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Abstract

This paper characterizes the finite-sample minimax risk for estimating the scalar optimal-
treatment value with a binary treatment, binary outcome, and a discrete covariate alphabet
of size d. Under consistency, conditional exchangeability, i.i.d. observed sampling, and a
fixed overlap parameter € € (0,1/2), the causal value equals the observed-law functional that
sums, over covariate cells, the larger of the two arm-specific outcome regressions. For sample
size n, the fixed-sample minimax squared risk satisfies
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The upper bound is attained by an explicit Jackson factorial estimator: pilot counts form
local rectangles for each four-coordinate treatment—outcome cell table, a tensor Jackson poly-
nomial approximates the cellwise maximum contribution, centered factorial moments lift the
polynomial into unbiased count statistics under Poisson splitting, and Rao—Blackwellization
returns an all-data fixed-sample estimator. The lower bound embeds normalized two-sample
L, distance into an equal-propensity slice of the observed model and uses moment match-
ing for the absolute-value cusp. The matched rate gives uniform consistency exactly when
d = o{nlog(en)} and gives the parametric n~! minimax scale exactly along bounded-
alphabet sequences.

1 Introduction

Optimal treatment choice assigns the arm with the larger conditional outcome mean to each
covariate profile. In a discrete covariate model, the population value of this oracle rule is a
scalar obtained by summing cell masses times the larger of two arm-specific regressions. This
scalar is central in treatment-choice analysis because it reports the welfare level achieved by
the unrestricted cellwise oracle assignment, the benchmark against which any particular learned
rule is measured. The statistical difficulty comes from estimating many cellwise maxima when
the covariate alphabet grows with the sample size.

This paper studies that difficulty under the fixed-overlap observed experiment. The data are
iid. triples O = (X, A,Y), where X € [d], A € {0,1}, and Y € {0,1}. The observed law belongs
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to D25, the fixed-overlap class defined in Definition 3, with overlap parameter € € (0,1/2). The
targeé is the observed-law optimal-regression value ¥ (P) from Definition 4. Under the full-data
completion class Py in Definition 6, which imposes consistency, conditional exchangeability,
and the same fixed-overlap observed margin, Proposition 2 identifies this observed value with
the causal oracle value V*(P) from Definition 9.

The main result is a matched all-regime finite-sample minimax law. With Ly = log(ed),
Theorem 3 proves that, for every fixed € € (0,1/2), there are constants 0 < ¢, < C, < oo such
that for every n > 1 and d > 2,
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where R, 4, the fixed-sample observed minimax squared risk, is defined in Definition 5. The
same theorem states that the corresponding minimax risk over the causal completion class equals
this observed-law risk. Thus the scalar oracle value is uniformly estimable precisely up to the
rate dictated by the alphabet-to-sample ratio d/{nlog(ed)}.

The estimator achieving the upper bound is written out in closed form. The empirical-ratio
estimator in Definition 10 serves as the bounded-alphabet branch. For growing alphabets, Algo-
rithm 1 defines a Jackson factorial estimator that splits a Poissonized subsample into pilot and
evaluation counts, builds a pilot-local rectangle for each covariate cell, approximates the globally
defined cell contribution f. from Definition 8 by a tensor Jackson polynomial, replaces normal-
ized monomials by centered factorial lifts, clips each cell estimate at its pilot scale, projects
the aggregate to [0,1], and Rao—Blackwellizes over the auxiliary randomization. Theorem 1
gives the resulting uniform risk bound over Dg}):’. The construction is stated as a rate-achieving
decision-theoretic procedure: every ingredient is defined by an explicit formula, yielding a com-
plete statistical specification of the tensor-polynomial estimator and Rao—Blackwellized rule at
the stated alphabet sizes and approximation orders.

In the proof, the logarithmic factor is tied to the absolute-value/L; lower-bound mechanism
for the cellwise maximum. On the overlap cone of Definition 7, the cell contribution equals
the larger arm-specific regression contribution; after normalization, its hard local component
has the geometry of an absolute value. The polynomial approximation and factorial-moment
architecture follows the large-alphabet nonsmooth-functional literature, where approximation of
|t|, moment matching, and unbiased polynomial lifts generate effective logarithmic sample-size
gains [Cai and Low, 2011, Jiao et al., 2015, Wu and Yang, 2016, Han et al., 2018, Valiant and
Valiant, 2017]. The tensor Jackson certificate in Lemma 4 supplies the local approximation and
coefficient control needed for the four-coordinate treatment—outcome tables.

The converse embeds a classical large-alphabet testing problem into the treatment-value
model. Proposition 3 maps two distributions (P, Q) € Afl into an equal-propensity observed law
whose optimal-regression value is 1/2+ |[|[P — Q||1 /4. This exact Markov reduction transfers the
normalized two-sample L; minimax obstruction of Jiao et al. [2018] to the observed optimal-value
problem. In the dense regime, Lemma 10 gives the corresponding moment-matched construction
using the absolute-value approximation lower bound of Cai and Low [2011]. Theorem 2 combines
these ingredients into the all-estimator lower bound matching the Jackson factorial upper rate.

The rate has direct implications for growing categorical adjustment. Theorem 4 shows that,
along alphabet sequences d,,, the observed and causal minimax risks converge to zero exactly
when d,, = o{nlog(en)}. The same theorem characterizes the parametric n~! minimax scale
exactly by d,, = O(1). These statements translate the matched finite-sample frontier into oper-
ational growth rules for discrete covariate tables under fixed overlap.



The analysis connects treatment-choice econometrics with nonregular and large-alphabet
estimation. Treatment-choice and welfare-regret work studies optimal rules and policy perfor-
mance [Manski, 2004, Murphy, 2003, Hirano and Porter, 2009, Kitagawa and Tetenov, 2018,
Qian and Murphy, 2011, Athey and Wager, 2021]. Semiparametric analyses of optimal values
describe identification, efficient influence functions, smoothing, and fixed-law inference under
regularity or local conditions [Robins, 1986, Rosenbaum and Rubin, 1983, van der Laan and
Luedtke, 2015, Luedtke and van der Laan, 2016, Chakraborty et al., 2010, Hirano and Porter,
2012, Chen et al., 2023, Whitehouse et al., 2025, Wei, 2025]. The present result gives a finite-
sample minimax characterization for the scalar unrestricted cellwise oracle value over a growing
discrete alphabet, with fixed overlap and arbitrary cell masses, null cells, boundary binary means,
and treatment-effect ties inside the model class.

A verification appendix records the verification status and the cited external inputs for the
anchored statements. The paper proceeds by reviewing related work, defining the observed
and causal model classes, stating the estimator and minimax theorems, discussing implications
and the sharp-constant question, and then giving the analytic and lower-bound details in the
appendices.

2 Related work

This paper belongs to the treatment-choice literature that studies how observational or exper-
imental data can support decisions that assign treatment by covariate profile. The classical
welfare and empirical-welfare strands analyze treatment rules, regret, and policy choice when
the object of interest is a decision rule or its welfare performance [Manski, 2004, Murphy, 2003,
Hirano and Porter, 2009, Kitagawa and Tetenov, 2018, Qian and Murphy, 2011, Athey and Wa-
ger, 2021]. The present analysis focuses on the scalar value attained by choosing the better arm
within each discrete covariate cell. That focus isolates the nonsmooth cellwise maximum that
enters the optimal value and makes the alphabet size of the covariate distribution a primitive
dimension of the estimation problem.

A second connection is to causal identification and semiparametric estimation of optimal
values. Identification under consistency, conditional exchangeability, and overlap traces to
the potential-outcome and inverse-probability traditions [Robins, 1986, Rosenbaum and Ru-
bin, 1983]. Targeted-learning and efficient-influence-function analyses then study optimal-value
parameters and data-adaptive treatment rules under regularity conditions that support asymp-
totic distribution theory [van der Laan and Luedtke, 2015, Luedtke and van der Laan, 2016].
The fixed-overlap discrete model considered here keeps the same causal target once the observed
law identifies it, and then asks for the finite-sample minimax risk of estimating the identified
scalar optimal value.

The cellwise maximum also places the problem in the nonregular-inference literature. Opti-
mal treatment values have kink points where two treatment arms have equal conditional means,
and those ties create the familiar failure of ordinary differentiability for max-type functionals
[Chakraborty et al., 2010, Hirano and Porter, 2012]. Recent work develops smoothing, debias-
ing, and local-asymptotic analyses for related nonregular value and policy-learning targets [Chen
et al., 2023, Whitehouse et al., 2025, Wei, 2025]. The contribution here characterizes the min-
imax scale for the discrete-covariate scalar value under fixed overlap, with the dense-alphabet
regime governed by approximation of the absolute-value singularity induced by the maximum.

That approximation structure links the analysis to large-alphabet estimation of nonsmooth



distributional functionals. Polynomial approximation and moment matching have proved central
for sharp rates in estimating entropy, support-related quantities, and distances between high-
dimensional discrete distributions [Jiao et al., 2015, Wu and Yang, 2016, Han et al., 2018, Valiant
and Valiant, 2017], while Cai and Low [2011] supplies the sharp Gaussian absolute-value-cusp
analysis used in the lower-bound comparison. The closest analogue is the normalized two-sample
L, distance problem of Jiao et al. [2018], where the absolute-value functional yields logarithmic
factors through best polynomial approximation. In the treatment-value problem, fixed overlap
maps each covariate cell to a four-atom observed table and the maximum over arms creates the
same absolute-value geometry after normalization.

Two large-alphabet papers are close enough to compare rate by rate. Zeng et al. [2024]
study causal inference with unrestricted high-dimensional discrete covariates. Their target is a
linear treatment-specific mean under an alphabet of size d, estimated from n i.i.d. observations;
they show that regression, weighting, and doubly robust estimators attain mean-squared error
of order d?/n? 4+ 1/n, prove a minimax lower bound of order d?/{n?log?n} + 1/n, and obtain
the faster order d/n? + 1/n under effect homogeneity or a known covariate distribution. Their
aggregation is signed and linear, so the leading difficulty is bias accumulation across cells. The
target of the present paper replaces that signed sum by the cellwise maximum, and the resulting
frontier is min{1, d/[nlog(ed)]}: a different exponent in d, a different consistency boundary, and
a logarithmic gain whose source is the polynomial approximation of a cusp.

Jiao et al. [2018] give the second comparison. For two unknown d-point distributions observed
through independent Poissonized samples of size Pois(2n) each, they construct minimax-rate
estimators of ||P — QJ|; and prove the matching d/{nlog(en)} squared-error obstruction, so
their result is a full estimator-and-converse analysis of the two-sample L distance. The present
lower bound transfers that converse into the treatment-value model through the equal-propensity
embedding of Proposition 3, and the upper bound is constructed here for the observational cell
table. Three features of the observational problem require new work. The arm denominators are
unknown and are estimated from the same sample, whereas the two-sample problem fixes the
sample sizes by design; the propensities are unequal and constrained only by fixed overlap, so
the two arms of a cell carry different effective sample sizes; and each covariate cell is a grouped
four-atom table, where the two-sample problem presents a pair of scalar masses, which is why the
upper bound needs a four-coordinate tensor Jackson construction with pilot-adaptive rectangles.

Standard minimax tools such as two-point and moment-matching lower bounds, together
with approximation-theoretic upper bounds [Le Cam, 1986, Tsybakov, 2009, DeVore and
Lorentz, 1993], provide the methodological basis for matching the estimator and lower bound
in this setting.

3 Setup and assumptions

Throughout, d > 2 denotes the covariate alphabet size, n the fixed sample size, and € € (0,1/2)
the overlap constant. Sums over covariate cells run over [d], and treatment and outcome indices
take values in {0,1}. Generic positive finite constants may change from line to line; constants
indexed by € may depend on the fixed overlap constant. Vector norms are the usual finite-
dimensional norms, with ¢; written explicitly when it is used.

We begin with the elementary projection notation used later by the estimators.

Definition 1. [synth_13] (Interval projection) For real numbers a < b, let Ilj, 5 : R — [a, 0]
be the interval projection I,y (2) = min{b, max{a, z}}.
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The statistical experiment is a finite observational study. One unit is the observed triple
0,;=(X;,A;,Y;), where the covariate lies in the finite alphabet [d] and the treatment and outcome
are binary. The observed law PP is a probability law on this finite sample space.

Assumption 1. [ass:iid-sampling| (I.i.d. observed sampling) For each observed law P €
Dg})es, let O; = (X;, A;,Y;) denote the observed triple for unit i. The observations O1,...,O,, are
independent and identically distributed with common law P.

Assumption 1 is the standard independent and identically distributed sampling condition
for the observed data [Zeng et al., 2024]. It fixes the repeated-sampling experiment under each
admissible observed law and makes the minimax risk below a fixed-sample decision problem.

For causal interpretation, we place the observed experiment inside a finite binary potential-
outcome model. A full-data law P governs (X, A,Y,Y(0),Y (1)) on the same covariate alphabet.

Assumption 2. [ass:consistency| (Consistency of outcomes) The observed outcome satisfies
Y =Y (4)
almost surely.

Assumption 2 is the standard consistency condition [Zeng et al., 2024]. It ties the realized
outcome to the potential outcome under the realized treatment arm, so the observed binary
response carries the arm-specific potential-outcome information in treated and untreated cells.

Assumption 3. [ass:conditional-exchangeability| (Conditional exchangeability) For each
a € {0,1}, the potential outcomeY (a) is conditionally independent of treatment given covariates:

Y(a) LA|X.

Assumption 3 is the standard armwise conditional exchangeability condition [Zeng et al.,
2024]. It encodes the observational-design requirement that, within each covariate cell, treatment
assignment carries no further information about each potential outcome.

Assumption 4. [ass:fixed-overlap| (Fixed overlap) Let [d] ={1,...,d} be the finite covari-
ate alphabet. For every observed law P under consideration and every x € [d] with covariate-cell
mass py = P(X = x) > 0, the treatment propensity 7, = P(A=1| X = x) satisfies

e<m, <1-—g¢,
where € € (0,1/2) is the fized overlap constant.

Assumption 4 is the standard fixed strong-overlap condition [Zeng et al., 2024]. The propen-
sity 7, is bounded away from the edges on every occupied covariate cell x, with p, denoting the
corresponding cell mass; this keeps both treatment arms represented at the population level in
each relevant cell.

We next define the observed-law model and the target functional. The observed margin
records exactly the distribution of the observable triple induced by a full-data law.

Definition 2. [def:observed-margin| (Observed margin Obs(P)) For a full-data law P, its
observed margin Obs(P) is the law on [d] x {0,1}? defined by

Obs(P){(x,a,y)} = P(X =z,A=a,Y =y), (z,a,y) € [d] x {0,1}>.



The observed class parameterizes each covariate cell by its mass, propensity, and arm-specific
binary outcome mean fiq;. Its atom probabilities g4y are arranged into the cell vector ¢,, and
the table across cells is denoted by q.

Definition 3. [def:observed-model-class] (Observed-law class ngf) Under Assumption 4,

let
d
Ag = {pe [O,l]d:przl}.
=1

The class ngf consists of all laws P on [d] x {0,1}? for which there exist p = (p1,...,pqd) € Aq,
propensities m, € [e,1 — €], and means pq, € [0,1] such that, for every x € [d] and a € {0,1},

dal,x = pxﬂ'g(l - Wx)liaﬂax) 4a0,x = pxﬂ'g(l - Wx)lia(]- - Ha:c)v

where
Qayz =P(X =2, A=0aY =vy).

For each cell x, write
qz = (CJoo,x, q01,z5 410,z Q11,x)~

The support contains at most d covariate cells, and on any null cell the parameters may be
chosen arbitrarily within the displayed ranges.

Within this observed class, the estimand is the population value obtained by choosing the
better arm in each covariate cell according to the conditional outcome means.

Definition 4. [def:observed-optimal-value] (Observed-law optimal value ¥(PP)) For P €
Dg’bf as in Definition 3, with table q = (q:):)g:p the observed-law optimal-regression functional

18
d
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This value is independent of the permitted choice of piq, on cells with p, = 0.

The risk criterion evaluates estimators of W(P) uniformly over the fixed-overlap observed
laws.

Definition 5. [def:minimax-risk] (Minimax risk R, 4.) The fized-sample minimax squared
risk s )
Ryac = inf sup Ep {{17(01,...,071)—\1/(19)} ]
V peDyh

where the infimum is over all measurable maps
V:([d x {0,1}2)" = R.

The full-data causal class collects exactly the potential-outcome laws whose observed margins
belong to the preceding observed-law model and whose potential outcomes satisfy the causal
conditions already stated.

Definition 6. [def :model-class] (Full-data causal class Py ) For everyd > 2 and0 < e < 1/2,
P, is the set of probability laws P for (X, A,Y,Y(0),Y (1)) such that:



o (Support.) X € [d] and A,Y,Y(0),Y (1) € {0,1} P-almost surely.
e (Potential-outcome structure.) P satisfies Assumptions 2 and 3.

e (Observed fixed-overlap margin.) The observed margin Obs(P) from Definition 2
belongs to the fized-overlap observed-law class ngf under Assumption 4.

The analytic representation of the target works cell by cell. For a generic four-vector u, the
next definition records the overlap geometry in terms of arm masses s,(u) and total mass s(u).

Definition 7. [def:overlap-cone| (Overlap cone Cc) The four-cell overlap cone is
Ce:={ue R} es(u) < si(u) < (1—e)s(u)l,

where, for each a € {0,1},
Sa(t) = Ua0 + tar,  s(u) = so(u) + s1(u).

The cell contribution is then extended from the overlap region to the whole nonnegative
orthant by stabilizing the arm denominators.

Definition 8. [def:global-extension| (Global extension g, and fe) Foru € Ry with s(u) >
0, define the overlap-stabilized arm contribution

s(u)uq1
max{sq(u),es(u)}’

a € {0,1},

ga,e(u) =
and the globally defined cellwise mazximum contribution

fe(u) := Jnax, Ga,e(u).

At the origin, B
ga,e(o) - 0, fe(o) =0.

Finally, the causal optimal-treatment value is the full-data analogue of the observed optimal-
regression value.

Definition 9. [def:oracle-value] (Oracle value V*(P)) For a full-data law P, the full-data
causal optimal-treatment value is

V*(P) = Ep| max Ep{Y(a)| X}|.
ae{0,1}
The following result connects the observed-law representation, the analytic extension, and

the causal completion class.

Proposition 1. [prop:identification-and-extension| (Identification and completion) Let
d>2,leteec (0,1/2), and let P € Dg}f in the sense of Definition 3. Then:

e (Cell overlap.) For every x € [d], the four-vector gz = (go0,2> 901,z 410,25 q11,2) belongs to
the overlap cone C. of Definition 7.



(Observed value.) The observed-law optimal-regression value of Definition 4 satisfies

d

v(P) =" filan).

=1

(Global extension bounds.) For every u € Ri, the global extension of Definition 8
satisfies

0 < fe(u) < s(u).

e (Global Lipschitz property.) For every u,v € Ri,

}fe(u)_fe( ) (1+e! Z‘u]_v]‘

e (Completion.) There exists a full-data law P € Pq, in the sense of Definition 6 whose
observed margin satisfies Obs(P) = P. The completion is consistent and conditionally
exchangeable, treatment is independent of the joint potential-outcome vector given X, and
the two potential outcomes are conditionally independent Bernoulli variables given X.

e (Observed margins.) For every full-data law P € Py, its observed margin Obs(P) of
Definition 2 belongs to ngf.

Proposition 1 establishes three facts used throughout the analysis. First, every observed
cell lies in the overlap cone. Second, the observed value decomposes as the sum of the globally
defined cell contributions f.. Third, the extension is bounded and Lipschitz on the nonnegative
orthant, which supplies the analytic control used by the estimator construction in the main
results.

The completion clauses give the causal interpretation of the observed model. Every observed
law in DObS admits a full-data law in Py with the same observed margin, and every law in Py,
returns an observed margin in Dg}’f. Thus the observed minimax problem is aligned with a
potential-outcome class satisfying consistency, conditional exchangeability, and fixed overlap.

Proposition 2. [prop:causal-optimal-value-corollary| (Causal value identification) Let
d>2,letec (0,1/2), and let P be a full-data law satisfying Pq. in the sense of Definition 6.
Then the full-data oracle value in Definition 9 agrees with the observed-law optimal-regression
value in Definition 4 evaluated at the observed margin in Definition 2:

V*(P) = U{Obs(P)}.

Proposition 2 identifies the full-data optimal-treatment value V*(P) with the observed-law
functional evaluated at the observed margin Obs(P). The equality lets the minimax analysis
target ¥ on Dg}f while retaining its causal interpretation for laws in Py .

4 Main results

The setup in Definitions 3 to 5 turns the value problem into uniform estimation of the observed-
law optimal-regression value over the fixed-overlap observed model. This section gives estimators



and finite-sample risk bounds for that problem. The final statements then transfer the same
rate to the causal completion class through the identification result in Proposition 2.

For a fixed alphabet, the natural benchmark is the empirical cell-ratio estimator ‘ZLE(I}. It esti-
mates each covariate-cell mass and each arm-specific success probability by its sample7 analogue,
then maximizes over treatment arms cell by cell.

Definition 10. [def:empirical-ratio-estimator] (Empirical-ratio estimator 177?5) Forz €
[d] and a € {0, 1}, define the empirical counts

n n
Ne=> YX;=2}, Nax=)» HX;=u2 A;=a},
i=1 i=1
and .
Soz = Zl{Xi =z,A;=a,Y;, =1}
=1
Set _ _
s M . _Bw
z n Hax Wama

with the convention 0/0 = 0. The empirical-ratio optimal-value estimator is

d
VER — D Max [lgz.
n,d ; 2 aelo1) Hax
This plug-in form is useful at bounded alphabet sizes. The high-dimensional construction
below instead estimates the cell contribution through a polynomial approximation to the Lips-
chitz extension f. from Definition 8. The construction follows the standard use of polynomial
approximation for nonsmooth functionals [DeVore and Lorentz, 1993, Jiao et al., 2015].

Definition 11. [synth_18] (Treatment-outcome coordinate set) The treatment-outcome coor-
dinate set J is

J :={0,1} x {0,1}.
A coordinate index is denoted by 3 € J.

The set J indexes the four treatment-outcome atom coordinates in each covariate cell. Given
a pilot rectangle in these four coordinates, the next definition records the Jackson polynomial
used to approximate the cellwise contribution.

Definition 12. [def:jackson-kernel| (Jackson polynomial P, g,) For an integer Kq > 2,
define the order-four Jackson kernel on [—m, 7] by

sin(Kyt/2) }4 |

T (t) = exy { sin(t/2)

with removable values filled continuously and normalizing constant cx, chosen so that

/7r i, (8)dt = 1.

—T



For a rectangle

Qz = H [Ej,il‘a uj,x]y

IET

define its coordinate centers and radii by

batu, Uz — Uya

2 T T

The associated tensor polynomial Py i, is defined by the even product convolution

b]7x -

P, i (by + 14 ©cosb) = / fe{by 4+ 72 ® cos(0 + 1)} H JKk,(t,) dt.
[t €T

The order Ky grows on the logarithmic alphabet scale, so the approximation error and
coefficient growth can be balanced against sampling noise. In the algorithm, IIj,; denotes
projection onto the interval [a,b], and the constants Hy, k, and Dy are fixed tuning constants
chosen in the risk theorem.

Algorithm 1 (Jackson-factorial estimator ‘7;35)

The inputs are O, ..., O,, the alphabet size d, and tuning constants Dy, k, and Hy.

1. Define the logarithmic scale, Poissonized scale, and polynomial degree by

L; = log(ed), m= %, Kj=max{2, |kLq|}.
2. If d < Dg, output N R
Rk - 053
If d > Dy and n < d/Lg, output
~ 1

3. In the remaining case, draw
M ~ Pois(n/4).

On the event M > n, set

V=o.
4. On the event M < n, draw independent marks
B; ~ Bernoulli(1/2), i=1,...,M.
For each x € [d] and coordinate j € J, define pilot and evaluation counts

M
N,, = Z B; 1{O; belongs to coordinate j in cell 2},

i=1
and

M
N, . = Z(l — B;) 1{O; belongs to coordinate 7 in cell x}.
i=1
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5. Define pilot frequencies and rectangle half-widths by

N! [c, L L
Cox = Ti;x’ hj,x:Ho{ L’; d+nj}.

Set
g‘]vx = maX{O’ C.Jax - h]vm}’ u]’x = C.]ax + h]»m’
and
Q. = H[Ejyx,ujw].
€T

Let b, and r, denote the vector of coordinate centers and coordinate radii of @,.

6. Expand the local polynomial as

Pay(v) = folb) = 3 bra ( - b)

r
a T

For h > 0, define the centered factorial lift
~ (h (V)

. _ h—t t
Uh(sz)_z;<t>(_Z) mt

t=

7. Define the clipping scale

the unprojected cell estimate

Zm = fe(bx) + be,a H %Wa

r

and the clipped cell estimate
TY =T ) —ai/a8,, f. (b ar/35,) (Za):

8. Define the randomized projected aggregate by

d
V= (Z Ti]F) :
rx=1
The all-data Rao—Blackwellized estimator is
VIE :E[f/ | 01,...,04 :

n,

where the conditional expectation integrates only the auxiliary Poisson count M and marks
By,...,Buy.
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The all-data estimator 177;]5 uses the auxiliary Poisson count M and random split only inside
a Rao—Blackwellization. Conditional on the observed sample, the final object is a deterministic
measurable estimator. The centered factorial lift in the construction gives unbiased polynomial
terms under the Poissonized evaluation counts, while clipping and final projection keep the
aggregate on the value scale.

Definition 13. [synth_3] (Fixed-law squared risk) For an estimator V based on Os,...,0y
and an observed law P € ngf, define

Riskp(V, ¥) := Epon [{f/(ol, O — \1/(1@)}1 ,

where P€™ denotes the law of n independent observations each distributed as P.

The first risk statement is uniform over the observed model class with fixed overlap. It uses
the i.i.d. sampling condition from Assumption 1 and the observed-law value from Definition 4.

Theorem 1. [thm: jackson-factorial-upper| (Jackson factorial risk bound) Assume the sam-
pling condition in Assumption 1: for every alphabet size d, sample size n, and observed finite
law P, the sample law is the canonical i.1.d. product law generated by P.

Then there exist tuning constants Hy > 0, k € (0,1), and an integer cutoff Do > 2 such that
the Jackson factorial estimator 177;]5 of Algorithm 1 satisfies the following guarantee whenever:

(Overlap.) The overlap constant € satisfies 0 < € < 1/2.

(Sample size.) The sample size satisfies n > 1.

(Alphabet size.) The alphabet size satisfies d > 2.

e (Observed model.) The observed law P belongs to Dg}f as in Definition 3.

For every such e, there is a constant C. > 0 such that, for every such n,d, and PP,

~ d
. JF < . .
Riskp (and, \Il) < Cemin {1, Toaled) log(ed)}

Here U(P) is the observed-law optimal-regression value of Definition /.

Theorem 1 gives the estimator side of the minimax rate. For each fixed overlap constant,
the constant C, controls the entire model class and all finite n,d. The logarithmic denominator
comes from approximating the cellwise maximum by a logarithmic-degree polynomial and then
estimating the resulting polynomial coefficients through factorial moments.

The converse starts from a normalized two-sample L; problem. Let Ay denote the d-point
probability simplex, and let P and Q be two simplex points. The following embedding places
this distance problem inside the equal-propensity slice of the observed model.

Definition 14. [def:11-embedding] (L; embedding (P,Q)) For (P,Q) € A2 define the
observed atom masses
P
Q11,2 = 400,z = Zx, q10,c = Q01,2 = %7 x € [d].

Complete the observed law by taking the potential outcomes to be conditionally independent
Bernoulli variables, setting the treatment propensity equal to 1/2, and imposing consistency.

12



Definition 15. [synth_7] (Fixed-sample two-sample L minimax risk) Let (Z;, W;)I; be inde-
pendent paired observations with Z; ~ P, W; ~ Q, and (P, Q) € A?i. The normalized two-sample
L1 minimax mean-squared error is

~ 2
MY i=inf s Bpq|{D((Z W)L~ P -QlL} |.
D (P,Q)eA2

where the infimum is over all measurable real-valued functions of the paired sample.

Definition 16. [synth_6] (Equal-propensity normalized L; embedding) For (P,Q) € A2,
L1Emb(P, Q) is the full-data law on (X, A,Y,Y(0),Y (1)) with covariate mass p, = (Py+Qz)/2,
treatment propensity m, = 1/2, outcome regressions p1, = Py /(Pp+Qy) and por = Qx/(Po+Qz)
on cells with Py + Q. > 0, conditionally independent Bernoulli potential outcomes with these
means, treatment drawn independently of the potential outcomes given X, and observed outcome
Y =Y (A). Equivalently, its observed margin has cell masses g1,z = qooz = Pr/4 and g0z =
Q01,2 = Qz/4, with a consistency-compatible completion.

Under this embedding, the observed optimal value is an affine transform of the L; distance.
The reduction is stated as an exact product-kernel comparison, in the standard experiment-
comparison sense of Le Cam [1986] and Tsybakov [2009].

Proposition 3. [prop:equal-propensity-li-reduction| (Equal-propensity L1 reduction)
Let n,d € N, let € € R, let Py be an observed law on [d] x {0,1}2, and let p, be a law on n
observed triples. Suppose that:

e (Sampling.) The law u, is the n-fold product law generated by Py, as in Assumption 1.
o (Alphabet size.) 2 < d.
e (Overlap range.) 0 < e < 1/2.

Then, for every pair (P, Q) € Az, let

P = Obs{L1Emb(P, Q)},

where Obs is the observed margin from Definition 2 and L1Emb is the Li embedding from
Definition 16. The law P belongs to ngj in the sense of Definition 3, and, for every x € [d],

Pt Qs
Pz B .
Moreover, whenever p; > 0,
1
Ty = 57

and the observed-law optimal-regression value from Definition 4 satisfies

1
W) =5+ D> [Pe—Qal.
z€[d]

N |

Finally, the explicit fixed-n product Markov kernel obtained by applying the single-observation
L1 embedding kernel independently across the n coordinates transforms the fized paired-sample
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law generated by (P, Q) ezactly into the product law P®". Consequently, for the fized-sample
minimazx squared risk in Definition 5,

1
E mﬁ}d < 9{n,d,a

where %ﬁld 18 the normalized two-sample L1 minimax mean-squared risk.

Proposition 3 gives a concrete subexperiment inside the causal-value problem. On this
subexperiment, estimating ¥ is exactly as hard as estimating a normalized L; distance up to
the displayed factor. The Markov-kernel clause makes the comparison fixed-sample and preserves
the product sampling structure.

The all-regime lower bound combines this reduction with the moment-matching lower-bound
machinery for absolute-value and L; functionals in Cai and Low [2011, Lemma 1 and Section
3.1] and Jiao et al. [2018, Theorem 3 and equation (24)].

Theorem 2. [thm:all-estimator-lower| (Global minimax lower bound)! Suppose the ob-
served samples satisfy the independent product sampling law in Assumption 1. For every overlap
constant 0 < € < 1/2, there exists a constant cc > 0 such that, for everyn > 1 and d > 2, the
fized-sample minimazx squared risk Ry, 4. in Definition 5 satisfies

d
eming 1, ——— » <R, 4.
‘ m‘“{ nlog(ed>} -

The constant ¢, depends only on the overlap level. Theorem 2 supplies the information-
theoretic scale matched by the Jackson factorial construction: the same expression d/{nlog(ed)},
truncated at one, governs the worst-case squared risk over the observed model.

Putting the upper and lower inequalities together gives the finite-sample minimax rate. The
statement also records the causal-completion equivalence supplied by the observed-margin bridge
in Propositions 1 and 2.

Theorem 3. [thm:matched-minimax-frontier| (Matched minimax frontier)?> There are uni-

versal tuning constants Hy > 0, 0 < k < 1, and an integer cutoff Dy > 2 for the Jackson
factorial estimator such that the following holds. For every fized overlap constant € € (0,1/2),
there are real constants c. and C. with

0<e <C..

For everyn > 1 and d > 2, with Lq = log(ed) and with R,, 4. denoting the fized-sample observed
minimax squared risk in Definition 5,

d ~ 2 d
cﬁmin{l,} <Rpae < sup EP@n[(Vrgg—‘Il(P)> ] < Cﬁmin{l,}.
nLd Peng{s ’ nLd

Moreover, the fized-sample minimaz squared risk over the full-data causal completion class Py,
is exactly Ry, g for the same n, d, and €.

!Formalization scope. This result uses the published conclusion [Cai and Low, 2011] (Lemma 1 and Section
3.1) and [Jiao et al., 2018] (Theorem 3, equation (24), and its Poissonized lower-bound proof). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.
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Theorem 3 characterizes the finite-sample minimax order for the observed-law and causal-
completion formulations. The upper inequality is attained by the explicit estimator in Algo-
rithm 1; the lower inequality inherits the L; approximation and moment-matching ingredients
of Cai and Low [2011] and Jiao et al. [2018]. The equality for the causal completion class means
that the observed-data risk law is also the risk law for the causal optimal-treatment value.

For asymptotic interpretation, it is useful to name the causal minimax risk directly.

Definition 17. [synth_4]| (Causal minimax risk) Forn > 1, d > 2, and 0 < € < 1/2, write
Obs(P)®™ for the law of n independent observations each distributed as the observed margin
Obs(P), and define the observed-sample causal minimaz squared risk by

- 2
m%?g,seal = lI}f sup EObS(P)®" |:{V(01’ SRR On) - V*(P)} :| ’
V P€Pg.

where the infimum is over all measurable maps from ([d] x {0,1})" to R.

The final result translates the finite-sample rate into growth conditions for a sequence of
alphabet sizes. Its lower side uses the same published L; lower-bound ingredients cited above,
and its upper side uses the Jackson factorial estimator with the universal tuning constants from
Theorem 3.

Theorem 4. [thm:consistency-and-parametric-boundaries| (Consistency and parametric
boundaries)® For every overlap constant e with 0 < € < 1/2, and for every alphabet-size sequence
de = (dn)n>1 satisfying dn, > 2 for all n, the following equivalences hold:

e (Observed consistency.) The fized-sample minimazx squared risk Ry, 4,  of Definition 5
satisfies
%mdme —0

if and only if
d,, = o{nlog(en)}.

e (Causal consistency.) The causal minimaz squared risk over Pg, ¢ satisfies

mcausal

n,dp, ,€ >0

if and only if
d, = o{nlog(en)}.

e (Observed parametric boundary.) The observed minimaz risk sequence has the para-
metric n~! rate, meaning that there exist constants ¢,C with 0 < ¢ < C such that, for all

sufficiently large n,

c C
- < 9;{n,dn,e < )
n n

if and only if the alphabet-size sequence is uniformly bounded asymptotically, meaning

d, = O(1).

*Formalization scope. This result uses the published conclusion [Cai and Low, 2011] (Lemma 1 and Section
3.1) and [Jiao et al., 2018] (Theorem 3, equation (24), and its Poissonized lower-bound proof). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.
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e (Causal parametric boundary.) The causal minimaz risk sequence has the paramet-
ric n=1 rate, meaning that there exist constants c,C with 0 < ¢ < C such that, for all

sufficiently large n,

< mcausal < g

n,dn, 6 — )

C
n n

if and only if d, = O(1).
Theorem 4 gives the operational phase diagram. Uniform consistency corresponds exactly
to alphabet growth below nlog(en). The parametric n~! risk scale corresponds exactly to

asymptotically bounded alphabet size, for both the observed-law target and the causal optimal-
treatment value.

5 Discussion and limitations

The main results give a uniform mean-squared-error scale for the observed-law optimal value over
the fixed-overlap model. This section translates that rate into several modeling consequences
for categorical adjustment, records the comparison with the predecessor analysis on the same
formal class, and isolates the sharp-constant question suggested by the matched upper and lower
bounds.

Proposition 4. [prop:parent-reduction] (Parent minimax reduction)* There exist tuning
constants Hy > 0, k € (0,1), and an integer cutoff Do > 2, used by the Jackson factorial
estimator in Algorithm 1, such that:

e (Matched frontier.) For every overlap parameter e € (0,1/2), there are constants ¢ and
C with 0 < ¢ < C such that, for everyn > 1 and d > 2,
d d d
cmin | 1, £ 4+ —— 3 < Ryge < C—.
n  nlog(en) w n
e (Bounded alphabets.) For every n, every 2 < d < Dy, every overlap parameter €, and
every observed sample, the Jackson factorial estimator in Algorithm 1 equals the empirical-

ratio estimator in Definition 10:
7JF _ {7ER
Vn,d - Vn,d .

e (Bounded-alphabet sequences.) For every overlap parameter € € (0,1/2) and every
sequence dy, with dy, > 2 for all n and d,, < dmax for some finite dmax, there are constants
c and C with 0 < ¢ < C such that, for all sufficiently large n,

C

Cc
—< mn,dn,e < —.
n n

3Formalization scope. This result uses the published conclusion [Cai and Low, 2011] (Lemma 1 and Section
3.1) and [Jiao et al., 2018] (Theorem 3, equation (24), and its Poissonized lower-bound proof). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.

“Formalization scope. This result uses the published conclusion [Cai and Low, 2011] (Lemma 1 and Section
3.1) and [Jiao et al., 2018] (Theorem 3, equation (24), and its Poissonized lower-bound proof). The cited source
proof is not formalized here: Lean verifies its use and all remaining steps. If that cited conclusion is false, the
portions of this result that depend on it are not certified.
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Proposition 4 places the matched-rate analysis on the same observed model class and target
used by the earlier bracket. Its first clause is labelled Matched frontier because it is a consequence
of the matched frontier, and not because the two displayed bounds meet: the lower expression
Vd/n+d/{nlog(en)} and the upper expression C'd/n are the predecessor’s nonmatching bracket,
which Theorem 3 implies and strictly sharpens. The clause is recorded here so that the earlier
bracket can be read off the present theorem on the same formal class; the sharp comparison
is Theorem 3 alone. The second clause explains how the constructed estimator is anchored at
small alphabets, and the third clause records the fixed-dimensional parametric consequence in
sequence form. The external ingredients are the classical moment-matching approximation to |¢|
in Cai and Low [2011, Lemma 1 and Section 3.1] and the two-sample L; lower-bound mechanism
in Jiao et al. [2018, Theorem 3, equation (24)].

The statistical message is that, once fixed overlap is imposed, alphabet growth is what deter-
mines the nonparametric difficulty. Exact treatment-effect ties create the local nonsmoothness
of the cellwise maximum, and the Jackson factorial construction in Algorithm 1 smooths that
nonsmoothness at the logarithmic degree dictated by the alphabet scale. Unequal propensities
enter through the overlap-stabilized representation in Definition 8: fixed overlap keeps the ob-
served arm masses comparable enough for the same rate calculation, while the constants may
depend on the overlap parameter.

Null cells and boundary outcome means are handled inside the model and estimator defini-
tions themselves. The observed model class in Definition 3 permits zero covariate-cell mass, and
the empirical-ratio estimator in Definition 10 fixes the zero-over-zero convention used by the
bounded-alphabet branch. At the boundary of the binary outcome space, the global extension
in Definition 8 keeps the cell contribution defined on the nonnegative orthant, so the same risk
statement covers outcome means equal to zero or one.

For bounded alphabets, Proposition 4 gives the usual n~! minimax scale after a finite burn-in
along the sequence. This confirms that the logarithmic approximation gain is a growing-alphabet
phenomenon: when the covariate alphabet is uniformly bounded, the optimal-value problem has
the same squared-risk order as an ordinary finite-dimensional regular estimation problem, with
constants depending on the alphabet bound and overlap.

5.1 Limitations and future work

The established domain is deliberately narrow. Every result in this paper is proved for a binary
treatment, a binary outcome, a finite covariate alphabet, and a fixed overlap constant e €
(0,1/2), with the comparison constants ¢, and C. depending on ¢; the target is a scalar and
the loss is squared error; and the number of treatment arms is two and does not grow. Four
directions therefore sit outside the present theorems. Overlap that vanishes with the sample
size changes the effective per-cell information and is not covered by constants indexed by a fixed
€. A growing number of treatment arms replaces the two-arm maximum by a maximum over
a growing set, which changes the approximation problem the Jackson degree is calibrated to.
Continuous or unbounded outcomes, and continuous covariates, leave the finite four-atom cell
representation on which the estimator and the embedding are built. Finally, the paper gives a
point estimator and a squared-risk frontier; uniform confidence procedures for the optimal value
under the same growing-alphabet asymptotics are a separate question, and the nonregularity at
treatment-effect ties is what makes it a hard one.

The matched comparison constants leave open an exact efficiency calculation for nonsatu-
rated growing alphabets. The natural normalization is determined by the d/{nlog(ed)} term
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in Theorem 3; an exact constant would identify the efficiency price of estimating the cellwise
maximum under unknown observational treatment imbalance.

Definition 18. [def:constant-handle] (Constant route J£°") The route H.°"" rescales the
pilot-local four-cell rectangles by their Poisson noise geometry, optimizes the tensor-polynomial
bias—variance functional for f., and dualizes the approximation constraint into moment-matched
observed laws in Dgf’: for the target W(P).

Definition 18 names the analytic route suggested by the upper-bound construction and the
lower-bound duality. It combines the local Poisson geometry used by the Jackson factorial
estimator with the approximation problem for f., the globally defined cell contribution from
Definition 8. This route is the candidate mechanism for moving from comparison constants to
a sharp overlap-dependent constant.

Remark 1. [oeq:sharp-overlap-constant| (Sharp overlap constant) A natural next question
1s whether, along each nonsaturated sequence with d — co and

d

—F— =0
nlog(ed) -

the normalized risk
nlog(ed)

d

converges to a finite positive limit, and whether an estimator attaining that limit can be derived
through 1St

ERn,d,s

Remark 1 states the resulting open question. The nonsaturated condition keeps the risk on
the vanishing side of the consistency boundary in Theorem 4, and the normalization matches
the leading growing-alphabet term in Theorem 3. A positive answer would refine the present
minimax rate into an exact asymptotic constant for fixed overlap.

Appendices

A Analytic ingredients for the upper bound

The upper bound in Theorem 1 rests on two local analytic devices. The first is a Jackson
polynomial certificate for the globally defined cell contribution f, from Definition 8, localized to
the pilot rectangle @, constructed in Algorithm 1. The second is a centered Poisson factorial lift
that turns the local polynomial into a cell statistic whose bias and variance remain controlled
at the cell mass scale.

We begin with the approximation component. The construction uses the four outcome-
arm coordinate set J and smooths a bounded continuous function on the normalized cube by
the tensor product of the order-four Jackson kernel in Definition 12. The following coefficient
envelope records the degree and one-norm control needed when the smoothed polynomial is later
evaluated by factorial moments.

Lemma 1. [lem:tensor-jackson-coefficient-envelope] (Tensor Jackson coefficient enve-
lope) With the Jackson kernel notation of Definition 12, assume:

e (Order.) K > 1 is an integer.
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e (Function.) f is continuous on the normalized cube [—1,1], where J is the four arm-
outcome coordinate set.

e (Envelope.) B >0 and |f(z)| < B for every z € [-1,1]7

Then there exists a polynomial R in the four normalized coordinates such that, for every angle
vector ¢ : J — R,

R(cosgo):/[_ f{eos(p — 7 }HJK ) d

Here cosine is applied coordinatewise. Moreover, every multi-index 5 € supp(R) satisfies
B <2(K —1) for everyw € J,
the total degree of R is at most 8(K — 1), and its coefficient one-norm satisfies

Z |R5’ < 24OK+2OB.
Besupp(R)

Proof of Lemma 1. Write
T := [-m, 7], Ni :=2(K — 1),

and define the tensor convolution

o) | ento o T e

JET

For the positive order K in the lemma, write Jx = cx G, where

sin(Kt/2))* -
{ sin(t/2) } . sin(t/2) £ 0,

K*, sin(t/2) = 0,

Gr(t) =

with the removable values filled continuously, and set

o ([ ouna) "

Then Gg(t) > 0 for every ¢, and Gg(0) = K* > 0, so [T Gk(t)dt > 0 and cx > 0. Thus
Jrg > 0 and

/ Jet)dt =cx | Gr(t)dt = 1.

—Tr —T

Fubini’s theorem for the nonnegative continuous tensor product then gives

1 7x() =0, / I 7« () dr =1.
T VRN
Continuity of f on the normalized cube and continuity of the coordinatewise cosine map give

the integrability needed for the displayed convolutions and for the linearity identities below.
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1. First construct the polynomial representation. The Jackson frequency bound follows from
the Chebyshev form of the raw kernel. If Ux_; denotes the Chebyshev polynomial of the
second kind, then

Gr(s) = {Ur-1(cos(s/2))}".

Since U _1(—0) = (—1)%~'Uk _1(p), the fourth power is an even polynomial in o. Hence
there is a polynomial Q" of degree at most 2(K — 1) = Nk such that

{Uk-1(0)}' = QR (0*).

Using cos?(s/2) = (1 + cos s)/2, this gives
Gk (s) = QF{(1 + cos s)/2}.

Multiplication by the constant cx preserves the frequency bound, and a polynomial of
degree at most Nk in coss is a trigonometric polynomial with frequencies at most Ng.
Thus there are real coefficient sequences XKor and Xsm 0 <r < Nk, such that

Z{X}’?Sr cos(rs) + XK | sin(rs)}.

Fix all coordinates except wg € J. For an angle vector n: 7 — R and ¢t € R, write

t, w = wo,
(nwo A t)w =

Nw, W 7éw0-
Set, for ¢ € T 7,

WWOvn(w) = f(COSI/)) H JK(nw - de)
weI\{wo}

The period-box translation ¢ = (n,, - t) — 7, with the box understood modulo the
common 27-period in each coordinate, gives

(Ticf)(y 1) = / Feos) TT Tl  Oho—thuk dio = | Wosyn(W0) i (=) .

weJ Ty

The translation is valid because the displayed integrand is continuous and is 27-periodic
in each coordinate; the periodicity follows from the cosine term and the trigonometric-
polynomial representation of Jg. Define

=nr = [ W05 conrin) = X3 sin(rv)}

=20 = [ W9 S00n) 5 X con(r4)

Substituting the finite expansion of Jg (t — 1), ), using the angle-subtraction identities for
sine and cosine, and integrating the finite sum term by term gives

(T f) (N < t) Z{HZ%SH - cos(rt) + :Z‘g‘n ,sin(rt)}.
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Thus each one-coordinate section is a trigonometric polynomial of frequency at most Ng.
The same section is even in that coordinate: reflecting the integration variable 7,,, — —7.,
preserves T 7, the kernel is even, and cosine is even. Therefore the sine part cancels.
Interpolating the resulting even trigonometric polynomial in one cosine coordinate at the
nodes )
o J

gj Ng +1 ’
and repeating this coordinate by coordinate gives a polynomial R in the four variables
such that

¢; = arccos(&;), j=0,...,Ng,

R(cosp) = (Ixf)(¢) forevery ¢ : J — R.

The interpolation basis has degree at most N in the coordinate being added, while the
induction hypothesis controls the other coordinates. Hence, for every § € supp(R),

B < Ng =2(K —1) foreveryw € J,

and
deg(R) < 4Nk =8(K —1).

. The convolution is bounded by the same envelope B. Since |f(z)| < B on the normalized
cube,
B=f(z)20, B+f(z)>0 (z€[-1,1Y).

Kernel nonnegativity gives

(Te(B =) 20, (Tx(B+[))p) =0

By linearity of the integral and the unit-mass identity,

(Tx(B=)(p) =B = (Txf)(w),  (T(B+[))(w) =B+ (ITxf))

Therefore
B (kNP B, TkH@ISB (9:T >R).

. This angle-space bound transfers to the whole normalized cube. For any z € [~1,1]7, take

¢z (w) := arccos(zy), weJ,

so that cos(y.), = z,. The representation from the first step and the bound from the
second step give

[R(2)| = [R(cos p2)| = (T f)(¢z)| < B.

. It remains to bound the coefficient one-norm. The coefficient estimate used here is the
following. Let S be a polynomial in dq;, normalized variables, each coordinate degree at
most Ng, and suppose

‘S(y)‘ S BEDV (y € [_17 1]6dim)7 Benv Z 0.

Then
YIS < 2Nk + 1)V Y B,
pEsupp(S)
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For one variable, if s has degree at most Nx and |s(z)| < C on [—1,1], then s(cost) is an
even trigonometric polynomial,

N
s(cost) = Z a, cos(rt).
r=0

Orthogonality on [—m, 7] gives
la,| < 2C (0 <r < Ng).
Since cos(rt) = T, (cost) and the Chebyshev coefficient one-norm satisfies
ITr[l2 <37,
the polynomial identity s(z) = Zi\f:}{o a, T, (x) yields

Nk
Isllt < " larl 17511 < 2(Ng + 1)38%C.
r=0

For the multivariate estimate, write

Nk

S(l‘o, y) = Z Sr(y)l{)'

r=0
For each fixed y € [—1,1]%im, the preceding one-dimensional bound gives
‘ST(y)| < Q(NK + 1)3NKBenv'

Applying the induction hypothesis to each coefficient polynomial s, and summing over
r=20,..., Nk gives

N
IS =" llselli < (Nic + D){2(N + 1)23V% }oaim {9( Ny + 1)3V5 Begy },
r=0
which is exactly

Sl1 < {2(Ng + 1)23Nr Yoamtip o

The case dg;m = 0 is the constant-polynomial case and follows directly from the displayed
uniform bound.

. Apply this coefficient estimate to S = R, dgim = 4, and Bepy = B. With Ng = 2(K — 1),

> [Rsl < {2(Nk +1)*3Vx}B.
Besupp(R)

The elementary bound
NK 4 1 S 2NK+1

and 3V < 4Nk imply

2(Ng + 1)23NK < 2{2NK+1}24NK — oANK+3
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Consequently

Since N = 2(K —1) and K > 1,
4(ANg +3) =32(K — 1) + 12 < 40K + 20.
Because the base 2 is at least 1 and B > 0,

Z ‘Rﬂ| < 240K+20B.
Besupp(R)

Together with the representation, coordinate-support bound, and total-degree bound
proved above, this is the asserted polynomial R.

O]

The envelope in Lemma 1 is deliberately expressed in normalized coordinates. After an affine
change of variables from the pilot rectangle to [—1, 1], it gives a physical polynomial P, i while
preserving a centered expansion around b,, the rectangle center from Definition 12.

Lemma 2. [lem: jackson-tensor-extraction] (Jackson tensor extraction) Using the overlap-
parameter notation of Assumption 4, let € € R, let K be an integer, and let Q, = ngjwma Uz
be a four-coordinate rectangle with

SRS T,
Assume:

e (Degree.) K > 2.

e (Lower endpoints.) {,, > 0 for every 3 € J.

e (Overlap parameter.) € > 0.

e (Radii.) r,, > 0 for every y € J.

Then there exist a polynomial P, i in the four physical coordinates and a polynomial Ry i in
the four normalized coordinates such that:

e (Physical degree.) Every coordinate degree of Py i is at most 2(K — 1).

e (Normalized degree.) Every 3 € supp(Ry k) satisfies B, < 2(K—1) for every coordinate
weJ.

e (Centered evaluation.) For every four-coordinate vector v,

Pr g (v) = fe(be) = Rk <{U"_b“’} ) .
Tz Jjeg

Here f. is the globally defined cellwise mazimum contribution from Definition 8.
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e (Jackson convolution.) For every angle vector 9 : J — R,

Pric ({bga + 7y c08(9))} e )

equals the order-K tensor Jackson convolution from Definition 12 of f. precomposed with
the affine parametrization of Q., evaluated at V.

e (Coefficient envelope.)
ST I(Raw)sl <2900+ 0y

Besupp(Ra, k) €T

Proof of Lemma 2. 1. Define
Box, = {y € RY : |y, — b, .| <7, for every y€ J}, Cubey = [-1,1]7,

and
aff2(¢); = by + 752G, QS R7.

If y € Box,, then

b+ u Uy g — ¥
Yy =2 by —1ye = = 2 - MQ N:ENZO (ye ),

and b, € Box,, since each r;, > 0.

For nonnegative four-coordinate vectors u, w, put

d7(u,w) = Z |u; —w,).

€T
For each arm a € {0, 1}, Definition 8 gives
0, s(u) =0,

Ga,e(u) = s(u)ugr

max{sy(u),es(u)}’

Moreover
0 < ga,e(u) < s(u),

because uq1 < sq(u) < max{s,(u),es(u)} when s(u) > 0, and the zero-mass value is 0. If
s(u) = 0, nonnegativity gives u = 0, hence

|9a.e (1) = Gae(w)] = gae(w) < s(w) =87 (u,w) < (1+€ 1)az(u,w).

The case s(w) = 0 is symmetric.

Assume now that s(u) > 0 and s(w) > 0. The elementary bounds
|s(u) = s(w)] < o7 (w,w),  |ua1r — war| <07 (u, w),

and
|sa(u) — sa(w)] < |tao — Wao| + |ta1 — wa1| < 07 (u, w)
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will be used throughout. If

Sa(u) < es(u), Sq(w) < es(w),
then u w

Jae(u) = ?alv Gae(w) = :17

|9a,e(1) = gae(w)] < €07 (u,w) < (1+€ )7 (u, w)

If

es(u) < sq(u), es(w) < sq(w),
then Ut Wi

Ga,e(u) = s(u) ) Ja,c(w) = S(w)sa(w)'

Sq(u)’
Since 0 < wq1/5q(w) < 1 and s(u)/sq(u) < e~ L, while

Uql B Wal |ua1 - wa1| + |ua0 - wa0|
sa(u)  sq(w)| — Sq(u) ’
we obtain
Ual Wal
_ < _ _tal  %al
g 0) = g c(0)] < [s(a) = )] + s | 22— e
< 0 (u,w) + € 7 (u,w) = (1+€ )dg(u,w).
If
Sa(u) < es(u), es(w) < sq(w),
then
Ug] — Wal Wa1 Sa(w) — es(w)

ga,e(u) - ga,e(w) = € sa(w) €

The second summand is nonnegative, giving

ga,e(u) - ga,e(w) > —671(5‘7(114, w).

For the upper bound, 0 < wg1/s.(w) <1 and

0 < sa(w) — es(w) < {sa(w) — sa(w)} — efs(w) — s(w)},

% Ugl — Wa1 + Sq(w) — sq(u) — e{s(w) — s(u)}
€M (wao — ua0) — {s(w) — s(u)}

< (1+eNH5s(u,w).

ga,e(u) - ga,e(w) <

The remaining mixed case,

es(u) < sq(u), sq(w) < es(w),
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is analogous. Here

Ugl — Wal Ul Sa(u) — €es(u)

ga,e(u) - ga,e(w) - B - sa(u) B

The subtracted summand is nonnegative, hence
Jae(1) = gae(w) < € o7 (u, w).
Also 0 < wg1/sq(u) <1 and
0 < sa(u) —es(u) < {sa(u) = sa(w)} — e{s(u) - s(w)},
which yields
Ual = Wa1 — Sa(t) + sa(w) + e{s(u) — s(w)}

vV

ga,e(u) - ga,é(w) = .

= 6_1(waO — Uqo) + {s(u) — s(w)}
> —(1+ e Hog(u,w).
Thus, for both arms,
|a,e () = gae(w)| < (1+ € o (u, w).
Since

| max{po, p1} — max{og,01}| < max |p, — 7al,
ac{0,1}

Definition 8 gives - -
|[fe(u) = fe(w)] < (1 + € o (u, w).
Consequently f. is continuous on Box,, and for every y € Box,,
[fe(y) = fe(be)| < (1 + 6_1) Z Yy —byal < (1 + 6_1) Z Ty
ed €T

Set
Se=1+e")) 1.

€T

. Define the centered pullback on the normalized cube by

XI(C) = fﬁ(aﬁx(g)) - fﬁ(bx)a QIS CUbeJ'

The affine map sends Cubes into Box,, so x; is continuous and

‘X$<<)| <S5 (C S CubeJ).

Since K > 2, we have K > 1. Applying Lemma 1 to x, with envelope B = S, gives a
polynomial R, g in the normalized coordinates such that

Rk (cos?) = / ; Xe{cos(®@ — )} [[ Ix(r)dr  (9:T - R),

[—m,7] eT
B < 2(K —1) for every 5 € supp(Rs k) and w € 7,

and

Z ‘(Rm,K)B‘ < 240K+ZOS$.
Besupp(Ra, k)
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3. Substitute normalized coordinates into physical coordinates. Since every r,, > 0, there is
a polynomial Pg x in the four physical coordinates satisfying

b,
PxO,K(U) =Ry Kk <{vj L } ) (v e RY),
Ty T

and every coordinate degree of P, is at most 2(K — 1). Define

Py (v) = PP g (v) + fe(ba).

Adding a constant preserves the coordinate-degree bound, and therefore

Py (v) = fe(be) = Ra ({vjr_jb”} j) (v eRY).

x

4. For an angle vector 9 : J — R,

{ by a4+ 1)5cos(V,) —

Ty

by
= } = {Cos(ﬂj)}]EJ'
€T

Thus

Py i (by + 1y ©®cost) = Ry g(cos V) + fe(bz).

Using the convolution identity for R,

Pysc(bs + 1 © cos ) :/ Jelba e @ cos(9 = 1) = Ju(02)} [] Jiclry)dr

[_Wvﬂ} €T

+ fe(bz).

The integrands are continuous on the compact period box, and the tensor Jackson kernel

has unit mass,
/ HJK(TJ)dT:L
[_Wvﬂ—}

J
€T

Therefore the constant centered term integrates exactly to the value added back:

L Uttt 0 cos(v =) = o) T )+ e

€T

_/[_ Y ﬂ(bm+rm®COS(19—T))HJK(T])dT—fe(bz)/[_ ]JHJK(TJ)dTJFfE(bw)

1€ET I€ET

- /[ . fe(by + 1z ® cos(V9 — 7)) H JK (1)) dr.

€T

Thus

P, k(b + 1y ®cost) = / fe(by + 712 ® cos(V — 7)) H JK (1)) dT.
(=] €T
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For each coordinate, Jx(—t) = Jk(t): both sine factors in its defining ratio change sign,
and the ratio is raised to the fourth power. The coordinatewise substitution t = —7 pre-
serves [—7, 7]7 and Lebesgue measure, and therefore changes cos(¥ —7) to cos(9+t) while
leaving the product kernel unchanged. The last display is consequently the order- K tensor
Jackson convolution in Definition 12 of f. precomposed with the affine parametrization of
Q., evaluated at ¢.

5. Substituting the definition of S, into the coefficient estimate gives

Z |(R93,K),6’| < 24OK+20(1 + 6_1) ZTJ,:B'

pesupp(Ry, k) €T

The constructed P, g and R, kg have the asserted physical degree, normalized degree,
centered-evaluation identity, Jackson-convolution identity, and coefficient envelope.
O

The extraction step supplies the polynomial used by the estimator, and its centered form is
the one matched to the factorial lift below. The dependence on ) ,Ts2 1s the local scale that
later becomes the Poisson noise scale after the pilot rectangle is chosen from the data.

For reference, we also isolate the tensor convolution operator used in these statements. This
notation matches the product-kernel approximation scheme standard in Jackson-type polynomial
approximation [DeVore and Lorentz, 1993].

Definition 19. [synth_20] (Tensor Jackson convolution operator Jx) For a positive integer K,
let Ji(t) = ci{sin(Kt/2)/sin(t/2)}* on [—m, 7], with the removable values filled in continuously
and with cx chosen so that ffﬂ Ji(t)dt = 1. For a finite coordinate dimension D and a function
f:RP = R, the order-K tensor Jackson convolution is the operator Jx defined, for § € RP, by

(Tich)(eost) = |

[_ﬂ—vﬂ—}

D
_ feos(0+ 1)} I 7« ) dt,
=1

where cosine and addition are coordinatewise. Fquivalently, the product kernel Hizl JK (i) is

normalized to have integral one over [—m,7|P.

The approximation error is controlled through a weighted modulus along angular perturba-
tions. The square-root boundary term in the main certificate comes from converting angular
increments back to physical coordinates on a rectangle.

Lemma 3. [lem: jackson-convolution-modulus| (Tensor Jackson modulus) Let D be a finite
coordinate dimension, let K be a positive integer, and let f : RP — R. Let L > 0, let a; > 0
and b; > 0 for each i € [D], and fix an angle vector ¢ € RP. Suppose:

e (Kernel.) The order-K tensor Jackson convolution is formed from the order-four Jackson
kernel in Definition 12.

e (Continuity.) The function f is continuous on the normalized cube [—1,1]7.

o (Weighted increment modulus.) For every shift T € RP,

D
| f{cos(p — 1)} = flcos )| < LY (ailmi| + bir?)

i=1

where cosine is applied coordinatewise.
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Then

D
(e eosi) — fleosil < LY (e 4 ).

Proof of Lemma 3. 1. Let
D
Bp=[-na? and &) =[]Ix(n), 7eBp.
i=1

For the positive integer K in the statement, Jx is the normalized order-four Jackson
factor on [—m, 7], with removable values filled continuously. The raw fourth-power factor
is nonnegative and has positive integral, so its normalized version satisfies Jx(p) > 0 for
every p € [—m,m]. The tensor product kernel is normalized to have unit mass:

D ™
£ (7) 2 0, / €2y dr =] | Jx(p)dp=1.
Bp

=177

The convolution is written in the shifted-variable form
Theosg) = [ fleoste =1} ()
D

When D = 0, the product is the empty product and the sums below are empty sums,
so these identities keep their displayed values. Continuity of f on the normalized cube,
coordinatewise continuity of cosine, and compactness of Bp give the integrability used
below.

2. The preceding unit-mass identity gives

(T f)(cos o) — flcosg) = /% Feos(p — VD (1) dr — f(cos ) / &) (r) dr

Bp

= /% [f{cos(w —7)} — f(cos @)]Eg?)(T) dr.

The subtraction is justified by the compact-domain integrability noted above.

)

3. Taking absolute values, using nonnegativity of e
increment modulus pointwise yields

, and applying the assumed weighted

[(Tk f)(cos @) — f(cos )| < /sB [F{eos(p — 1)} — fleos )| € () dr

D
< / L Z (as|7i| + bi?) ES;?) (1) dr.
Bp =1

4. Distributing the finite sum through the integral gives

D
/ L Z (ai|7'¢| + bﬁf) E&?) (1)dr
Bp

i=1
D
= LZ [ai/ ‘7'7;|E§?)(T) dr + bi/ 7'128%)(7) ClT:| .
i=1 Bp Bp
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D.

For each selected coordinate ¢, product integration and the one-dimensional unit mass give

| 12w = [ 1ol do
Bp -7

and

/ 7260 (r) dr = / p° i (p) dp.
Bp -7
Write the raw kernel and its mass as
K*, sin(p/2) = 0, -

Jic(p) = sin(Kp/2)1* . mKZ/_ T (p) dp,
{Sm<p/2)} , sin(p/2) # 0,

so that J (p) = Ji(p)/mx. Let Uy, denote the Chebyshev polynomial of the second kind.
The removable-value convention and the identity

sin(Kp/2)

Uk—1{cos(p/2)} = sin(p/2)

away from the removable points give

Jic(p) = U —1{cos(p/2)}*.

The square expansion

Uk -1{cos(p/2)}’ =K +2 > (K—1-q)cos{(q+1)p}
q€{0,...,K—2}

follows from the Chebyshev recurrence, with the displayed sum interpreted as an empty
sum when K = 1. Using

/ cos(rp) dp = 0, / cos(rp) cos(sp) dp = {W’ T
—r —T 07 r # S,

for positive integers r, s, one obtains

mic :/ K+2 3 (K—1-qcos{(g+1)p}| dp
- qe{0,....K—2}

=2 K%+ 47 Z (K —1—q)?
q<{0,...,K—2}

=2rK?% 4 %ﬂ(K ~1)KQ2K —1) = %”K(zK? +1).

In particular,
4
mg > ?WK?’ > 0.
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6. The same Chebyshev-square expansion and the vanishing of all positive-frequency cosine

integrals give

s

/7r Uk _1{cos(p/2)}* dp = / K +2 Z (K —1—gq)cos{(q+1)p}| dp =27K.

o o q€{0,...,K—2}
For p € [—m, 7],
p? < m2sin®(p/2).
If sin(p/2) = 0, then p = 0 on this interval and
P Tk (p) < Uk —1{cos(p/2)}*.

If sin(p/2) # 0, put

Uscifeos(p/2)} = "0 00 sclo) =sin(Kp/2),  d(p) =sin(p/2)

Since s (p)? < 1,

? < 71_2 {SK(/)) }2 _ WQUK_l{COS(p/Q)}Z.

After integration and normalization,

™ 1 ™ _
/ngK(p)dp—/ p° Ik (p) dp

—r mg
71.2 g )
< 2 [ Uieafeos(o/2)2 dp
mg J_»
2r°K _ 3m® _ 24 _ 64
= (4n/3)K3  2K2? — K2~ K?’
7. The elementary inequality
0 < (Klp| - 2)*
is equivalent, since K > 0, to
o] < K L1 1
p p i

Multiplying by Jx(p) > 0, integrating, and using the preceding second-moment estimate
together with [ Jg(p) dp = 1, gives

s K ™
/ ol Tk (p) dp < - p*Jx (p) dp / JK(p
Ko 17 _m
T 4K K K~ K



8.

Combining the integral bound from the previous steps with the tensor moment reductions
gives

|(Tx f)(cos @) — flcos )| < LZ [%32 b, ;42 }
=1

B LZ <32a2 64b; > ‘

Here L > 0, a; > 0, and b; > 0 justify multiplying the one-dimensional moment inequalities
and summing them coordinatewise. This is the asserted bound.

O]

Combining the coefficient envelope with the angular modulus gives the single polynomial
certificate used in the upper-bound proof. It applies uniformly to nonnegative rectangles with
positive radii, including the pilot-local rectangles that may meet coordinate faces or the vertex
of the overlap cone.

Lemma 4. [lem:simultaneous-jackson-certificate| (Simultaneous Jackson certificate)
There is a universal constant A > 0 such that, for every overlap parameter € with 0 < e < 1/2,
there is a constant C¢ > 0 with the following property. Let:

e (Degree.) K > 2.

e (Rectangle.) Qu = [[,c7l)0: uya] have )y < uyq, €5 >0, and positive radii

for every y € J.

Let P, i be the tensor Jackson polynomial associated with €, K, and Q. in Definition 12. Then
the same polynomial satisfies all of the following conclusions:

deg,(Prr) < 2(K —1) for every y€ J.

For every v € Q,

Pyc(o) — f(w)] <0 { V=6 =) 7;(2} |

€T

There are a finite multi-index set Ay and coefficients by o such that, for every v,

with

and

PacK( meaH<rjbj7z> Ja

a€A; 1€J v
a, <2(K —1) for every a € A, and every y € J,

Z\bma|<AK1+e Zrﬂ

aEA, €T
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Proof of Lemma 4. Take
A =2%
Fix € € (0,1/2), and set
C.=32(1+¢h).
Let K > 2 and let @, satisfy the displayed hypotheses. Applying Lemma 2 to this rectangle

gives the tensor Jackson polynomial P, x and a normalized centered polynomial R, k. The
same result gives, first,

deg)(Prx) <2(K—-1) (1€ J).
Fix v € Q. Choose a bijection n: J — {1,2, 3,4}, and write

Cw = bnfl(w),zv Pw = Tp=1(w),x> Y = Up=1(w) (UJ =1,..., 4)

Define the normalized point and angle vector by

~ Y — Cw B
2y = , (P = arccos z,.

Pw

Since v € Q, and every radius is positive, z € [~1,1]* and
Uy = b]vx + 75,2 COS Pn(y) (] € \7)

On [—1, 1], set
Fo(w) = fe<{bg,:r + Ta,rwn(a)}gej) :

The lower-endpoint hypothesis gives b, , —r,, = £,, > 0, so the affine image of [—1,1]* lies in
P 7, 7 7

Ri. The global Lipschitz property in Proposition 1 therefore implies that F}, is continuous on

[~1,1]* and that, for all w,w’ € [~1,1]%,

4
|Fo(w) = Fy(w)| < (1+€71) pr‘ww — wy.
w=1

For every shift 7 € R*, the elementary inequality
y

2
: T,
| cos(pw — Tw) — cos pu| < [singy| || + Ew
therefore gives
: P
Fefcos(ip — 7)) — Falcos )| < (L) Y (pulsin gl Irul + 2272)
w=1
Applying Lemma 3 with
L=1+¢", A = Pu|Sin @y, bw:%

yields

32py|sin @y | 4 32Pu
K K2 )’



where the evaluation identity for P,  is the Jackson-convolution identity supplied by Lemma 2.
Finally, for each 5 € 7,

7] sin ‘Pn(j)| = \/(UJ — ) (U — vy),

— b,y 2
(0= £3) g =) =1 {1 (%5 }
Y "”‘77:1:

Reindexing the preceding sum over J and using C. = 32(1 + e~ 1) gives the asserted pointwise
bound.

It remains to record the centered expansion and its coefficient envelope. By Lemma 2, for
every four-coordinate vector v,

K (v) = fe(bs) = Rai ({W}Je) .

Let A, be the image of supp(R; k) under the coordinate reindexing from {1,2,3,4} to J, and
let b; o be the corresponding reindexed coefficient. Then the preceding display becomes

Po() = Fulbe) = 3 b [ (b)

,
€Ay 9T r

because

The normalized coordinate-degree conclusion of Lemma 2 gives
a, <2(K -1) (€ Ay, 7€ T),

and reindexing preserves the coefficient one-norm, so its coefficient envelope gives

Z 1bz.a] < 240K+20 14+e? Zr],

acA; JeT
Since K > 2,
40K + 20 < GOK, 240K+20 < (260)1( _ AK
Combining the last two displays proves the stated coefficient bound. O

Lemma 4 is the analytic bridge between approximation and estimation. The pointwise
bound controls the local bias of P, g on @, while the centered coefficient expansion controls
the moments of the factorial estimator after replacing monomials by centered Poisson factorial
polynomials.

We next record the pilot calculations that make the random rectangles usable. The good-
pilot event is self-normalized: its radius is computed from the observed pilot count itself, so the
event has the same scale in small and large cells.

Lemma 5. [lem:canonical-pilot-bad-moment| (Bad pilot moment bound) Fiz the four-
coordinate set J = {0,1} x {0,1}. Let ¢ = (q;),es have nonnegative coordinates, let m > 0, let
L>1, and let t € {1,2,4}. Suppose the pilot counts (N;),e7 are independent with

N, ~ Pois(mg;,), 1€ J.
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With Hy = 1024, define the normalized aggregate pilot score

T(N)=>" +H0{‘/Z:gqfﬁi}

1€T
H, N!'L L
>0{ +}}
4 mm m

)

’
&_q
m J

and define the self-normalized bad-pilot event

!/

4 _
m J

GC:{HJGJ:'

Then, with Cy, = 1080+

E[T(N')'1¢ge] < Cre™20F

Proof of Lemma 5. 1. For each j € 7, define
1, = Mg, 0, = }Nj' — 7]]‘ , py=+/N,L+ L, o, = 0,+ 1024p,,
and put
Y= Z(Tj.
1€ET
Since m > 0,
N2 ML, L_n
m Y m’ mm m m
Thus 5
I'(N) == €=
(N)==, G {6, > 256p,},
JeT
and hence

E[L(N')1ge] = m_tE[Et1UJEJ{53>256p]}:| :

2. We first record the scalar estimate used in the product step. Let W ~ Pois(A), where
A >0, and define

SAW) =W —Al,  pLW)=VWL+L,  onn(W)=62(W)+1024p(W),

UA,L = VAL + L, BA,L = {5A(W) > 256pL(W)}.
For every real &,
Eexp{é(W — A)} = exp{A(e* =1 = &)}
The Chernoff-Bennett bounds obtained from this identity give, for every (;ay > 0,
Pr{W — A > \/2ACiait + 2Geait} < € 1, Pr{A — W > /2A(a} < e,
With (i = 80L,

Bar, C{W — A > v160AL + 160L} U {A — W > vI60AL}.
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Indeed, on {A < W},

V160AL < 16vVWL,
so the bad-event inequality implies the displayed upper-tail event. On {W < A}, the inequality
A—W > 256(VWL + L)
implies
(A —W)? —160L(A — W) — 160WL > 0,
and therefore (A — W)? > 160A L, which is the displayed lower-tail event. Consequently

Pr(Bar) < 2¢780F,

Next,
VWE < VAL + /oA(W)L < VAL + ‘W;“
and hence
oL (W) < 1536{va 1 + da(W)}.

Since L > 1, vp,r, > 1. Set
1

2UA7L'

AL =

Then [€z,1] <1 and A@Q\ ; < 1/4. The preceding deterministic bound gives

oa,L(W) 1/2 | e (W=A) —&éa,L(W=A)
R e AR NP AL AL .
exp{élo%vA’L} <e [e +e ]

Using the moment-generating identity and |e” — 1 — r| < 72 for |r| < 1,

oa,L(W) 1/2/,1/4 1/4
E —— = 5 < <8.
exp{4096vA7L}_e (e’ +e/%) <8

The elementary exponential domination of powers then yields, for every integer s with 0 < s < 8,
Eop L(W)* <1005 1.

For t € {1,2,4}, define
(e = e oyt
With
Xa (W) =0y (W),

the pointwise Young inequality gives

2 -1
CA7L7tXA,L,t + CA,L,t]‘BA,L
5 .

]-BA,LXA,L,I‘, <

Combining the moment bound with s = 2¢ and the bad-event probability bound,

108t+4 492
674OL,U

E[O’A,L(W)tlgA’L] < 5

AL S 108t+8e*40Lv1§7L‘
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3. Now let Z be a finite coordinate set with |Z| < 4, and let (W,),ez be independent with
W, ~ Pois(A,). Define

o, = ’Wb - AL‘? pe=vVW,.L+L, o, =6, +1024p,,

B, = {6, > 256p,}, Y7 = Zab, B = (Z AL> L+L.

€T LET

If 7 = @, the corresponding integral is zero. Otherwise, since each o, > 0,
<ty ol
LeT
for t € {1,2,4}, and therefore
-1
E[Xf1y, ,8,] <2/ Eloig,].
VET

When ¢ = //, the scalar bound from step 2 gives

Elof1s,] < 108808 (/AL + L)t.

When ¢ # //, independence factors the expectation and the scalar moment and probability
bounds give

t
E[o'1p,] = Eo! Pr(By) < 2. 104+ 0L (\/ALL + L) .

Thus, with
¢ = 108t+8 + 2. 104t+4

BIS5, e, < [Tae 0y (VAL + L)t :

LeT

Cauchy—Schwarz gives

S vazem, ($a)e

€T eT

and hence .
S (VAL+L) <ztizt,
€T

Since |Z] < 4,

2t+1 16(4+1)(t+1) _ 1080(t+1)
IZ| ¢ <10 10 .

Also e 40L < ¢=20L Therefore

t

E[E_’tzlul/esz/] < 1080(254’1)6*2011 (Z AL) L+ L
LeL

4. Apply the preceding product bound with

I=J, A, = mg,.
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The product-Poisson pilot law supplies the displayed coordinate laws and independence, and
|7| = 4. Hence

E Etlujej{5]>256pj}] < 1080(t+1) ,—20L quj Lol
J€T

Combining this estimate with step 1 and using m > 0,

(Z J%)L L
m~! m Zq] L+ L} = L—FE

€T m
Therefore |
(Z q ) L
E[D(N')'1g:] < 10800+0g200 ) (| N9 D) 7 b
m m
Since C; = 1089¢+1)  this is the asserted bound. .

The exponential factor in Lemma 5 is paired with the logarithmic choice Ly = log(ed) from
Algorithm 1. This pairing makes the contribution from bad pilot rectangles summable across
cells at the rate used in Theorem 1.

Definition 20. [synth_12] (Good-pilot event) Fiz a cell z, four-cell mass vector ¢z = (¢;2),e7,
Poisson scale m > 0, alphabet logarithm Ly = log(ed), pilot-radius constant Hy, and pilot counts
(Ny2)seg- Putcye = N, /m and hy . = Ho{+/c)zLa/m~+Lg/m}. The coordinatewise good-pilot
event used for the pilot rectangle is

)

- 4

N/

GJ} = ﬂ {‘ 7j;$ _QJ,x
€T

On G, the pilot rectangle radius is comparable to the local Poisson scale. The next lemma

expresses that comparison in the aggregate form needed by the coefficient envelope.

Lemma 6. [lem:good-pilot-radius-sum| (Good pilot radius bound) Fiz m > 0, an integer
d > 1, pilot counts NJ’@ for 3 in the four-coordinate set J, and coordinate intensities g, > 0. Let
Lg = log(ed), set p, = dej ¢y, and let Q, = H]ej[fj@,u],z] be the canonical pilot rectangle of
Algorithm 1, with radii
—/
Tye = U ~ 2 5 Ly

Assume that the good-pilot event

h N;
zeﬂ{\cmqﬂg f}v Cra = 77]173:’

€T

holds, where h, . is the canonical pilot half-width in Algorithm 1. Then

Ly L
ervxgz-lof’{\/pxdvtd}.
m m

€T
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Proof of Lemma 6. Fix x and set
Lqg
¢==4.
m
Since d > 1, ed > e > 1, so Ly = log(ed) > 0. Hence ¢ > 0. For each j € J, write

0-]7'77 = Cj,{L‘C'

For the canonical tuning used in this lemma, the pilot half-width is calibrated with Hy = 1024.
Hence
hy e =1024(0,, + ().

Also 0,, > 0, and

0)a < ?T; +128¢

because both sides are nonnegative and

(22 +125¢) — ey = (22 —125¢) " 20

The good-pilot event gives

hya
4

Substituting the displayed formula for h,, and then using the preceding bound on o, ,

Cae S Q)+

¢y < 4+ 2560, + 256 < g, + 0”7”” + 33024C.

Thus
¢z < 2q, + 66048¢. (1)

Define
p_],CB = \/ﬁ‘
SinCe qj 2 0 and C > 07 we have pix = q]C From Equation (1)7
02, = ¢,2C < (2q, + 66048¢)C.
Moreover,

(20, +300¢)* — (2¢, + 66048¢)¢ = 2¢,¢ + 1200p, ¢ + 23952¢* > 0.

Taking square roots gives
052 < 24/¢,¢ + 300C. (2)

For the zero-truncated pilot interval,

_ C.77x + h.]zw B maX{O’ Cj’m B hj,l’}
T],x = 5 .

If e, <hyg, thenr,, = (¢;0+hye)/2 < hyo. If ¢z > hy 4, then 7, = h,,. Therefore

r]vw S h]vx'
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Combining this with the formula for h,, and Equation (2),
rra < 1024(0,4 + ) < 2048+/4,C + 308224C. (3)

Summing Equation (3) over the four coordinates,

D rya <2048 (/)¢ + 4 - 308224 .

€T €T

By Cauchy’s inequality on the four-point set 7,

DoVal) <4y (Vo) =4 Y a0 ¢

€T €T 1€T

All terms are nonnegative, so

Z\/‘ITCSQ ZQJ G.

JeET J€T

Consequently,

D rya <4096 | [ g, | ¢ +1232896¢ < 2- 10 | ¢+¢

JET €T J€T
Since p; = e and ¢ = Lg/m, the desired bound follows:
[peL L
ZUmgQ'lOG{ pxd_Fd}‘
ey m m
O

The radius bound turns the abstract coefficient control into a stochastic bound indexed by p,,
the cell mass. The following normalized envelope is the version applied directly to the centered
polynomial expansion inside the estimator.

Lemma 7. [lem: jackson-normalized-coefficient-envelope| (Normalized coefficient enve-
lope) Let € > 0 be the overlap parameter from Assumption 4, let K > 2 be an integer, and let
Q. = ngjwmﬂ u, 2| be a rectangle over the four outcome-arm coordinate set J. Suppose that:

e (Ordered endpoints.) {,, < u,, for every j€ J.
e (Nonnegative lower endpoints.) {,, >0 for every 3 € J.
e (Positive radii.) With

o = et tye _ Wa—ba
9,z — 9 > Tye = 9 )

one has r;, > 0 for every y€ J.
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Let by = (b)2)jeg, let ry = (r)2),eg, and let Py g be the Jackson tensor polynomial attached to
Q. by Definition 12. Define

R,k (2) = Po,ic ((bya + 1502)5e7) = Z bz, H 27
a€AL JET

where f. is the global cell extension from Definition 8 and A, = supp(Ry k). Then

D el < @FA+ED ) e

aEA, €T
Moreover, every a € A, satisfies

a, <2(K —1)

for every y € J.

Proof of Lemma 7. 1. The ordered endpoints make ), a valid rectangle, and the remaining
hypotheses give the lower-endpoint, positive-overlap, degree, and positive-radius condi-
tions needed for Lemma 2. Apply that result to Q,. Under the same positive-overlap
and positive-radius conditions, the construction in Definition 12 identifies the extracted
physical polynomial with P k.

Fix a bijection
vy J — {1,2,3,4}.

Write the normalized polynomial supplied by Lemma 2 as

Qi(Q) = ns H =, By =supp(Qux) C NS ns = (0, k)5 (B €By).

ﬁeBz w=1
Define the coordinate transport
O N{1’27374} — NJ) ((I)B)] = ﬁLJ(])?
and set
S, = ®(B,), {ra = Np-1(a) for a €S,
Then, for every v € R,
7 vy = by \ Y
K(v)_fe(ba:): Z &x,aH T .
€S, €T 5T
The coefficient sum is unchanged by this relabeling:

Z Soal = Z ng]-

aESy BEB:
2. Substitute v, = b, , + 7, ;2, in the preceding display. Since every r,, > 0,
bya + 1522 — bya

Tz

)

= zZj.

Thus, as a polynomial in z € R7,

RI,K(z):PxK(b —l—?‘x@Z foozHZ

a€S, €T
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3. The last identity implies that every coefficient of R, i outside S, is zero, and that for
a € A, =supp(Rq, i) the coefficient b, o equals &, . Hence

D beal €D léral-

OéeAz OCESQ:

4. By the coefficient-envelope part of Lemma 2,

Z Ing| < 240K+20 14+¢et ZTL

BEB, €T

Since K > 2,
40K 420 < 60K,  210K+20 < 960K _ (960)K

Also (1+eH Y ,eq Tye = 0, because € > 0 and every radius is positive. Combining these
inequalities with the relabeling identity gives

D el @A+ EN Y 1

aEA, €T

5. It remains to record the coordinate-degree bound. Let o € A,. If a ¢ S, the polynomial
identity in Item 2 gives b, o = 0, contradicting o € supp(R; k). Hence a = @ for some
B € B,. The normalized-degree part of Lemma 2 gives

few <2(K —1) for every w € {1,2,3,4}.
Therefore, for each j € 7,

ay=(8), =B, <2(K 1)
O

The centered form in Lemma 7 aligns with the polynomial Uy (N; z) from Algorithm 1. This
is the same unbiased polynomial-lifting principle used for nonsmooth functional estimation under
Poisson sampling [Jiao et al., 2015].

Definition 21. [synth_5] (Pilot-failure contributions) Fiz a cell x, a four-cell mass vector g,
Poisson scale m > 0, and Jackson tuning. Let P?ﬁlflal denote the product-Poisson law of the
pilot and evaluation count vectors, and let G, be the coordinatewise good-pilot event used for the
pilot rectangle in the Jackson—factorial construction. With Ta;]F denoting the clipped cell statistic

built from the pilot and evaluation counts, define
PF1, ::/ I TJF = flqn)| dBRIE™, PFy, ;:/ (TIF = Fulge))? dppltevel,
Ge e

The quantities in Definition 21 separate the contribution of pilot failures from the conditional
bias and variance calculations on G,. The final lemma assembles the distributional identities,
the conditional factorial moments, and the resulting cellwise controls.
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Lemma 8. [lem:centered-factorial-pilot-control] (Centered factorial pilot control) As-
sume the product experiment satisfies the i.i.d. sampling law in Assumption 1. There is a
universal Jackson tuning with self-normalized Poisson pilot-radius constant, polynomial-degree
constant k = 1/100000, and cutoff Dy = 3. For every overlap parameter € € (0,1/2), there is
a constant C. > 0 such that the following assertions hold for every n,d, every observed law P
on [d] x {0,1}2, and every positive sample size n, whenever P € nges as in Definition 3. Set
m = n/8, let ¢z = (goo.zs 901,210 Q11,2) be the four-coordinate cell vector, and let p, be the
marginal mass of cell x.
In the uncapped marked experiment generated by

M ~ Pois(n/4)

together with i.i.d. observations from P and independent fair pilot/evaluation marks, the count
M has law Pois(n/4). The induced pilot/evaluation table has law equal to the product, over cells
x € [d] and coordinates 3 € J, of two independent Poisson count arrays with coordinate means
mgq, .. For each fized cell x, the marginal law of the pilot and evaluation counts in that cell is
therefore

® Pois(mg) ) ® ® Pois(mg, ).

€T €T

For every cell x, every fized pilot table, every coordinate 3 € J, every z € R, and every
h,t € N, conditional expectation over the evaluation counts satisfies

E[Uh(N],xQZ) | Nl] = (qjﬂ»‘ _ Z)h

and )
min{h,t
IR\ [t 4.2\* -
E[Un(Ny; 2)Ui(Ny; 2) | N'] = % ( z) ( E)e!(?{n) (g — =)

With the same tuning, the clipped Jackson-factorial cell statistic TJY obeys, uniformly over
all cells x € [d],

z 1
ETJF_ e\Yz <Ce D —
BT - ftan)| < C {2+ L

s [peLa L3
Var(TgF) S Ced1/16 {pw d + Cé} )
m m
and the pilot-failure contributions satisfy

1 L L2
pres o[ le e oh pr < {Re T

Proof of Lemma 8. 1. Tuning and constants. Use the canonical Jackson tuning specified in
the statement, whose numerical components are

1

Hy = 1024 -
0=1024 %= T56000°

o
|
w0

Fix € € (0,1/2) and set
F=14¢"
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Let Cy > 0 be the constant supplied by Lemma 4, and let C';,Cs > 0 be the ¢t = 1 and
t = 2 constants in Lemma 5. Define

C. =1+ {5-10'C; + 450000000 ¢’ F} + 450FC)
+ 8e1000F2(2.10%)% 4+ 8F2 (.

All summands after the leading 1 are nonnegative, so C¢ > 0.

. Cell notation. Fix n,d,P, assume n > 0 and P € nges as in Definition 3, and put
m = % L=Lg=logled), J=1{0,1}x{0,1}.

Then m > 0. If [d] is empty, the cellwise assertions are vacuous. Otherwise fix x € [d].
Write

q; = Qy,x, 4z = (%)jejv Pz = ZQJ-
I€ET

The coordinates satisfy g, > 0. Since x € [d], d > 1, and hence

L =log(ed) =1+1logd > 1, L > 0.

. Poisson splitting. The uncapped experiment draws M ~ Pois(n/4), giving the asserted
marginal law of M. Conditional on inclusion, an observation in atom (2/, ) € [d] x J is
independently marked pilot or evaluation with probability 1/2. Since n/4 = 2m, Poisson
thinning gives pilot and evaluation intensities

1
2m Gyt - 9~ M’

Thus

Law{(Nj'@/,NN/)z/,]} = ® ®Pois(mq]7x/) ® ® ®Pois(mqj7w/).

w'eld) )T o'eld] 1€T

Projecting this product law to the fixed cell z gives

® Pois(mg,) ® ® Pois(mg,).

€T €T

. Centered factorial moments. By Algorithm 1,

Un(N; 2) = Xh: <h> (ayaMa,

a=0

Equivalently,

For N ~ Pois(mgq),



so coefficient comparison gives E Uy,(N;2) = (¢ — 2)". With two formal variables,

E [e—z(w1+w2) (1 + %)N (1 + u;f)N] = exp {(q — 2)(wy + we) + %’LU{LUQ} .

The coefficient of whw?/(h!t!) is therefore

min{h,t}

5 (e oo

=0

The evaluation counts are independent of the pilot counts, so with ¢ = g, both identities
hold conditionally on every fixed pilot table.

. Pilot geometry and failure terms. For a fixed pilot table, define

N I L
C)w = Ti;” hj,x:1024{ Gaz 24

m m
by = max{0,¢; . — hy.}, Uyo = Cpp + Ny,
and
b ba+ Uya _ Wae =l
Let

Qm B H [ZJ’Q” ujw]? Sx =F Z Ty Oz = d1/45’:pa
ET Pt

and define the good-pilot event
Gx——| | |cx—q|<1hm .
T Jl = 4 75
I€T

On Gy, ¢ € Qu: ifcjp —hyy <0, then 4,, =0 < g, and q; < ¢)5 + hy2/4 < uy g if
Cpo—Nye >0, thenc,p —h)» < q, < cjp+ hysz Alsor,, >0 and

1
§h]7$ S r]vz S h.77:17'

Define

c,L L
FI(N’):Z[]ch—qﬂ—f—lOQZl{ Jﬂ”fLer}

€T

The interval definitions give

be — qallt + > 7ya < 204 (N').
JeT

Using the notation of Definitions 7 and 8, for any two nonnegative four-vectors u, v, the
global cell extension satisfies the four-coordinate Lipschitz bound

|[fe(u) = fe(v)| < FZ luy — vy

€T
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For a fixed arm a, write
pa(w) = max{sq.(w),es(w)},

50 ga,c(w) = 0 when s(w) = 0, and gq.(w) = s(w)wq1/pa(w) otherwise. If one of s(u), s(v)
is zero, all coordinates of that vector vanish and 0 < g, (w) < s(w) gives the bound. On
the positive-mass part, split according to whether s,(w) < es(w) or s,(w) > es(w) for
w = u,v. In the threshold-threshold case the arm value is w1 /€. In the arm-active case
use

|Ua1 - Ua1| + ‘UaO - UaO’

Sq(u)

Uql B Val
sa(u)  sa(v)

and s(u)/sq(u) < e 1. In the two mixed cases, the nonnegative gap between s,(w) and
es(w) is bounded by the corresponding changes in s, and s, hence by Z] |u, — v,|; the
preceding estimates give the same F-Lipschitz bound for each g,.. Taking the maximum
over the two arms preserves this bound. The clipping interval in Algorithm 1 therefore
gives
T = Fe(go)| < Fllbe — qull +d4F > " ryp < 244 FTL(N').
NSvA

With 48! = ® , Pois(mg;) and p$"™ = @, Pois(1ng,), set

xT
PPy, — /G TIF — Fo(ge)] d(u @ p)

and
PF,, — /G (TIF — J(q2))? A2 @ uS™).

c
xT

. Good-pilot scales. By Lemma 6, on G,

L L
Zrmgzloﬁ{ p+}.
m m

€T
Set
v — Pzl n £ _ Pz i
v m m’ Ml mL  mL
Since L > 1,
Vy = Pa + —< L277$
mL m

For K, = max{2, [L/100000]}, first
R 150000 L i < 1500002
Kd - ’ Kd - )
Indeed, if L < 3-10°, then K4 > 2 gives L/K; < 150000. If L > 3 - 105, then

L L
> 1>
Ka = 150000 ~ 1 = 150000°

and the same bound follows.
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The logarithmic calibrations used below are
Ld=316 <7 LdY/4e=200 < 7, 42200 < g1/16,

and
L24=3/16 < 295 [2qY/*e20L < 295,

For d > 1, the calculus inequality logy < y®/a for y > 1 gives, with a = 3/16,
L=1+logd < d*' + ?d?’/lﬁ < 7d3/18,

which proves Ld—3/16 < 7. Since L > 1,

e

IN

&=
&'M—‘

Consequently
Ld1/4€_20L < Ld—3/4 < Ld—3/16 < 7’

and
dl/20-20L ~ g=1/2 ~ g1/16

With a = 3/32, the same calculus inequality gives
3/32 | 92 j3/32 3/32
L=1+1logd <d —l—gd < 15d ,

SO
L2 < 22543/16,

Multiplying by d=3/16 proves L2d—3/16 < 225, and using e 2L < 1/d once more gives

L2d1/ 46200 < 124-3/4 < [24-3/16 < 995

. Good-pilot factorial Lo bound. Fix a pilot table in G;, and write

CrzL L
Xy,x = L7 h],x = 1024 <X],x + > .
m m
First,
q32 < l'
mri, — L

Indeed, the good-pilot inequality gives
1 L
q] S c],x + Zh],w S 384 <cj,1‘ + m) 9
where the last inequality uses x, . < (¢)z+L/m)/2. Since )5 > h, /2 = 512(x;.+L/m),
) ) L\? L
mry, > mdl2% | X,z + o > 384L | ¢)0 + —
because xix = ¢, L/m. Combining the last two displays proves the ratio bound.
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Also g5 € Q5 gives

4 = byl < 7)a
For any nonnegative integer h, the centered-factorial second-moment identity from Item 4
yields

2
E { Uh(NJﬁE; b],x) }

h
Ty

h
N’] <> <Z>2e!L—f < exp(h?/L).
{=0

Let P, i, be the Jackson tensor polynomial on @,, and write the centered normalized
expansion from Lemma 7 as

Pr0) ~ b = Y b T (22)

r
a€EAy €T T
with

Do el S@OMEY rye, o <2(Kg - 1)
acA, €T

Define the factorial lift
Ua, (N z;b x
cx(N): Z bx,aH J( fa’g % )
acA, 91eT e

Independence of the evaluation coordinates and Minkowski’s inequality give
2

EB{L(N)* | N'} < 2% ¢F2 [ ¥ "r) . | exp(16K;/L).
€T
The calibrated coefficient growth bound is
(259)2Kd exp(16K2/L) < 1000 71/16
Indeed, K4 = max{2, |L/100000|} and the floor bound give
g

K;<2 .
4= 27 100000
Since L > 1, squaring the last display gives
L K?
2 d
Kd“(“wu))’ T =T 0
Also L =1+ logd, and hence
K? L logd
120K, 16— <120 ( 2 16 {54+ —= | <1000 .
at 107 = ( +100000>+ < +1010>— TG

Because 2 < e,
(260)2Kd — 2120Kd < 6120Kd

Multiplying by the remaining exponential factor and using the preceding exponent com-
parison yields

K3 logd
(200)2Kd exp(16 K2/ L) < exp <120Kd + 16Ld> < exp (1000 + (1g6> = 100041/16

Therefore
E{,CI(N)Q ‘ N/} < elOOOdl/IGS%
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8. Good-pilot bias. For the fixed good pilot, the factorial identities give
E{L:(N) | N'} = Py i, (az) = fe(bz)-

Let

Zy = fe(be) + Lo(N), ¥ =17 )0, 7o) +eu) (Ze):
Hence
E(T’Y | N') — ¥, =P —f E(TY — 7, | N’
(T;" | N') = fe(q) = {Pr.x,(qz) — felaz)} + E(T; = | N').

For each coordinate,
L
\/(CJJ — b0 (g0 — ) <107 V q;n ’

To see this, if ¢, — h;, <0, then ¢, , = 0, and the quadratic inequality c¢,, < h,, gives
Cpe < 1.1-10°L/m and hy, < 1.2-10°L/m, so

oL

(qj - gj,w)(uj,m - q]) < q](cm« + hm) < 10" m

If ¢, — h,» > 0, then the good-pilot inequality gives ¢, > 3¢, /4 and L/m < ¢, ., whence

q,L
by < 4096\/ Jﬁ» \/(qJ — ) (g — q5) S 1y0 =y

Applying Lemma 4 at g, € @, gives

7\/ m r
| Py (a2) = fel@a)| < Cr Y {W + 22 } :

172
eyt Ky K

Since Z] Va,L/m < 2/p,L/m and Zj rye <2 100y,

107\/q,L/m \/pzL L ;
Z{Igj / +;?§}§22-106p;(/m+2-1o6léglg5-1ol%x.
eT d d d d
From the interval projection definition in Definition 1, a direct case split gives the following
elementary consequence: for every real midpoint mid, every real input raw, and every

radius rad > 0,
raw — mid)?
{H[mid —rad,mid + rad] (raw) - raw‘ < (rad) .

If raw lies inside the interval, the left side is zero. If raw < mid — rad, then the inequality
follows after multiplying by rad from

(raw — mid)? + rad(raw — mid) + rad? > 0,

and the case raw > mid +rad is identical with the middle sign reversed. Applying this
with midpoint f(b;), radius g, and input Z,, and using Z, — fc(by) = L4(N), gives

L. (N)?

’Ti]F - Zz| < 0x
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10.

Using the factorial Ly bound from Item 7,

1000d1/1652
BT — 2, | N')| < & L

__ 1000 —3/16
S DU

€T
Together with the good-pilot radius bound and L2d—3/16 < 225, this implies

|E(TJ" | N') — f(go)| < {5-10"°C + 450000000 e F}n,  on G,.
Good-pilot second moment. On G, the four-coordinate Lipschitz bound from Item 5 and

qz € Q give ) )
‘fe(bx) - fE(Qm)| < S;.

A direct case split using the interval projection Il ;) from Definition 1 gives the contraction
T {tmid — rad,mid + rad) (raw) — mid| < |raw — mid |.
Applying it with midpoint f.(b,), radius g, and input Z, gives
T — fe(ba)] < [La(IN)]-

Therefore -
’TQZIF - fe(QI)| < |‘CCC(N)| + SIv

and hence B
()7 = felgx))? < 2L4(N)? + 252,
After conditional expectation over the evaluation counts,
E[{T:;]F — Flg))? | N’} < 261000d1/165§ 1282 < 461000d1/165§7
because 1 < e190941/16 Integrating over pilots on G, and using Z] Te <2 10%v, gives

EHTIF — fo(g)}16,] < 4€'9001/16(2. 105 Fo, )2,

Bad-pilot bounds. The pointwise domination from Item 5 and Lemma 5 give
PF, ., < 2dY4FCre Ly,

and
PFy, < (2dY4F)2Che=2012,

Using v, < LQ% and L2d/4e=20L < 225,
PFl,a: S 450FC1 Ne-
Also

and d1/26_20L < d1/167 S0
L IL?
PFy, < 8F*Cyd"/! {px - 2} :
m m

The displayed estimates are exactly the asserted pilot-failure bounds after enlarging by
Ce.
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11. Bias. Disintegrating over the pilot table, the good-pilot conditional bound from Item 8
and the bad-pilot contribution give

|ET)Y — fe(g)| < {5-10'°C; + 450000000 ¢'°° F}n, + PFy,.

Using the estimate for PF; , and the definition of C.,

_ 1
ET)F — < Po  ~ L
e Y

12. Variance. Combining the good-pilot second-moment estimate with PFs , yields
E{TiF _ f.e(q.r)}Z S 461000d1/16(2 . 106FU$)2 4 PF27$.
Using the bound on v2, the estimate for PF3 ., and the definition of C¢,

- L; IL?
E{TF — F.(g.))2 < E1/16 Pzlg = Lg .
{17 — fe(qz)}” < Ced s e

Variance is bounded by the mean squared deviation about any fixed center, so
Var(T;") < B{T;" — fe(a:)}*.

Thus the stated bias, variance, and pilot-failure estimates hold uniformly in the cell z, in
n,d, and in P € DI,
O

Lemma 8 supplies the cellwise estimates used to prove the upper bound. The first displayed
identities identify the Poissonized marked experiment with independent pilot and evaluation
arrays. The factorial identities then center the polynomial at the pilot rectangle center, and the
final bounds control bias, variance, and pilot-failure terms at the same local scale.

B Moment matching and lower-bound details

This appendix gives the dense lower-bound construction used in Theorem 2. The argument works
inside an equal-mass, equal-propensity submodel and converts best polynomial approximation
of |t| into a separation in the optimal-value target. Its testing step follows the classical moment-
matching method for nonsmooth functionals [Cai and Low, 2011], with Poissonized mixtures
used to make the likelihood calculation cellwise.

We first state the Poissonized risk that appears in the comparison. It is the same minimax
squared loss criterion as Definition 5, evaluated under a Poisson observed-sample law and with
the estimator projected to the target range.

Definition 22. [synth_16] (Poisson minimax risk) For m,d € N and € € R, define the Pois-
sonized minimax squared risk

. ~ 2
ML = inf sup Epois(mp) [{H[m] (V(S) - v} }
V PeDgbs

Here § is the finite observed sample drawn from the Poisson observed-sample law with mean m
and atom law P, the supremum ranges over the observed-law model class in De finition 3, the
target W(P) is the observed optimal value from De finition 4, and the infimum ranges over all
dense Poisson estimators on the d-cell observed sample space.
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The submodel is indexed by a dense contrast vector. Each cell has mass 1/d, treatment
probability 1/2, and opposite perturbations of the two arm-specific outcome means.

Definition 23. [synth_15| (Dense contrast law) For an integer d > 2 and a contrast vector
0 = (02)pepq) with 0 € [—1/2,1/2] for every x € [d], define P§e™® as the full-data probability
law on (X, A,Y,Y(0), Y/(1)) whose atom at (z,a,,y0,1) € [d] x {0, 1}* is

1
2 b(l—Gx)/2(yU) b(1+0x)/2(3/1)a Y= Ya,

0, Y # Ya,

Pedense(x7 a,y, Yo, yl) -

where Yo =y1 if a =1 and yo = yo if a =0, and b,(1) = p, b,(0) =1 — p.

For this law, the target in Definition 4 becomes an average of |6,| plus the common baseline.
The lower bound therefore reduces estimation of the value to estimation of an absolute-value
functional over many small coordinates.

The construction below fixes the moment-matching degree, scales the contrast amplitude,
and defines the two product priors. The existence of the symmetric measures vy x and vy g
with matching moments through degree K and separation 2F is the approximation-theoretic
input from Cai and Low [2011, Lemma 1 and Section 3.1]; the same source gives constants
0<c<C<oowithe¢/K < Ex <C/K.

Definition 24. [def:dense-moment-matching-construction| (Dense moment-matching con-
struction) For n,d € N, € € R, the overlap parameter, a dense domain certificate

Y

N |

1
2 <d, 0<ce, €<3 0<apg <

and a dense prior family K — (v i,v1,Kx) indexed by positive even degrees, define the dense
moment-matching construction as follows. For every positive even K, the family carries the
prior-pair conditions that vy i and v1 gk are probability measures supported on [—1,1], are sym-
metric, have matching moments through degree K, and satisfy

1 1
/ |t| dl/LK(t) — / ‘t‘ dVDJ((t) = QEK.
1 1

The construction has components:

e (Dense law.) For each 0 € [—1/2,1/2)%, Pgense is the potential-outcome law induced by
the dense full-data masses, equivalently p, = 1/d, 7, = 1/2, p1z = (14 02)/2, and pox =
(1—0,)/2, with Y (0) and Y (1) conditionally independent Bernoulli variables given X = x,
A | X =z ~ Bernoulli(1/2) independently of the potential outcomes, and 'Y =Y (A).

e (Approximation scale.) The approximation degree and best even-degree approximation
error are

K =2[4Ly4], Ex = inf {e €R:3p, deg(p) < K, sup [[t|—p(t)| < e} .
te[—1,1]

The construction uses F .
d
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(Poisson intensity and amplitude.) The one-cell Poisson intensity and dense contrast

amplitude are
2n | K
And = — = d
n,d d’ Qn,d 64)\n,d

e (Coordinate priors.) The coordinate priors are

v 1b 1% 1b .
0,K1P> 1K}

e (Dense product priors.) The priors Ily, q and 111, 4 are the pushforwards into the

dense contrast class of the restrictions of V?Kizb and VEZ)?{}}) to [-1, l]d, under coordinatewise

scaling by a, q.

e (Observation mixtures.) The miztures Mo, q and M, 4 are the observation-kernel
miaztures induced by Iy ,, q and I1; 5, 4, with independent Poissonized sample size Pois(2n).

e (Risk and separation.) The risk component is the Poissonized minimax risk
Romde
The prior target-mean separation is

Adepe = By, U{Obs(P§™)} — B, W{ODs(P{**)}.

The construction carries the supplied prior-pair certificate at degree K}jb and the identities
K =KP. A = anaBgap.

The amplitude condition keeps the constructed contrasts inside the dense law in Definition 23.
In the range d*> < n, the logarithmic degree is small enough relative to the one-cell Poisson
intensity to ensure this admissibility.

Lemma 9. [lem:dense-amplitude-range| (Dense amplitude range) Letn,d € N satisfy 2 < d
and d* < n. For the lower-bound contrast amplitude anq defined in Definition 2/,

N |

0< Qn,d <

Proof of Lemma 9. Write

m Klb
B b _ - = = d
Ly =log(ed), Kg =2[4L4], An,d = d’ On,d 64M\.q’

as in Definition 24. Since 2 < d, we have 0 < d and hence, as real numbers,

logd < d—1.

Moreover
Lg =log(ed) =1+ logd,
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SO
Lg <d.

Also ed > 1, and therefore
0 < Ly.

It follows that
0 < [4L4], 0< KP,

and, using Ly < d,

[4Lq] < 4d,  KP =2[4L,] < 8d.

The assumption d? < n gives 0 < n, so

2n
Consequently
KP
0< ,
64,4
and hence
0< Qn d-

It remains to bound the square-root argument by 1/4. Since
KP <8d

and d? < n, we have
KiPd < 8d* < 8n < 32n.
Dividing by the positive quantity 32n gives
K'Pd
<1
32n —

Equivalently, because A, 4 = 2n/d,

KP  KPd 1 [1)?
64N, g 1280 — 4 \2

_ | Ky 1
Md =\ 64N, = 2

Combining this with 0 < a,, 4 proves the claim.

Taking square roots yields

O]

The testing comparison is expressed in total variation. The next definitions isolate the
distance, the likelihood tail left after moment matching, and the one-cell likelihood ratio used

in the product calculation.

Definition 25. [synth_14] (Total variation distance) For probability laws My and M; on a
common measurable space, define TV(Mp,M;) = supg|Mo(B) — M;(B)|, where the supremum

ranges over measurable events B.



Definition 26. [synth_11] (Dense likelihood tail) For the dense lower-bound degree K, Pois-
sonized cell intensity A\, 4 = 2n/d, and dense amplitude a4, define the dense likelihood tail
by

> ()\n,da%’dy

:1dense
tail =
n,d E 7!

r:K(libJrl

Definition 27. [synth_9] (One-cell dense likelihood ratio) Fiz a Poisson cell intensity A > 0.
Let Ry and R_ be the two sign counts in one dense cell, and let Fy denote expectation under

the zero-contrast baseline law Ry, R_ ' Pois(A\/2). For 6 € [—1,1], the one-cell likelihood ratio
relative to this baseline is

Lo(Ry, R) i= (1+6)"(1 - 0)F-.
In the dense lower bound, Lg, applies this definition with the cell contrast 6, and A\ = A, 4.

Moment matching removes the first Kcllb likelihood terms, so the remaining total-variation
control is governed by the tail in Definition 26. The lower bound then applies the standard fuzzy-
hypothesis testing reduction of Le Cam [1986] and Tsybakov [2009]: two priors with separated
target means, concentrated targets, and small induced total variation force squared risk at the
square of the separation.

Lemma 10. [lem:dense-moment-matching-lower| (Dense moment matching lower bound)’
Suppose the product experiment satisfies the i.i.d. sampling law in Assumption 1. There is an
integer cutoff Dy > 2 such that, for every overlap constant € € (0,1/2), there is a constant ¢ > 0
with the following property. For all integers d,n satisfying d > Dgy and d* < n:

e (Degree and amplitude.) The lower-bound degree and amplitude obey

b 2 Kilbd
SLdSKd <8Ld+2, an,d: 128”, an,dgi.

e (Dense observed submodel.) For every 0 € [—ay q,an q)?, the dense equal-mass contrast

submodel PeOlense has observed margin in nges and satisfies, for every x € [d],

1 1 146, 1-0,
= — T, = — = =
Dz da T 27 Mz 2 ) Hox 9 5

with
11
U{Obs(PF™)} = = + == > [6a].
{Obs(PF™™)} = 2+ o= > I
=1
e (Moment-matched priors and mixtures.) The two dense product priors Iy, 4 and

IT; 5,4, with induced Poissonized miztures Mg, 4 and My ,, 4, may be chosen so that their
prior-mean separation satisfies

AYTS = anaBrp, 0 <AL <1,
and

1/
64) K0 +1 1
TV(M M < -ldense 1/2 ~ L < —.
VMo Mina) < dtaily g™} < d ) == e ~ 16
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Under each of the two product priors, the target is concentrated around its prior mean:

2
an,d
4d’

2
[ (wtobs(g)) ~ B, w{ObS(PE)} ) dL0(6) < je 0.1},

and

Adense 1
i (]\IJ{Obswge“e)} ~ En,  {Obs(P)} | > ”f) <o gefon

e (One-cell likelihood identity.) For all contrasts 6,0" € R,

E() [LQLQI] = exp()\n’d%’) .

Consequently,

dense\2 ERPOIS ums
Ce(An,d ) < 2n,d,e’ Ce b < 2n,d,e’
nk,

and the fized-sample and Poissonized risks satisfy

R, > Roos . — Pr{Pois(2n) < n}.

In particular,

CETLd < %n,d,e-

Proof of Lemma 10. Let

n Kb
L, = log(ed KPP —ol4r Ay g = — :,/ d
d Og(e )a [ d—‘ P n,d d ) a’n,d 64)\n7d

By Lemma 9, the standing conditions 2 < d and d? < n give

N =

0< QAn,d <

The ceiling bounds also give
8Lg < KPP < 8Lq+2.

If d > 2, then Ly =1+ logd < d. Hence
4Lq < 4d, [4Ld—‘ < 4d,
because 4d is an integer above 4L4. Therefore K}ib < 8d. If also d? < n, then An,a >0, and

) KP  Kpd
a = —— = —
T 64N, 128n

"Formalization scope. This result uses the published conclusion [Cai and Low, 2011] (Lemma 1 and Section
3.1). The cited source proof is not formalized here: Lean verifies its use and all remaining steps. If that cited
conclusion is false, the portions of this result that depend on it are not certified.
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These relations, together with the amplitude range supplied above, prove the first group of
claims.

For 0 € [—ay 4, an.4)?, the amplitude bound places every coordinate in [-1/2,1/2]. The dense
law of Definition 24 has, in every cell,

B } B 1 1+ 0. 1= 0,
px_dv Ty = 2a Hix = 9 ) Hox = 9 5
equivalently
_ 1+ 0, _ 1= 0,
11,z = 400,z = 74d ) 910, = 401,z = 74d .

Since 0 < € < 1/2, the propensity 1/2 belongs to [e,1 — €, and the displayed means belong to
[0,1]. Thus the observed margin lies in the class of Definition 3. By Definition 4,

e 146, 1-6,\ 1
T{Obs(P§ = Zmax{ 5 3 } dew‘

By [Cai and Low, 2011, Lemma 1 and Section 3.1], for every positive even K there are symmetric
probability measures vy g and vq g on [—1, 1], with matching moments through degree K, such
that

CCL CeL
tld t) — t|d t) =2F — < Ex < —
[tldnuo - [ldnx®=2Bc, < Be< L

for universal constants 0 < ccp, < Cor < 00. Choose these priors at K = K ilb, take their d-fold
products, and map each coordinate by ¢ — a, qt. The preceding display for ¥ gives

CLnd

Err, ,U{Obs(P§se)} = =

2

J,n,d ]Klb

and hence
AYT = apaBp.
The lower Cai—Low bound gives F Kb > 0. The zero polynomial is an admissible degree—Kilb

approximant to ||, and
sup |[t| —0] <1,
te[—1,1]

SO EK(Iib < 1. Together with 0 < a, 4 < 1/2, this yields

d
0 < Ademse <1,

The same reciprocal approximation bound supplies a universal cutoff Dg.,1e such that, for every
d > Dscale7
32 < dEKlb

Indeed, Kcllb < 10L4 for d > 2, and L?l = o(v/d). Thus, after increasing Dycale,
(KP)? < 100v/evd,  3200ve < gy Vd,

and therefore )
S cvd 32.

dE2,, > d
Ky (Klb)z = 100y/e =
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For the one-cell likelihood identity, let R4 and R_ be independent Pois(),, 4/2) counts under
the zero-contrast baseline and define

Lo(Ry, Ro) = (14 0)F+ (1 — )P~
The Poisson probability-generating identity
[ & apois(p)r) = explp(e - 1))

gives, for all 0,0" € R,

Eo[LoLg/] = exp [A;’d{u FO(A+0)—1}+ Ag’d{u —0)(1—0) —1}| = exp(An.afd)).

Let pj .4 be the one-cell mixture density relative to the zero-contrast sign-count baseline Qg ,, ¢ =
Pois(Ay,q4/2) @ Pois(Ay, 4/2):

pj,n,d(TJrarf) = /Lanydt(’rurar) de,K}ib(t)v ] € {07 1}

Expanding the exponential kernel above and using moment agreement through K}ib gives

r

0 (Anatd g)
2 n,d 7d .
/(Pl,n,d — Pond) dQona < 4 Z 7«7171 =4 tallg?;Se ‘
r=KP41 ’

Define the supported one-cell sign kernel on R by

K,y a(t) {Law(Pois{)\md(l + ap qt)/2}, Pois{ )\, a(1 — a, qt)/2}), [t <1,
n,d\l; ") =

Qo,n,d) |t| > 17

with independent coordinates in the first line. Its d-cell product prior-predictive law is

d
Gj,n,d—/@Kn,d(tx,.)dyfgbb(tl,...,td), jefo,1).
=1

The Cauchy—Schwarz total-variation bound for one cell and the telescoping inequality for prod-
ucts yield
TV(So,n,0: S1,n,a) < dftaili >}/,

Let Sign map a Poisson observed sample to the array whose z-th entry is the pair of counts with
A=Y and A #Y in cell z. Under the zero-contrast dense law, let

Rpa(r, ) = I%r{Poisson observed sample € - | Sign = r}

be a regular conditional law. For every supported product prior above, this reconstruction kernel
satisfies

M, a(B) = / Roa(r, B)dS,ma(r), € {01},
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for every measurable observed-sample event B. Since total variation weakly decreases under a
common Markov kernel,

TV (Mo, M1 ,0) < TV(So,.0, G1,n,0) < ditail i}/,

Since b
Ky
64
Stirling’s lower bound implies, for every r > K ilb +1,

2
A”vda’n,d =

64

(Anaal )" (KP/64)" _ ( e )
7! 7! - '

Therefore

1b
taﬂdense < i <£>T _ (6/64)Kd +1
nd = 64 1—e/64 °
r=KP+1

Put (geom = €/64. Since (geom < €72, K}jb > 8Lg4, and Ly = log(ed),

Kb _o(Fb _ _ 1
Cootm < e 2EGHD < o16La — (¢4)~16 < e (422)
Also 1 — (geom > 1/2, and so
K41 K1 /2
geom < 1 d geom < i
1 — Cgeom — 256d2° 1—Cgoom [ — 16

Combining the last displays proves the total-variation chain in the statement.
Under either product prior, write 0, = a, 4=,, where =y, ..., 54 are independent with com-
mon law v; g, The support condition makes the restriction to [~1,1]¢ immaterial, and

d
ense 1 a'ﬂvd —
T{Obs(F™)} = 5+ LN ).

Because |=;| € [0,1], its variance is at most 1/4. Independence gives

2
2 Qa
[ (w(0bs(Pen)) ~ B, W{Obs(RI™ )} L 0(6) < 7.
Chebyshevas inequality, A;iz(’aclllse — an,dEKg” and 32 < dE?((lib then yleld
MW | |PLObS(PS)} — By, W{Obs(P{)}| > Awi™) /D) 4 1
j,m,d 0 I n.d 0 4 = (an,dEKtlib/4)2 dE?(ilb =3

For any estimator in the Poissonized experiment, set

_ ~ 2
Gy = B WO, o= s [ {7 - w0z} o)
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Use the test
N )
p= 1{V > %2%} ; ag =My a(p =1), a; =M, q(p =0).

On the concentration events above, estimation error smaller than Agf’gse /4 forces the test to
select the correct prior index. Markov’s inequality gives

P -
o+ < =4+ ————.
4 (ARE)?

Every test also satisfies

15
ag+oq > 1—TV(Mopq, My pa) > 6
Consequently
11 den is
@(An?dse)2 < Ry

The restriction to dense observed laws is legitimate because those laws lie in Dg}’f. In addition,
U(P) € [0,1] for every P € DS, since p, >0, Y, py = 1, and 0 < max{fioz, 115} < 1; therefore
projection of estimators onto 7[0, 1] weakly decreases squared loss.

The Cai—Low lower bound on Eg, together with the amplitude identity, gives a universal
constant

113,
=_——CL_ 5
= 512128~
such that J 1
< = Adense 2
CnKP = s12(And )
Indeed,
( dense)2 — Kcllbd 2 C%ﬁL d
n,d 128n" K& = 128 K’
Hence d
Poi
Cow <Ronde

It remains to compare the fixed-sample and Poissonized experiments. Given a fixed-n estimator,
project it onto [0, 1], apply it to the first n observations of a mean-2n Poisson sample on the
event {Pois(2n) > n}, and output 0 on the complementary event. On the first event, the first n
observations have the n-fold i.i.d. law from Assumption 1; on the second event, the projected
squared loss is at most 1. Taking infima gives

R, > Roos . — Pr{Pois(2n) < n}.
For the lower-tail absorption, fix any n > 0. Since Ly = o(d), there is D), such that
Ld < 77d (d > Dlog)~

Increasing the cutoff to ensure d > 20, the dense condition d?<n gives n > 400. The mean-2n
Poisson Chernoff bound gives

Pr{Pois(2n) < n} < exp{—n(1l —log2)}.
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Since 1 —log2 > 3/10 and logn < 2,/n for n > 400,
2logn < n(1 —log2),
and therefore
exp{—n(1 —log2)} <n~2

For d > Djpg and n > 1,
-2 ~ nd 7
- nLd

because Ly < ndn. Thus, with n = ¢5/20, there is a cutoff Di,; such that

n

d
Pr{Pois(2n) < n} < ;—Oon—Ld

throughout the dense regime above that cutoff.
Choose

. 11 Co
Dy = max{2, Dgcates Dtail}a Ce = MmN {512, €o, 20} .

Then Dy > 2 and ¢. > 0. The construction, observed-submodel identities, moment-matched
priors, concentration bounds, total-variation chain, and one-cell likelihood identity have already
been established for every d > Dy, d> < n, and 0 < € < 1/2. Since ¢, < 11/512,

dense\2 Pois
CE(An,d ) < SRQn,d,s‘

Since ¢, < ¢,

d Pois
Ce nKéb < %2n,d,e
Finally, KP < 10Lg4, so
c d d Pois
—— < cg—— < .
10 nLd > OnK[lib = ~“Yn.d,e

Using the Poisson-tail comparison and the fixed-sample transfer,

Co d i :
%TLd < 5)%5371276 — Pr{Pois(2n) < n} <R, 4.

Because ¢, < ¢p/20, this proves
> Ynde-
All displayed conclusions follow. O

The lemma supplies the dense-regime lower bound used by Theorem 2. Its first clauses
place the submodel inside the fixed-overlap class of Definition 3 and identify the target as an
absolute-value average. The prior clauses then combine the |¢| approximation gap with a total-
variation bound for the induced mixtures, matching the reduction for estimating nonsmooth
Li-type functionals [Cai and Low, 2011, Jiao et al., 2018]. The final comparison transfers the
Poissonized lower bound to the fixed-sample risk up to the displayed lower-tail term, yielding
the d/{nlog(ed)} rate contribution in the superquadratic-sample range.
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C Verification note

Scope of the formal layer

The formal layer of the paper consists of the fifty-one displayed assumptions, definitions, algo-
rithm, propositions, lemmas, remarks, and theorems that appear in the main text and appen-
dices. Forty of them are attached to a declaration in a machine-checked Lean development: four
assumptions, sixteen definitions and one algorithm, ten lemmas, four propositions, one remark,
and four theorems. Every displayed theorem, proposition, and lemma belongs to this group, so
each such statement is the reader-facing rendering of a Lean declaration whose proof is checked
by the Lean kernel, subject to the published inputs recorded below. The proofs printed in this
paper are prose renderings of those Lean proofs; they are not themselves the checked objects.

The remaining eleven displayed definitions are presentation-level: they name objects used
in the exposition and carry no separate Lean declaration. They are the interval projection, the
fixed-law squared risk, the fixed-sample two-sample L; minimax risk, the equal-propensity nor-
malized L; embedding, the causal minimax risk, the tensor Jackson convolution operator, the
good-pilot event, the pilot-failure contributions, the total-variation distance, the dense likelihood
tail, and the one-cell dense likelihood ratio. Each abbreviates a quantity that the checked state-
ments express directly in their own terms; none carries a claim beyond the checked statements
that use it.

Artifact, toolchain, and commit

The Lean development for this paper is the directory CausalSmith/Stat/STAT DiscreteOptimalValueMinimaxM
of the CausalSmith repository, at commit 881a4d27aaf42f02b1f71128db9f0c6d42184c790.

It is built with Lean 4 toolchain leanprover/lean4:v4.33.0 and Mathlib at revision
db584cd6d46c92£209a44c0£1c829460d327499d, through the build command 1lake -d

CausalSmith build. The declarations backing the displayed statements are named in the

interactive companion to this paper. A source scan of the development finds no sorry and no

added axiom, and the axiom audit of its main theorems reports only the standard Lean axioms

propext, Classical.choice, and Quot.sound.

Objects anchoring each layer

The model and identification layer is anchored by Assumptions 1 to 4, Definitions 2 to 6 and 9,
and Propositions 1 and 2. Together these statements specify the fixed-overlap observed exper-
iment, the full-data causal completion class, and the equality between the observed optimal-
regression value and the causal optimal-treatment value under the stated conditions.

The estimation layer is anchored by Definitions 10, 12 and 13, Algorithm 1, and Theorem 1.
These statements define the empirical-ratio benchmark, the Jackson smoothing polynomial, the
all-data Rao—Blackwellized estimator, the fixed-law squared risk, and the uniform upper bound
for the estimator over the fixed-overlap observed-law class.

The lower-bound and comparison layer is anchored by Definitions 14 to 16 and 24, Proposi-
tion 3, Lemmas 9 and 10, and Theorem 2.

The combined minimax conclusions are anchored by Theorems 3 and 4, Proposition 4, Defini-
tion 18, and Remark 1. These statements give the matched fixed-sample rate, the sequence-level
consistency and parametric-rate characterizations, the comparison with the predecessor bracket
on the same formal class, and the stated route for the sharp-overlap-constant question.
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Published inputs the certification is conditional on

Two analytic conclusions enter as published inputs rather than as checked steps: the polynomial-
approximation and moment-matching construction for |¢| of Cai and Low [2011, Lemma 1 and
Section 3.1], and the Poissonized two-sample L; minimax lower bound of Jiao et al. [2018,
Theorem 3, equation (24)]. The theorem-local footnotes identify the precise published conclusion
each affected statement uses. The Jackson approximation material of DeVore and Lorentz [1993]
and the testing and minimax comparison tools of Le Cam [1986], Tsybakov [2009] supply the
classical background for the constructions, whose uses in this paper are checked. Using those two
published inputs, the Lean development certifies the lower-bound and matched-frontier results
through the dependencies identified in the theorem-local footnotes and checks the remaining
steps internally.

D Proofs of the main results
Proof of Proposition 1. Write J = {0,1} x {0,1}. For a four-vector u, set

0, s(u) =0,
Sa(u) = Uq0 + Ual, S(u) = SO(U) + 81(“)7 gflﬁ(u) = S(U)Ual

max{s,(u),es(u)}

so that fe(u) = max{go.(u), g1.(u)} on R, as in Definition 8.

1. Fix « € [d]. The coordinates of ¢, are observed atom masses, hence ¢,, > 0 for every
7€ J. Moreover

$(¢z) = pzy,  51(d2) = Qroz + Q12 = PaTra
If p. > 0, Definition 3 gives
€< 31(‘]1‘) <1-—e
5(qx)

and therefore
ES(QJ&) < 51(‘]90) < (1 - E)S(Qx)'

If p, = 0, nonnegativity and s(¢,;) = 0 force g, = 0, so the same two inequalities hold.
Thus g, € C. by Definition 7.

2. For each arm a € {0, 1}, define the totalized cell mean

ot — Galz/5a(qz), S8a(qz) >0,
ax 0, Sa(qx) = 0

On an occupied cell, the cone inequalities from the previous step imply

$1(qx) > €s(qz) > 0, 50(qz) = 8(qz) — $1(qz) > €s(qz) > 0,

tot

oy agrees with the outcome mean i, in Definition 3. Hence, for both arms,

and g

maX{Sa(qx)a es(qx)} = Sa(%:)a Qal,x = Sa(Qx)/Lg;:ty
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and therefore

S(Qx)qal,x tot
DT — )
Sa(q:z) :E:uam

On a null cell all observed atom masses vanish, and both sides of this last identity are
zero. Taking the maximum over a gives

Ya,e (QI) =

fe(Qﬂc) = Pz maX{MOx, ,U'].Z’}a

with the displayed value unchanged by the permitted null-cell choice of ;. Summing
over = € [d] and using Definition 4 yields

. Let u € RY. For every arm a, 0 < ug1 < Sq(u) < max{s,(u),es(u)}. If s(u) = 0, then
ga,e(u) = 0. If s(u) > 0, the denominator is positive and

s(u)ugr
max{s,(u),es(u)}

0 < gae(u) = < s(u).

Taking the maximum over the two arms gives

0 < fe(u) < s(u).

. It remains to prove the Lipschitz estimate for the global extension. For nonnegative
¢,¢, p,v, put

0, ¢+C+ptv=0,
scalc(¢, ¢, p,v) = (p+C+p+u)
max{¢p+ (,e(p+C+p+v)}

p+C+p+v>0.

For two quadruples, write
disteen = [¢— @[ +[C={[+]p—p/[+[v=0],  tot =¢+(+ptv, tot' = +(+p'+0".

When both totals are positive, split according to whether ¢+ ¢ < etot and ¢’ + (' < etot’.
In the low—low case,
(¢

€

< et disteen -

|scale —scall | = ‘

In the low—high case,

/ A / / no_ /

¢y C G ¢ @) —etot
€ ¢/ + C/ € ¢/ + C/ €

The second summand is nonnegative, and 0 < ¢’/(¢' 4+ (') < 1. Using ¢ + ¢ < etot gives

(¢ n (¢ +¢') — etot’

€ €

< e o —¢'| + |tot —tot’ | < (14 e 1) disteen,
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and the lower bound follows from

¢—¢

€

> —e ! distee -

The high—low case is the same calculation with the two quadruples interchanged. In the
high—high case,

tot ¢ — tot’ ¢ = (tot — tot') ¢ +tot( ¢ ¢ >

6+¢ g+ ENG 6+C g+
and
‘ ¢ ¢ kK=dI+lo—9
p+¢ ¢+ ¢+ ’
because

(¢ =+ —0)

o+C P+ (00 + )
Together with 0 < ¢’/(¢' +¢’) <1 and tot /(¢ + ¢) < e 1, this gives

|scal, —scal | < (1 + € 1) disteen -

If one total is zero, nonnegativity forces that quadruple to vanish, and the bound follows
from 0 < scalc < tot and 1 < 1+ e~ '. Applying this estimate to each arm, after merely
permuting the four coordinates, yields

19a.e(w) = gae(W)] < (L+€1) D fuy = vyl.
JeET
Finally,

o) = )] < o [gac) = gac(v)],

which proves the asserted global Lipschitz property.
. Define
) [‘ = 17
bm(nv L) = {n ne [07 1]7 L e {07 1}

Construct a full-data mass function by

PB(-Ta a,Y, Yo, yl) = 1{2/ = ya} Qay,x bm(,ufl—a,a:vyl—a)v

where y, = y1 for a = 1 and y, = yo for a = 0. Since poz, p1x € [0,1], every displayed
mass is nonnegative. Also

Z PB(xv a,y, yanl) = Z Gay,x Z bm(ﬂl—a,ma yl—a) = Z Qay,x = 1.
z,a,Y,Y0,Y1 z,a,y ylfae{o,l} z,a,y
Thus these masses define a full-data law.

The construction gives consistency because atoms with y # ¥, have mass zero. Its observed
margin is P, since

Z PB(*'LH a,y, Yo, yl) = Gay,x Z bm(ul—a,xa yl—a) = Gay,z-
y07y1€{071} yl*ae{OJ}
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Using the observed-law factorization supplied by Definition 3,

Qay,x = Pz bm(ﬂ'xa CL) bm(,ua:ca y)7

the potential-outcome atom obtained after summing over the observed outcome factors as

Z PB (.’E, a, Y, Yo, yl) = Pz bm(”l‘: a) bm(/J/Oxv ?JO) bm(u1m7 yl)
ye{0,1}

Consequently, conditionally on X = z, treatment is Bernoulli with parameter m,, inde-
pendent of the joint potential-outcome vector, and Y'(0), Y (1) are independent Bernoulli
variables with parameters o, and pi,. The observed margin is P, so its overlap proper-
ties are exactly those of the given observed law; together with consistency and conditional
exchangeability, Definition 6 places PP in Pde-

6. Conversely, if P € Py, then Definition 6 includes the assertion that its observed margin
satisfies the observed fixed-overlap model restrictions. Hence

Obs(P) € DG

The preceding conclusions use the nonnegative-domain extension u ~ f(u) from Defini-
tion 8, so they are exactly the cell-overlap, value, global-bound, Lipschitz, completion, and
observed-margin assertions stated above.

Proof of Proposition 2. Let
P := Obs(P).

For z € [d] and a € {0, 1}, write
Py i=P(X =x), Woz =P(X =2,4A=a),

and define the totalized observed arm regression by

PX =z,A=aY =1)

ga,x = Wa,z

0, Wa.z = 0.

, Waz >0,

Also write

For « € {0,1} and 7,v € {0,1}, put
Xez(Tv) =P{X =2,A=71,Y(1) = v},
and define the totalized potential-outcome regression by

276{0,1} X (7:1)

N = Px
0, pz = 0.

y Pz >0,
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1. By Definition 2, for every z,a, y,
PX=zx,A=0aY=y)=P{X=2,A=0aY =y}

The support component of Definition 6 makes Y(0) and Y (1) binary, so the event {X =
x,A=a,Y =y} is the disjoint union, over yp,y; € {0,1}, of the events

{X=2,A=0a,Y =9y,Y(0) =y, Y(1) = u1}.
Finite additivity therefore gives

P(X=2,A=aY =y) = Z Z P{X=z,A=aY =y,Y(0) =y, V(1) =y }.
yOG{Oﬂl} Y1 6{071}

Summing over a and y gives
Pz = Pz

2. Fix z € [d] and ¢ € {0,1}, and suppose
P > 0, w,g > 0.
The consistency component of Definition 6 gives, for each v € {0,1},
PX=z,A=1Y =v) = x,2(t,0),

and hence

Wy = Z XL,&U(’/)U)'

ve{0,1}

The exchangeability component of Definition 6, applied to Y (), A = ¢, and outcome value
1, gives

XL,QJ([’a 1) Z Z XL,.Z’(T7U) = Z XL,J:(Ta 1) Z XL,QJ([’a U)

7€{0,1} ve{0,1} 7€{0,1} ve{0,1}

The double sum is p, = p,. Dividing by the positive product p,w, , yields

276{071} XL’:B(T’ 1) _ XL,z(L7 1)

Pz Wyx

N,z = = §L,.Z"

3. The support component of Definition 6 gives the finite partition {X = x},¢|q. Expanding
the outer expectation in Definition 9 over this partition gives

{ 276{0,1} Xo,(T,1) ZTE{O,l} X1,2(7,1) }

V*(P) = Z Pz Max
T:pe >0

)

Px Px

By the defining convention for 7, ;, on null cells, this is equivalently

V*(P) = Z Pz max{no z, M.z }-
z€|[d]
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Since P € Py, Definition 6 places IP in the observed-law class of Definition 3. Choose the
representing parameters py ", ., and pia, from that representation. Summing its displayed
atom factorization over a and y gives

Py’ =P(X =) = pa,
and summing over y at fixed a gives
War =P(X =2,A=a) =p,m2(1 — ;)%
If p, > 0, fixed overlap in Definition 3 gives w, , > 0, and hence

PX=z,A=0a,Y=1) p 71— 7)oz
ga,x = = 1— = Haz-
Wa,x pxﬂ-g(l - 71'3;) a

If p, = 0, the cell contribution to the value is zero for any permitted choice of fiq.
Therefore Definition 4 gives

\D(P) = Z Dz maX{§0,m§1,x}-

z€[d]
Using p; = pz, fix x. If p, = 0, then

Px maX{nO,a:a nl,x} = Pz maX{‘fO,za fl,x} = 0.

If p, > 0, the overlap component of Definition 6 gives

W1,z

€< <1l-e
Px
Since € > 0,
0<epr Swig.
Also
Pz = W0,z + Wiz, Wi,z < (1 - e)pﬂﬂ
SO

W0,z = Pz — Wiz > epy > 0.

The identity from the previous step applies for ¢ = 0 and ¢ = 1, giving

N0,z = gO,xa Ma = 51,:;:-

Thus
Pz maX{Tlo,x, 771,96} = Pz maX{iO,a:v fl,x}'

Summing over z € [d] proves
V*(P) = U{Obs(P)}.
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Proof of Theorem 1. 1. Choose the universal tuning supplied by Lemma 8. Thus Hj is the
universal self-normalized Poisson pilot-radius constant,

1

= — D =
"= 100000 0=3,

so Hy > 0, k € (0,1), and Dy > 2. Fix 0 < ¢ < 1/2, let C*!! > 0 be the cell constant
supplied by Lemma 8, and put

= =1+ elye2

Define
C. := 20000000{1 + C<! 1 (C=)2} 4 2000=, + 10.

Then C; > 0. For d > 2, write
Ly :=log(ed).

Since Ly =1+ logd and logd < d — 1,
0< Lg <d, 1< Ly <2,
Fixn>1,d > 2, and P ¢ Dg}f. Let ¢z = (900,201,510, q11,z) and let p, be the

covariate-cell mass. By Proposition 1,

d
\I](P) = Zﬁ(‘h)a 0< fe(qyc) < S(Qm)'
r=1

The four-cell vectors partition the one-observation law, so

Zs(%c) =1

=1
Consequently
0<YP) <1.

2. Consider the bounded-alphabet branch d < Dy. Since Dy = 3 and d > 2, this branch has
d = 2. By Algorithm 1,

Vis =V
Assume first that n > 4. For x € [2] and a € {0,1}, define
N, S
Ca 1= Tx NLZ;’ Cc?,a: ‘= Pzltaz,

with the 0/0 = 0 convention from Definition 10, and put

0
5a,x = Ca,w - Ca,x'

If p, = 0, then ng = 0 and (4, = 0 almost surely. If p, > 0, the fixed-overlap represen-
tation in Definition 3 gives

Nag =P(A=a| X =1z) >¢,

69



and the conditional success mean in that arm and cell is pq,. Define

n

N, | — 1
LS = 7”3 1{Ny > O}N > X =, Ai = a} (Vi — ptax),

ar =1

N Ny, —
622} = <a: - p:r:) Haz, 5270;«0 = Haxil{Nax = 0}.
n n
The totalized-ratio identity is
Baze = 0055 + O — e,

Conditional on N, = k, the arm count is binomial with success probability Na,z- For
By, ~ Bin(k,n) with n > €,

1{By, > 0} 1 21— -k} 2
e e R v R = e

k.n

for k > 0, while the left-hand side is 0 for £ = 0. Since Y; € {0,1} and pqe € [0, 1], the
centered residual has conditional second moment at most one; hence

Ex{(62)%} < Ep

N 1{Ng; > 0} J
n2 N, = ne’

Also

n

~ 2
Ny 1
B < B (N5 - 0e) <3

Let

n—2
An,x = Pz €XP |:_ 9 6pz:| .

Expanding Wil{ﬁm = 0} into diagonal and ordered-pair contributions gives
E { 5zero) } < +A

The elementary inequality t exp(—ut) < u~!, applied with u = (n—2)¢/2, and the condition
n > 4 give

’ ne
Using p, < 1 and n=2 < n~!, we obtain

100=,
—

Bpdy . < ABp{(0;3)°} + 2Ep{(55%)°} + 4Ep{(5;3°)°} <

Moreover,

2
n2 - ZmaX{CO IaCI CE} \II(P) = ZmaX{C&x,C?,z}-
=1
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The maximum map is one-Lipschitz in the sup norm, and Cauchy—Schwarz over the four
pairs (a,z) yields

(V25 - \I/(IP’))Q < 4i 3 6,

z=1ae{0,1}
Therefore e
Riskp(VER, 0) < =,
’ n
Sincen >4, Lo > 1, and Ly < 2,
2 2 1600=, 2
in<1, — = — <C, .
mln{ ’ nLQ} nly’ n — “nks

If n < 3, the empirical ratios lie in [0, 1], their weights sum to one, and therefore
0<VER <1,
Together with 0 < ¥(P) < 1, this gives
Riskp (V2R ¥) < 1.

Also

SO

Lol 2
g Smingl,— o[
Since C¢ > 3, the desired bound follows throughout the bounded-alphabet branch.

3. Now suppose that d > Dg and

< d
n -—.
Lq

In this branch, Algorithm 1 outputs the constant estimator 1/2. Since ¥(P) € [0, 1],
. 1
Riskp <2,\I’> <1.

The scale condition gives

d
1<%
< nlLy’

d
in¢l,— > =1.
mln{ ’nLd}

Since C, > 1, the asserted inequality holds in this branch.

and hence

4. Tt remains to treat the Jackson branch

d
dZ_DQ7 fﬁn
d
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Set
n d
m = — = —
Xn,d nLd

Then 0 < xp, ¢ < 1. In the uncapped finite-Poisson marked experiment, draw
M"™€ ~ Pois(n/4),

then draw M""¢ i.i.d. observations from P, each with an independent fair pilot/evaluation
mark. Let 72" "™ be the clipped cell statistic computed from the resulting cell-x pilot and
evaluation counts, and define

d
punc . H[O,l] (Z Ti]F,unc) )

r=1

By Lemma 8, the cell blocks are independent and, for every z,

- 1
’ETgF’unc - fe(qgc)| < Cscu { Pa + } )

mLg  mLy
Var(TJFme) < geellg1/16 {prd n L%} _
m  m

Projection onto [0, 1] is nonexpansive for squared distance from ¥(P) € [0, 1], so

~ 2 d d ?
p[{—we)] < {ZT;FM _ Zfe(qx)}
1 x=1

Using independence,

d d 2 d d d 2
E {Z TQ‘C]F’UHC _ Z fe(q:p)} < QZVar(Tg;]F’unc) +9 (Z ET;;]F,unc _ Zﬁ(%@)) )
=1 x=1 x=1

=1 =1

Since ), py = 1, Cauchy-Schwarz gives

d d
Y BT =Y felar)
rz=1 =1

Summing the variance bounds gives

2

2
< 2(C€cell)2{ d + d }

de m2L3

d 2
Zvar(T;v]F,un(:) < Cé:elldl/IG {Ld + dL2d} )
— m m

The elementary logarithmic absorption bounds
L2d~Y16 <995 [Ad719/16 < 50625

hold for every integer d > 2: the one-variable bound (1+ log t)2t_3/16 < 225 fort > 1 gives
the first inequality after multiplication by d—12/26 < 1, and the second after squaring and
multiplication by d=%/16 < 1. With m = n/8 and Xn,da < 1, these imply

d d?

— 4+ ——= <72 ,
mLy * m2L?l = (4Xn.d
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and the scale inequality d/Lg; < n gives

L, dL?
q1/16 {d + ;} < 3300000x1,,4-
m m

Consequently,

E {{f/um - 1141@)}2] < 10000000{1 + C°! + (C<M)2}y,, 4.

. We pass from the uncapped comparison experiment to the fixed-sample estimator in Al-
gorithm 1. Let B,, be the product law of n independent fair marks. For

o1n € ([d) x {0,1}*)", B, €{0,1}", M €N,

define
H[Q”{Zi:l Ti]F(OI:Maﬁl:M)} ; M S n,

T:ﬁg(ol:na Biim, M) =
" M > n.

Define the capped Poisson-prefix average

T?ﬁ(Ol:nv /Blzn) = / T;fg(olzna B, M) d POiSn/4(M)'

N
In the present Jackson branch, the all-data estimator is the fair-mark average
01 n / TCap 01:717 Bl:n) dBn(Bl:n)-

Jensen’s inequality for the mark average gives

. cap 2

Rlsk[p(vnd, ) < E]p@n@]gn [{T 01 ., Bi: n) - \IJ(P)} } :

A second application of Jensen, now to the Poisson-prefix average, gives
9 2
Epsngp, [{Tcap (O1:n, B1:n) — ‘I’(P)} ] < EP@n@Bn®Poisn/4 [{Tcap(01 s Blm, M) — \I/(IP’)} } .

On {M < n}, the prefix (O1,B1),...,(On, Byr) has the corresponding uncapped finite-
Poisson marked law restricted to prefixes of length at most n, so the nonoverflow contri-

bution is bounded by
~ 2
E [{vum - \II(IP’)} } :

On {M > n}, the capped statistic equals 0, and ¥(PP) € [0, 1], so the overflow contribution
is at most

Pr{Pois(n/4) > n}.
Thus 9
Riskp(V;), ) < E [{17 - \IJ(]P’)} ] + Pr{Pois(n/4) > n}.
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To bound the Poisson overflow term, let
n n

Noy ~ Pois(n/4), Aoy = T

Since n > 1, both Ao, and 7, are positive. For every nonnegative Chernoff tilt w,y, the
centered Poisson moment-generating function gives

E exp{mov(Nov — Aov)} = exp{ Aoy (7 — 1 — woy) }.
Consequently, for every Ay, > 0, Markov’s inequality yields

Pr{Noy — Aov > Aoy} < in£0 exp{ —@Wov Aoy + Aoy (€7 — 1 — woy )}

Taking weoy = log(1l + Agv/Aov) gives the Bennett form

Pr{Ny — dov > Aoy} < exp [— {(on + Aoy) log <1 n AOV> B AOVH '

The elementary inequality

2pov
Pov + 2

log(1 4 poy) > , pov = 0,

implies

A A2
Aov + Aov) 1 1 ov —Agy > —
(o + O)Og( +)\OV> o = Mow + Ao

Now choose
Aoy = v/2hovYov + 2Yov-
Then
Ac2)V - 7OV(2)\OV + on) = 370v\/m + 27§V >0,

SO

Pr{Noy — Aov > Aoy} <77V,

For the present values,

Bov = VIS +2n/8) = 5, m Aoy = 0
and therefore
{Nov > n} C {Nov — Aov > on}-

Thus
Pr{Pois(n/4) > n} < e™/8.
Finally, 7oy < €7 follows from 1 + 74y < €7V, and hence
Pr{Pois(n/4) > n} < e /8 < .8
- “n/8 n

Using Ly < d,



Combining this overflow bound with the uncapped bound from the previous step,
Riskp(V5, ¥) < [10000000{1 4+ C< + (Ce)?} + 8} Xnd < CoXnd-

In the present branch x,, ¢ < 1, hence

d
eXn,d = Cemi 1, .
Cexn,a = C. mln{ nlog(ed)}

The three branches cover every n > 1, d > 2, and P € Dg}f, giving the stated uniform
bound.
O

Proof of Proposition 3. Fix (P,Q) € A2, and put
P = Obs{L1Emb(P, Q)}.

The sampling condition in Assumption 1 supplies the product-sampling convention used in
Definition 5.

1. For z € [d], define
Qayz =P{X =2,A=0aY =y}, a,y € {0,1}.

By Definitions 2 and 16,

B _ B _ = (4)
q11,x 1 400,z 1 410,z 4 q01,x 1

Hence

P.+Q
Pz = Z Qay,x = %
a,y€{0,1}

The vector p = (pz),¢(q) lies in Ay, since p, > 0 and

ZPIZ%ZPI_{—%ZQIZL

z€[d) z€[d] z€[d)

Set m, = 1/2 for every cell, and set

§ _{Pm/(PerQm), Py +Qq >0, {%/(Pﬁ@:f), Py +Qq >0,
lz —

Hox =
0, Pr4 Q. =0, ‘o, Pr4 Q. = 0.

On cells with P, + @, > 0, these quantities lie in [0, 1], and the four identities in Equa-
tion (4) are exactly the factorization required in Definition 3. On cells with P, + @, = 0,
nonnegativity gives P, = @) = 0, so all four atom masses vanish and the same factorization

holds. Moreover,
P, +Q
Z qly,x = Z qoy,x = %7
ye{0,1} ye{0,1}

so whenever p, > 0,
- Zy‘hy,w (Pt Q)4 1

Vs = = —.
‘ Pz (Px + Qx)/2 2
Because 0 < € < 1/2, this propensity lies in [e,1 — ¢]. Thus P € Dg}’es.
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2. Write
P - Q=) [P — Qul.

z€[d]
By Definition 4,

\I](P) = Z Dz maX{NOazv Nla:}-
z€[d]

A null cell contributes zero. On a cell with P, + Q, > 0,

Px + Qac Qac Pa: maX{Pa:aQac}
———— max , =
2 P, +Q: P+ Q 2

Dz maX{MOma Mlm} =

For each z,
maX{anQm} . P+ Q. + ’Px_Qm|
2 4 4
Summing over x and using > P, =) Q, =1 gives

DI o)

z€[d]

N =

1 1
UYP)==-+-|P-Q|; =
() =5+ ;P - Qs

3. Define the single-observation kernel K from a paired draw n = (np,nq) € [d] x [d] by

1/47 (x7a7y) € {(7713’ Oa 0)’ (77Pa 1a 1)7 (77Q70, 1)5 (77Q, ]-a 0)}7
0, otherwise.

Kl (777 {(:L’, avy)}) = {

Under one paired draw from P ® Q,

Pr{n = (zp,2qQ)} = PipQuq-

Therefore 1 p
{(P ® Q)Kl}{(x7 L, 1)} = Z ZP:BQQTQ = Zx7
zQ€(d]
and similarly
— Py _ QUC o Qx
{(PeQ)K1}H(2,0,00} ==, {(PeQ)K1}{(2,1,0)} ==, {(PeQ)K1}{(2,0,1)} = -~

These are the atom masses in Equation (4), so the one-observation kernelized paired draw
has law P.

4. Define the fixed-n product kernel K, on ([d] x [d])" by

n

Kn(§7B1 ><"'XBTL) :HKl(flaBl)7 52(617751’1,)

i=1

For n = 0, this is the empty product kernel; for n > 0, it applies K7 independently in
each coordinate. Since the fixed paired-sample law is (P ® Q)®™ and the one-coordinate
kernelized law is PP, finite-product independence gives

K. {(P o Q)" =P, (6)

This is the explicit fixed-n product Markov kernel asserted in the proposition.
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5. Let V be any measurable observed-sample estimator. Since the observed sample space is
finite, V' is bounded. Define the paired-sample pullback

Lo =4{ [TO Ko~ 5. e xla

For each fixed paired sample ¢, Equation (5) and Jensen’s inequality for ¢ ~ ¢ give

s{tvo-1P-an) = | [0 - vey g, 5cw] < [(7O-v®) Ku (s, do)

Integrating under (P ® Q)®™ and using Equation (6) yields

éamwmfﬁv—W—me}g%mﬁv_mmp}

Taking the supremum over (P, Q) € A2, and using the admissibility proved above, gives

~ 2
o Epoqer |{Lp— P - QY| <16 sup oo, [(7 - vy,
(P7Q)EA§ PED&?S

The estimator E‘A/ is admissible for the paired problem in Definition 15; the zero estimator
and the fixed pair chosen at the start give the required nonempty estimator and parameter
classes. Hence
L
M,y <16 sup Epg, [{V \IJ( )} ]
PeDghs

Taking the infimum over all observed-sample estimators 17, as in Definition 5, gives
Ll < m
E TL,d - nvdve'

6. Combining the observed-model membership, the displayed formulas for p,, 7, and ¥(PP),
the product-kernel identity, and the minimax transfer proves every asserted conclusion for
the fixed pair (P, Q). Since the pair was arbitrary, the proposition follows.

O
Proof of Theorem 2. Fix 0 < € < 1/2. For an alphabet size r > 2, set
L, =log(er), LS =log(en),

where L; is used only for sample-size logarithms. Let %ﬁlr be the fixed-sample two-sample L
risk of Definition 15. Also define the Poissonized two-sample risk

. . 2
%ﬁ},}POlS =inf sup By, pq [{D(NP,NQ) — [P - QHI} ] ;
D (P,Q)eA2

where, under H,, p @, the two histograms have independent coordinates
NP ~ Pois(2nP,), N2 ~ Pois(2nQy), x € [r],
and the infimum ranges over measurable histogram statistics whose squared loss is integrable

for every (P, Q) € A2 and whose displayed worst-case risk is finite.
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1. Lemma 10, using the moment-matching priors of [Cai and Low, 2011, Lemma 1 and Section
3.1], supplies an integer dgense > 2 and a constant Ygense,c > 0 such that

,
T 2 dgenses ’1"2 <N == Ydense,e 7 < 9%n,r,e-
nlL,
The Poissonized lower bound of [Jiao et al., 2018, Theorem 3, equation (24), and Section
3.1], with constants 1/4 and 2, gives a universal yygw > 0 such that

r>2, "< n, L; <2L, = ~m\w min{l,

< le,Pois'
= AL, = } =Tt

r
nlL?

n
For fixed-sample estimators this yields

r
nlL?

n

~JHW Mmin {1, } —8exp{—n(1l—1log2)} < f)%ﬁlr

Indeed, from any fixed-sample estimator lA), construct a histogram statistic as follows. Let

T T
e DI SRS
r=1 =1

On E}fOis, take the conditional expectation of D applied to ordered n-samples drawn from
the two histograms; on (£5°%)¢, output 0. On £5°®, the conditional reconstruction has the
fixed n-sample law, so Jensen’s inequality gives the fixed-sample risk. Since ||P — Q|| €
[0, 2], the squared loss on (E5°)¢ is at most 4. The Chernoff bound for Pois(2n) gives

Pr {Z NP < n} = Pr {Z NQ < n} <exp{—n(l —log2)},

and hence the displayed fixed-sample lower bound follows after taking the infimum over
D.

Choose dj,g so that
r
r> dlog = L, < 57

and choose n,j > 2 so that, for every n > ngai,

8exp{—n(l —log2)} < 7J2HW7 Sexp{—n(1 —log2)} < VJI;W.
n
Set
d* = max{ddensea dlog}7 E* = max{d*, ntail}7
and

. yaw 1
Ce = N {Vdense,ea 64  100= } > 0.
e

2. For every n > 1 and d > 2,
1

T00n = Dinde
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Put
2

=5
In every cell z € [d], take p, = 1/d, 7, = 1/2, and jio; = 1/2. Under P ;, set pin; = 1/2;
under ]P’fi}d, set piz = 1/2 4 &,. Since d > 2, the vector with coordinates p, = 1/d lies
in Ay. The fixed range 0 < € < 1/2 gives 1/2 € [e,1 — €], so the displayed propensities
satisfy Assumption 4. Finally 0 < 4,, < 2/5 places all arm-specific means in [0,1]. Thus
both laws belong to Dg}f, and

On

1 1
Py a) = 3 (P ) = 5T On-

The one-observation chi-square divergence is

2 reg reg _ % — 2
X CrnaPond = Gya= 17z = 2

so tensorization and 1+t < et give
1+ x? ((Piei N (i d)®”) = (1+262)" < exp(2nd?) < 2,

because 2nd2 = 8/25 < log 2. Therefore

T I 1 I I 1
Tvamﬁdﬁmﬂfaw%)SQVQ%ﬂf§a®z@£awm)32-

For two model points with target separation 2s and product-law total variation at most

1/2, thresholding any estimator at the target midpoint and using
EA(V =)} 2" Pe(lV =¥yl = s}, je{o.1},

gives a worst-case risk at least s?/4. With s = §,,/2,

(0n/2)? _ 1

R o> — .
nde = Ty 100n

. If n < nygai, then n < =, and therefore

i 1 d < < 1 < 1 <SR
cemin<l, — » < ¢ < — < — < .
nLyq 1002, — 100n n,de

. Assume n > niay. If d < dy, then d < Z,. Since Lg > 1,

cmin1d<cd< d <1<9{
¢ "nLy | = “nLy = 1002,nLy — 100n — ™

. Assume n > ng,, d > d,, and d? < n. The dense lower bound from Lemma 10 gives

Ydense,e 7 < S)qn,d,e .
TLLd

Since ¢e < Ydense,e and min{l,d/(nLq)} < d/(nLlqg),

d
Ce Min {1, L} < R de-

nlq
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6. It remains to treat m > g, d > dy, and n < d?. Then
L2 <log(ed?) =1+ 2logd < 2(1 +logd) = 2Ly.

Because d > djog, also Ly < d/2, and hence

L, <2L;<d.
7. Suppose first that
d
< —.
"L,
Define
sp=[nLy].

The preceding inequality implies nLgy < d/4. Since Ly > 1, this gives n < d, hence
L; < Lg, and therefore

d
angnLd<Z<d, 2<s, <d.
The ceiling definition also yields the lower bound
nL;, < sp.

Because L, > 1 and n > n,; > 2, this implies n < s,,, and monotonicity of the logarithm
gives
L; =log(en) < log(esy).

The upper ceiling estimate is just as important: since nL; > 2,
sp=[nL;| <nL;,+1<2nL;.
The denominator below is positive because s, > 2. Consequently,

Sn 2nL;

< <
4log(esy) ~ 4log(esy) "

n
5 <

<

and the two remaining gate estimates are

Sn
L; <21 1<
n — Og(esn)’ — TLL%’

the second following by dividing nL; < s, by the positive product nL;. The fixed-sample
L1 bound at alphabet s, yields
yiaw — 8exp{—n(1 —log2)} < M

M,Sp,?

and the choice of ny,; gives

TIHW < mﬁ,lsn'
Embedding A;, into Ay by padding the remaining coordinates with zero preserves the L
distance, so

mLL <l

n,Sp —
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By Proposition 3,
L ar
Emn}d < iRn,d,ea

and consequently

YIHW
39 < 9%n,d,e'

The saturated inequality gives d/(nLg) > 4, hence
d
in¢l, — » =1.
min { oL }

. d
Ce Min {1, L} <R de-

Since ¢ < yyuw/64,

nlqg

8. Finally suppose that

d <
—_— n.
4Lg —

The fixed-sample L1 bound at alphabet d gives

d
YIHW min {1, nLO} - 8eXP{_n(1 - 10g 2)} < %ﬁ}d

n

1 < mi 1 d
~ < min — .
n = "nlLe

n

Since L, < d,

The choice of ny,; therefore yields

VIHW . d L
Tmln {1, nLO} S %n}d

n
Also Ly < 2Lg4, so
d d d d
— < 2— i 1, — > <2minq1l, — ;.
nLg = nLY’ mln{ ’nLd}_ mm{ ’nLg}
Using ¢e < yynw/64 and Proposition 3,
L1

. d ) d Ry
cemln{l,nLd} < 7J3H2W mm{l,nLo} < 1L67 < Rnde-

n

The displayed alternatives cover every n > 1 and d > 2. Thus the constant ¢, > 0 satisfies

d
€ i 17 TN S n €
Ce N { nlog(ed) } P

foralln>1and d > 2. O
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Proof of Theorem 3. 1. Assumption 1 identifies the sampling law with the canonical product
law. Apply Theorem 1 with this sampling law and choose its universal Jackson tuning
constants Hy > 0, x € (0,1), and cutoff Dy > 2. Fix € € (0,1/2). The same result gives a
constant CJ¥ > 0 such that, for alln > 1,d > 2, and P € Dg}f,

~ 2 d
" JE < JE . - v
Epe {(Vn,d \I/(IP’)) ] < ! mm{l’nlog(ed)}

The lower-bound input is Theorem 2, using the moment-matching priors of [Cai and Low,
2011, Lemma 1 and Section 3.1] and the Poissonized L; minimax lower bound of [Jiao
et al., 2018, Theorem 3 and equation (24)]. It gives a constant c/°¥ > 0 such that, for all
n>1andd > 2,

d

low .

L, ——— b < Ryge.
‘ mm{ ’nlog(ed>}— .

Set

Ce = oV, C, := CIF 4 dov,

Then 0 < ¢, < C.. For later comparison, when n > 1 and d > 2, Ly = log(ed) > 0, and

hence d
pn7d := min {1, nLd} Z 0.

2. The preceding lower bound gives
CePn,d < 9%n,d,e'

For the middle inequality, define for each measurable observed-data estimator 1%
~ ~ 2
gn,d,e(‘/) = sup E[[»@n |:<V — lIJ(P)) :| .
PeDgbs
By Definition 5,

Rpde = inf Epac(V),
1%

where the infimum is over the same measurable sample maps. The estimator Vﬁlg in
Algorithm 1 is one admissible map, and squared-error risks are nonnegative:

P 2
Epon {(de - \I/(]P’)) ] > 0.
Therefore evaluating the infimum at this estimator gives

9C{n,al,e < gn,d,e (Vﬁ],g) .

3. It remains to bound this particular worst-case risk. If the set over which the displayed
supremum is taken is empty, the real-supremum convention gives

Enac(VIE) =0,

n,
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and 0 < Cepy, q. Otherwise, for every P € ngf, the upper bound from Theorem 1 gives

~ 2
FEpan |:(V7;TE — \IJ(P)) :| < Cngmd < (CgF + Cleow)pn,d = Cepn.ds

where the second inequality uses p, 4 > 0. Taking the supremum over [P yields
Ende(f/*]{j) < C. min 1,i .
o mas = nlLg

. Finally fix a measurable observed-data estimator V and define its causal worst-case risk
by

~ ~ 2
g5 (V) = sup Eopy(pyen [(V— v(P)) ] .
PePy,.

The two attained-risk sets are equal. Indeed, if P € P4, then Proposition 1 gives

Obs(P) € D,

and Proposition 2 gives
V*(P) = U{Obs(P)}.

Thus each causal risk value is an observed-law risk value:
~ 2 N 2
Eobs(pyen [(V - V*(P)) ] — Eobs(p)en [(V - \If{Obs(P)}) ] .

Conversely, if P € Dgtf, then Proposition 1 supplies P € Pz with
Obs(P) =P,

and Proposition 2 again gives
V*(P) = U(P).

Hence the corresponding observed-law risk is attained in the causal class:

Epen [(V/ - \II(IP’))2] = Eops(pyen [(17 - V*(P))Q] .

Therefore

~

£ (V) = €, q.(V)

,€

for every measurable observed-data estimator V. Taking the infimum over the common
estimator class in Definitions 5 and 17 gives
%causal — N d
— YWn,d,e-

n,d,e

Together with the three inequalities above, this proves the result.
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Proof of Theorem 4. Fix € € (0,1/2). The published moment-matching conclusion of [Cai and
Low, 2011, Lemma 1 and Section 3.1] and the published Poissonized L; lower bound of [Jiao
et al., 2018, Theorem 3, equation (24)] enter through Theorem 3 and Proposition 4. By Theo-
rem 3, there are constants c., C. with 0 < ¢, < C¢ such that, for every n > 1 and d > 2,

causal
Ceq)n,d < 9{n,d,e < Ce(I)n,d; 9%n,d,g = iRn,d,a

where

d
L) = mi 1, ———— 5.
n,d © i { "nlog(ed) }

The upper comparison uses the Jackson-factorial worst-case risk term displayed in Theorem 3.
Let do = (dp)n>1 satisfy d,, > 2 for every n. Define

d d
D, = (I)n,dna Pn = — Xn = =

nlog(ed,)’ nlog(en)

All displayed denominators are positive. We prove
P, >0 <= x,—0,

which is exactly d,, = o{nlog(en)}. Suppose first that ®, — 0. Then eventually &, < 1/2,
hence @, = p,, so p, — 0. For all sufficiently large n,

1
o< < — 4+ 20,,.
= Xn = log(en) +2pn

Indeed, if d,, < n, then

_dy/n < 1
Xn = log(en) — log(en)
If n <d,, set
Tn = tn >1
n
Then

Tn

~ log(en) + log 7

log(ed,) = log(en) + log 7, Pn
Since eventually p, < 1/2 and log 7, < 7y,
27, < log(en) + log 7, < log(en) + 7,

so 1, < log(en). Consequently,

log(edy) < 2log(en),  xn = — Tn

- <2 — 2pn.
log(en) — log(ed,) p

Because 1/log(en) — 0, this gives x, — 0.
Conversely, suppose x, — 0. For all n > 1,

0< pn <n Y242y,

If d,, < /n, then log(ed,) > 1, and therefore

d
pn < — <n V2
n
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If /i < dp, then n < d2, whence
en < (edn)Q’ IOg(en) < 210g(6dn)’

and therefore
Pn < 2Xn-

Since n=Y2 — 0, we get prn — 0, and then
®,, = min{1, p,} — 0.
The two-sided comparison with ®,, gives
Rndye +0 —= &, —=0.
For the forward implication, the lower comparison gives
0< @, < ' Rpg, e
for all n > 1. For the reverse implication, the upper comparison gives
0 < Rydpe < CPy

for all n > 1. Combining this equivalence with the preceding display proves observed consistency.
We next prove the observed parametric boundary. Suppose

C;<mnd e_Ci
n

eventually for constants 0 < (— < (. The upper parametric bound and the lower frontier
bound imply
Cr

Ce

n®, <

eventually. For all sufficiently large n > (4 /c., the alternative p, > 1 would give ®,, = 1 and
hence n®,, = n > (4 /c., a contradiction. Thus eventually p, < 1, and so

din =np, = nd, <+
log(edy,) Ce
For d,, > 2,
log(edy) = 14 logd, =1+ 2log \/d, <1+2(\/d, —1) < 2\/d,,.
Therefore

Vi, < g I obt

log(ed ) e’

and hence d,, is eventually bounded. This is d,, = O(1).

Conversely, assume d,, = O(1). Then there are a real number K}q and an index Npq such
that d,, < Kyq for all n > Npq. Enlarging over the finite set 1 < n < Npq, choose an integer dypq
such that

dp < dpg for every n > 1.
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This finite enlargement is the passage from an eventual O(1) bound to a single global alphabet
bound.

The bounded-alphabet sequence clause of Proposition 4 applied with this dpq supplies con-
stants n_,ny with 0 < n_ < n4 such that, for all sufficiently large n,

n—

— < 9}‘n,dn,e < ni
n

Together with the preceding implication, this proves the observed parametric equivalence.
It remains to transfer the two equivalences to the causal risk. The equality supplied by

Theorem 3 gives, for every n > 1,
Rt = Ry e
Hence
R 50 = Ryg,e — 0,

and observed consistency gives

mcausal
7,dn €

—0 <= d,=o{nlog(en)}.

The same equality transports the parametric-rate property itself:

%causal

n.d, e has the parametric n~! rate < R d, e has the parametric n~! rate.

Indeed, the same eventual constants bound both sequences after replacing one risk by the other
in the displayed equality. Composing this equivalence with the observed parametric equivalence
proves the causal parametric boundary. ]

Proof of Proposition 4. The published moment-matching construction and absolute-value ap-
proximation rate of [Cai and Low, 2011, Lemma 1 and Section 3.1], together with the published
Poissonized two-sample Lj lower-bound argument of [Jiao et al., 2018, Theorem 3 and equation
(24)], are the literature inputs used by Theorem 3. Apply Theorem 3 and choose the tuning
constants it supplies. Write them as Hy, &, and Dg. They satisfy

Hy > 0, 0< k<1, Dy > 2.
For each fixed ¢ € (0,1/2), Theorem 3 gives constants ¢™ and C™, with
0 < ™t < comb
such that, for every n > 1 and d > 2, with
Ly = log(ed),

one has

. d , d
C?lfmln{l, n_Ld} < %n’d’e < Cernfmln {1, fnLd} .

1. Fix n > 1 and d > 2. The logarithms L; and log(en) are positive. Since

Li=1+logd=1+2logVd<1+2(Vd—1)<2Vd,
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we have

Vd gy d
n —  nly
Define
d
Tnd = ——-
n,d nLd
We prove

d d
min{l,f + } <4min{l,7,4}.

n  nlog(en)

If 7,4 > 1, the right-hand side is 4, while the left-hand side is at most 1. Suppose 7, 4 < 1. If
d < n, then ed < en, so
Ly <log(en) < 2log(en).
If d > n, put
d
Tnd = —-
n

Then 7,4 > 1,
Lg = log(en) + log nn,d,

and 7, 4 < 1 gives 1, ¢4 < Lq. For every n > 1,

logn =2log\/n<2(yn—1) < g

where the last inequality is equivalent to (/7 — 2)2 > 0. Hence

Nn,d < log(en) +logn, g < log(en) + ng’d’

S0 Mn.a < 2log(en), and therefore

Ly =log(en) + logny, 4 < log(en) + % < 2log(en).

Thus, throughout the case 7, 4 < 1,

d d
<2 .
nlog(en) = mnlLy

Combining this with the square-root bound gives

d d d
£+ < 4 =4min{l,7,4},

n  nlog(en) nLg

and hence the displayed comparison follows. Consequently,

mf Vd d d
Ce : mf __ .

1 < 1 [ <R de
1 mln{ . +n10g(en)} C, mln{ o d} R4,

For the upper bound, d > 2 gives Ly > 1, and therefore

d d
Rnde < Cénf min{la L} < Cénf*‘

nlg n
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Taking ¢ = ¢™ /4 and C = C™ proves the matched-frontier assertion in the proposition.
2. Fix n, d, €, and an observed sample with 2 < d < Dy. Algorithm 1 selects its empirical-
ratio branch whenever d < Dy. Hence, for that sample,

7JF _ {7ER
Vn,d - Vn,d :

3. Fix e € (0,1/2) and a sequence (d,,) such that d,, > 2 for every n and d,, < dpax for some
finite dpax. Then dpax > 2. Define

2
mf mf
= —_— C = C™ diax-
Ceadmax Ce log(edmax) ’ €,dmax € max
Since log(edmax) > 1 and dyax > 2,
2
———— < dmax,
log(edmax) —
SO
0 < Ceydmax S C€,dmax'

For every n > diax, one has d, <n. With
Ly, =log(ed,,),
the bound d,, > 2 gives Ly, > 1, and therefore

dn
nLdn

<1

Thus the minimum in the matched frontier equals d,,/(nLg,). Monotonicity of the logarithm
gives
L, <log(edmax),

and, since d,, > 2,
2

dy,
- <
log(edmax) Lg,
Therefore, for every n > dpax,

c d
Codman < mf S0 <},

n nLdn
Similarly,
C
Ry 4,0 < O < ot D o S,
) ) nLdn n -
These inequalities hold for every n > dpax, hence for all sufficiently large n. 0
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