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Abstract

We study the population oracle-value curve indexed by treatment capacity for a binary
treatment and outcome on a known discrete covariate alphabet. Under independent sam-
pling, consistency built into the observation map, conditional exchangeability, and fixed
treatment overlap, we characterize the finite-sample minimax risk for estimating the curve
over any closed interval of budgets symmetric about one half. For every sample size n > 1,
alphabet size d > 2, and interval endpoint by € [0,1/2], the all-procedure expected squared
supremum risk on [bg, 1 — bg] is of order min{1, d/[nlog(ed)]}, with constants depending only
on overlap. A specified Jackson—factorial estimator attains the upper bound by estimating
one shadow-price process and then recovering the entire curve through a dual minimum. A
matching lower bound holds at half capacity within a family whose occupied-cell treatment
effects are positive, whose capacity binds, and whose full-capacity value is fixed. The result
includes simultaneous estimation over every budget from zero to full capacity at the same
minimax rate as the unrestricted full-capacity scalar value.

1 Introduction

A treatment capacity turns population value into a curve: each budget specifies the largest
expected outcome attainable by a feasible assignment policy. Estimating that curve addresses
questions about the value of additional capacity while allowing the most valuable recipients to
change with the budget. This paper characterizes the finite-sample precision of that population
target for binary treatment and outcome on a known discrete covariate alphabet that may grow
with sample size.

Let d be the known number of covariate cells, n the number of independent observed records,
and € a fixed treatment-overlap parameter. At budget b, the oracle value V;(P) is the maximum
population outcome under policies whose average treatment share is at most b, for a causal law
P satisfying consistency, conditional exchangeability, and overlap. We measure estimation error
by the expected squared largest error over I = [by, 1 — bg], the budget interval with endpoint
parameter by € [0,1/2], and compare all measurable curve estimators. For every n > 1, d > 2,
and by € [0,1/2], Theorem 1 establishes the risk order
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with comparison constants depending only on e. The statement includes the full interval [0, 1]
and the single half-budget value.

The upper bound uses a dual representation of each budget value as the minimum of a
common shadow-price process plus the capacity charge, as shown in Proposition 1. A pilot-local
Jackson polynomial and factorial-moment statistics estimate that process across shadow prices;
conditional averaging yields a curve estimator based on the observed sample in Algorithm 1. The
dual-representation proposition, Proposition 1, gives the factor-one contraction from uniform
process error to curve error; Theorem 3 gives the resulting estimator risk guarantee. This
contraction lets estimation of the whole curve attain the minimax rate of the unrestricted full-
capacity scalar value. The guarantee applies across the stated causal law class, including null
cells, unequal occupied-cell masses, boundary outcome means, and treatment-effect ties.

The matching converse comes from a paired causal family. At half capacity, every occupied-
cell treatment effect lies between 1/8 and 3/8, the available capacity is used, and the full-capacity
value equals 1/2. In this family, the target obeys the affine identity V;o(P) = 1/8 + Fp(1/4),
where Fp is the dual threshold process. An exact map sends paired samples from two unknown
discrete distributions to observations from this causal family. Thus, an estimator of the half-
budget value would yield an estimator of their L; distance, giving the lower bound from Jiao
et al. [2018, Theorem 3 and the unknown-both-distributions reduction following Theorem 6].
The full-capacity coordinate, when included in the interval, is the unrestricted scalar oracle-
value target studied by CausalSmith [2026].

The analysis connects constrained-allocation value processes [Feng et al., 2026, Section 4
and Theorem 4.1.1] and uniform inference for optimized value functions [Firpo et al., 2023] with
large-alphabet functional estimation by polynomial approximation and moment matching [Jiao
et al., 2015, Cai and Low, 2011]. Its risk criterion concerns the optimized population value across
budgets; policy-learning work evaluates the welfare of an estimated assignment rule [Kitagawa
and Tetenov, 2018, Athey and Wager, 2021, Pellatt, 2023]. The formal statements and internal
proofs are machine-checked in Lean 4, with verification scope recorded in the appendix.

The remainder first develops the connections to related work, then defines the causal class,
budget value, and risk criterion. It next states the matched rate and summarizes the estimator,
followed by discussion and limitations. The appendices give the supporting process bounds,
lower-bound reduction, and verification scope.

2 Related work

The budget-indexed oracle value connects treatment allocation under a capacity constraint with
inference for optimized value functions. Feng et al. [2026, Assumptions 4.1.1-4.1.3 and Theorem
4.1.1] derive an asymptotic value-process law for binary constrained allocation using differentia-
bility of the sorting operator, a regular decision boundary, and joint process convergence. Their
conclusion concerns the limiting distribution of a plug-in process in that regular regime. Here,
for a known d-cell alphabet and fixed overlap, the estimand is the same type of oracle capacity
curve, but the conclusion is a finite-sample minimax bound for expected squared supremum loss
over every symmetric budget interval. When d is fixed the risk is of order 1/n; when d grows it is
of order min{1, d/[nlog(ed)]}. The causal law class permits positive-mass treatment-effect ties at
decision thresholds. Firpo et al. [2023, Section 4] develop uniform tests for marginally optimized
value functions using directional derivatives and resampling. Their optimization framework is
more general, while the present result gives a rate for the particular causal capacity curve un-



der fixed overlap. Sverdrup et al. [2025, Sections 3.1 and 5] evaluate targeting across budgets
with multiple treatment arms using Qini curves and asymptotic pointwise confidence intervals
at specified budgets. Our target optimizes the population policy separately at each budget and
our loss compares an estimated curve with that oracle curve.

Bhattacharya and Dupas [2012, Section 5] study welfare from a data-based binary allocation
under a budget constraint and give asymptotic confidence intervals for that policy’s welfare.
Luedtke and van der Laan [2016, Sections 3 and 5] analyze differentiability and inference for
the mean outcome under an optimal individualized rule, including nonunique optima. Hirano
and Porter [2009, Introduction] develop asymptotic comparisons of statistical treatment rules.
These results frame allocation and optimal-value inference; here the estimand is the population
oracle optimum at every budget in I = [by, 1 — bp|, and the guarantee is an all-procedure finite-
sample minimax bound for expected squared supremum loss under fixed overlap and a known
discrete alphabet. Policy-learning work instead assesses the welfare of a selected rule [Kitagawa
and Tetenov, 2018, Athey and Wager, 2021, Pellatt, 2023]. The unrestricted discrete scalar
result [CausalSmith, 2026] studies the b = 1 coordinate under the same causal class and has
the same minimax order min{1, d/[nlog(ed)]}. The factor-one dual contraction in Proposition 1
shows that estimating every coordinate in I attains that order simultaneously, including when
I=10,1].

The statistical tools also connect to estimation of functionals on large discrete alphabets.
Polynomial approximation and factorial-moment statistics support estimation of nonsmooth
functionals [Jiao et al., 2015], while moment matching supplies lower bounds for such prob-
lems [Cai and Low, 2011, Jiao et al., 2018]. Here, polynomial approximation is applied to cell
contributions across shadow prices, and paired-cell moment matching captures the difficulty of
estimating the capacity-indexed value.

3 Setup and assumptions

Let d denote the known number of covariate cells, with d > 2, and let [d] denote their index set.
The sample size is n; we use j for a cell index and a for an arm index in {0, 1}. For nonnegative
sequences, Tp 4 S Spq means r, g < Csy g, where C is independent of n,d but may depend
on fixed overlap; =< denotes the corresponding two-sided comparison. The norm | k||« is the
supremum norm on the indicated domain.

Let P be a full-data causal law for the covariate X, treatment A, and potential outcomes
Y (a). Treatment selects the observed outcome Y, so an observed record is O = (X, A,Y). The
observation map makes the relation between the full-data law and its observed margin explicit.
For the observed sample O = (O4,...,0,), we impose independent superpopulation sampling.

Assumption 1. [ass:iid-sampling] (Independent observed records) The observed records
O1,...,0, are independent and identically distributed under the observed margin of P.

Independent superpopulation sampling makes the observed margin the common law of ev-
ery record and supplies the product-law experiment used in the risk criterion [van der Vaart,
1998]. The identification conditions concern how that margin relates to potential outcomes.
First, consistency connects each recorded outcome to the potential outcome under the received
treatment.

Assumption 2. [ass:consistency] (Consistency of observed outcomes) Y = Y(A) almost
surely.



Consistency is the standard link between observed and potential outcomes [Herndn and
Robins, 2020]. The observation map records this link atomwise.

Assumption 3. [ass:conditional-exchangeability] (Conditional exchangeability of treat-
ment) Under P, (Y(0),Y (1)) L A| X.

Conditional exchangeability then relates treatment assignment to the two potential outcomes
within each covariate cell.

Definition 1. [synth_1] (Observations from potential outcomes) Ford € N, let P be a full-data
causal law on (X, A, Y (0),Y (1)), where X ranges over a d-element alphabet and A,Y (0),Y (1) €
{0,1}. The associated full observation is defined atomwise by

A=1,
A=0.

(X,A,Y(0),Y(1)) — (X, A,Y(A),Y(0),Y (1)), Y(A) = {Y(l)’

The observed margin of P is the law of (X, A, Y (A)).

Conditional exchangeability permits arm-specific observed outcome means to identify the
corresponding cell potential-outcome means [Rosenbaum and Rubin, 1983]. To state the re-
maining restriction precisely, we record cell masses and propensities.

Definition 2. [synth_2] (Observed covariate-cell mass) For a discrete law P on a covariate
alphabet of size d, the observed mass of cell j is

pj = P(X =j).

Definition 3. [synth_3] (Product law and propensity) For a discrete observed-data law P on
a d-cell covariate alphabet and a sample size n, the product law is the joint law of n independent
records O; = (X;, A, Y;) drawn from P. For each occupied cell j, write pj = P(X = j) > 0 and
define its treatment propensity by ej := P(A=1|X = j).

The cell mass p; determines whether a conditional quantity in cell j is relevant to population
value.

Assumption 4. [ass:overlap| (Fixed treatment overlap) For every j € [d] with p; > 0, the
treatment propensity satisfies
€ S ej S 1—e.

The known alphabet fixes the cells over which policies are optimized; cell probabilities may
be arbitrarily small, so the law class includes rare cells and cells absent from a sample. Binary
outcomes give the observed arm-and-outcome categories used by the factorial-moment estimator.
For each occupied cell, the treatment propensity e; lies in the band set by the fixed overlap
parameter €, where 0 < e < 1/2. This condition supports identification of both cell means
[Rosenbaum and Rubin, 1983] and places no lower bound on a cell’s probability. The risk
constants depend only on fixed overlap; the paired lower-bound family uses propensity 1/2 in
every occupied cell. Consistency is encoded by the observation map, which records the observed
outcome as Y (A).

Definition 4. [def :model-class| (Causal law class Mg.) Mg, for each integer d > 2, is the
class of laws P satisfying:



e (Covariate alphabet.) X € [d].
e (Binary variables.) A,Y(0),Y (1) € {0,1}.
o (Identification conditions.) Assumptions 2 to 4.

The class Mg, fixes the covariate alphabet, binary variables, and identification conditions
for the minimax comparison. We next specify how a population treatment capacity restricts
randomized policies.

Definition 5. [def:budget-policy-class] (Budget policy class II,(P))

d
I,(P) ={ 7€ [0,1]¢: Zpﬂrj <b

A policy assigns each cell a treatment probability ;. At population capacity b, its average
treatment share is constrained by the cell masses; the resulting feasible class is II;(P). The value
of assigning every cell to control supplies the baseline for evaluating these policies.

Definition 6. [synth_7] (Control-policy value) For a full-data law P, let pj = P(X = j) and
let po; = Ep[Y(0) | X = j] on occupied cells, with poj = 0 on null cells. The population value
of assigning every cell to control is

d
P)=> pjpo;.
j=1

Population value depends on the arm-specific potential-outcome mean fi,; in each occupied
cell and on the cell treatment effect 7;. The control-policy value B(P) provides the baseline for
evaluating feasible policies.

Definition 7. [synth_4] (Cell potential-outcome means) For a full-data causal law P on a
d-cell covariate alphabet, an arm a € {0,1}, and a cell j, let p; = P(X = j). On occupied cells,
where p; > 0, define

paj = Ep[Y(a) [ X = j].

On null cells, where p; =0, set jiq; = 0.

Definition 8. [synth_5] (Cell treatment effect) For a full-data causal law P on a d-cell co-
variate alphabet and a cell j, define the cell treatment effect by

Tj = [ — Hojs
where pq; 15 the potential-outcome mean for arm a in cell j.

The zero convention gives 7; = 0 on null cells and leaves every population value unchanged.
These cell quantities determine the maximum population value attainable at each budget.

Definition 9. [def:budget-value] (Budget value V;(P) and curve V(P)) The mazimum pop-
ulation value at budget b and the budget-indexed oracle-value curve on I are

Vi(P) = B(P) ﬂé%i‘?p Zpﬂwj, V(P)= (Vs(P):bel).



Fix an endpoint parameter bp€ [0,1/2] and write I = [by, 1 —by] for the closed budget interval.
Maximizing over feasible randomized policies gives the budget value V;(P) and its curve on I.

To express this value through the observed margin, we use treatment-outcome masses within
each cell and their arm totals.

Definition 10. [synth_9] (Arm and total masses of a four-vector) For u = (uay : (a,y) €
{0,1}2) € R4, define the mass in treatment arm a and the total mass by

Sq(U) = ugp + Uq1, s(u) = so(u) + s1(u) = Z Ugy -
a,ye{0,1}

For each cell, let the observed four-mass vector ¢; have coordinates g,y ; = P(X = j,A =
a,Y = y), for a,y € {0,1}. Its entries encode the observed treatment-outcome distribution
without conditioning on a possibly null cell. For a generic nonnegative four-vector u, write
Sq(u) for its arm mass and s(u) for its total mass.

The finite full-data support can equivalently be indexed by potential atoms.

Definition 11. [synth_6] (Potential atom space) For a covariate alphabet of size d € N, a
potential atom is an element of

{jeN:j<d}x{0,1} x {0,1} x {0,1}.

A shadow price A€ [0, 1] converts the capacity constraint into a threshold comparison within
each cell. The stabilized arm contribution g,(u), threshold contribution fy(u), and aggregate
process Fp()\) express that comparison in observed masses.

Definition 12. [def:dual-process] (Dual threshold process Fp(\)) For u € R%, define the
stabilized arm contributions, cell contribution, and dual threshold process by

S(U)ual
max{sq(u), es(u)}’

d
9a(u) = @) = go(w)+[g1(w)—go(w)=As(w)] ., Fp(\) = filg)).
j=1

When all four cell masses vanish (v = 0), the quotient defining gqo(u) takes the value zero:
94(0) = 0.

Definition 13. [synth_12] (Binding half-budget capacity) We say the half-budget constraint
is binding for P when there exists an optimal policy m* € Hl/z(P) such that

1

d d
Vij2(P) = B(P) + ijﬂ;’rj and ijwj*- =5
Jj=1 j=1

The zero convention in Definition 12 gives f)(0) = 0 and covers empty covariate cells.

Under Assumptions 3 and 4, the stabilized arm contribution at an occupied cell equals p;fiq;.
The threshold contribution therefore combines control value with the positive part of the cell
treatment gain after charging the shadow price for treatment capacity. The following identity
turns those cellwise contributions into the population budget value.

Proposition 1. [prop:dual-representation| (Dual representation of budget value) Let P be
a full-data causal law with observed margin. Suppose:



o Alphabet size. The known covariate alphabet has size d > 2.
e Overlap parameter. The fived overlap parameter satisfies 0 < e < 1/2.
e Model membership. P € Mgy, as defined in Definition 4.

For 0 < X\ < 1, write Fp(\) = Z;l:l Ia(gj) for the dual threshold process formed from the
observed margin of P. Then, for every b € [0, 1], the budget value V;(P) of Definition 9 satisfies

Vi(P) = int {bA+ Fp(V)}.

Moreover, for every process F bounded on [0, 1],

sup | inf {b)\+13()\)}—Vb(P)‘ < sup ‘ﬁ(A)—Fp(/\) .
be[0,1] [0SAL1 A€[0,1]

The identity represents every budget value as the lower envelope of the same shadow-price
process plus bA. Its second assertion transfers a uniform process error bound to a uniform curve
error bound with factor one, so a single estimated process serves the entire budget interval. The
identity and contraction concern the optimized value and permit multiple maximizing policies
or minimizing shadow prices.

The observed sample collects the records on which a curve estimator may depend.

Definition 14. [synth_11] (Finite observed sample) For n,d € N, the observed sample O™ =
(0:)1_, consists of n observed records O; = (X;, Ai,Y:), each with X; in the d-element covariate
alphabet.

We assess curve estimation by the all-procedure expected squared supremum risk 9‘{%‘712’21)0.

The criterion compares bounded-function-valued estimators over the causal law class and the
closed interval I.

Definition 15. [def:curve-risk| (Curve risk REMYe, ) For by € [0,1/2], set I = [by,1 — by).

n,d,€,bo
The all-procedure expected squared supremum risk is

N 2
mdep, =inf sup Ep [sup Vb(O(”)) — Vb(P)‘ ] ,
T V PeEMg. bel

where the infimum ranges over all measurable maps from the observed sample into bounded
functions on I.

Both endpoints belong to I. In particular, by = 0 gives the full interval [0, 1], while by = 1/2
gives the single budget 1/2.

4 Minimax risk for the budget-value curve

The shadow-price representation in Proposition 1 reduces estimation of the budget-value curve to
estimation of one process. The resulting minimax risk is matched for every interval I = [bg, 1—by],
including the full budget range and the single half-budget value.



Theorem 1. [thm:matched-curve-frontier| (Matched curve minimax frontier)! Fiz an over-

lap parameter € € (0,1/2). There exist constants 0 < c. < C. < 0o such that, for every n > 1,
d>2, and by € [0,1/2], the curve minimax risk of Definition 15 satisfies

. 1 L < SReurve i 1 L
cemin < 1, nlog(ed) | = n,d,eby = e UL L, nlog(ed) '

For every measurable scalar estimator ‘71/2 based on the n observed records, there is a full-data
law P with the following properties:

e (Causal model.) P € Mg, and each occupied cell has p; > 0, 7; € [1/8,3/8], and
T > 0.

e (Values and binding capacity.) Vi(P) = 1/2, and there is a policy = € [0,1]¢ such
that

d d
1
ijﬂ.j:i’ Vl/Q(P):B(P)+ij7TjTj.
=1 =1
e (Scalar risk.) Under n independent observations from the observed margin of P,

Ep [(‘71/2 - V1/2(P))2} > ¢ min {1, nlo:(ed)} -

When by = 0, every P € Mgy, also satisfies the full-budget identity

d
Vi(P) = B(P) + ij max{7;,0},

where Vi (P) is the budget value of Definition 9.

The upper bound applies to all budgets in the chosen interval simultaneously. In the paired
family, the half-budget coordinate attains the stated risk order with positive occupied-cell effects,
binding capacity, and a full-capacity value fixed at 1/2. This family makes the allocation problem
visible through the ranking of cell benefits. Simultaneous curve estimation therefore attains the
unrestricted full-capacity scalar minimax order under the stated conditions. The reduction uses
the bound for estimating the ¢; distance between two unknown discrete distributions from Jiao
et al. [2018, Theorem 3 and the unknown-both-distributions reduction following Theorem 6].

The proof has three steps. First, the shadow-price identity reduces all budget values to one
threshold process, and taking a minimum is a contraction in supremum norm. Second, the esti-
mator below controls that process cell by cell: empirical masses suffice for a small alphabet, while
pilot localization and factorial moments handle a growing alphabet. Third, the paired family
converts the half-budget value into a discrete two-sample L; functional, giving the matching
lower bound. The appendix contains the polynomial and process estimates behind the second
step.

!Formalization scope. This result uses the published conclusion [Jiao et al., 2018] (Theorem 3 and the
unknown-both-distributions reduction following Theorem 6). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.



The exact estimator and its uniform upper-bound theorem are stated in the technical ap-
pendix, Algorithm 1 and Theorem 3. Its statistical construction is summarized here.

The estimator first estimates one threshold process across shadow prices, then takes a
shadow-price minimum to obtain each budget value. For a small alphabet it inserts empiri-
cal cell masses into that process; with a larger alphabet and adequate sample size, pilot counts
localize each mass and evaluation counts estimate a local Jackson polynomial by factorial mo-
ments. Clipping controls the cell estimates before they are summed, and the sparse-sample
branch reports a constant curve. The displayed construction uses an exact conditional average
over auxiliary permutations and markings. Its polynomial degree and pilot-width constants
serve the risk proof: at ordinary alphabet sizes the degree remains two and the pilot intervals
are broad. The rate is a theoretical benchmark for this exact estimator.

In the Jackson-factorial branch, write L = log(ed). Pilot counts set cell-specific localization
widths; on each resulting rectangle, the Jackson approximation error is bounded by radius-
dependent terms divided by the polynomial order K and K? Lemma 3. Independent evaluation
counts turn the polynomial terms into factorial-moment estimates. The resulting cell bias is
bounded by Cc{\/pj/(nL)+ 1/(nL)} uniformly over shadow prices, while the centered good-
pilot process has expected squared supremum error of order d/(nL); the bad-pilot envelope has
an exponentially small factor in L Theorem 4. Summing the bias over cells and combining it
with these fluctuation bounds yields the same process-risk order. The empirical branch covers
small alphabets, and the constant branch covers the sparse-sample regime.

Conditional averaging makes the exact curve-valued estimator a function of the observed
sample. By Proposition 1, the error in each budget value is bounded by the uniform error of the
estimated threshold process. The same process estimate therefore controls the supremum over
1.

The bound measures the squared largest error across the interval before taking expectation,
so it also applies when a budget is selected after viewing the estimated curve. The process
bound behind it is given in the appendix; the dual identity transfers that bound to budget
values without an additional cost for considering several budgets.

The matching converse can be stated directly for estimation at half capacity. It retains
positive effects throughout the occupied cells and fixes the value under full provision.

Theorem 2. [thm:capacity-active-lower] (Capacity-active risk lower bound)? Fiz an over-
lap parameter 0 < e < 1/2. There exists cc > 0 such that, for everyn > 1, d > 2, every collection
of observed-data laws satisfying Assumption 1 for each full-data law, and every measurable scalar
estimator T based on the n observed records, there is a full-data law P satisfying:

e (Model class.) P € M.

o (Full-budget value.) Vi(P) = 1/2, with V,(P) as in Definition 9.

e (Effects in occupied cells.) For every cell j, pj > 0 implies 1/8 < 1; < 3/8.
e (Binding capacity.) The half-budget constraint is binding for P.

For this law,

Ep[(T = V,5(P))?] > ccmin {1, nlog(ed)} .



Positive treatment effects make the half-budget allocation use its available capacity, while
differences across cells determine which recipients are most valuable. The theorem establishes
the lower risk benchmark in this capacity-active setting even with the full-budget value fixed. Its
reduction again invokes the discrete ¢ bound of Jiao et al. [2018, Theorem 3 and the unknown-
both-distributions reduction following Theorem 6].

Two special cases put the general rate and the budget curve in familiar terms: a fixed
covariate alphabet and a common positive effect across occupied cells.

Proposition 2. [prop:fixed-alphabet-reduction] (Fixed alphabet rate and identity)® Fiz
the overlap parameter € and the known covariate alphabet size d under the following conditions:

e (Overlap.) 0 < e <1/2.
o (Alphabet.) d > 2.

For the curve minimazx risk in Definition 15, there are constants ¢, C with 0 < ¢ < C such that,
for every n > 1 and every by € [0,1/2],
c C
_ < mcurve < —
n = n,d,e,bg — n
Moreover, let P belong to the causal model class Mg, in Definition 4. Write p; for the mass
of cell j, pa; for its arm-a potential-outcome mean, and 7; = pu1; — po; for its treatment effect.
If some ¢ > 0 satisfies T; = ¢ in every cell with p; > 0, then, for every by € [0,1/2] and every
b € [bo, 1 — by], the budget value in Definition 9 satisfies

d
Vo(P)=B(P)+cb,  B(P)=)>_pjuo;.
j=1

With the alphabet and overlap parameter fixed, the matched rate is 1/n. Under a common
positive effect, every unit of treatment capacity adds the same population value, giving a linear
budget-value curve. In the common-effect clause of Proposition 2, the symbol ¢ denotes an
arbitrary positive treatment effect; it is independent of the lower comparison constant also
written c in the risk bound.

5 Discussion and limitations

The risk in Definition 15 measures expected squared supremum error over the budget interval
I. Thus, Theorem 3 gives a simultaneous guarantee for one estimated value curve. When
bo = 0, that guarantee covers every budget from zero to full population capacity. Together with
Theorem 2, the upper bound identifies the minimax rate under the stated conditions.

*Formalization scope. This result uses the published conclusion [Jiao et al., 2018] (Theorem 3 and the
unknown-both-distributions reduction following Theorem 6). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.

3Formalization scope. This result uses the published conclusion [Jiao et al., 2018] (Theorem 3 and the
unknown-both-distributions reduction following Theorem 6). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.
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When d/[nlog(ed)] is small, the minimax risk has that order; when the ratio is large, it
has constant order. The minimax rate contains a logarithmic factor, and the upper bound uses
polynomial estimation of the discrete threshold process. In the paired family, differences among
positive cell benefits determine their ranking and hence the half-budget allocation value, even
as the full-budget value stays fixed. Under Theorem 2, this single coordinate attains the curve’s
risk order. The factor-one dual contraction carries the process estimate to all budgets, and the
whole curve attains the unrestricted full-capacity scalar minimax order.

5.1 Limitations and future work

The global supremum criterion covers the endpoint when by = 0; a budget-local analysis could
characterize risk as the budget shrinks with sample size. Adaptive simultaneous bands call
for a coverage criterion, while policy regret calls for evaluating an estimated allocation. The
theorem’s estimator is the exact conditional average in Algorithm 1; approximating that average
by Monte Carlo draws would require a separate draw-count and approximation-error guarantee
before claiming the same rate. Other directions include covariate alphabets learned from data
and allocation across multiple treatment arms.

Appendices

A Proofs and verification scope

A.1 Estimator and uniform upper bound

The observed category-cell masses specify the inputs to the exact Jackson—factorial construction.

Definition 16. [synth_8] (Observed category-cell masses) For a covariate cell j and a
treatment-outcome category ¢ = (a,y) € {0,1}2, define

a; =PX =j,A=0aY =y).

These four masses are the components of the observed cell vector qj = (g¢; : ¢ € {0,1}?).

Algorithm 1 (Jackson—factorial estimator VbJF)

Given O™ d, and I, the estimator X/}bJF uses the tuning quantities Hy, k, Dg, L, m, K defined
below.

1. Set

1 n L
Hy=4 =_— Dy=1 L=1 =— K= 2, | — Z =
0 096, K 512’ 0 6, Og(ed)a m ]’ max { ) \‘512J } )
Index treatment-outcome categories by ¢ = (a,y) € Z.
2. If d < Dg, form the empirical category-cell masses and threshold process:

R , I - S
i = D UXi =4, (A,Y) =¢h G =(Gy)cez, FO) =) A@).
j=1

i=1

Proceed to the final step.
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3. If d > Dy and n < d/L, output

~ 1
VpF=2, bel
2
In the remaining branch, d > Dy and n > d/L, draw M ~ Pois(n/4) independently of
O™, On {M > n}, set N
FP(\) =0, A€ [0,1].
On {M < n}, uniformly permute the records, retain the first M, and independently mark

each retained record pilot or evaluation with probability 1/2 each. Define the pilot and
evaluation counts by

M M
Néj = Z 1{X; =7, (A],Y;") = (, i is marked pilot}, Ne¢j = Z H{X =7, (A;,Y;") =, i is marked
i=1 1=1

where O = (X, AY,Y;*) denotes the ith record in the uniform permutation.

4. On {M < n}, for every j and (, set

L N¢;
S==, eg=—2 h@:HO{\/@ﬂs}v

m m
0. — b et o _latug L _uwi—lG o NTp
¢ =max{0,ci—he},  ug = cgithe, e =5, = ’ =D R
ez

All radii R¢; are strictly positive. Let c? = (Cg]—)geg and R; = (R¢j)¢cez. Define the
normalized positive order-four Jackson kernel by

. 4 ™
JK(t):CK{W} , —m <t<m, /_ Jr(t)dt =1,

where the quotient takes its continuous value at zero and C'x > 0 is the unique normalizing
constant. Set D = 2(K — 1). For each j and A, define the unique tensor polynomial P; ),
of coordinatewise degree at most D, through

Pj\(c) 4+ R; ® cos V) = / (S + Ry @cos(W+ 1)) [] Tx(te) dt,
[=mm]® cez
and define its coefficients 3;,(A) by the unique expansion
0 ug — g5\
Pj(u) — fA(Cj) = Z Bja(A) H TJ .
a€f0,...,D}4 ez ¢J

For integers h > 0, define

h
Uh(N;Z):Z<h>(_Z)h_t(N)t (N)y =N(N—=1)---(N=t+1), (N)o=L1
=0

12



The cell estimate, its clipped version, and the auxiliary threshold process are

Ua Nj;CO,
ZiN=HED+ DY BaW]] Ua (Neji ;)

O(C 9
ac{0,...,D}4 ez RCJ'
_ d
Ti(N) = S + T gung, ang) (Zi() — L&), FP() =S T;0).
j=1

Here
I, g (z) = min{s, max{r,z}}.

In this branch, average the auxiliary process conditional on the observed sample:

FO\) = E{ﬁcap(x) | o<“>} .

5. In the empirical and Jackson—factorial branches, report

~

‘/;)JF — H[O,l] <0r<n)}r<11{b)\ + ﬁ()\)}) s b S I.

The output uses the minimum value and requires no optimizer selection. If an implemen-
tation stores an optimizer, it stores the least element of the nonempty compact argmin
set. These branch rules, the zero process on {M > n}, and the least-minimizer convention
apply under every data or treatment-effect tie.

The conditional average in Algorithm 1 is an observed-sample statistic. The dual contraction
transfers a uniform process bound to every budget in I.

Theorem 3. [thm:curve-upper| (Uniform budget-curve upper bound) Fiz the overlap param-
eter €. Suppose:

e (Overlap.) 0 <e < 1/2.
e (Sample and alphabet.) n > 1 and d > 2.
e (Budget interval.) by € [0,1/2], and I = [by, 1 — by].

e (Sampling.) For each causal law P € Mg, the n observed records follow Assumption 1
for the observed margin of P.

There is a constant C. > 0, depending only on €, such that the estimator in Algorithm 1 and the
budget value in Definition 9 satisfy

~ 2 d
sup F {sup V¥ — v, (P ’ ] SCemin{l,}.
PeMygy,. r bel ’ W) nlog(ed)

The estimator controls the threshold process over the full interval of shadow prices before
taking the dual minimum. Since the minimum value is Lipschitz in the supremum norm of that
process, one process bound controls every budget in I, including zero and full capacity when
bg = 0.

13



A.2 Process estimates

The upper-bound analysis begins with regularity of the cell contribution in the dual representa-
tion of Definition 12. Bounded variation controls its dependence on the full interval of shadow
prices.

Lemma 1. [lem:bv-lipschitz] (Bounded variation Lipschitz bound) For 0 < e < 1/2, there
is a finite constant C¢ > 0 such that, for every u,v € ]Ri,

1f-(w) = L)l Bv o < Cellu = v,
where ||| gy (o,1)) = [M(0)| + TVig,1(h).
Proof of Lemma 1. Fix u,v € R4, and write

1

1 1
sp(u) = Zunwa s(u) = an(u), Ayy = Z [Unew — Vneol-
w=0 n=0

1,w=0

In particular, |s(u) — s(v)| < Ay,. For either arm 7, the stabilized contribution in Definition 12
satisfies

0 < gy(u) <s(w),  lgn(u) = gn(v)] < (14 ) Au.

Here is a derivation of the second bound, including zero masses. Put m, = sn(u) and 2z, = Uy,
and define m,, z, analogously. When s(u) > 0, the two branches are

) = Zu /€, my < es(u),
9n( {s(u)zu/mu, my > es(u).

They agree at equality; when s(u) = 0, g,(u) = 0. If both vectors use the first branch, their
difference is at most 6_1|ZU — zp|. If both use the second, m,, m, > 0, and

Zu 2y

My my

< |2 — 2zo| + (M — 20) — (M — 20)|

My

Since z,/m, < 1 and s(u)/m, < ¢!, splitting the difference of the two products bounds it by
[s(u) = s(v) + € A
For the mixed case m, < es(u) and m, > es(v), the identity

@—S(U)ﬁ—zu Zv zfvmv—es(v)
€ My € My €
and the bounds
0 < my — es(v) < (my —my) — e(s(v) — s(u)), 0< 2 <1
my

give the upper bound below. The rearrangement

a2+ 2 =) = (1= 22) = 204 22 (= 20) = (= )

14



shows that its left-hand side has absolute value at most A,,, since 0 < z,/m, < 1. Consequently,

Zl _ S(U)i < (Zu - Zv) + (Zv/mv)(mv - mu) _ zi(s(v) _ s(u)) < (1 +€_1)Auv-

€ My € My

For the lower bound, return to the first mixed-case identity: its correction term (z,/my)(m, —
es(v))/e is nonnegative. Hence the difference is at least (z, — z,)/€ > —e 'A,,. Interchanging
u, v handles the other mixed case. Finally, if either total mass is zero, all its coordinates and its
arm contribution vanish; 0 < g, < s and |s(u) — s(v)| < Ay, give gy (w) — gn(v)] < (1+€e 1Ay,
directly. The same inequalities also establish 0 < g, (u) < s(u) in every branch.

Define the positive gain and its hinge by

Yu=lg1(w) —go(w)],  Pu(A) = [y — As(u)ly,
and similarly for v. The arm bounds give 0 < 7, < s(u) and 0 < 7, < s(v). Because As(u) > 0
on [0,1],
Ia(u) = go(u) + Pu(A).
Taking positive parts and using the arm contribution bound yields
Y = Yol < lg1(u) = g1(0)] + [go(w) = go(v)] < 2(1 + € Ay,
Set

pu = {’Yu/s(u), s(u) > 0, {%/3(1;)7

s
0, s(u) =0, v 0, s

(v) >0,
(v) =0,

Both breakpoints lie in [0, 1], including when a total mass vanishes. The positive-part inequality
gives, throughout that interval,

Ve M| < [y = 0l + [8(u) = 5(v)] =: o
If py < py, the three successive affine expressions for ¥, are
Yu — Yo + A(s(v) — s(u)), —7p + As(v), 0
on [0, pul, [pu, pul, and [py, 1], respectively. If p, < p,, they are
Yu — Yo + A(s(v) = s(u)), Yu — As(u), 0

on [0, pu], [pv, pul, and [py, 1]. The formulas agree at their shared endpoints, also for coincident
breakpoints. Variation on each affine piece equals the absolute difference of its endpoint values,
which is at most 2=, by the preceding pointwise bound. Adding the three pieces gives

TV[O,I}(‘l}uv) < 6(‘7u - ’Yv| + |S(u) o S(U)D

The constant go(u) — go(v) in fr(u) — fa(v) = go(u) — go(v) + Yup(A) leaves variation un-
changed. At A = 0, the positive-part inequality and the arm contribution bound give

[fo(w) = fo(w)] < 2|go(u) = go(v)| +[g1(u) = g1(v)] < (B(L+€71) +1) Ay

Thus the positive-gain and variation bounds, together with |s(u) — s(v)| < Ay, imply

1f-(w) = f-()lBv(o,) < (15(1+€71) +7) Ay,

The displayed finite, nonnegative coefficient supplies C.. O
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The bound in Lemma 1 supplies a common regularity measure across shadow prices. The
process criterion below collects the corresponding approximation, bias, and fluctuation bounds
for the estimator in Algorithm 1.

Definition 17. [def:process-handle] (Uniform process handle H.) For fized 0 < e < 1/2, the
uniform process handle H, is the set of constants C' > 0 satisfying the five groups of bounds below
for the single pilot-local Jackson polynomial and clipping rule of VIF, Membership requires the
bounds simultaneously for every n,d in the Jackson—factorial branch, every observed categorical

law P on the known d-cell alphabet, every pilot realization, every cell j, and every A € [0, 1].
Set

L = log(ed), m =

| 3

L L L
ez

For the expectations and Lo norms below, use the uncapped marked-Poisson experiment in
which all pilot and evaluation counts Néj and N¢j are mutually independent with distribution
Pois(mgqc;). Define

B
6= N {le -1 <"}, Inllsvioay = O]+ TVioa (0
CeZ
Evaluate T}, .o, and R¢; in this experiment. The membership bounds are:

o Coefficient envelope and exponential bound.

2
Z Hﬁj,a”Bv([o,”) < C’SjelQK7 5]2624K+16K /L < Cd1/165]2_'

Centered process on the pilot event.

2

d
ng{T (4} = Bl {T; — fa)}] | <C-——.

o0

Pj 1
ET;(\) — fr(a)| < P L
s 10 - )| < 0 {2+ o)

Cellwise envelope outside the pilot event.

Cellwise bias.

< Cd1/4e*10ij.
Lo

Lee sup |T5(A) — fa(g;)]
0<)\<1

e Centered process outside the pilot event.

2

d
§j@ﬂf )t - BledT - f)}] | <0

o0
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The criterion in Definition 17 treats pilot localization and its complement within the same
process bound. A second-moment bound for the pilot radii supplies an integrability input for
that criterion.

Lemma 2. [lem:pilot-radius-second-moment| (Second moment of pilot radii) Let n > 1,
d > 16, and m = n/8. Let P be a categorical law on the d-cell alphabet, with category-cell masses
qcj and cell masses p; = ZCEZ qcj, and fix a cell j. In the ideal Poisson experiment, the pilot
counts Néj are independent with means mqcj. Let S; = dez R¢j be the sum of the four pilot
radii in Algorithm 1, and set

L =log(ed), H, = 4096, v = /B2 =
Then 5]2 is integrable under the ideal Poisson law, and
E[S7] < 32H{v}.

Proof of Lemma 2. Since n > 1 and d > 16, we have m > 0 and L > 0. For each ( € Z, the
localization intervals in Algorithm 1 give

N/, N..L [, 4 R — 0.cri— hrs
=S e =Hy v L Re; = STl max{0, ¢¢j — hes}

m m2 m |’ 2

Both c¢¢j and h¢; are nonnegative. The maximum in the last expression lies between c¢; — h¢;
and c¢j + hej; hence 0 < Rej < hej. Applying (z + y)? < 2(2? + y?) yields

N L L 2
2 2 ¢J

There are four categories in Z. Cauchy—Schwarz and the coordinate bound therefore give,
pointwise,

2

L L\®
2 __ 2 : 2 : 2 2 2 :
ez ez ez

Each pilot count is integrable under its Poisson law, with

E ZN& = quﬁj = mpy.

ez ez

The pointwise bound thus proves integrability of S? and gives

L L\?
E[sﬁ]gSHg{pJH() }
m m
Finally, p;L/m > 0 and L/m > 0, so
L L\? AAY
pf+4<) g4( pﬂ+> — 42,
m m m m

Combining the two inequalities proves E[SJQ] < 32H02vjz. O

17



The bound in Lemma 2 controls the random localization scale by cell mass and the logarith-
mic alphabet factor. On a localization rectangle, the Jackson approximation has the following
coordinatewise bound, including at its boundary.

Lemma 3. [lem:jackson-boundary-adaptive| (Boundary-adaptive Jackson approximation)
Let Py be the local polynomial for fx of Definition 12, formed by the normalized order-four
Jackson construction in Algorithm 1 with pilot center and radii replaced by c® and R, and with
the value fx(c) added to the normalized polynomial evaluation. Suppose that:

Then

(Parameters.) The overlap parameter satisfies € > 0, the shadow price satisfies A € [0, 1],
and K is a positive integer.

(Rectangle.) For every ¢ € Z, Rc > 0 and cg — R¢ > 0.

(Evaluation point.) For every ¢ € Z, |y — cg| < R¢.

Ve =+ RO+ Re — o) R

IPa(y) — )] <32{31+e )+ 1}

K K?
ez
Proof of Lemma 3. 1. Set
R = H[cg—RC,cg+R<], A(W,W’)ZZ‘U)C—U/C‘, Ac=31+e)+1
ez ez

for w,w’ € R. The rectangle assumption makes both vectors nonnegative. We first
establish

[Fa(w) = AA(W)] < AcA(w, w').
For each arm a € {0, 1}, the contribution in Definition 12 satisfies
19a(W) = ga(W)| < (1 + e HA(W, w').

Here is the scalar estimate behind this bound. At zero total mass, every coordinate
vanishes. We evaluate the quotient defining g, in Definition 12 with the convention 0/0 = 0,
s0 g4(0) = 0. Since 0 < gq(w) < s(w), and likewise for w’, the claim follows whenever
either vector has zero total mass. For positive total masses, the defining maximum gives
9o (W) = wg1/€e when s,(w) < es(w), and go(W) = s(W)wa1/s.(w) in the other regime.
When both vectors are in the first regime, their difference is bounded by e 'A(w,w’).
When both are in the second, 0 < w/;/sq(w’) <1 and

Wal w:zl |wa1 — wél‘ + |wao — wgo|

Sa(W)

Sa(W)  sq(W')

Expanding the difference of the two products, using |s(w) — s(w’)] < A(w,w’) and
s(w)/sq(w) < e, proves the displayed arm bound.

For the mixed regime in which w is in the first regime and w’ in the second, the difference
equals
Wal — W + Wiy Sa(W') — es(w')
€ Sq(W) € '

18



The second term is nonnegative. Its ratio lies in [0, 1], and the two regime inequalities

imply
0 < 5(W') — es(W') < 84(W') — 84(W) — e{s(W) — s(w)}.

Consequently the difference lies between —e 'A(w,w’) and (1 + ¢ 1)A(w,w’). Inter-
changing the vectors covers the remaining mixed regime.

Finally,  — [z]; is one-Lipschitz. Applying this to the hinge in Definition 12 gives
[Fa(w) = fa(W)] < 2[go(w) — go(W')| + [g1(W) — g1 (W) +[A[ [s(w) — s(W)| < AcA(w,w').
Since A(w, w’) < 4||w — W/||, f) is continuous on R.

0
. Write q ’R()\) for the centered coefficients in Algorithm 1 with its pilot center and radii
replaced by ¢, R. Explicitly, they are the unique coefficients satisfying

A+ Roz) - A= > B[S zer®
ae{0,...,.2(K—-1)}2 cez
The normalized polynomial is therefore
P(z) =)+ > BURW ] zeR®
aef0,....2(K-1)}2 ez

The continuity just proved applies to z — fi(c” + R ® z) on [~1,1]*. The normalized
construction, including the added center value, therefore gives, for every 9 € R?,

Py(cos¥) = / A+ Rocos(I +w)) H Jr (we) dw.
[~ ez

The order-four kernel has trigonometric degree 2(K — 1) in each coordinate, so Py has
coordinatewise polynomial degree at most 2(K — 1). Positive radii permit the affine sub-
stitution

we — cg

Py(w) = Py ( I ) ., weRY
ez

which preserves those coordinatewise degree bounds and identifies this polynomial with

the one in the statement.
0
Yo — C
ﬁc:&fCCOS( CR C), CGZ

¢

. Put

The evaluation-point assumption makes every angle well defined in [0, 7], and y = ° +
R ®cos®. Positivity and unit integral of each Jg, followed by the Lipschitz estimate from
the first step, yield

[PA(y) — A <A Rc/ [cos (9 + ) — cos | [] T (we) dw.
ez (=]t tez
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The cosine addition formula and |sint| < |t], 1 — cost < t2/2 give

2
w
| cos(V¢ + we) — cosV¢| < [sindel|we| + 74

For completeness, the kernel moments used here obey
T 32 4 64
t|Jx () dt < = Ik (t)dt < —.
[ awa< [ eadd< g
Indeed, writing Dk (t) = Zf(: 61 e the unnormalized fourth power in Algorithm 1 is
| D (t)|*. Orthogonality of the Fourier modes gives

4 = 27 47
/ D (t)|*dt=2r Y (K- |h)?= ?K(QKQ +1)> ?K?’.
d h=—(K-1)
For t € [, 7], the inequality t* < 72 sin?(¢/2), together with [™ {sin(Kt/2)/sin(t/2)}?dt =
27K, bounds its weighted second integral by 273K . Normalization and 72 < 16 thus give
the sharper second-moment bound 24/K?. Integrating

It] < K + !
— 4 K
gives a first-moment bound 7/K; the displayed bounds follow for every positive integer K.

Integrating the cosine estimate coordinatewise now gives

Rdsini‘}d RC
P — < 32A, —_ 4 — .
Py — frlw) < ;2{ ot X

Finally,

Relsinde| = y/(yc — 2+ Ro) (e + Re — y)-

Substitution proves the asserted bound, including points on the faces of the rectangle.
O

The endpoint factors in Lemma 3 make the approximation bound sensitive to the evaluation
point’s position within the pilot rectangle. To control observations outside the good-pilot event,
the next lemma bounds moments of the pilot discrepancy and width together.

Lemma 4. [lem:pilot-bad-score-moment| (Bad pilot score moment) Let n,d > 1, let P
be an observed categorical law on the d-cell alphabet, and fix a cell j. Write q¢c; for its four
category-cell masses and p; = ZCEZ qcj- Set m =n/8 and L = log(ed).
Suppose the four pilot counts are independent, with Néj ~ Pois(mgqc;) for each ¢ € Z. Form
c¢j and hejoas in Algorithm 1, and let G be the quarter-halfwidth pilot event of Definition 17.
Define
Bj = (legj —agl +hej), vy = pik L
ez
For each t € {1,2,4},
E [1G¢Bf] <4t 1080(t+1)6—20Lv;'
J
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Proof of Lemma 4. 1. For each ¢ € Z and w € N, define
pc = mqcj, Yo =+/pcL+ L, oc(w) = |w — p¢| +1024(VwL + L),

and let
& = {IN = el > 256(,/NLL+ L)}

Here m > 0 and L = log(ed) > 1, including when d = 1. The following scalar estimates
hold also when g¢; = 0:

Pr(&;) <2e7%F  Eoc(N)Y <10%T¢ (0 < v <38).
For the first estimate, a count w in & with w > p¢ satisfies

w — pec > +/160p¢ L + 160L;

one with w < p¢ satisfies
pc—w > 160p<L.

For the upper tail, po < w gives 1/160p;L < 16V wL, so the defining threshold exceeds
the stated Bernstein threshold. For the lower tail, the bad-event condition gives p; —w >
256(vVwL + L). Since L > 1,

[256(\/wL+L)]2 —160L 256(VwL+ L) —160wL = 65376wL+90112Lv wL +24576L% > 0.
Moreover,

[(pc —w)?* — 160L(pc — w) — 160wL] — [[256(VwL + L)]* — 160L 256(VwL + L) — 160wL]
= (pc — w — 256(VwL + L)) (pc — w+ 256(VwL + L) — 160L) > 0.
Thus (pe —w)? > 160L{w+ (pc —w)} = 160p, L; positivity of the deviation gives p —w >

\/160p¢ L. The upper and lower Poisson Bernstein bounds at level 80L give e~80L for each
tail.

For the moment estimate, put & = 1/(2v¢). Since 7 > 1 and pggg < 1/4,

oc(NL)
oc(w) <1536 (ye+|w—pcl), Eexp{M} < 61/22 eXp{pC(ei&; —1 ¢§C)} < 2¢3/4 < 8,
+

The middle expression is the centered Poisson exponential moment; the last inequality uses
et¢ —1F& < gg. Applying 2V < v!e® to the nonnegative exponent and 8v!4096” < 10%+4
for 0 < v < 8 yields the stated moment estimate.

For ¢t € {1,2,4}, the elementary square inequality gives
L7 _son - 2 40L
1g,0¢(NL)' < 3 [e o Loc (NP + e ilg, |
Taking expectations and using the two estimates above gives

8t+4
S0 2

]E[l(/)@CUC(Né])t] < 5 ,yé < 108t+8€740L,yé.
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2. Define

éaj = U éac, Ej = ZGC(Néj)7 Fj = \/mij + L.

ez ez

For (,n € Z, the preceding truncated moment applies when = 7. When ( # 7, indepen-
dence factors the expectation, and the probability and ordinary moment estimates apply.
Thus, in both cases,

E[14,0(N};)'] < (10948 4 2. 10%+4) 40041

All scores are nonnegative, so the four-term power inequality and the union bound yield
E[15%) <41 Y~ E[1g0,(N,,)] -
¢mez

Since Zn pn = mp;, Cauchy—Schwarz and nonnegativity give

t
> o < 2¢/mp; L+ 4L < 4T, 27%4(2%) :
n n n

Consequently,
]E[]_(g’] E;] S 42t+1(108t+8 4 9. 104t+4)6_40LF§' S 1080(t+1)6_20LF§.

The final coefficient comparison holds for each of t = 1,2, 4, and L > 1 gives e 40L < ¢=20L,

3. By Algorithm 1, for every (,

N 4096
¢
ccj = mj, hej = — (\/NGL+L).

The event in Definition 17 therefore satisfies G C &j: failure of its quarter-halfwidth
condition requires a deviation greater than 1024(, /N é jL—l—L), which exceeds the threshold
defining &. Pointwise,

4

By = — 3 {ING = pcl +4096(\/N,L+ 1)} < —3;.
ez

Finally, I'j/m = \/pjL/m + L/m = v;. Applying the preceding product moment bound
proves

4 t
E[lg:Bj] < <m> E[1g,%t] < 4710300+ =205y L,
O

The exponential factor in Lemma 4 controls the contribution of bad pilot localizations.
Across cells, bounded variation gives a maximal inequality for the centered paths on either part
of the pilot split.
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Lemma 5. [lem:bv-maximal-cell-paths| (Maximal bound for centered cell paths) Letn,d be
nonnegative integers, let ¢ € R, and let P be a discrete law on the d-cell alphabet with category-
cell masses q¢c;. In the ideal count experiment of Definition 17, the pilot and evaluation counts
Néj and N¢j are mutually independent with Pois(mq¢;) laws, where m = n/8. Choose the pilot
events uniformly across cells: either E; = Gj for every j, or Ej = G5 for every j, with G; as
in Definition 17. For each cell j, define the path on [0,1] by

Wi(\) = 1g,{T;(\) — frlg))}

where Tj is the clipped cell estimate of Algorithm 1 and fy is defined in Definition 12. Assume:

(Regularity.) For every count table and cell j, W; is continuous in X. For each j, the
count-table map into C([0,1]) is measurable and Bochner integrable.

Finite variation.) For each j, TV 11(W;) < 0o almost surely.
(0,147

(Second moments.) For each j, (|W;|so + TV[O,l](Wj))2 is integrable.

(Independence.) The paths W1y, ..., Wy are independent.

Then
2

d d
Z (W; —EW))|| <163845 E [(HWjH(><> n TV[OJ](W]-))ﬂ .
=1

Proof of Lemma 5. 1. Set up the count law and path envelopes. Let Piq be the joint law of the
pilot and evaluation count tables in Definition 17. For a count table w, write W;(w) for the path
in the statement and set

pj(w) = [[Wj(w)loo + TV o,1j(Wj(w))-

The second-moment assumption makes both pjz and ||W;||% integrable. The regularity assump-
tions give Bochner-integrable paths, and the independence assumption applies to their joint law.
These observations also cover d = 0, when every sum below is empty.

2. Reduce the centered sum to signed differences. Take independent count tables w,w’ with law
Piq, and define, for j =1,...,d and X € [0, 1],

Aj(N) =W(A\w) — VVj()\;w').

Let n1,...,nq be independent uniform signs, independent of the count tables, and define their
signed supremum energy by
J 2
=Ky Z njA
i=1 -

Jensen’s inequality applied to the independent copy gives

2 2
d

d
Z (W; —EW))|| < Euw | DA,
=1 j=1

[e.e] [e.e]
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The pairs (W (w), W;(w')) are independent across j. Swapping either entry of any pair preserves
their joint law and reverses the sign of its difference. Averaging these equalities over all sign

choices therefore yields
2

d
B |[ Y Aj]| = Euwé(A).
=1l
All these expectations are finite by the second-moment assumption.
3. Bound the signed supremum for fized count tables. Fix a pair (w,w’) for which every W; has
finite variation. Let V;(t), t € [0,1], be the cumulative variation of A; from 0 to t. Continuity
and finite variation give a continuous, nondecreasing control satisfying

Vi(0)=0,  V;(1) =TV(4y), 1A;(t) = Aj(s)| < Vj(t) = Vj(s) (s<1).

Define the common control on [0, 1] by

Since 0 < V;(t) — V;(s) < V;(1),

d
S7(A5(t) = Ay()* SUM) ~Us) (s <), (1)

j=1
Choose ordered, compatible dyadic control quantiles t;,;, for £ > 0 and 0 <14 < 2% so that
i

Ultys) = (1),

Such choices follow from continuity of /. For each sign vector, let

d
My(n) = max | 0 (A (tkr1i01) — Aj(trs1)) |-

0<i<2k+1

By Equation (1), every edge at level k + 1 has squared coefficient sum at most ¢/(1)/25!. For
E>0,0<i<2! and 1 <j <d, write

U1
i = Dj(terrirn) — Aj(teyra),  Veln) = Mp(n)?, o = 2k(+3

When vy, > 0, each edge satisfies > ; 7/%1 ; < vy For every x > 0, independence of the signs and

the elementary bound cosh z < /2 give

2
X0k
Eyexp| x> njvig | = [ coshOxvmis) SeXp< 5 >
j j

Applying this bound to both signs, choosing x = 1/s/vg, and taking the union over 28+!

gives, for s > 0,

edges

Pn{yk > s} < okt2 €xp <_5> .
20;

24



Set t;, = 20y log(2¥+2). Integrating the tail above t; yields

o0
E, Vi <t + / 2M 275/ (%) dg = 205 {log(2¥72) + 1} < 32(1 + log(2"1)) vy,

te

When v, = 0, Equation (1) makes every edge increment zero. Thus in every case

U(1)

E,Mi(n)? < 32(1 +1og(2’f+1))2k+1 (2)

The numerical factors in Equation (2) have a summable square root:

2(1 + log(2k+1)) &
Z\/3 Jr2:+§-§1 SZ ( ) — 32 < 40. (3)
k=0

Here the termwise bound follows from log2 < 1 and k + 2 < 4(9/8)F.
To reconstruct the signed path, for each ¢ € [0,1] and k > 0 define

{u<t>/u<1>, U1) >0,
0, =0,

£(t) = we(t) = min{2* — 1, [2%¢(2)]}.

These lower dyadic indices start at zero, satisfy t;11(t) € {2ux(t), 2u(t) + 1}, and obey
Lk (t) Lk (t) +1
2k 2k -
The parent grid point equals the even child by compatibility; the odd child differs by one adjacent

edge. At level zero the grid point and 0 have the same control value, so Equation (1) makes
their path coordinates equal. Telescoping therefore gives, for every k£ > 0,

an tk Lk (t an ZMV(T/)v

where the sum is empty at k = 0. The control values of ¢, ;y and t differ by at most 2/(1)/2".
Applying Equation (1) in whichever order these two times occur gives

<) <

Mg

tk g (t Aj(t)) < ZT
]:1

Hence the finite signed sums along the chain converge to their value at ¢, including on flat parts
of the control. If /(1) = 0, the same control bound makes all A; constant and the conclusion is
immediate. Passing to the limit and taking the supremum over ¢ gives

d d [e'S)
S|l < Do nidi0)|+ ) My(n)
j=1 . j=1 k=0
Sign orthogonality, the Lg triangle inequality, and Equations (2) and (3) imply

d d
Ex(A) <4096 ¢ S A;(0)2 +U(1) § <4096 Y (1A ]l + TVio,17(4)))°.
j=1 j=1
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Finally, the triangle inequalities for the supremum norm and total variation give

d
Z )+ pi(w)?).

4. Awverage the pointwise bound. Integrating the last inequality over the two independent count
tables and using their identical laws gives

d d
Boor Eg(A) < 8192 Fyy o (pj () + pj(w')?) = 16384 Y Ep?.
j=1 j=1
Combining this with the two relations in Step 2 proves the stated inequality. ]

By Lemma 5, cellwise path moments yield control uniform in the shadow price. The reported
estimator averages over auxiliary draws from an observed sample; the following identity relates
that average to the uncapped count experiment.

Lemma 6. [lem:capped-marked-count-identity] (Capped marked-count integral identity)
Fixn,d € N and an observed categorical law P on the d-cell alphabet, with category-cell masses
qcj- Let O = (0O4,...,0,) ~ P®". For M € {0,...,n}, a permutation o of the n record
indices, and pilot/evaluation marks w € {pilot,evaluation}”, write (N’, N)(O™, o, M,w) for
the pilot and evaluation count tables formed from the first M permuted records according to
Algorithm 1. Define

Pr{Pois(n/4) = M }
n!2n '

In the uncapped marked-Poisson experiment, M ~ Pois(n/4); conditional on M, draw M inde-
pendent records from P and mark each independently as pilot or evaluation with probability 1/2,
yielding count tables (N, N).

For every real-valued function g of pairs of count tables that is integrable under the ideal law
of Definition 17, whose pilot and evaluation category-cell counts are independent Pois((n/8)qc;)
variables,

wp (M) =

IEO(n),\,p@m Z Z Z wn(M)g((N/7N)(O(n)7av M?“’)) - IEuncapped [1{M < n}g(vaN)] :

M=0 o we{pilot,evaluation}™

Proof of Lemma 6. 1. Let Oy = {1,...,d} x{0,1}?, and let S; be the space of finite sequences
of records in Oy, each carrying a pilot or evaluation mark. Write

S = (M, ((07,x:))i21) € S

for a sequence with law Q: M ~ Pois(n/4), the O are independent with law P, and the
independent marks y; are pilot or evaluation with probability 1/2 each. Define ® : Sy —
(NZX{Ld})2 by B (S) = (N'(S), N(S)), where

M M
Néj<s) = Z 1{05 = (.77 C)a Xi = pﬂOt}, NCJ (S) Z 1{00 = (j: C)a Xi = evaluation}'
=1 =1
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These are the count tables used in Algorithm 1. Partition the marked observation space
into the singleton types (7, (, x), where x € {pilot, evaluation}. Each type has probability
qcj/2. For any array v = (v¢;,) € NZx{Ldbx{pilotevaluation} "the Poisson probability of
the total count and the conditional multinomial probability of the singleton counts give

1f:)r{#{i <M :07 =(4,0), xi = x} = v¢jy for all (¢, 7,x)}

_ —n/4(n/4)ZCJx V¢h,x (ZCJX C]X) (@)VQ’X
(ZCJXVCLX)! HC:]X Vejn! Cix 2

1%
Cix G

Here Zg‘,j q¢c; = 1, and zero powers use the usual convention 0° = 1. Grouping the
singleton counts by mark gives ®(S); the factorization shows that its pilot and evaluation
coordinates are independent Poisson variables, each with mean (n/8)g¢;. Its law is the
ideal count law specified in Definition 17; the identity also covers zero cell masses and
n = 0.

. Set ¢ : Sg = R by ¢(S) = g(®(S)). The preceding identification and the assumed
integrability of g give
Eqle(S)| = Eigeallg(N', N)| < o0.

. For 0 < M < n, define the marked prefix
SM(O(n)a g, w) = (Ma ((Oa(i)a wz))zj\il) :

A permutation of an independent P-sample remains an independent P-sample, while a
uniform mark vector gives each mark probability 1/2. Consequently, at every M whose
Poisson probability is positive,

1
]Eo(n) [77,'2” Z Z QD(SM(O(”), o, W))
o w

Integrability under Q supplies integrability on each such count fibre; fibres with zero
Poisson probability contribute zero. Multiplying by the respective Poisson probabilities
and summing over M < n therefore yields

Z ZZ Pr{Pmsn?'zéf =M} QO(SM(O(”),J,LU))

M=0 o

= E[p(M, (07, x:),)] .

Eom) = EQ[1{M < n}p(S)].

This is the finite count-fibre decomposition of the marked-Poisson expectation.

. For every admissible prefix, the indicator sums defining ® agree coordinatewise with the
permuted pilot and evaluation counts:

B (Sp (0™, 0,w)) = (N, N)(O™, 0, M, w).

Substitute this identity and ¢ = g o ® into the preceding equality. Its left side has
weight wy, (M), and its right side is the stated nonoverflow expectation under the uncapped
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marked-Poisson experiment. When d = 0, there is no probability law on the empty

observed alphabet, so the assertion quantified over P is vacuous.
O

The identity in Lemma 6 supplies the count-law link for the conditional average. Together
with the radius, approximation, bad-pilot, and maximal-path bounds, it supports a common
constant for the process criterion and the threshold-process bounds.

Theorem 4. [thm:integrated-process-certificate| (Uniform integrated process bounds)
Fiz an overlap parameter 0 < € < 1/2. There is a single constant Ce > 0, belonging to the
uniform process handle in Definition 17, for which the following conclusions hold whenever:

e (Sample and alphabet.) n > 1, d > 16, and d/log(ed) < n.

o (Sampling.) The law p of the n observed records satisfies Assumption 1 for the observed
margin of P.

e (Causal law.) The full-data law P belongs to Mg of Definition 4.

Write L = log(ed), m =n/8, and v; = \/pjL/m+ L/m. Simultaneously for every cell j and
every X € [0, 1], the absolute bias of the uncapped Jackson cell estimate of fx(qj) is at most

[P L
Ce{ nL+nL}'

The ezpected squared supremum of the centered good-pilot error sum is at most Ccd/(nL). The
uncentered bad-pilot cell envelope satisfies

lge sup |Ti(A) — fu(gy)l|| < CedV*e 100,

? Ael0,1]

Lo

and the expected squared supremum of the centered bad-pilot error sum is at most Ccd/(mL).
Finally, the ideal and averaged versions of the dual threshold process in Algorithm 1 each have
expected squared supremum error relative to Fp at most Ccd/(nL). The same C. applies to all
these bounds.

The final process bounds in Theorem 4 apply to an entire interval of shadow prices. Through
the dual representation in Proposition 1, they provide the simultaneous control used in Theo-
rem 3, including budgets selected after the curve is estimated. The average is formed at the
threshold-process level before optimization.

Two boundedness facts establish that the empirical and conditionally averaged threshold
processes have finite values throughout the shadow-price interval.

Lemma 7. [lem:empirical-threshold-process-bounded| (Bounded empirical threshold pro-
cess) For any n,d € N, any real overlap parameter €, and any sample O™ of n observations
on the d-cell alphabet, let

d
EX) =) (@)
j=1
be the empirical threshold process of Algorithm 1, with f) as in Definition 12. There exists

B € R such that R
[F(\)| < B for every A € [0, 1].
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Proof of Lemma 7. Fix n,d, e and the sample. For each cell j, Definition 12 and Algorithm 1
give, for \ € [0, 1],
(@) = 90(@;) + max{0, g1(q;) — 90(q;) — As(T;)}-

The empirical vector gj is fixed as A varies. Thus this expression is continuous in A, and so is
its finite sum F (A). When n = 0, the empirical vectors are zero under the convention z/0 = 0;
when d = 0, the sum is empty and Fis identically zero. The same continuity argument covers
both cases.
Since [0, 1] is compact, the continuous real-valued function F is bounded there. Hence some
B € R satisfies
IF(\)| < B for every A € [0,1].

O]

Conditional averaging over the auxiliary Poisson count preserves boundedness for the thresh-
old process used by the reported estimator.

Lemma 8. [lem:averaged-threshold-process-bounded] (Bounded averaged threshold pro-
cess) Fix any observed sample O™ of n records from a d-cell alphabet. Suppose:

e (Overlap parameter.) € > 0.
e (Sample size.) n > 1.
e (Alphabet size.) d > 1.

The conditionally averaged threshold process F\( ) of Algorithm 1, whose Poisson(n/4) weights
are summed over M =0, ...,n, is bounded on [0, 1]: there exists B € R such that

|ﬁ(A)I <B  forevery A €[0,1].
Proof of Lemma 8. 1. Continuity of the cell threshold. For u,« € R, write
Sq(u) = ugo +uq1  (a € {0,1}), s(u) = so(u) + s1(u Z Uqy-
a,ye{0,1}

Assign the quotient in Definition 12 the value ¢,(0) = 0 at its zero denominator. The bounds
below show that this is its continuous extension on the nonnegative cone. Since u is nonnegative,
s(u) = 0 implies u = 0. When s(u) > 0, its two branches are s(u)uq1/s,(u) and uq1 /€, according
as sq(u) > es(u) or sq(u) < es(u). On each branch, its absolute coordinate derivatives are at
most 1+ ¢~ 15 at zero, 0 < g,(u) < s(u). Comparing along the segment between two nonnegative
vectors therefore gives, for a € {0,1},

190 (1) = ga(u) < (14 €)D" Jue —uf.

cez
The positive-part map is 1-Lipschitz. Thus, for A € [0, 1],
[fa(u) — fa(@)] < 2[go(u) — go(u)] + g1 () — g1 ()] + Als(u) — s(u)]

<BA+e) +1] Y fug —ugl.

ez
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Hence f) is continuous on the nonnegative cone for every fixed A € [0, 1].

2. The pilot rectangle. Fix any pilot counts and cell j. The quantities in Algorithm 1 satisfy
L

> 0, L =log(ed) > 1, 0=—>0, hej > 0.

m

m =

>l 3

For every z € [~1,1]% and ¢ € Z,
0
0 </lej <cgj+ Rejae < ugje

The map z — c? + Rj ® z is affine and continuous. Since f) is continuous on the nonnegative
cone, its composition with this map is continuous on [—1,1]% for every X € [0,1]. This includes
pilot counts arising when M = 0.

3. Continuity of each clipped cell estimate. Keep the counts fixed. The Jackson order
and degree in Algorithm 1 satisfy K > 2 and D =2(K — 1) > 2. Forr =0,..., D, set

r
& = Di—l—l’ 57 = (f’YC)CGZa 19%C = arccos(fvg), e {O’ T D}Z'

At a fixed grid point, the defining Jackson integral and the threshold formula give
[Pia(c] + Ry © &) = Piu(c] + R; © €,

< \)\—,u\/ s(c?—FRj@cos(z%%—t)) HJK(tC)dt, A p€[0,1],
[77“7‘—}2 CEZ

where cosine acts coordinatewise. The integral is finite: its argument lies in the pilot rectangle,
and the integrand is continuous on a compact box. Also,

[fa(e)) = ful@D] < X = pl s(c5).

For o,y € {0,...,D}#, define the fixed tensor interpolation weights by

zc — &
zo‘::”z?(, Wa,y = [2°] || || §C—§T’
ez ceZ0<r<D > T

TEYC

where [z] extracts the indicated coefficient. Tensor Lagrange interpolation of the degree-D
polynomial yields

Bj,a()\) = Z Wa [Pj,)\(cg + Rj © E'y) - f)\(cg])] :

’YG{OV"»D}Z

The preceding bounds show that every () is continuous in A. All count-dependent factors
in

L0
ZiN =HhED+ D B ] — "

a€{0,....D}Z ez ¢

are fixed and have positive radii in their denominators. Thus Z; is continuous. Finally,
T;(0) = fa(e) + min{ /485, max{ ~d"/s;, 2;(0) = A } |
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is continuous, since finite minima and maxima preserve continuity.
4. Averaging and boundedness. Write G,, for the permutations of the n record positions.
Conditional on the fixed sample, the average is the finite sum

. n 6—n/4n M d
Foy = T Y X [ Yney

M=0 0€6, wef{0,1} \j=1

M,o,w

Only the first M marks affect the count table; each marking of those retained records occurs
2n~M times in the displayed sum. Thus the 2" normalization gives the same average as 2M
markings of the retained records. The vertical bar means that the counts are computed from
that permutation and marking. Each cell summand T}(\) is continuous in A\. The capped value
for M > n is the constant zero. Hence F' is continuous on [0,1]. Compactness of that interval
gives the finite real number

B = max |F()\)|, IF(\)| < B for every A € [0,1].
A€[0,1]

O]

For the lower bound, a simplex records the masses assigned to pairs of covariate cells. The
paired family then isolates the effect of allocating a fixed treatment capacity across unequal
benefits.

pair

Definition 18. [def:paired-family| (Paired causal family P."") The paired causal family
P,?alr consists of causal completions constructed as follows. For k > 1, choose r = (r1,...,r)
in the simplex and 6; € [—1/8,1/8]. For each i, create cells (i,+) and (i, —) with masses r;/2,

and set
1 1 1
€0 = 5 Hog,0 = R Mlio = 5 + o0;, o€ {+1, —1}.

Generate the potential outcomes independently of A conditional on X.
The simplex Ay in Definition 19 supplies the pair-mass vector for Definition 18.

Definition 19. [synth_10] (Probability simplex on k categories) For an integer k > 1, define

k
Ay = {r—(’rl,...,rk) € [0,1]’"’:27“1-—1}.
i=1

With the pair masses specified, the causal family fixes the propensity and control mean while
varying the treatment mean within each pair. Treatment effects remain positive while their
ranking depends on the contrast. The capacity and sampling identities make this allocation
problem explicit.

Proposition 3. [prop:paired-capacity-identity] (Paired capacity and sample identity) Let
kE>1and 0 <e<1/2. The following statements hold.

e (Capacity identity.) For every P € P,Eair and every pair-mass vector r € Ay and
contrast vector 6 € [—1/8,1/8]¥ for which P satisfies the paired-completion conditions of

Definition 18, the law P belongs to Moy, . of Definition 4. Every occupied cell has treatment
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effect ; € [1/8,3/8]. The half-population budget is attained by a policy © € 11 ,5(P)
satisfying

1
d2pmi=5 Vip(P)=B(P)+} pimm;.
J J
For the budget values of Definition 9,

31 1 1 1

V1/2( ) 8+2;T1| i 8+ P<4>7 Vi(P) B

e (Exact sample reduction.) For every integer n > 0, there is a Markov kernel from pairs
of n-record samples on the k-point alphabet to n observed records on the 2k-cell alphabet

with the following property. For every pair R, S € Ay, the simplex of k-point laws, set

0, R;+5;,=0,
91’ = R;, — Sl
8(RZ’ + SZ)’

R+ S;
2 b

T, =

R, + S; > 0.

The paired law determined by (r,0) belongs to P,’;air. Applying the kernel to independent
n-record samples from R and S yields exactly the law of n independent observed records
from the observed margin of that paired law.

For two sampling laws R and S, the exact sample reduction gives a half-budget value of
3/8 +||R — S|l1/32, while the full-budget value is 1/2. Thus the half-budget comparison carries
a two-sample distance problem within the causal model. The statistical lower-bound input is a
squared-error bound for the two-sample distance.

The following bound states the two-sample risk at the scale used by the reduction.

Lemma 9. [lem:two-sample-11-lower| (Two-sample L; lower bound)* There is a universal
constant ¢ > 0 such that, for every integer k > 2 and 1 < n < k2, the minimaz squared-error risk
for estimating ||R—S||1 from n independent observations from each of R, S € Ay, the probability
simplex on k categories, satisfies

~ k
inf sup FE L—||R—S|h)? zcmin{l,}.
I R,SeA; rs |( | I } nlog(ek)

Proof of Lemma 9. Write

Ry i=inf suwp Eng|(L—|R- S
L R,SeAg

We first transfer the published known-S bound to this two-sample experiment. Given a
two-sample estimator L and a fixed S, average over its second sample:

Ls(X™) := Byngon [E(X", Y”)} .

“Formalization scope. This result uses the published conclusion [Jiao et al., 2018] (Theorem 3 and the
unknown-both-distributions reduction following Theorem 6). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.

32



Conditional Jensen inequality gives, for every R,
Er[(Ls — | R~ Sh)*] < Ers|(L—|R-S|h)?].
Taking the relevant suprema and infima therefore yields

sup inf sup Egr [(ES —|R— 5”1)2} < Rk
SeA, Ls ReAg
The published bound [Jiao et al., 2018, Theorem 3 and the unknown-both-distributions
reduction following Theorem 6], applied with ap = 1 and Cjy = 2, consequently supplies constants
Ypub > 0 and kg such that

k
Rogk = Ypub ——— if k> ko, n >
n

1 < 2logk.
logn ~ logk’ 08T = 2108

For n > 2, the last condition and log(ek) = 1 + log k imply

“pub k

> —_—.
R 2 2 nlog(ek)

In particular, enlarging a threshold kp if necessary, there is a constant vp > 0 such that,
whenever k > kp, k> 2,2 <n <k? and n > k/logk,

k
Rop > pmindl, —— L
ok = 7Dt { nlog(ek) }

Indeed, n < k? gives logn < 2log k, and the minimum is at most its second argument.
For the smaller sample sizes, use the same dense bound at the integer

no(k) = [logk-‘ '

When k > 3, the inequalities 1 < logk < k — 1 show that k/logk > 1, while

k k 2k
<no(k) < —— +1< —,
logk:_n ( )<logk+ ~ logk

no(k) < k%, logno(k) < 2logk.

Also log(ek) < 2logk, so no(k)log(ek) < 4k. Applying the dense bound at n.(k) thus gives, for
some g > 0 and threshold kg,

Ruok)k = s (k> max{ks,3}).

If 1 <n<k/logk, then n < no(k). An estimator with n.(k) observations can use their first n
coordinates, whose law is exactly the n-sample law. Hence

Rk 2 Ry (k),k = 7S-
Set k, := max{kp, ks,3}. To cover 2 < k < k,, consider the two parameter pairs

(Ro,S) = ((1,0,...,0),(1,0,...,0)), (R1,S)=1((1/2,1/2,0,...,0),(1,0,...,0)).
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Their targets are 0 and 1. Let wy be the data point at which every observation in both samples
has the first category, and put p, := 27". The probabilities of {wp} under the two pairs are 1
and p,, respectively. Thus, for every estimator L, its worst-case risk satisfies

sup Erg (E —|R— S||1)2} > max{f(wo)z, pn(Z(wo) — 1)2} > %,
R,SeAg

since p, <1 and 2%+ (x — 1)? > 1/2 for every real x. Taking the infimum over estimators gives

Minimax risk decreases as the sample size increases by the same first-coordinate argument.
Since n < k% < k2, the preceding bound at k2 gives

9k
4

9=k
c:=min < vp, s, > 0.

Rox = Rk%,k > (2 <k <ky).

Finally, choose
4
For k > k,, split according as n < k/logk or n > k/logk; the sparse and dense bounds,

respectively, give the claim. For 2 < k < k,, use the finite-alphabet bound. In each case the
claimed minimum is at most 1. O

The published intermediate-regime lower-bound input for Lemma 9 is given by Jiao et al.
[2018, Theorem 3 and the unknown-both-distributions reduction following Theorem 6]. Com-
bined with the exact sample reduction in Proposition 3, the lemma supplies the half-budget
lower bound in Theorem 2. That bound and the upper bound in Theorem 3 yield the matched
risk statement in Theorem 1 under its stated conditions.

The theorem statements and internal proofs are machine-checked in Lean 4. The sampling
and causal conditions in Assumptions 1 to 4 are model assumptions. The published conclusion
cited for Lemma 9 is a mathematical input from the literature.

B Proofs of the main results

Proof of Proposition 1. Write
pJ:P(X:j)7 Q(a,y)j:P(X:j,A:%Y:y), Maj:EP[Y(a) ’X:j]) Tj = M1 —H0j,

For a cell with p; = 0, set uq; = 0; its contributions below vanish. The cell masses are
nonnegative, and the binary outcomes give pq; € [0, 1], hence 7; < 1.
For an occupied cell, Assumptions 2 to 4 give s,(¢;) = P(X =j,A=a) > ep; > 0 and

P(X=jA=aY=1)
P(X=j,A=a) DM

9a(q5) = pj
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For a null cell, ¢ = 0 and the same identity has both sides zero. Substituting these identities
into Definition 12, and using p; > 0, yields, for 0 < A <1,

d

fala;) = pijnoj +pilmi — Ny, Fp(N) =B(P)+ > _ pjlr — A+
j=1

Fix b € [0,1]. If m € II;(P), then 0 < m; <1 and ), p;jm; < b by Definition 5. For A € [0, 1],
the inequality p;m;(7; — A) < p;j[1; — A];+ holds whether 7; — X is nonnegative or negative. Since

A >0,
d d d d
Yopimiy =AY pimi Y pimi(ry = A) DA+ Y pilr -
j=1 j=1 j=1 j=1
Taking the maximum over feasible policies and using Definition 9 gives

Vo(P) DA+ Fp(A) (0<A<1),  W(P) < inf {bA+Fp(A)}

For the reverse inequality, the feasible policy set is a compact subset of [0,1]%, contains the
zero policy, and has a continuous gain. Thus a feasible maximizer 7* exists. Applied to the affine
budget and box constraints, the polyhedral normal-cone formula gives nonnegative multipliers
A5 n;f satisfying

Sopai<h, N (b - ijw;.> —0,
J J

=00 nj(L=mf) =0, pi(\ ) —my +0f =0.
These conditions give the hinge identity cell by cell. It is immediate when p; = 0. When p; > 0,

a coordinate with 77 = 0 has n;r =0 and 7; < A*; one with 77 =1 has n; = 0 and 7; > A*; an
interior coordinate has both box multipliers zero and 7; = A*. Consequently,

pimiTy = Npym 4 pilry — A4, Zpﬂr T = b\ +Zp] = A+

where the second equality uses budget complementary slackness.
If \* < 1, this is a witness with price in [0,1]. If A* > 1, then 7; < 1 makes every hinge at

A* zero. Also,
M=) pm <) pm <.
J J

As b > 0, this forces b = 0. Every hinge at price 1 is then zero as well, and the displayed witness
equality holds with price 1. Hence in every case there is A, € [0, 1] such that

b\, + Fp(X,) = B(P) + Zpﬂr 7 = Vy(P).

The process Fp is a finite sum of continuous hinge functions on [0, 1], so it is bounded there.
Thus the dual infimum is well defined and is at most its value at A\;. Together with weak duality,
this proves the representation.
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Finally, define

Both processes are bounded on [0, 1], so WE pp is finite and both dual objectives are bounded
below for b € [0, 1]. For every such b and every A € [0, 1], the two inequalities

A+ F(\) SbA+ Fp(\) +wp ., DA+ Fp(A) S0A+F(\) +wp .

give, on taking infima,
3 o — 3 < ~ .
Oglg\li;l{b)\—{—F()\)} O%I/%fSl{b)\—i—Fp()\)}‘ WE Fp

Substitute the representation just proved and take the supremum over b € [0, 1]. O
Proof of Theorem 1. Set
d
==minql, ——— 5.
On.d *= R { "nlog(ed) }
Choose ¢. > 0 from Theorem 2 and C:* > 0 from Theorem 3, and define
Ce:=CP +c..

The discrete Ly lower bound underlying Theorem 2 is supplied by [Jiao et al., 2018, Theorem 3
and the unknown-both-distributions reduction following Theorem 6].

Fix n > 1, d > 2, and by € [0,1/2], and use the independent observed-record laws of
Assumption 1. Since by < 1/2 < 1 — by, evaluation of any admissible curve estimator Vat1 /2
gives a measurable scalar estimator

T5(0™) := V; 5(0M).

By Theorem 2, there is a law P € M, . for which

CeOnd < Ep [(Tr, - V1/2(P))2}

<Ep| sup |V—W(P)|
be[bo,lfbo]
< sup Ep/| sup “7}, — Vb(P’)‘2 )
P’EM(LE be[bo,lfbo]

The middle inequality holds samplewise because 1/2 belongs to the budget interval. The lower-
bound result also supplies a law in the model class when applied to the zero scalar estimator,
while Algorithm 1 supplies an admissible curve estimator. Thus taking the infimum over curve

estimators in Definition 15 gives
Celnd < Mylagicpy-
For the upper bound, insert the estimator of Algorithm 1 into that infimum. Theorem 3

bounds its worst-case curve risk, so

5 2
R, < sup Ep| sup  [VF = V(P)
PGMd75 bE[bo,l—bo]

< Ceuan,d < Ce@n,d-
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Here 9,4 > 0, and the chosen constants satisfy 0 < cc < Ce < oo.

Now let T' be any measurable scalar estimator. Applying Theorem 2 to the same independent
observed-record laws supplies a law P € My, with V;(P) = 1/2, a binding half-budget policy
7 € Il jo(P), and

d d

1
ijﬂj =35 Vij2(P) = B(P) + Zpﬂfﬂj, Ep[(T = Vij2(P))?] > ccona-
j=1 j=1

For every occupied cell, the same result gives

3
pj>0 - STng - Tj>0.

0|

Finally, suppose by = 0 and take any P € Mg .. Since p; > 0 and Zj pj = 1, every policy in
[0,1]¢ is feasible at budget 1. For any such policy,

d d
> pjmmy <Y pjmax{r;,0},
j=1 J=1
and equality is attained by the policy
m; = 1{7; > 0}, j=1,...,d.

Consequently, Definition 9 gives

d
Vi(P) = B(P)+ 3 pj max{r;, 0}.
j=1

Proof of Theorem 2. Write

Roi=inf sup Eps|(H—|R—S|h)?.
H R,SeAg

Here H ranges over measurable estimators based on n observations from each of R and S. We
first establish the two-sample bound used in the proof:

> i 1, —
Rk 2 ¢1,min { "nlog(ek) =

i } (k>2,n>1)
for a universal cf, > 0.

For n < k?, this is Lemma 9. Its dense-range input is the published known-S bound: when
n > apk/logk and logn < Cjlogk, the worst-case squared risk is at least a positive constant
times k/(nlogn), with constants depending on ag, Cy [Jiao et al., 2018, Theorem 3 and the
unknown-both-distributions reduction following Theorem 6].

For completeness, consider the remaining range n > k2. At sufficiently large k, set

he
h=1k/2l,  C=16(llogak] +1),  £=1/50 >0, wzﬁ,
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To obtain the finite priors used here, let

E = inf sup||z| — (x)].
nt, s o] = (o)

Polynomial alternation gives nodes zy < -+ < zy41 in [—1, 1] and signed weights a;, normalized
so that
dladl =1, D axi =0 (0<€<0, D ailw| =&

Indeed, the weights proportional to ], #(fvi — x)~! annihilate polynomials of degree at most £
by Lagrange interpolation; their alternating signs can be oriented to agree with the alternating
approximation errors. The required approximation error has the bound

1
> —
T

For this bound, let .%, denote the normalized Fejér kernel of order ¢ on the circle of period T,
and define

9(¢) = [sin(29),  Zuf = f(0) = ((2F2 — F1) = [)(0).

The Fejér kernels have integral one, so ||Z|| < 4. Their Fourier multipliers give Z;[¢(sin(2¢))] =
0 when degp < ¢. The Fourier series of g has nonnegative contributions to the magnitude of
this functional; retaining the frequencies indexed from ¢ through 2¢ — 1 yields

20—1

4 1
Dgl =S > L
79| 2 éz_:é 7407 —1) ~ 16¢

Thus 4&, > 1/(16¢), which gives the displayed bound. Writing af = max(a;,0) and a; =

max(—a;, 0), define
1/0:22%-_5%, V1 :2Za;'5xi.
i i

The degree-zero identity makes each measure a probability measure. The remaining identities
show that their moments agree through degree ¢ and that

1
/|9€ dvy (z) — / || dvo(x) = 2E > o7

Use 2h cells and, for z = (z1,...,2,) € [~1,1]", define the two probability vectors by

h
1 1+&z &
Rit+ = — Six(2) = ; R =S|l = EZ | 2]
i—1

2h

Under prior v&", the target has center s = & [ |z| dvs(z). Independence gives

2
=0l >w,  Vare(|R-S(2)h) < >

For the stated sufficiently large alphabet threshold, 128¢2 < hw?. Chebyshev’s inequality there-
fore places at most 1/8 of either prior outside the interval of radius w/4 around its center.
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To compare the sample laws, Poissonize the S-sample at mean 2n. Conditional on z;, the two
counts in pair 7 are independent Poisson variables with means (n/h)(1+¢&z;) and (n/h)(1—&z;).
Relative to z; = 0, their likelihood ratios obey

2
EolL.Ly] = exp <2T]Lf zz’> .

For s € {0,1}, define the one-pair mixture, its null reference law, its density, and the exponential
scale by

Q, = / [Pois(7-(1+¢2)) @ Pois (3 (1 = €2)) | di(2), Qo = Pois(n/h)*2,  p, = 383, Av=uw, x=

The likelihood identity above and the matching moments give

/(m—po)QdQO:Zﬁ (/ f’dAy(z)>2g4Z>5;.

>0

Here U zé/dAv(z)‘ < 2 because both priors are supported on [—1,1]. For ¢ > ¢, the factorial
bound £1 > (¢'/e)?, together with e < 3, yields x* /¢! < (1/4)*. Cauchy-Schwarz therefore
gives

1 1/2 / 1/2
TV(Qo, Q) = 5 </(P1 —po)? on> < (Z 4‘£> <9t <o t/4

>0
The pair mixtures are independent under either prior. Telescoping their product densities and
using the one-pair bound gives

TV(QF", QF") < h TV(Qo, Q1) < h274%,

When a Pois(2n) count reaches n, its first n marks have the fixed-sample law. For each prior,
replacing the sample on the complementary event changes its predictive law in total variation
by at most Pr{Pois(2n) < n}. The triangle inequality therefore adds twice this probability.
Exponential Markov inequality at log?2 gives

Pr{Pois(2n) < n} < exp{—(1 —log2)n}.

Since h < k/2, 2-t/* < k=% and n > k2, these bounds give, for the stated sufficiently large
alphabet threshold, the fixed-sample predictive bound

1
TV (prior-0 samples, prior-1 samples) < h27¢/* + 2Pr{Pois(2n) < n} < 6
The first sample has the same law R under both priors, so it leaves this comparison unchanged.
Choose the nearer of vy, y; from an arbitrary estimator of || R—S||;. The sum of its testing er-
rors is at least 15/16 by the predictive bound. The two prior tail probabilities contribute at most
1/4; on each remaining error event, squared estimation error is at least w?/16. Consequently

R > £w2 w? = h >c i
w2 =519 ~ 500000nf ~  nlog(ek)
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for a universal ¢ > 0. Padding the unused cell when k is odd preserves the target and sample
law.

The finitely many alphabet sizes below that threshold are covered by a binary comparison.
Take R = (1/2,1/2), compare S = R with S = ((1 4 £)/2,(1 —&)/2), and set £ = 1/(64y/n).
The targets differ by &, while independence and the one-record chi-squared identity give

X2(s®n’R®n) — (1 _|_£2)n —1< 6i4
Thus their total variation is at most 1/16, and the same testing argument yields a constant
multiple of 1/n. Zero-mass padding and the finite bound on &/ log(ek) give the asserted rate for
these alphabet sizes. Combining the ranges, and using k/(nlog(ek)) < 1 when n > k2, proves
the displayed two-sample bound.
Now fix T',n,d as in the statement. Suppose first that d > 4, and put k¥ = |d/2|. Then
k> 2 and 2k < d. For each R, S € A, choose the paired law of Definition 18 with

0, R;+5;,=0,
61’ = Ri — SZ
S(Rl + Sl) ’

R, +S;
2 )

Ty =

R;,+ S; > 0.
The capacity and sample identities in Proposition 3 give

Vi)2(Pr,s) :g‘F%HR_SHh Vi(Pgr,s) = %,
and an exact Markov kernel taking the two independent n-samples to n observed records from
Prs. Apply T after this kernel and condition on the two input samples. The resulting two-
sample estimator of |R — S||; has squared risk at most 322 times the squared risk of T, by
conditional Jensen’s inequality. Since the two-sample lower bound is positive, a parameter pair
attains at least half its lower-bound value. Hence some paired law satisfies

cr . k
EPR,S [(T - V1/2(PR75))2:| Z M min {17 nlog(ekj)} .

Pad the law with zero-mass cells to reach d labels. The observed sample law, both budget values,
and the occupied-cell properties are preserved; Assumption 1 identifies the stipulated sampling
law with that product law.

Because k < d < 3k and log(ek) < log(ed),

d k
i 1, ———— » < 3mi 1, — 5.
i { "nlog(ed) } - mm{ "nlog(ek) }

Thus the required bound holds in this case with coefficient cr,/6144.
For d = 2,3, use one occupied pair and pad any remaining cell by zero mass. Compare

paired contrasts 0 and
1

= 5/n
Both laws satisfy the class, value, occupied-effect, and binding-capacity properties by Proposi-

tion 3. Their half-budget values are 3/8 and 3/8 4+ t/2. The one-record chi-squared divergence
is 2t2; tensorization and 2nt? = 1/32 < log2 give total variation at most 1/2 for the n-record

t
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laws. Testing at the midpoint of the two values then puts error probability at least 1/4 under
one law, on an event where absolute estimation error is at least ¢/4. Therefore one of the laws
satisfies
(t/4? 1

4 4096n

Ep[(T = Vija(P)] 2

For 2 < d < 3, min{1,d/[nlog(ed)]} < 3/n. Taking

. . Cr, 1
Ce = { 6144’ 12288} >0
completes both cases. ]
Proof of Proposition 2. Fix d > 2 and write

d
log(ed) =1+ logd, g = Tog(ed)”

Since logd < d — 1 and d > 1, we have 0 < log(ed) < d, so ag > 1. Thus, for every n > 1,

1
— < min 1,L :min{l,%}gﬁ.
n nlog(ed) n n

The lower-bound input to Theorem 1 is the known-distribution L; minimax result of [Jiao
et al., 2018, Theorem 3 and the unknown-both-distributions reduction following Theorem 6].
Applying the stated frontier bound and then the preceding comparison gives, uniformly over
bp € [0,1/2],

e < ¢omin 1L < |emve, < C.min{ 1 d <C€ad
n=- ° "nlog(ed) [ = 7 mdebo =€ "nlogled) | = n

The risk-bound constants can be chosen as ¢, and C.ay, respectively; they are positive, ordered,
and fixed across n and by.
For the identity, denote the common effect in occupied cells by -, so that

Ti=7>0 whenever p; > 0.

If bo € [0,1/2] and b € [bo, 1 — bo], then 0 < b < 1. Cell masses satisfy p; > 0 and >, p; = 1. In
a zero-mass cell both sides of the following identity vanish. Hence, for every 7 € II,(P),

d d
> pimimi =Y pim <A,
j=1 j=1

where the last inequality is the budget constraint in Definition 5.

(®)

Define the constant policy by = b for every cell j. Because 0 < b < 1, its coordinates
are valid, and
d d d
b b
dopm) =Y pi=b Y opmn =
j=1 j=1 j=1

Thus 7 e IT,(P) attains the upper bound. The maximization in Definition 9 equals b, and
therefore V4 (P) = B(P) + 7b, as claimed. O

41



Proof of Theorem 3. 1. Constants and unit bound. Write

d

L:=log(ed) =1+logd,  pngi=-—r, =31+ )+1.
n

Let CP™° > 0 be the constant supplied by Theorem 4, and set
C. := max{1, CP™° 409672} > 0.

Since d > 2, the inequality logd < d — 1 gives 0 < L < d, so ppq > 0.
The interval I = [by, 1 — bo| is nonempty and contained in [0, 1]. Write

EP[Y(G) |X :]]> bj > Oa

pj = P(X =j), Maa:{o D=0
) ] — Y

d
7 =pj—poj,  B(P)=_ pjuo;-
j=1

The binary potential-outcome condition in Definition 4 gives 0 < p,; < 1, including the stated
convention at empty cells. For any b € I, the zero policy is feasible under Definition 5, and the
value of every feasible policy is

d

d
B(P) + ijﬂ'jTj = ij{(l — mj)poj + mipg} € [0,1].
j=1 J=1

Hence V4(P) € [0, 1] by Definition 9. The estimator in Algorithm 1 is either 1/2 or clipped to
[0,1]. Under Assumption 1, its squared supremum loss therefore satisfies
Ep [sup‘r/bJF — V},(P)ﬂ <L

bel

2. Alphabets with 2 < d < 16. In this branch, F is the empirical threshold process of
Algorithm 1. It is bounded on [0,1] by Lemma 7. The dual representation and its uniform
perturbation bound in Proposition 1, together with contraction by clipping toward V;(P) € [0, 1],
give, sample by sample,

2
sup| VT — V()| < ( sup |F()) — FP<A>\> :
bel A€[0,1]

Here is the pointwise estimate used for the empirical process. Let Z = {0,1}2, index ¢ =
(a,y), and write

qc¢i = P(X = .7714 = a,Y = y)a Sa(u) = u(a,()) + u(a,1)7 S(U) = SO(U‘) + Sl(U)

for every nonnegative four-vector u = (u¢)cez. For nonnegative four-vectors u, v, define

Au,v) == Z lue — vel.

ez

For the formula in Definition 12, explicitly define its value at the zero vector by g,(0) = 0. This
is its continuous extension, since 0 < g,(u) < s(u) for every nonnegative u with s(u) > 0. Thus
f1(0) = 0, and the stabilized arm contributions, including those of empty covariate cells, obey

19a(u) = ga(v)] < (L4 € H)A,v),  [s(u) = s(v)| < Alu, ).

42



To see the first inequality, an arm with s,(u) < es(u) has gq(u) = uq1/€; an arm with sq(u) >
es(u) > 0 has g,(u) = s(u)uq1/sq(u). When both vectors are in the latter regime, use

Ual Val

sa(u)  sa(v)

[Ua1 — Va1| + |Ua0 — Va0 s(u)

~1
Sq(uw) ’ Sq(u) se€

)

and ug1/8q(1),va1/84(v) € [0,1]. When both vectors are in the first regime, |gq(u) — ga(v)| =
|ta1 — va1|/€ < € *A(u,v). When wu is in the first regime and v in the second, use

Ugl — Va1 . Va1 Sa(v) — €s(v)
€ Sq(v) €

ga(u) — ga(v) =

The second term is nonnegative and 0 < wvg1/s,(v) < 1. Since sq(u) < es(u), its numerator
satisfies

Sq(v) — €s(v) < 54(v) — sq(u) + €{s(u) — s(v)}.

Combining these inequalities cancels the al coordinate in the upper bound and gives
—¢ 1A (u,0) < ga(u) = ga(v) < € (vao — tao) + 5(u) — 5(v) < (1+ € HA(u,v).

Swapping u and v handles the reverse case. If either total mass is zero, that vector is zero and
0 < go(w) < s(w) gives the bound directly. Since = + [x]4 is one-Lipschitz and 0 < A < 1, it
follows that

[Fa(w) = fa(0)] < 2lg0(u) = go(v)] + |g1(w) = g1(0)] + Als(w) = s(v)] < 7eA(u,v).

Applying this cellwise and using Cauchy—Schwarz across the 4d category-cell coordinates
yields

2 d
( ap 1PN - pr) 1Y @ g

A€[0,1] =1¢ez

Each g¢; is the empirical mass of one observed atom. Its Bernoulli second moment under
Assumption 1 gives

. qci(1 = qcj)
Ep(Ge; — a¢j)? = = <

1
Consequently, -
i sup [T~ VPP | < 2000,
bel n
Because L < d < 16, we have dL < 256, and hence

16d2+?2
n

< 409672y, -

If ppq > 1, the unit bound above is at most Ce min{1, p,, q}. If p, 4 < 1, the displayed empirical
bound is at most the same quantity.

3. Alphabets with d > 16 and d/L < n. Here p, g4 < 1. The estimator uses the conditionally
averaged threshold process F specified in Algorithm 1. It is bounded on [0, 1] by Lemma 8. The
same dual perturbation and clipping argument bounds its curve risk by the averaged process
risk:

2
i sup [V~ Vi(P)P| < ( sup |F() - Fpmr)
bel A€[0,1]
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Under the stated sampling and model conditions, Theorem 4 bounds the right-hand side by
proc . .
Ce " pn,q- Thus the curve risk is at most

CP*ppa < Cemin{1, py q}.

4. Alphabets with d > 16 and n < d/L. Now p,q > 1, and Algorithm 1 sets the entire
estimated curve equal to 1/2. The unit bound above gives

Ep |sup [V = Vo(P)[?| <1 < Cemin{l, pn.a}-
bel

These cases give the claimed inequality for every P € Mg, with one constant depending
only on e. Consider the set of expected squared losses indexed by these laws. If this set is
nonempty, its supremum obeys the same bound because every member does. If it is empty,
define its supremum as zero; the bound then follows from C¢ > 0 and p, 4 > 0. In the present
model the set is nonempty: take X uniform on [d], take A independent of X with treatment
probability 1/2, and set Y (0) = Y (1) = Y = 0 almost surely. This law satisfies consistency
and conditional exchangeability, and its treatment propensity in every cell is 1/2, as required
by 0 < € < 1/2. Thus the nonempty case gives the stated supremum bound. O

Proof of Theorem 4. Write L = log(ed), m = n/8, and K = max{2, |L/512]}. We first establish
estimates for an arbitrary observed categorical law in the independent pilot and evaluation count
experiment of Definition 17. All constants introduced below are positive and depend at most
on €, unless called numerical.

For each pilot realization, every point u in the rectangle HCE 2[0¢j, ucj] is nonnegative and
satisfies |lu — c?Hl < S;. Positivity and normalization of the Jackson convolution, together with
Lemma 1, therefore give the uniform bound

sup 1P, (u) — f-(Cg)HBV([OJ]) < cpvSj.
u€leez[le)uc;]

Write the polynomial on this rectangle in tensor Chebyshev form, with coefficients b; ,:

Uu, _CO~
Pia(w) = i) = > b [T (CRC]Q> ,  D=2(K-1).

ve{0,...,.D}4 ez

Each coefficient is a normalized tensor Chebyshev integral of the uniformly bounded path, so
1bjwllBV(01]) < 16cpyvS;. If Ay is the sum of the absolute monomial coefficients of T}, its
recurrence gives Ag = Ay = 1, Apy1 < 245, + Aj,_1, and hence A;, < (14 v/2)". Conversion to
the centered monomial coefficients of Algorithm 1 now yields

> 11Bja

The estimate holds for every pilot realization, including those outside G;: the pilot radii are
strictly positive, and the convolution rectangle lies in Ri. Also L = 1+1logd > 1 and K <
2 4+ L/512. Direct expansion of this last bound yields

’BV([O,l]) < 160]3\/Sj(D + 1)4(1 + \[2)4D < CcocfijelzK.

16K2 L log d 2 2UK+16K2/L _ 115 71/16 2
UK + —— <14+ o< Us+— =, Sfe /1< MPg1682,
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These are the two coefficient bounds required by Definition 17.
Here are the cell estimates used below. Put

_ P b _ L L
4 = mL+mL’ Vi = m+m'

Conditioning on the pilot counts, factorial moments of the independent evaluation counts give
0 0 \h
E[Un(Ngjiegj) | N'| = (a¢; — e¢j)™

On Gj, the localization interval contains q¢;, and its radius satisfies qgj/(ngj) < 1/L. The
second factorial-moment identity is

h 2
h N Y,
E[Uh(Ngj;cgj)Q ‘ N/] — Z <r> r! (%) (qc; — ng)2h 2r
r=0

Using |q¢; — cgj\ < Ry, qgj/(ngj) <1/L, and (}Tl)grl < h?/rl, it gives

. 2 h 2
E Uh(NC.]7c§j) ’ SZ (h /L)T Seh2/L
R2h 7!
¢J r=0
For each factorial index a € {0,...,D}?, independence of the four evaluation coordinates and

the preceding moment bound give, on Gj,

20

L 02 2
E H UaC(Nig,CQ) N'| <exp <ZC a<> < AP/
RS L

CeZ ¢j

Cauchy-Schwarz over the (D -+ 1)* factorial indices and the coefficient envelope therefore give

2
E HZj - f-(cg‘))HZBV([O,l]) | NI} <4 <Z Hﬁj,a\BV([O,l])) Z €4D2/L < 4CgoeffS]2'(D+1)4e24K+16K2/L'
a a€e{0,...,D}Z

Here D +1 < 2K < eX. Using K <2+ L/512 gives

2
28K + 16? <122+ 1% =123+ 101g6d7 (D + 1)4624K+16K2/L < 12341/16,

Consequently the conditional squared bounded-variation norm is at most 4630956123611/ 165]2-.
Every radius is positive, so Sj > 0. Apply [II_; () — z| < 2?2/t with t = d1/45’j. Uniformly in
A,
E[|Tj(\) = Z;(V)] | N'] < 4cZ,eqe'®S;d=5"  on G;.
E[Z;(A) | N'] = Pjx(g;)-
To bound its approximation error, put 6 = L/m. On G, the vector g; lies in the pilot rectangle,
so Lemma 3 gives

1Pia(g;) — falgy) <32{3(1+ ¢ 1) +1} % > \/(qg‘ — Lej)(ucy — acj) + f]z
ez
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The good-pilot inequality and the truncated endpoints imply, coordinatewise,

(qcj — Lej)(uc — acj) < 8HGqc;6.

Indeed, when £¢; > 0, the product is at most h%j; the inequalities c¢; > hej and |e¢j—qej| < hej/4,
inserted into the formula for h¢;, give the displayed bound. When f;; = 0, that formula and
cej < hej give ug; < 8H§5, so the product is at most q¢;u¢;. Since each g¢; < p; and there are
four coordinates,

> \/(%‘ — L) (ug = 4¢j) < 4\/8H§ij/m-

ez

Thus the approximation contribution has the asserted /p;L/m/K + S;/K? scale, including
when p; = 0. Combining it with the conditional clipping contribution gives, on Gj,

T )
sup [E{T;(N) | N'} = falgy)] < e Sd=/"0 + VeiL/m 1 5% '
A€0,1] K K

The radius definition and truncation at zero give the pointwise estimates

NUL  (L\2
2 2 ¢J 2 2
chgmo{ 5 +<m> } S?<4) R

(ez

Taking expectations and using IENéj = mgqc; and ZC qcj = pj yields

L L\?
]ES?SSH&{Z)]‘F‘JL() }§32H§v]2.
m m

This is the second-moment bound in Lemma 2; Cauchy-Schwarz also gives ES; < \/?EHOUJ-.
K~ <768/L and L?*d—3/16 < (35/3)? for d > 16. After averaging over pilots, these inequalities
convert the displayed good-pilot bound to the scale a;.

For the complementary pilot event, put

Bj = (lecj — ac;l + hej)-
ez

Applying Lemma 4 with ¢t = 2 gives the weighted second-moment estimate

E[lg;BJQ-] <16- 102406—20%]2 _. Cmome—QOijz.

The pilot endpoints give \cgj —c¢j| < hej/2 and R¢j < hej. Clipping bounds [T;(\) — f)\(cg-))\ by
d'/*S;, while Lemma 1 bounds sup, \fA(cg) — fialgy)| by CBVHCE‘) — gj|l1. Hence, on Gf,

sup [T;() — flg)] < (esv +d7*) Y (e — a¢jl + hej).
A€[0,1] (ez

Since d'/* > 1, taking square roots yields, for a positive cepy,

< Cenvd1/4€_10ij-
Lo

Lge sup |T;(A) — fa(q;)]
A€[0,1]
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Splitting the expectation over G; and G, and using the preceding conditional and bad-event
bounds, gives a positive cpias such that

sup |ETJ(A) - f/\(Qj)| < Chias@j -
A€[0,1]

In particular, the exponentially weighted bad-event contribution is absorbed at this scale because
v; < L2aj and d¥/4e~19L[2 is hounded for d > 16.
Define the good- and bad-pilot error paths by

WE) = 16 (T30 ~ Al W) = 16T () — falay)).

The pilot and evaluation counts are independent across cells. On G}, clipping is one-Lipschitz
and cannot increase total variation. The preceding conditional factorial-moment bound, the
coefficient envelope, and Lemma 1 therefore give

ood
E WUy o | N'| < clg,d"/1°S5.

Indeed, the clipped factorial path has squared bounded-variation norm at most a constant times
dY/ 16532; its correction from the pilot center to ¢; has bounded-variation norm at most c.Sj,
since g; lies in the pilot rectangle. The second-moment calculation above gives ESJZ < 32Hgvj2».

Consequently,
W By o) < ¢ Vs

The paths are independent across cells, continuous, and have the finite variation and sec-
ond moments established above. By Lemma 5, and because ||T/ng00dHOo + TV(WJgOOd) <

2 W& gy 0,11,
2

E Z(W]good B EVngOOd) < 16384ZE [(||ngood|’00 + TV(ngOOd))2:|
j . j

ood
< 65536 > E[WEY L 01
J

2
< cd'/16 <2L + 2dL2> :
m m

The last scale follows from »_,;p; = 1 and }_, v} < 2L/m + 2d(L/m)*. On the branch d/L <
n = 8m, the inequalities L < 17d'/16 and d/m < 8L turn the last display into

2

d
E Z(Wyg ool EWJgOOd) < Cgood 7

J 00

For the bad-pilot paths, centering, the triangle inequality, and Cauchy—Schwarz give
2
E Wbad Ewbad < 4d E Wbad 2 < d3/2 —20L 2L 2d L2
;(j_j)—;uj”oo—ce T T s )

[e.e]
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Here L < d, dL/m < 8L?, and d'/2¢=20L < 4—4. They absorb the remaining factors and give a

positive cpag with
2

d
E|Y (W —EW™ )| < cpaa—r
j o]

It remains to combine the centered terms with their mean. Define
b= Chias Z aj.
J

The good and bad error paths partition > (T} — f.(¢;)), so the absolute value of its mean at
every A is at most b. Since }_; p; = 1, Cauchy-Schwarz and d/(nL) <1 give

d
b2 S 144C%iasﬁ‘

Applying (z+y+2)? < 3(z? +52+ 22) to the centered good path, centered bad path, and mean,
then using m = n/8, proves

2

d

Eiq Z T, — Fp < Fidﬁa I'iq = 24¢g00d + 24¢had + 432C2bias‘
J

o
For the averaged process of Algorithm 1, define the nonnegative count-table function
2
G(N',N) = |>_T;(xN',N) - Fp
j o

Its ideal expectation is finite by the preceding process bound. Conditional Jensen bounds the
averaged-process risk by the capped auxiliary risk. Apply Lemma 6 to G; in the uncapped
marked-Poisson experiment, M is the total number of marked records, and the count-table
marginal is the ideal law. Hence

EO,aux[l{Mgn}g(Nla N)] = Euncap[l{Mgn}g(Nla N)] < Eidg(Nla N)

On M > n, the auxiliary process is zero; 0 < fi(g;) < p; implies ||Fpllsc < 1. The Poisson
cap-tail bound therefore gives

E||F — Fpl|2 < Eo auxl|F — Fpl|3
= EO,aux[l{MSn}g(Nla N)] + PI‘(M > n)HFPHZo
2
<Eia (Y T - Fp| +e .

J 00

The elementary bounds e~/ < 16/n and L = 1 + logd < d show that e~/ < 16d/(nL).
Hence d
E||F - Fp|% < (Tia + 16)—.

I~ Fol < (T +16)-
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Under Assumption 1, the product law used in this expectation is the law of the observed sample.
Choose one constant larger than every coefficient used above; for example, with the cap-
transfer coefficient written ccap = 1, take

115

Ce =1+ Ceoeff + € + 86bias + 86good + Cenv + Chad + Fid + ccap(rid + 16)

All terms are nonnegative, so Ce > 0. The five estimates established for arbitrary observed
categorical laws and every pilot realization give C¢ € H,, 4 as defined in Definition 17.

Finally, take the observed margin of the full-data law P € Mg from Definition 4. Summing
its four observed category masses in cell j gives the same covariate mass p; as summing the
corresponding full-data masses. Moreover,

[P 1 _ /8 8 _ P, 1 4 _gd
mL+mL_ nL+nL_8 nL+nL ’ mL_SnL'

Thus the common choice C, gives the stated nlL-scale cell-bias and good-pilot bounds, the
stated mL-scale bad-pilot bound, the cellwise bad-pilot envelope, and both process-risk bounds
simultaneously. O

Proof of Proposition 3. Fix a paired completion P with parameters r, 6. By Definition 18, each
cell (i,0), where o € {+1,—1}, has mass p; , = 7;/2, treatment propensity 1/2 when occupied,
and weighted outcome means

r; 1 r; (1
Diol0,i,oc = 517 Piollioc = 5 5 +o0; ).
These identities also hold when r; = 0. The paired completion satisfies consistency and con-
ditional exchangeability. Since k& > 1, its alphabet has at least two cells; since 0 < e < 1/2,

propensity 1/2 satisfies overlap on every occupied cell. Thus P € My, . by Definition 4. On an
occupied cell, division by p; » > 0 gives

1 13
Ti,o = Hlio — H04,0 = 14—092’ S 33l
Summing the weighted control means and using ), r; = 1 gives

1
B(P) = Zpi,a,uﬂ,i,a =
1,0

> |

Choose the policy that treats the 4+ cell when 6; > 0 and the — cell when 6; < 0:
7T?7+ = 1{91 > 0}, 7T:-:_ = 1{91 < 0}.
It selects exactly one cell per pair, including at a tie. Consequently,

ry 1 3 1
%:piﬂﬂz(,o‘: ' 51257 B(P)+;p1707rl*,UTZ,U:8+2;r7’|07"

)

To bound the value above, every 7 € II,(P) and every A > 0 satisfy

ijﬂj’i'j < b/\—l—ij[Tj — A4.
J J

49



Indeed, p;m;(7; —A) < pj[1; — Al4 cell by cell, while A}, pjm; < bA. This bound also makes the
feasible gains bounded above in the supremum defining V3 (P).

For the observed margin of P, the arm mass in an occupied cell is p;/2. Hence the stabilized
contributions in Definition 12 equal pjjiej. In a null cell all four observed masses vanish, so
g; = 0. To specify the quotient at this point, interpret g, by its zero-mass extension: g,(0) =0
for each arm a. The formula in Definition 12 then gives f;,,(0) = 0. At A = 1/4, this yields

FP<1> _ +ij [Tj ] =i+;§i:ri([ei]++ [—6]+) :i+;§i:ri|ei|.

Applying the preceding bound at b = 1/2 and A = 1/4, and then using the feasible policy 7* for
the reverse inequality, gives

Vija(P 7+ Zn|0| +Fp< >:B(P)+ijw;7j.
J

Thus 7* attains the half-population value while using treatment mass exactly 1/2.
At budget one, treating every cell is feasible. Every occupied-cell effect is positive, so no
feasible policy has greater gain. The weighted treated means cancel pairwise:

Vi(P) :fjg K;w) + <; —@)] -2

=1

For the sample reduction, fix R, S € A; and define r, 0 as in the statement. Nonnegativity
and the simplex equalities for R, S give r € Ag. If R; + S; > 0, then |R; — S;| < R; + S;,
so |6;] < 1/8; when the sum is zero, #; = 0. Thus 6 is an admissible contrast vector. The
construction in Definition 18 supplies a paired law with these parameters. Moreover, for every
1, including a zero-mass pair,

R; — S;
16

Here is a kernel that depends on the input records but not on R,S. Denote the two inde-

pendent input samples by

()i ~ BE" )iz ~ 8%, (&)im L ()i

rif; =

Pair their labels coordinatewise as (&, 7;), 1 < t < n. Independently across coordinates, choose &,
or 1y with equal probability to obtain a label, choose a uniform sign ¢, and choose an independent
fair treatment indicator a. Conditional on these choices, generate a Bernoulli outcome with
parameter 1/4 if a = 0, with parameter 1/2 + 0/8 if a = 1 and the chosen label came from &,
and with parameter 1/2 — /8 if it came from 7;. At n = 0, the kernel assigns probability one
to the empty output sequence.

For clarity, define the Bernoulli atom mass and the two outcome parameters, for y,a € {0,1}
and o € {+1,—1}, by

1_p) 9207
Ber,(y) = 0<p<l), vi,=
P, Yy = 17
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The conditional mass of one output record is therefore

1{& =i} Ber,+ (y) +1{m =i} Ber, ()

Pr{O; = ((i,0),a,y) | &, m} = 8

The factors 1/8 come from the three fair choices. Summing over labels, signs, treatments, and
outcomes gives one, so this specifies a probability kernel.
Mixing this conditional mass over the independent input labels gives

Y aZO?

PN,

R; Berl,;a (y) + S Berl,aja Y)

PI‘{Ot — ((Z7 G)’ a’? y)} = 8 4 Berﬂa,i,o‘ (y)7 ,Ua,i,a - {

%—1-001-, a=1.

For a = 0, the second equality uses r; = (R; +5;)/2. For a = 1, it also uses r;0; = (R; — S;)/16
and the fact that Bernoulli atom masses are affine in their parameter. The equality covers zero-
mass pairs as both sides then vanish. Its right-hand side is exactly the observed atom mass of
the paired law in Definition 18.

Finally, the input pairs and the kernel randomizations are independent across t. Thus, for
every output sequence o, = ((i¢, 0¢),as,yt), 1 <t <mn,

n
-
Pr{O; =o01,...,0, = 0} = H f Bery,, .. ., (Ut),
t=1

the product law of n observed records from that paired law. The empty product gives the same
conclusion when n = 0. O
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