, 1 }

pr > min{1,¢, '} >

Such indices are eventually excluded by convergence to zero. Eventually pp < 1, and the
first numerical inequality gives

0<gr=<+pr—0.

Conversely, suppose tx — oo and g — 0. Fix a tolerance ¢ > 0, and define

V<

QCOI’IS - 4 .

Choose an integer Dcons such that, for every d > Deons,

1

ecorr(d) < (cons; m < {cons-

Eventually,

4D?
9k < {cons; ty > % + 1.

If di. > Dcons, the numerical upper bound gives

5¢
pk‘ < (2QCOHS)2 + qzons - E < C

If di, < Decons, the elementary comparison gives
O < Tk < cons - <
k
Thus pr — 0, establishing the criterion for arbitrary allowed sequences.
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17. We next prove the private-parametric criterion. Write eventual comparability as the exis-

18.

tence of constants

c C
0< Ccmp < C’cmp < 00, % < pr < ;mp
k k

eventually.

If these inequalities hold, then p, < 1 implies t; > cemp eventually. The elementary scaled
lower bound also gives

1.

1 min{ty, di} < tppr < Cemp,
so min{tg, d} < 4Cemp eventually.
Conversely, suppose that for some a > 0 and M € R,

t > a, min{tg,dp} < M eventually.

Define
M, = max{1, M}, Cemp = min{1, a}, Cemp = 4M7.

The elementary lower comparison gives

Cemp

< min{1,t,'} < py.

For the upper bound, if tx < dg, then t; < My, and

4 2
pr<1< +,
tx,
If d, < tg, then dp, < M, and
4d; _ AM?
P < — < —.
23 t

This proves the equivalence.

When ¢, — oo, an eventual positive lower bound on ¢ is automatic. If min{tx,dp} < M
eventually, then eventually t; > M, forcing d, < M. Enlarging M to an integer yields the
stated eventual dimension bound. Conversely, an eventual integer bound on dj bounds
the minimum.

Fix resource-ratio endpoints
0 < a < bratio < 0.

Choose Dy sufficiently large that, for every d > Dy, with L = log(ed),
L > bratio + 1, 21og bratio < log L, log(e + 1/@) <log L.

These thresholds exist because L,log L — co. For d > max{Dy,2} and a < t/d? < batio,
define

t
Uelbow = ﬁ € [a, bratio]-

Then t < d?L, and
1
log(e + L/uelbow) = 10g(L/bratio) = log L — 10g byatic > 3 log L.
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19.

Also,

e+ < L(e+1/a),

Uelbow
because L > 1. Hence
log(e + L/uelbow) < log L 4 log(e +1/a) < 2log L.

Since 0 < log L/L < 1, truncation at one preserves the bounds

llogL < min {17 log(e+ L/uelbow)} < QIOgL'

2 L L L

Squaring gives the uniform comparison

1 (logL 2 log L 2
— < < .

This proves the final numerical resource assertion, with constants 1/4 and 4.

Finally, fix a family of sampling schemes satisfying the two stated assumptions at each
n,d, and fix a protocol class C. Along an allowed sequence define

Ry = Re(ng, di, €x), Nk = He(nk, di, €x).

The finite upper bounds make both quantities finite, and their real-valued bounds are

cpr < Rk < Copy, c/pr < 9k < Cov/p-

The first sandwich gives
R - 0 — pr — 0.

The second, together with continuity of the square root and (/pr)? = pi, gives
N >0 < pp — 0.

Combining these with the numerical consistency criterion proves both consistency state-
ments.

The same sandwiches transfer eventual comparability:
_ - —-1/2 _
iﬁkxtkl <:>pkxtk1, ﬁkxtk/ <:>pkxtk1.

For risk, one combines either comparison with pr < Ry/c and Ry < Cypg. For length,
one first uses the comparison with /p; and then squares, or takes square roots, of the
nonnegative inequalities. The resource and bounded-dimension criteria therefore transfer
exactly as stated.

To retain common constants for the final risk and length comparisons, define

_ loglog(ed)

., 2 _ 9
log(ed) Cseq = min{c/4,c”/4}, Cseq = max{4Cy, 4Cj }.

The numerical comparison in the preceding step and the finite bounds imply

Csequ < mc(n, d, 5) < CseqX?la
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and
Vseq [Xd| < He(n,d,e) < /Cseq |Xadl-

Indeed, taking square roots of the numerical rate bounds gives

C
§|Xd\ <ceyp(t,d) < $He, He < Cov/p(t,d) < 2Co|x4l,

and the definitions of cgeq, Cseq encompass these factors as well as the risk factors. For
d > 2, xg > 0. Along a sequence with d — oo and tk/di € [a, bratio], the dimension
threshold is eventually met. The displayed bounds prove the two final asymptotic orders.

O]

Proof of Theorem 2. 1. By Theorem 8, the measurable-density hypothesis of Lemma 5 is
satisfied. The latter supplies a universal constant ¢; > 0 such that, for every allowed
two-cell resource tuple and sampling scheme, and every C € {NI, SI},

. 1 . 1
Re(n,2,€) chmlﬂ{177w2}7 Hc(n,2,¢) zclmm{l,\/ﬁg}.
Set
¢ = min{cy, 1}, Cp = 1000.
Then 0 < e <1< Cyh < o0.

Fix n > 2, 0 < e <1, and a sampling scheme satisfying Assumptions 5 and 6. Define the
effective private resource by
t =ne? > 0.

All expectations and probabilities below use the decision law induced by this sampling
scheme and the specified protocol. We first construct simultaneous risk and interval wit-
nesses, splitting according tot <1 or ¢ > 1.

2. Suppose t < 1. Since
(Vne)? =t, 0<+vne<l,

the two rate factors satisfy

1 1

Use a singleton public seed and let every participant send the same fixed message. Set

1 13
T(Z,RU)=3,  I(ZRU)= {4,4} .

The message law is constant in the original record and history, so it satisfies full-record
privacy and noninteraction. The estimate and interval endpoints are constant Borel func-
tions.

For every P € Vs, the interior means in Definition 2 give

(J € 2]).

o

< max{po;j(P), p1;(P)} <

e
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Averaging these inequalities yields

2
[SV(P) = ;;max{um(m,uu(m} <
Consequently,
2 1 > 1 1
E[(T — V(P))?] = (2 _ V(P)> <o PV(P)el}=1, Ellengthl] = .

These bounds attain both rate factors with comparison constant 1. Enlarging that constant
to 1000 preserves the same witnesses and coverage.

. Suppose t > 1. We construct the three transcript statistics used in this branch. Define

the binary and vector block sizes, privacy attenuation, and scaled-message magnitude by
n e —1 2
Mbin = [§J I Myec = N — mbina (5 = tanh(6/2) = m’ b = g

Here myn > 1, myec > 1, and 0 < § < 1. For later calibration, the elementary inequalities

ef —1>c¢, ef<e<3
also give
e —1_ ¢
= > .
ee+1" 4

Use a singleton public seed. Each participant’s message belongs to the finite alphabet
{—1,1} x {~1,1}2. For an original record O = (j, A,Y), with j € [2] and A,Y € {0,1},
define, for h € {—1,1}, 2 € {-1,1}%, and 1 < i < n,

1+ hé(2Y —1)
Q{2 10=3G.AY) =4, 2

Z(l +0(2A - 1)(2Y = 1)zj) Lype—qy, @ > Min.

{z=(-1,-1)}> ? < Mbpin,

These kernels are defined on every original record and are independent of message history.
Their masses are nonnegative and sum to one: the first branch sums over the two binary
signs, while in the second branch

Z ZjZO.

ze{-1,1}2

For the binary branch, its two possible nonzero atom masses lie between (1 — 0)/2 and
(14 0)/2. The identity
1+d=¢€(1-0)

therefore gives the atomwise privacy inequality for every pair of original records. The
vector branch is precisely the d = 2 channel in Lemma 1, which supplies its full-record
privacy. The fixed extra message coordinates preserve these inequalities. Summing over
atoms gives

Qi(E | 0) < €“Qi(E | o)

104



for every message event E and every pair of original records o, o’. Thus
Q € Qni(n, 2,¢).

Write the transcript and its scaled vector coordinates as

Z = ((He, Z;al))f: Wigal = pzeal (1 <4 < Myee, € [2]).

1’ Mbin+%,]

Define the baseline and contrast estimates by

N 1 1 Mbin 1 Myec

Beal = - H 7= Wl (4 e [2).
cal 2 + 25mbin ; i Tj Myec ZZ:; 1] (] [ ])

Conditional on the records, the transcript atom probability is the product of its participant-
specific atom probabilities. Integrating against the product record law from Assumption 5,
and using Assumption 6, gives the transcript identity

P{Z = ((hi,2))} = [ / Qi({(hi, 20)} | 0) Po(do).
=1

Thus distinct message rows are independent under the sampling decision law.

For i < myy,, direct summation over the binary message gives
EH™ |0 =6(2Yi—1),  EHP]=62B(P)-1),  E[(H™)? =1
It follows that
Mbin Mbpin
E[Bea] = B(P),  Var <Z H;?al> =Y Var(H{™) < mpn.
i=1 i=1

Scaling this centered sum proves

~ 1
- B(P)Y )< — .
E[(Bcal B( )) ] = 4mbin52

For the vector block, Lemma 1 supplies
EW = 7;(P),  E[(W{")? = v

The hypotheses of that result hold with block size Mmyec, since 0 < Mmyee < n, d = 2, and
P € V5. Expanding the squared column sum and using independence of distinct rows
yields, for each j € [2],

E[7j] = 7(P),

. b? — 1)7;(P)? b? — 7;(P)?
E[T]-Q] _ Myecb” + mvec(;nvec )7']( ) = 7 (P)2 + TJ( ) )
Myec Myec
Subtracting the squared mean therefore gives
b2 — 1;(P)? b2 4
El(F: — 7:(P))?] = J < = .
[( / j( )) ] Myec T Myec Myecd?

All three statistics are Borel functions of the finite transcript alone. These are the required
component bounds, simultaneously for every P € Vs.
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4. In the present branch,

. 1 1 . 1 1
L<vne, mm{lw} =7 mm{l’\/ﬁs} = Une

Define the unprojected and projected welfare estimates by

~ —~ = = 1 3 ~
chalchal"i_Wv T(Z7R7U):max{4vmin{47%al}}-

This T is a Borel function of Z alone. By Proposition 1,

[m(P)| + |2 (P)]
4

V(P) = B(P) +

The interior means also give V(P) € [1/4,3/4], as established in the preceding branch.

Projection toward this interval reduces squared error:
(T =V(P))* < (Veur — V(P))?.

Indeed, if Voa < 1/4, then T = 1/4 < V(P); if Ve > 3/4, then V(P) < T = 3/4; and
inside the interval T' = V..

The reverse triangle inequality gives

(17 = I5(P))? < 7 —5(P)?  (j € [2)

Applying the squared-sum inequality first to the baseline and contrast contributions and
then to the two contrast contributions proves the pointwise bound

(71 —n(P)?+ (2 — T2(P))2_

(T = V(P))® < 2(Bear — B(P)) + 4

Integrating and substituting the component bounds gives

E[(T — V(P))? < L + 2

- 2mbin52 mvec(52

The half split satisfies
n
Mpin = ga Myec = 5
For the first inequality, even n gives mp;, = n/2; odd n > 3 gives my;, = (n—1)/2 > n/3.
The second follows from myy, < n/2. Together with 6 > /4, these bounds yield the

numerical calibration

3

1 2
E[(T - V(P))?] < 2(n/3)5% T (n/2)5°
_ 88 _ 88 88 _ 1000
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5. Using the same protocol and estimator, define the deterministic interval radius and interval
by
_ /10000 100
Gcal = ; - = 7\/7—715 >

1
I(Z,R, U) = |:max{47T_QCal} 7min{i7T+QCal}:| .

Both endpoints are Borel functions of the transcript. Since T' € [1/4,3/4] and gca > 0,

0,

1 1 . [3 3
1 SmaX{4,T—qca1} STSmln{4,T+qca1} < 1

Thus the endpoints are ordered and the interval is connected, closed, and contained in the
required domain.

For V(P) € [1/4,3/4], the inequality |T' — V(P)| < qca implies V(P) € I. Hence
{V(P) ¢ I} C{(T ~ V(P))* > ¢}
Markov’s inequality and the risk bound give

Gea P{(T = V(P))* > g2} < E[(T — V(P))?

88 _ 1000 _ oy
t =t 10

IN

Division by qfal > 0 and passage to the coverage complement therefore yield

1
P{V(P) € I} 21— 15 =0.90.

Finally, the upper endpoint is at most 7" + gca1, and the lower endpoint is at least T' — gcal-

Consequently,
200

length I < 2¢ca = ﬁa
and, under the probability decision law,

200 < 1000
Vne = /ne’

This completes the simultaneous attainment bounds in the branch ¢ > 1.

E[length I] <

6. The two branches provide, for every allowed tuple and sampling scheme, a total noninter-
active protocol on the original records and transcript-based decisions satisfying

1
sup E[(T — V(P))?] < 1000 min {1, 2} :
PeVs ne

inf P{V(P) € I} > 0.90, sup E[length I] < 1000 min {1,
PeV; PeVs,

S -
™
——

The definitions in Definitions 4 and 5 give

QNI(nv 2> 6) c QSI(na 2a 5)‘
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Thus these same witnesses are admissible for either protocol class. Taking the infima in
Definitions 6 and 7 proves, for every C € {NI, SI},

. 1 . 1
Re(n,2,e) < 1000 min {1, 7%2}, He(n,2,e) < 1000m1n{1, \/ﬁg} .

7. Apply the lower bounds obtained at the start to the fixed sampling scheme and either
protocol class. Since ¢ < ¢; and both rate factors are nonnegative,

1 1
cmin{l, 2} <c min{l, 2} <Re(n,2,¢),
ne ne

1 1
cmin{l,\/ﬁg} <c min{l,\/ﬁe} < $Hc(n,2,¢).

Together with the upper bounds and the simultaneous witnesses, these prove all assertions

with the chosen universal constants ¢ and Cj.
O

Proof of Theorem 3. Throughout, resources are admissible:
n,d € N, n,d > 2, 0<e< 1.
We use the effective resource, logarithmic dimension, and converse tuning quantities

L

t=ne? >0, L =log(ed), Zx ot

w = log(e + z4).

In particular, 1 < L < d. The rates in Algorithm 1 are independent of the protocol-class label:

N1 =711 = p(t,d),  hair = hst =/ p(t, d).
1. A uniform approzimation constant. Invoke the published Bernstein limit
Kexg — B, along positive even integers K, 0.278 < B« < 0.286,

as stated in [Cai and Low, 2011, Section 3.1, definition of the Bernstein constant and
the immediately following paragraph, p. 8]; see also [Bernstein, 1913]. Choose an integer
Ng > 1 such that

1
Keg > 10 for every even K > 2Ng,

and define

. 1
bapp = min 10’ eang ¢ > 0.

The positivity follows from the preceding tail bound at K = 2Np. Approximation error
decreases as the allowed degree increases. Hence, for every positive even K,

bapp
e 0N .
K =K
Indeed, the tail bound proves this when K > 2Ng; otherwise,

bapp <eng Seg < Keg.
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2. Paired product priors. Take the converse amplitude and matching degree from Algorithm 1:

\/ R
2[16L 1 <1
1007 [6—|+ ) Z*_7
1

— 9[16L 1 >,
100" (6/w]—|—>, 2y >

(a, k) = K=Fk-1

These choices satisfy 0 < a < 1/2, and K is a positive even integer. By Theorem 7,
there are symmetric probability measures £, &1, supported on [—1,1], whose moments
agree through degree K and whose absolute moments differ by 2ex. Define the scaled
coordinate priors and their product priors by

v = (x — ax)4&, I, = Vf’d, ¢e{0,1}.
They are supported on [—a, a]? C [~1/2,1/2]¢, and

[utant) = [wanw  ©<q<r).

Using the paired-target identity in Proposition 1, define their total-variation centers and
separation by

1
UEV =3 / |u| dvg(u), Ary = ’U?V — vgv =aeg > 0.

Independence of the coordinates gives

2
Q@
En,Drv(Py) =v; ¥,  Varm,(Drv(Pp)) < e
Consequently, Chebyshev’s inequality and the approximation bound give

2 2
ATV} - 16(; - ISK ‘
8 dAZy = b2

11, {|DTV(P0) —v V| >

The ceiling inequalities also give the required rate calibration. If z, <1, then

s a 1
K<sal,  olhd=Y2 &> o /pnd).

If z, > 1, then

K < 34max{l,L/w}, p(t,d) = min{l,w/L},
So again
e (t,d)
K = 3400 V"
Since w > 1, both branches satisfy K < 34L. Define
bapp
= 0
PP~ 3400

Then
Aty > sapp/p(t, d).

Finally, L? /d — 0 as d — oo. Thus there is a universal integer Dyt > 2 such that

16 - 34212 1
O 2 (4> D)
02 d = 100 (d> Dew)

For those dimensions, each prior’s target-concentration failure probability is at most 1/100.
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3. Contraction of the paired transcript miztures. Fix any sequential paired-input protocol K.
By Proposition 1, its pullback

QZ(E | (j7avy)777>T) = Ki(E ‘ (]7 (2a - 1)(2y - 1))7777T)

is sequentially private at the same budget, and its seed-transcript law under Gy equals
that of K under Py. The density hypothesis for Lemma 3 is supplied by Theorem 8. Define
the paired seed-transcript mixtures by

MEY = /LPB,K(R,ZK)dng(e), ¢ e {0,1},

and the contraction scale by
e —1

b=

The moment agreement in the previous step allows Lemma 3 to yield

TV(MEY, MTY) < min {Ldaw <Z> Bk} (k< n)

whereas the two mixtures are equal when k£ > n.

For 0 < € < 1, the exponential bound e® — 1 < 2¢ gives § < ¢/d. Moreover,
n n¥ en\k
S e S (7> )
k k! k
because k¥ /k! < eF, as follows from the exponential series. Thus, when k < n,
ene\”
TV(MEY, MTV) < min {1,d <a kd) } .

To evaluate this bound, define

1, 2. <1, en e
Weon = w, 2> 1, Beon = @ T d

The prescribed ceilings give

2L
32L < kweon,  B%, = O‘kze .

In the branch z, < 1, the amplitude choice and e < 3 imply

z
e weope¥eor/? = ﬁe?’ﬂ < 32z4.

In the other branch, e¥ = e + z,, and w < 2e%/2 gives

we'? < 2(e 4 z,) < 8z,.
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Hence the same bound
e wepeer/? < 322,

holds. Combining it with 32L < kwcen yields

Bc20n < eiwcon/2a Bcon < eiwcon/4-
Therefore
k —8L —7L -7
dB;,, < de <e <e Sﬁ'
For k > n, exact equality of the mixtures gives the same conclusion:
1
TVIMIY, MTV) < —.

. Decision lower bounds in large dimension. We give the paired-model decision reduction
explicitly. For an estimator and a globally 0.90-honest interval, define their worst-law risk
and expected length by

Rk(D) = sup Ep (D - DTV(p))2] ;
pepgalr
HK(JT\/) = sup EPJ( length Jpv.
pepgair

These definitions apply to every admissible Borel decision of Definition 16. For this re-
duction, let ng,w > 0 bound the two concentration failures and the seed-transcript total
variation, respectively. Let

NV =M}V @ Uniform|0, 1]

be the joint seed-transcript-randomizer mixture. Appending the independent analyst ran-
domizer preserves the bound:

TV(NGY, N{Y) < w.
Indeed, integrating an event indicator over the independent randomizer produces a mea-
surable function taking values in [0, 1].
Threshold D at (vaV +viV)/2. On the target-concentration event, a wrong prior label
entails an estimation error of magnitude at least 3Ary /8. If the worst-law risk is finite,

Markov’s inequality bounds the sum of testing errors by

~

128 Rk (D)
2 .
No + 9A2FV
The testing lower bound from total variation is 1 — w. It follows that
~ _ 9AZ
R(D) > V(1 —w — 2n) .
k(D) 2 —5g (1 —w—2m)+

The same inequality holds immediately when the risk is infinite.

For the interval reduction, define

A A
gEV = {JTvﬂ |:U;FV — 75\/,11}\/ + gvj| =+ @}.
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Paired-model honesty and target concentration imply
NIY(ERY) > 0.90 = no.

Transferring the second event to the first mixture and applying the intersection bound
gives
NEV(ESV NEY) > 0.80 — 219 — w.

On this intersection, ordered endpoints and connectedness force length at least 3ATy /4.

Therefore
3ATv

HK(JT\/) > (0.80 —2n9 — w)+.

For d > Dcyt, the preceding steps permit g = w = 1/100. Define

2
.| Sapp s
Clarge = Min { 183)6), fgg } > 0.

Since Aty > sappy/p(t, d),
~ 9 97

> 7
Rk(D) = 128 100

377
HK(JTV> > ZmATV > Clarge V p(t, d)

A2’1‘\/ > clargep(t7 d),

. Elementary rate comparisons and bounded dimension. We first establish the numerical
comparisons used to complete the converse:

min{1, ¢} < p(t,d) < 4min{1,d?/t}, %min{t, d} < tp(t, d).

In the dense branch t > d?L, these follow from

ta=L  Lotd <mn{Ldy,  tptd) =% >d
= — - min = — .
p ) tL’ t —_ 10 ) —_ b ) p b L -
For the nondense branch, define the auxiliary function

IANE

U (Sres) = Sres [log (e + ﬂ , Sres > 0.

Sres

Writing vpes = d?L/s1es > 0, differentiation gives
’ 2Ures
U (8pes) = log(e + vres) |log(e + vres) — > 0.
€ + Ures

For the last inequality, logy > 1 — 3!, applied at y = (e + ves) /e, gives

Ures > 2Ures

1 >1 .
Og(e * Urcs) = €+ Ures €+ Ures

Also,
log(e + d*L) > L, log(e +dL) > L/2.
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The first follows from dL > e; the second follows by combining log(e + dL) > 1 and
log(e + dL) > logd. Thus, if ¢ <1, then w > L and p(¢,d) = 1. If ¢ > 1, monotonicity of
W gives tw? > L2, establishing the lower comparison with min{1,#7!}. Likewise, if ¢t < d,
then w > L/2; if t > d, monotonicity gives tw? > dL?/4. Applying the cap at one proves
the comparison with min{¢,d}/4.

For the upper comparison, z, > 1 in this branch and
w < log(e+1) +logze <24 2(y/ze — 1) = 2¢/z,.

Hence
w? 4z, 4d% Ad?
— < D
L2 — L2 tL — t
Together with p(¢,d) < 1, this proves all three comparisons.

Now define the two-point amplitude
1
anwo = g min{1, 7Y%} € (0,1/2].

Consider the paired laws with constant contrast zero and constant contrast ciyw,. Their
targets are zero and uwo/2. Applying Lemma 3 at matching order one through the bridge
in Proposition 1 gives

| =

V(L k(R 25, L,y k(R ZX)) < aor/ie <

Here P,,,.1 denotes the law with 0; = aiwo for every j. The preceding decision reduction,
with deterministic targets and w = 1/8, therefore yields

~ _ 6302 1
Ru(D fwo » & penfy 4ol
k(D)2 =506 = g19g ™ML
1 1
Hi(J1v) > Sl ——min{1,¢7/?}.

320 T 8192
The calibrations use

1
ol = o min{1,¢"'}.

If d < D¢y, the elementary upper comparison implies

p(t,d) < 4D?, min{1,t7 '},

cut

and taking square roots gives

Vp(t,d) < 2Deys min{1,¢~1/?} < 4D2 min{1,+'/?}.

Define
1

Csmall = 32768D2 )

cut
The cases d < Dyt and d > Dy now give, for every sequential paired protocol and every
admissible decision,

Clower = min{clargea Csmall} > 0.

~

RK(D) > Clowerp(t> d)v HK(JTV) > Clowerm'

Every noninteractive protocol is sequential. Taking the decision and protocol infima in
Definition 16 therefore proves these lower bounds for both classes.
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6. The concrete upper-risk construction. Choose the universal constants
¢ = min{cjower, 1}, Cp = 10'6.

Then 0 < ¢ < Cp. Use the paired procedure specified in Definition 11, with a singleton
public seed. Its channel quantities are

m=|n/3|, d = tanh(e/2), b= g

Each of the first 2m participants releases a vector with probabilities
Ki(2'| (ys) =271 +0s2)), 2 e {~1,1}%

the remaining participants release (—1,...,—1). Symmetry of the sign-vector alphabet
makes the active probabilities sum to one, and

1+5_e
1—-6

€

bounds the likelihood ratio at every active message. The constant releases satisfy the
privacy inequality as well. All kernels are independent of history, so this is a pure e-
private noninteractive protocol with the declared sign-vector message spaces.

For n > 2, define the pilot and evaluation matrices, means, and calibration quantities by

WO =bZij, WG =bZmeig,  1<i<m, jeld],

1 ; — 1 b2

Mj=—3 W, W;=—3W7 o*=—  o0=Vo?  H=logleto’L).
m m 4 m

The statistic F is the ordered branch-selected norm estimate in Definition 11, using the

private moments and polynomial coefficients specified there and in Definition 14 and Al-

gorithm 1. Set

ﬁ o 1/8, n = 2,
| max{0, min{1/4, F/2}}, n>2
The decisions are measurable functions of the finite transcript.
The cube target belongs to [0,1/4], so
~ 9 1
(D — Dyv(FPy))” < —.
16
For n > 2, clipping also gives the sharper comparison

~ 1 ~
Ep, k(D — Drv(Fy))* < 1B k(F = F(6))%.

To apply the existing moment and polynomial calibrations, use Gy from Definition 9. Its

contrasts satisfy
146, 1-86,;
7j(Go) = —5= — 5 =0
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The bridge in Proposition 1 identifies the active paired blocks with independent vector-
channel blocks under this law. Thus Lemmas 1 and 2 apply with contrast vector 8; their
concentration and approximation hypotheses are supplied by Theorems 5 and 6.

We verify the resource calibration used in the risk bounds. For n > 3,

80d?

e 1
T >, %< g

>n/5 0=
m > n/5, w112

The attenuation bound follows from e > 1 + ¢ and e® 4+ 1 < 4. Consequently,
1 < H <log(80(e+ z4)) <54 w < 6w.

We now follow the risk case split.

If n = 2, then ¢t < 2, and the elementary lower comparison gives p(¢,d) > 1/2. The
constant estimate satisfies

~ 1
E(D — Dyy(Py))* < 61 Cop(t,d).
Suppose n > 2. If p(t,d) = 1, the uniform 1/16 loss bound gives the desired result. Next

consider the constant-fallback branch. Its conditions include

L

2
t <d“L, 1024H<4'
Since H < 6w,
1 2
L < 4096H < 24 t.d)> | — ] .
< 4096 H < 24576w, p(t,d) > (24576)
Again,
~ 1
E(D — Drv(Py))* < — < Cop(t,d)

For the remaining branches, suppose first that L < 4096. In the dense case t > d°L, the
absolute-mean statistic satisfies

2

1 — 1 —
E &Z W ;| — F(6) < gZﬂ-z(wj —0,)* <o
J

J

Here the first inequality uses the absolute-value Lipschitz inequality and the quadratic
mean inequality; the second uses the moment bounds and independence across partici-
pants. The numerical calibration is

24+02<64d2
2 — t

: = 64Lp(t,d) < 64 - 4096 p(t, d).

Since the TV risk is at most 02/4, this proves its Cyp(t,d) bound. In the nondense case,
w > 1 implies
1 \2
t,d) > | —
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so the uniform loss bound suffices.

Finally, suppose L > 4096. In the dense case, the prescribed hybrid degree and radius are
D =2|L/2048], T, = 40V'L, rad = 80VL.

Its degree fits the block:
2D < L/512 <m.

Indeed, n >t > d?L > AL and m > n/5. The hybrid conclusion of Lemma 2 gives
~ 0'2

E(F — F(@))2 < 500000000 T < 40000000000 p(t, d).

Also t~! < p(t,d), and hence

24 1 2
" + 3 (500000000 JL) < (24 + 20000000000)p(t, d) < Cop(t, d).

The clipping comparison proves the claimed TV risk bound.

In the nondense case remaining after the saturation and fallback cases,

1 L
t,d) = L2 rad — 5 D=2 R
plt.d) = (/L) ra = bmﬂ

and floor rounding gives

2< D,

<D< .
2048H — ~ 1024H

The moment-fit condition 2D < m also holds. To see this, if m < 2D, the degree budget
and H > 1 imply m < L/512. Since § < 1,

d2
o> = e+ o?L > 512d° > ed,

m

so H > L, contradicting 1024DH < L and D > 2.

The global-polynomial conclusion of Lemma 2 now yields

~ e 1
E(F - F(6)" < 2d (D + 1)

The degree budget gives 9DH < L/100. For L > 4096, the elementary exponential
inequalities

L2 < 16€L/2 4 < 649L/100_1
imply
L2€L/1OO S 4€L—1 —_ 4d.
Therefore
eIDH - 2 < 9p(t.d) 1 - 2048 H - 12288w
od —[2=PY =T =T
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and hence

1

The elementary lower comparison, together with p(t,d) < 1, gives t~! < p(t,d). Thus

24+1
t 2

c9IDH 1
< 75497500 p(t, d) < Cop(t, d).
<2d +(D+1)2)_ p(?)_ Op(7)
Clipping again completes the risk bound. Every admissible tuple has therefore been cov-
ered: R

sup Ep k(D — Drv(p))® < Cop(t, d).
pe,Ppalr

. Intervals and the common minimax bounds. Define

¢ = \/10Cop(t,d) = \/10V7p(t, d), Jry = |max{0,D — ¢,}, min{1/4, D + q*}} :

The elementary lower comparison gives p(t,d) > 0. The interval contains its center, has
ordered Borel endpoints, and is connected, closed, and cgntained in [0,1/4]. Since the
target is also in this range, failure of coverage entails |D — Dypy(p)| > ¢.. Markov’s
inequality gives
Cop(t,d) _ 1

Pr{D Jrvt < = —.

p’g;{ v(p) ¢ Jrv} e 10
Furthermore,

length Jpy < 2q. = 2+4/10Co+\/p(t,d) < Coy/p(t,d).

This proves all three concrete attainment guarantees. The same construction supplies
the general attainment witness: its message spaces are exactly {—1, 1}d, and its estimate
depends on the transcript alone.

The construction belongs to both protocol classes. Its interval, being contained in [0, 1/4],
is also an admissible interval in the optimization over [0,1]. Taking the corresponding
candidates in the minimax infima gives, for either C,

REV(PY":n,d,e) < Cop(t,d),  HEV(PE*;n,d,e) < Co/p(t, d).
Since ¢ < clower and both rates are nonnegative, the lower bounds proved above give
ep(t,d) < REV(PY":n,d,e) < Cop(t, d),
ev/p(t,d) < HEY (PP, d,e) < Cov/p(t, d).

. Identification of the paired functional. For d > 2 and 6 € [-1/2,1/2]?, the masses

14 89j
2d

PG(.jv 3) =

are nonnegative, and their sum is one because each pair has total mass 1/d. Taking zero
contrast gives the uniform probability law. For two probability laws on a finite alphabet,
total variation equals half the sum of the absolute mass differences. Therefore

D1y (Py) = TV(Py,Uaq).
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10.

For each coordinate,
1+ s0; 1 6]

2d 2|~ d

D

se{-1,1}

Summing and multiplying by one half gives

d
1 1
Drv (Pp) = 2% Z )s 0 < Drv(Pp) < T

. Attainment and protocol-class ratios. The witnesses constructed above establish the exis-

tential attainment assertions for either class, because the class-selected rates agree. They
also establish the concrete guarantees for the procedure of Definition 11, Algorithm 1,
and Theorem 1.

The protocol inclusion in Definition 16 gives
R (Ppalr n,d,e) < Ry (Ppalr n,d,e),

and the corresponding inequality for honest length. The common bounds make all four
values finite and strictly positive. For risk, they also give

air C C air
RN (PY"in.d.€) < Cop(t,d) = =2 cp(t. d) < > REY (P™n. de).

Dividing by the positive SI value yields the asserted risk ratio bounds. Replacing p(t, d)
by +/p(t,d) proves the same ratio bounds for honest length.

Saturation and consistency of the rate. For 0 < t < d*L, positivity of w/L gives

pt,d)=1<—= w>1L
d’L
<:>€+T26d
d’L

—t< .
“ed—e

The last denominator is positive for every d > 2.
For an admissible resource sequence, define

log(1 —I-di/tk)

ty = nies, Ly, = log(edy), gk = T

If p(tg,di) — 0, the lower comparison min{l,t, '} < p(tg,dx) forces ty — oco. Also,
whenever p(tg,dx) < 1,

g < p(te, dy).
In the nondense branch this follows from

log(l + d? /tk) < log(e + Lkd /tk)

and removal of the cap when the rate is below one. In the dense branch, using log(14+z) < x
and d2 /t;, < 1/Ly, gives the same inequality. Thus g — 0.
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11.

Conversely, for every d > 2 and t > 0,

log(1+d2/t) logle+L)]*> 1
< —.

For the nondense branch, this follows from
e+ L(d?/t) < (1 +d*/t)(e + L);

for the dense branch, p(t,d) < L~2. Both correction terms tend to zero as d — co.

This bound also handles sequences with oscillating dimensions. Given any positive toler-
ance, choose a dimension threshold so that both corrections are sufficiently small above
that threshold. Then g — 0 makes the displayed upper bound small for all sufficiently
large k whose dimensions exceed the threshold. Below it, the elementary upper comparison
gives )
p(te, di) < ﬂ7
23

which tends uniformly to zero as t;, — oo. Hence

p(tk,dk) -0 <= tp— ocand gr — 0.

Parametric comparison and the quadratic-resource regime. Suppose that fixed positive
finite constants cemp < Cemp satisfy, eventually,

Ccmp
te

oM (b, dyy) <
123

Since p(tg,dr) < 1 and txp(tg, d) > min{ty,dy}/4, these imply
ly = Cemps min{tkv dkz} < 4Ccmp

eventually.

Conversely, suppose that there are apa, > 0 and Mp,, € R such that, eventually,
tk > apar, min{tka dk} < Mpar-

Define
Bpar = max{1, Mpa }.

The elementary lower comparison gives

min{1, apar }

. < min{1,¢; '} < p(tg, d).
k

For the upper comparison, split according to ¢, < dj, or dj, < ;. In the first case t;, < Bpar,
s0 p(tk,dr) <1 <4B2, /ty. In the second case di < Bpar, and

par
4d?  4B2
ptp.dy) < —F < —F=
tr tr
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12.

This proves the asserted general parametric equivalence. When ¢, — oo, the positive
lower-resource condition holds eventually. Moreover,

min{tk, dk} S Mpar

eventually forces dj, < Mp,, eventually, since t;, > My, eventually. Enlarging to an
integer bound proves the bounded-dimension characterization; its converse follows from
min{tk, dk} < dj.

For the quadratic-resource regime, fix 0 < ag] < be;. Choose an integer Dy large enough
that, whenever d > Dy,

L > by +1, log L > 2log be, log L > log(e + a&l).

For every t in the specified band, define

Uel = S [aela bel]'

a2
Then t < d?L, and
1
log(e + L/ug) > log(L/be) > B log L,

log(e + L/ue) < log(L(e +ay')) < 2log L.
Since 0 < (log L)/L < 1, applying the cap and squaring gives

1 (logL\? log L\ ?
— < < .

These bounds supply the required constants uniformly over the band.

Transfer to the actual minimazx values. The upper bounds already proved make the mini-
max values finite, so their real values satisfy the same four inequalities. For a fixed class
and an admissible sequence, define

Ry = %EV(POF;:H; Nk, di, €x),

HEX = ﬁEV(ng”;nk,dk,ek)-
The common constants give

TV
cp(te, di) < Re g < Cop(te, di),
e/ pt, di) < HEY < Con/plti, di).-
Squeezing nonnegative sequences therefore yields
'Rg}]g — 0 <= p(tg,dr) — 0,

Hel — 0 <= V/pltr, di) = 0 < p(tx, dy) = 0.

Combining these equivalences with the rate consistency criterion proves both minimax
consistency assertions.
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Two-sided comparison is symmetric and transitive: reversing cp < R < Cyp gives R/Cy <
p < R/ec. Consequently,
Rey <ty = pltp,di) < t; .
The general and diverging-resource characterizations thus transfer directly.
Finally, in the band from the preceding step, the common bounds imply

c (logL 2 i log L 2
4( T ) ngV(Pga;n,d,e)gzLCo( 7 ,

and
c|logL

2| L

To give the risk and length bounds the coupled constants in the statement, define

: log L
< HIV(PP i d,g) < 2CH | —2=] |

el = min{c/4, ¢ /4}, Ce = max{4Cy, 4C2}.
Then 0 < ¢ < Cg < 00, and

Ve < ¢/2, 2Cy) < /Cal.

The displayed risk and length inequalities therefore imply exactly the final two bounds,
with cep, Ce as the band-dependent constants. This completes all the sequence conclusions.

O]

Proof of Theorem 4. The lower bounds on the full simplex follow from the paired-family lower
bounds and model inclusion. We record both steps to make the interval scope explicit.
For every 0 € [-1/2,1/2]¢,

. 1+89j . 1
Pg(],S) 2d _07 G{E_l I}Pg(]’S) d

Summing over j shows that Py is a probability law on Ay, hence
PP C Agy.

This is the inclusion in Definition 15.
Fix C € {NI,SI}. By the converse part of Theorem 3, there is a universal constant ¢ > 0,
common to both protocol classes and decision criteria, such that

REV(PE n,d,e) > cre(n,d, )
and '
53‘\/(7)5311”; n, da E) Z & hC(n, d, 6).

These are the paired lower bounds established under the same cited Bernstein premise stated in
both theorem environments.

For squared-error risk, any admissible protocol-estimator pair on Ay is also admissible on
the paired subfamily, and

sup Epk[(D — Drv(p))?] > sup Epk[(D — Drv(p))?].
pEAQd pe,Pgair
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Taking the infimum over the common protocol and estimator class gives
ReY (Dggsn, d,) > REV(PYin,d,e) > ere(n, d,e),

For interval length, a connected closed interval in [0, 1] that has coverage at least 0.90 at
every law in Aoy has the same coverage on Pgmr. Its Borel endpoints, connectedness, and range
therefore satisfy the paired decision requirements. Moreover,

sup Epklength Jry > sup Epklength Jry.
pGAQd pe,Pgair

Taking the infimum over globally simplex-honest protocol-interval pairs yields
9V (Dgg;nydye) > HEV (PP n,d,e) > che(n,d,e).
Both inequalities use the same universal positive constant. O

Proof of Theorem 5. 1. Since m > 1 and a probability space is nonempty, the pointwise
bound for H; gives

-b<H{<b — -b<b — 0<b.
If b = 0, both asserted bounds follow from
Pr {m—l > (Hi —EH;) > x} <1, Pr {m_l > (Hi —EH;) < —x} <1.
i=1 =1

Henceforth suppose b > 0, and define the variance proxy

wm (M)

2. We first establish an upper-tail bound for any mutually independent, measurable real
random variables H7,..., H} on the given probability space satisfying

—b< Hf <b, i=1,...,m.
Define their centered versions and interval endpoints by
H; := H —EH], ;= —-b—EH], u; :=b—EH}.
Boundedness ensures integrability, and therefore
EH; =0, ¢; < HY <wuj, u; — 0; = 2b.

The centered variables remain mutually independent because each is a measurable function
of its corresponding original variable.

For each i, define the moment-generating function and its logarithm on all of R by

®;(v) :=Eexp(vH;), Yi(v) = log ®;(v), veR.
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Boundedness makes ®; finite and strictly positive and permits differentiation under the
expectation. Define expectation under the exponential tilt by

_E[ exp(vHy)]

_ g o
OB hin = EOH?.

This is expectation under a probability measure absolutely continuous with respect to the
original measure. Direct differentiation gives

Ui(0) =0,  @{(0)=EH; =0, ¢/ (v) =EP[(H)*] - b},

7

The interval bound persists under the tilt. Consequently,
0 < B [(uf )(H —63)]
= E(Z)[(HO) ] (g + €5 hio — w3 5.
Subtracting the squared tilted mean yields
{(v) < (u] = hiw)(hiw — £5)

K3
u® — 9\ ? _ ul + 2\ 2
:( 7/2 Z> _(h‘l,l}_l2z> Scb

For v > 0, Taylor’s theorem supplies an intermediate point

Uimid € (0,v), i(v) = =y (Vimia) <

Thus ®;(v) < exp(cpv?/2) for positive v; at zero both sides equal one. For negative v,
apply the same positive-parameter calculation to the centered variable —H;’, whose interval
has the same width:

—u; < —H; < {7, E[-H;] = 0.

It follows that )
8i(v) = Bexp((—v)(~HY)) < exp (“‘2“)) .

We have therefore established

CbU2 .
Eexp(vH;) < exp - ) veR, i=1,...,m.

. Define the centered sum .

S* ::ZHiO-

i=1

Independence gives the factorization

Eexp(vS*) = [ [ Eexp(vHY)
=1

m 2 2
< Hexp <Cb;j> = exp (mc;v > , v e R.
i=1
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Indeed, adjoining one centered variable to a partial sum multiplies their moment-generating
functions, since that variable is independent of the preceding sum; induction gives the
displayed formula.

Since ma > 0, for every v > 0 exponential Markov’s inequality gives
Pr{S* > mxz} < exp(—vmz) E exp(vS™)

meyv?
< exp (Umaz + 5 ) .

Choose

mx x
Vopt 1= —— = — > 0.

mcy Cp

This choice is defined also when = = 0, and substitution yields

Pr{S* > ma} < exp <— (mx)2> .

2mcey

. Because m > 0, multiplying by m gives the event identity
m

{:Jc <m™! Z(Hl* — EHZ*)} = {mz < S*}.
i=1

Using ¢, = b?, the exponent simplifies to
g

(mz)*>  ma?

2me, 202

Hence the upper-tail calculation establishes
“ ma?
Pr {ml ;(H;* —EH}) > x} < exp (_21)2> .
Taking H = H; proves the asserted upper-tail bound.

. For the lower tail, define
H: :=—-H,;, 1=1,...,m.

2

These are mutually independent and measurable, and negating the original bounds gives
—b< Hy <b.

Linearity of expectation and finite summation gives

EH = —EH;, i(H[ —~EH ) =— i(Hi —EH;).

i
i=1 =1

Therefore,

{m_lzf;(Hi—EHi)g—x} {—12 - —EH; }
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Applying the upper-tail bound just established to H, ..., H,, yields

2

Pr {m—l Z(Hz —EH;) < —l’} < exp <_7ZZ2> ,
i=1

which completes the proof.

Proof of Theorem 6. 1. Fix an even integer D > 2, and set
gtr = D/2 S N, ftr Z 1, D= 2£tr-

For the truncation argument, extend the polynomial family to degree zero by

2
qo(x) == —
Thus, for every £ € Ny,
Y4 /
2 4 (=) Top ()
q2£(x> - T + T ~ 4(6,)2 1 ) 4D = 424, -

This is precisely the one-based truncation of the even Chebyshev modes; the sum is empty
when ¢ = 0.

2. Define the continuous, m-periodic function @gy, : R — R by
wsin(P) =sind (0 <9 <), osin(0+ ) = psin(¥) (9 € R).

The endpoint values agree, so the periodic extension is continuous. With i := +/—1, define
its Fourier coefficients by

1 [ .
Bein(l) == = / sind e 2 gy, (7.
0

™

For each such ¢, 1 — 4¢? # 0, and the function

_oipy —21¢sin? — cos ¥
=e

@[(19)2 1— 42 , ¥ € R,
satisfies .
() = e 2 sin 0.
Since e~2¥™ = 1, evaluation at the endpoints gives
o~ (6)_<I>g(7r)—<1>g(0) B 2 L 2
Peinlt) = - T a4 T m@e 1y

In particular, @sin(0) = 2/7.
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3. For every integer ¢ > 1,
2

~ 1
‘SOSin(g)‘ = m ?2

Indeed, ¢ > 1 and 7 > 2 imply

<

20% < (40 — 1),

The coefficients at ¢ and —¢ agree. Comparison with the convergent series » 2, (2
therefore yields

D [ @ain(0)| < oo

LeZ

The Fourier reconstruction theorem for a continuous periodic function with absolutely
summable coefficients now gives

SOSin(ﬁ) = Z @sin(g)emhga v eR.
LET

4. For 0 < ¢ < 7, periodicity and the sine addition identities give

cos ¥, 0<9<7/2

= |cosd|.
—cos?, w/2<V<m,

in (0 + 7/2) = {

The defining Chebyshev recurrence and the cosine addition formula also give
Te(cos ) = cos(L}), teNy, veR.

Consequently, for ¢ > 1, the paired Fourier terms at the shifted argument satisfy
Q/O\sin (6)6216(19+7r/2) + @Sm(_g)672i€(19+7r/2)
dcos(200 + fr) 4 (1) Tyy(cos V)

(42 -1) 7w 402 — 1

For z € [—1,1], define
¥, := arccosz € [0, 7], cos ¥y = .

Pairing the positive and negative frequencies in the absolutely convergent Fourier series
and taking real parts therefore yields

5. Splitting this series at £, gives

> _ 1)+ "
ol —ap() == Y (=) Tag(x)

402 —1
Z:Etr+1

The scalar majorant has an exact telescoping sum, because

1 1/ 1 1
— == - ¢>1).
42 -1 2(25—1 2£+1> (£=1)
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In particular, for every integer lenq = Y4,

eei 1 1 < 1 1 >
AT 5 - ;
(e AP 2\ 21 2o+ 1

including the empty sum when fenq = 4. Passing to the limit gives

o0

Y e
(I AT 2026+ 1)

Moreover, the cosine identity implies
|T2e(x)| = | cos(209,)| < 1.

Thus the residual series is absolutely convergent, and

lap(z) — ||| < 4 Z [ T2e()]

2 _
T 4= -1
oo
ST Y L S —
T 402 -1 (2 +1)  7w(D+1)
ézztr“!‘l

. For real polynomials

B) =Y fa’s @)=,

>0 >0

where the real coefficient sequences have finite support, define

”B”coef,l = Z ‘5@‘7 ngcoef,l = Z |’Y€’

>0 £>0

Coefficientwise triangle inequalities give
”B + g”coef,l < HBHcoef,l + Hchoef,L

For every real scalar (, the same definition gives

H()Hcoef,l = Oa ||C||coef,1 = |<’a ||<B||coef,1 = |C’||B||Coef,1a H-TBHcoef,l = ”B”coef,l-

Here the last identity follows by shifting the coefficient indices. Finally, expanding the
product into monomials and applying the finite-sum triangle inequality yields

Bx)E(z) = Y Bryea"",

£,0'>0

||85Hcoef,1 < Z ’BZ'W/’ = HBHcoef,ngncoef,l-
£0,0'>0

All sums here have finitely many nonzero terms.
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7. Define
yi=1+v2>0, x*=2y+1
We claim that
Hﬁ”coef,l < Xe (6 S No).

The two initial cases are
H%Hcoef,l =1= X07 ”7-1||coef,1 =1 < X-
For the induction step, the Chebyshev recurrence and the norm identities just established
give
”72+2”coef,1 = ||2:1772+1 - ﬁHcoef,l
S 2H7z+1ucoef,1 + ”ﬁ”coef,l
This proves the claim by two-step induction.

8. For every ¢ € Ny,

4 4
4(04+1)2—1>3, <2,
(+1) - T = 3
where the second inequality uses m > 3. Hence
(4/m)(~1)" yn 1
40412 -1 4(+1)2—-1" 2

Also, 2 < (3/2)? implies v/2 < 3/2, and therefore
> =3+2v2<6.

The product bound and the Chebyshev norm estimate now imply

4/7[' ]. /41
7-212+1 < X2
H f—’_l coef,1 2
< 16€+1:3-6£§3-8€.

9. We next prove, by induction on ¢ € Ny, that
||QZ€||coef,1 < 8t
At £ =0,
2 0
||QO”coef,1 =—-<1=8".
T
The truncations satisfy

(4/m)(-1)"
Q2(t+1) = q2¢ + m%(ﬁﬂ)-

Thus the induction hypothesis and the preceding mode bound give

4/m)(—1)f
4((€/+)1()2_)17'2(z+1)

laagen ot < lazellcoors + ]

coef,1
<8 +3.8 <gttL
In particular,

llapllcoet,1 < Qler — 93l — 93D/2
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10. Fix an integer v with 0 < v < D. If ap, = 0, then
lapy| =0 < 23072,

Otherwise, its absolute value is one of the nonnegative summands in the coefficient norm.
Using the stated monomial expansion of gp, we obtain

D

lapol < lapel = lap|lecern < 2°77.
=0

Together with the approximation bound, this proves both conclusions.

Proof of Theorem 7. Fix a positive even integer K.
1. Define the approximation space and target function by
Lappr = [—1, 1], Cappr = C(Lappr, R), fabs(z) = [2[,
and equip Cappr With the uniform norm. Let
Ex = {Plrupp: 1 P € R[], degp < K}

For every real polynomial p,

Hfabs _p‘IaperOO = Sup “x‘ _p(ﬂj)‘
|lz|<1

Thus ey is the distance from fups to Ex .

We first verify attainment of this distance. Define

Ryan = 2|| fabs|oo + 1, Bx ={h € €k : ||h|lsc < Rpan}-

The space £k is finite dimensional, so Bg is compact. The continuous function h
|| fabs — h||co therefore has a minimizer hyi, € Bg. Since 0 € By,

Hfabs - hmin”oo S ||fabsHoo-

For h € £k \ Bi, the reverse triangle inequality gives

Hfabs - h”oo > HhHOO - Hfabs”oo > HfabsHOO + L

Consequently hpyi, minimizes over all of £, and
||fabs - hmin”oo = €eK.
2. Let the quotient map and the target’s quotient class be

Tquot + Cappr — Cappr/5K7 fabs = unot(fabs)‘
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The quotient norm is the distance to the subspace. The minimizer above gives its upper
bound, while the definition of ey gives its lower bound:

”fabs” = hlenng Hfabs - hHOO = €K

By the norming-functional form of Hahn—Banach, there is a continuous real linear func-
tional

K - Cappr/gK — R, H’YKH <1, VK(fabs) = H.]EabsH'

This also covers a zero quotient class, for which the zero functional suffices. Define
Ag = YK © Tquot-

Since the quotient map is contractive and vanishes on &g,

Ax(W)] <[Pl (7 € Cappr),  Ax(1) =0, Ax(fas) = ek

In particular, with
h(z) = z* (x € Lippr, 0 <l < K),

we have

Axc(he) = 0.

. We construct two positive linear functionals of mass one half whose difference is Ax. On
Cappr X R, define the subspace, its linear functional, and a cone by

Dk = {(Cconstla Saux) ! Cconsts Saux € R}7
& t
BK(CCOHSt17 Saux) = co2ns + Saux,

Sk = {(th +h_, —AK(hf)) chy,h_ € Capph hy >0, h > O}

The representation of an element of Dy is unique because Iy, is nonempty. The set Si
is closed under addition and multiplication by nonnegative scalars.

Suppose
(Cconstla Saux) = (h+ + h_, _AK(h—)) €Dk N SK-

Then
Cconst = 0, 0< h_ (37) < Cconsts

so the function
heent = 2h— — Ceonst 1

satisfies
HhcentHoo < Cconsts 2AK(h—) = AK<hcent) < ’AK(hcentN < Ceonst -
It follows that

Ccon
6K<Cconst17 Saux) = %St — AK(h_) > 0.

Moreover, for every (Rtest, Stest) € Cappr X R,

(HhtestHoola _Stest) S DK,
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and
(Hhtest”oola _Stest) + (htesta stest) = (HhtestHoo1 + Ntest 0) c SKa

because the first coordinate is nonnegative. The ordered linear extension theorem therefore
supplies a linear functional

'k : Cappr x R — R, I'k|p, = Bk I'r >0 on Sk.
Define, for h € Cappr,
Oy (h) =Tk(h,0),  ®_(h)=D4(h) — Ag(h).
For h > 0, both (h,0) and (h, —Ax(h)) belong to Sk. Since 'k (0, s) = s for every real s,
®y(h) 20,  @_(h) =Tk(h,—Ax(h)) = 0.

Finally,
O_(1) =5,  Bu(h) = _(h) = Ax(h).

. Riesz representation on the compact interval gives finite positive Borel measures pi, u—
on Iappr, characterized by

/ hdpy = ®(h), / hdp—=®_(h) (h € Cappr)-
Iappr Iappr

Applying these identities to the constant function yields

fit(appr) = p—(Lappr) = 5
Define the inclusion and reflection maps, and the symmetrized measures on R, by

L Lappr — R, u(z) =z, Trefl : R — R, 7ep(x) = —x,

1
=3 (bgpis + (rref © L) ghix) -

Here # denotes pushforward. Both pushforwards have mass one half and are supported
on Ioppr; reflection interchanges them. Hence

C:E(R) = 35 C:E(R \ Iappr) = 07 (rreﬂ)#Cﬂ: = C:i:-

For every continuous hiegt : R — R, the pushforward integral formula gives

/R st dGs = ( /I () () + /I () dui(x)) .

All these integrals exist because the measures are finite and the functions are bounded on
the relevant compact interval.
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. For 0 < /¢ < K, define the reflected monomial by

hesen(z) = (=) = (=1)°he(x) (2 € Luppr)-
Linearity and polynomial annihilation give

A (he) =0, A (horen) = (=1)*Ag (hy) = 0.

Combining the integral formula with the difference of the representing functionals therefore
yields

/mf déy — / o % (Ax (he) + A (hiren))
R R
= 0.

For the absolute-value function, reflection preserves the function itself:
| — @] = |z|.

Consequently,
1
/ ’.1“ d¢y — / |.I" d¢- = § (AK(fabs) + AK(fabs)) = €K-
R R

. Normalize the two measures by defining

§o = 2¢, §1 = 2¢4.

Their masses are one, and multiplication by two preserves their support and reflection
invariance:

SR =a@®) =1, LHER\[-1,1]) = &R\ [-1,1]) = 0,

(1reft) 60 = &o, (Tref) #&1 = &1

Scaling the moment identities gives, for every integer 0 < ¢ < K|

/xﬁdgl(x) - /xfdgo(x) =2 </xfdg+(x) - /xfdg_(x)> = 0.

Likewise, scaling the absolute-moment identity gives

[leldsa@) - [ leldeo(e) = 2ex.

The approximation error used throughout agrees with the stated one because

inf  sup||lx| —p(z)|= inf sup|p(x)— |z|| =ex-
el (@) = supn(e) ~ o]

These are the required measures and identities.
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Proof of Theorem 8. 1. Use the canonical kernel Radon—Nikodym derivative to define

dK
= d—L(
The kernel Radon—Nikodym construction gives joint measurability of this function for finite
kernels with standard-Borel target.

f:HxZ—10,00], f(h,z) h, z).

2. Fix h € H and a measurable set £ C Z. The canonical kernel derivative agrees with the
ordinary measure derivative:

dK (h, )

f(h,z)zm

(2) for L(h,-)-almost every z.

Consequently,

_ [ dE(h) o
/jjf(h,z)L(h,dz)_/EdL(h")( ) L(h,dz) = K (h, E).

The first equality uses the almost-everywhere agreement, and the second is the measure
Radon—Nikodym identity, applicable because K(h,-) < L(h,-) and both measures are

finite. Reversing this equality gives the required identity for every h and F.
O
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