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Abstract

This paper studies design-based variance estimation for random group-formation experi-
ments in finite populations. Units are assigned to disjoint groups of a fixed common size M ,
the group-size parameter, and treatment is randomized across realized groups. The target
is the finite-population partition-average marginal effect, defined by averaging composition-
indexed potential outcomes over the uniform M -slice of possible groups. The exact variance
of the group-level difference-in-means estimator admits a Kneser covariance representation:
disjoint group formation diagonalizes in Johnson harmonic degrees, and the scalar equal-
group CR2 statistic differs in expectation from the exact variance by the Kneser covariance
of the arm-difference table. In triangular arrays with growing group count Gn, the number
of realized groups, stable treatment fraction, bounded potential outcomes, and grouped-unit
sampling fraction Nn/n converging to ρ, the limiting grouped-unit fraction, the exact design
variance σ2

n of the difference-in-means estimator satisfies, after scaling by Gn,

Gnσ
2
n = Rn − ρEτ,1,n + o(1),

where Rn is the independent-group leading variance scale and Eτ,1,n is the degree-one John-
son energy of the arm contrast. Consequently, the equal-group CR2 statistic estimates
Rn/Gn, is asymptotically conservative for the exact variance in the stated one-sided prob-
ability sense, and is ratio-consistent exactly when the dense correction is negligible relative
to the corrected variance scale. At zero sampling density, ratio consistency holds under
Nn/n→ 0, including regimes with N2

n/n→ ∞. The paper also identifies the scalar statistic
returned by a versioned clubSandwich CR2 calculation, gives an eight-unit witness with
exact variance 1/7 and expected CR2 value 2/7, and proves a positive-density lower bound:
for a fixed group size M ≥ 2, a strictly positive limiting grouped-unit fraction ρ > 0, an
outcome envelope B ≥ 1, and a variance floor cσ below the separated independent-arm limit
1/[Mp(1− p)]− 2ρ/M , every measurable one-realization variance statistic has nonvanishing
worst-case relative error over the bounded schedule class with those parameters.

1 Introduction

Random group formation is common in experiments where outcomes depend on who interacts
with whom. Classrooms, teams, peer groups, neighborhoods, and online clusters can all be
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to a Lean declaration or marked as a presentation-level definition, and each displayed proof renders a Lean proof,
as recorded in the verification appendix (scope, toolchain, commit, and any statement conditional on a published
input). Cited work otherwise supplies framing and positioning.
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randomized objects rather than fixed sampling units. In such designs, the realized groups are
typically disjoint: once a unit is placed in one group, it is removed from the pool available
to the others. This finite-population dependence changes the variance target for a group-level
treatment contrast, even when treatment is randomized across groups after the partition is
formed.

This paper gives a design-based account of that variance target for homogeneous random
partitions. The finite population has size n, the common group size is fixed atM , and Gn disjoint
groups are drawn uniformly before a balanced treatment assignment is applied across groups.
Potential outcomes are deterministic functions of the treatment arm and the realized group. The
estimand is the partition-average marginal effect, obtained by averaging the contrast of group-
level potential-outcome tables over the uniform M -slice of possible groups. This places random
group formation inside the finite-population potential-outcome tradition of Splawa-Neyman et al.
[1990], Fisher [1935], Cox [1958], Rubin [1974], and Holland [1986].

The central object is the covariance induced by drawing disjoint groups. On the uniform
M -slice, the normalized Kneser disjointness operator averages a group table over all groups
disjoint from a given group. The Johnson association scheme diagonalizes this operator degree
by degree. Theorem 1 uses that diagonalization to express the covariance of two centered group
tables as a sum of Johnson harmonic inner products multiplied by finite-n Kneser eigenvalues.
Applied to the arm-difference table, this identity identifies the exact finite-population covariance
term generated by group formation.

The exact design variance follows from combining this Kneser covariance with balanced
treatment assignment. Theorem 2 establishes that the group-level difference in means is unbi-
ased for the partition-average marginal effect and that its exact variance decomposes into an
independent-group component plus ordered-disjoint covariance terms. The same theorem shows
that the expected scalar equal-group CR2 statistic differs from the exact variance by exactly
the negative of the Kneser covariance contrast. Thus the discrepancy between the usual cluster
calculation and the finite-population randomization variance is determined by the geometry of
the full potential group tables.

The asymptotic analysis studies triangular arrays with fixed M , growing group count, stable
treated-group fraction pn → p ∈ (0, 1), bounded potential outcomes, nondegenerate scaled
exact variance, and grouped-unit sampling fraction Nn/n → ρ ∈ [0, 1]. Under these conditions,
Theorem 3 gives the expansion

Gnσ
2
n = Rn − ρEτ,1,n + o(1),

where Rn is the independent-group leading variance scale and Eτ,1,n is the degree-one Johnson
energy of the arm-difference table. The degree-one term has a direct finite-population interpreta-
tion: it is the component of the treatment-control group-table contrast carried by marginal unit
participation, and disjoint sampling makes that component contribute at first order whenever
the limiting grouped-unit fraction is positive.

This expansion yields the CR2 phase frontier. Theorem 4 shows that the scalar equal-group
CR2 statistic estimates Rn/Gn in probability, while the exact variance uses the corrected scale
(Rn − ρEτ,1,n)/Gn. The theorem gives a one-sided asymptotic conservativeness statement and
characterizes ratio consistency by the relative-energy condition

ρEτ,1,n

Rn − ρEτ,1,n
→ 0.
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At zero sampling density, Theorem 5 gives ratio consistency under Nn/n → 0, including the
benchmark Nn = M⌊n3/4/M⌋, for which N2

n/n → ∞. This connects the dense calculation to
the sparse intuition in Fu et al. [2026] while identifying the sampling fraction that governs the
scalar variance ratio in the present fixed-M random-partition setting.

The paper also relates the population calculation to applied regression software. In
the equal-group design, Proposition 1 identifies the treatment-coordinate entry returned by
clubSandwich::vcovCR with type CR2, for the stated unweighted intercept-plus-treatment
regression and versioned sandwich bread convention, with the scalar statistic analyzed in the
design theory. Proposition 2 then gives a finite eight-unit, four-pair, two-treated-group schedule
in which the exact variance is 1/7 and the expected CR2 statistic is 2/7. The witness makes
the dense correction visible in a small balanced design.

Finally, the one-realization result gives an identification-theoretic interpretation of the dense
correction. Proposition 3 constructs same-sign and independent-arm Rademacher schedule priors
whose one-realization observed-data mixtures agree while their scaled exact variances converge
to separated limits at positive density. Theorem 6 converts this comparison into a uniform
lower bound over the dense bounded schedule class: for some positive ε, every measurable
statistic of the realized partition, assignment, and observed outcomes has worst-case relative
error probability at least one half asymptotically. The obstruction is the degree-one cross-arm
component of the potential group tables, which enters the exact variance but is not uniformly
recoverable from a single realized grouping and assignment.

The formal statements and internal algebraic derivations are machine-checked in Lean 4; the
verification appendix records the precise scope. The paper proceeds as follows. Section 2 places
the results in the design-based, survey-sampling, cluster-robust, and interference literatures.
Section 3 defines the random group-formation design, the partition-average marginal effect, the
Johnson decomposition, and the scalar CR2 statistic. Section 4 proves the Kneser covariance
identity and the finite-sample PAME variance formula. Section 5 derives the projection limit,
the CR2 phase frontier, and the zero-density ratio result. Section 6 connects the scalar statistic
to the versioned clubSandwich calculation and evaluates the eight-unit witness. Section 7 proves
the one-realization obstruction, Section 8 summarizes the scope and extensions, and Section A
collects the proofs and the verification note.

2 Related work

The paper belongs to the design-based tradition in causal inference, where treatment assignment
is the source of randomness and potential outcomes are fixed features of a finite population
[Splawa-Neyman et al., 1990, Fisher, 1935, Cox, 1958, Rubin, 1974, Holland, 1986]. Its popula-
tion target is a group-composition estimand: for a population of size n and common group size
M , the analysis averages potential outcomes over the uniform M -slice of possible groups. This
places random group formation inside the same finite-population logic that underlies classical
randomization inference, while making the composition of a treated or control group part of the
assignment mechanism.

The asymptotic perspective is closest to survey-sampling triangular arrays, where the pop-
ulation may grow, the realized sample may occupy a nonvanishing fraction of it, and finite-
population corrections can survive in the limit [Hájek, 1960, Cochran, 1977, Ohlsson, 1989,
Fuller, 2009]. The grouped-unit sampling fraction Nn/n plays that role here. Under the dense
design studied in Definition 4, the number of realized groups Gn diverges while M is fixed, the
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treated-group fraction pn converges to an interior limit, and Nn/n converges to a limit ρ in the
unit interval. The resulting variance formula retains the finite-population geometry induced by
drawing disjoint groups, so the large-sample object is governed by both the usual independent-
group variance scale and a correction determined by overlap in potential group tables.

The closest theorem-level comparison is Fu et al. [2026]. For group interaction experiments
with fixed or randomly formed groups, their Section 3 and Theorems 1–2 establish both asymp-
totic normality of the group-level contrast and ratio consistency of the CR2 variance estimator,
under boundedness, their Assumption 1, and the sparse whole-tuple condition N2

n/n→ 0. That
condition makes accidental reuse of population units across independently sampled tuples asymp-
totically negligible, so the finite-population disjointness geometry disappears from the limit and
a single sparsity rate carries both conclusions. The present paper differs on three counts. It
works in the homogeneous fixed-M random group-formation subcase and keeps the exact dis-
jointness geometry visible rather than assuming it away. Its subject is the variance object itself:
the results characterize the exact design variance and the probability limit of the equal-group
CR2 statistic, and Section 8 records what a complete inference theory would still require. And it
replaces the whole-tuple rate by the grouped-unit sampling fraction: Theorem 4 shows that what
governs the CR2 variance ratio in this subcase is Nn/n, through the degree-one Johnson correc-
tion, and Theorem 5 delivers ratio consistency under Nn/n→ 0 alone, in particular on schedules
with N2

n/n→ ∞ that their condition excludes. Theorem 1 expresses that geometry through the
Johnson-scheme decomposition of slice functions and the normalized Kneser disjointness opera-
tor, while Theorem 2 converts it into the exact variance of the group-level difference-in-means
estimator. In the dense regime, Theorem 3 yields the expansion Gnσ

2
n = Rn − ρEτ,1,n + o(1),

where Rn is the independent-group leading variance scale and Eτ,1,n is the degree-one Johnson
energy of the arm-difference table. At zero sampling density, Theorem 4 gives the corresponding
convergence of the scalar CR2 ratio, aligning the dense calculation with the sparse intuition
when Nn/n→ 0.

The algebra behind these comparisons draws on the Johnson association scheme and Kneser
graph spectrum [Delsarte, 1973, Brouwer et al., 1989, Filmus, 2016, Brouwer et al., 2018]. Those
tools are used here as finite-population variance geometry. The group table hz,n records, for each
treatment arm and possible group, the group-average potential outcome; its centered version and
Johnson projections separate additive unit-level variation from higher-order composition varia-
tion. This decomposition is what makes the dense correction interpretable: the term involving
ρ is attached to the first Johnson component of the arm contrast, the part of the table most
directly affected by removing units from the remaining pool after a group has been drawn.

The variance-estimation part of the paper connects to the cluster-robust covariance litera-
ture initiated by White [1980] and Liang and Zeger [1986], and to finite-sample and leverage
adjustments for clustered least squares [Bell and McCaffrey, 2002, Cameron and Miller, 2015,
Abadie et al., 2023]. The scalar statistic in Definition 12 is the equal-group analogue of the
CR2 adjustment used in applied software. Two design-based points of contact deserve emphasis.
Pustejovsky and Tipton [2018] develop bias-reduced linearization and Satterthwaite-type testing
for fixed-effects models, and the CR2 adjustment they analyze is derived under an independent-
cluster working covariance model; that working model is exactly what random group formation
violates here, since drawing disjoint groups from a finite population correlates the realized group
tables. The present results quantify the resulting gap rather than repairing the adjustment:
Theorem 2 shows that the expected scalar CR2 statistic differs from the exact design variance
by precisely the Kneser covariance contrast, which is the term the independent-cluster work-
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ing model sets to zero. Su and Ding [2021] give a design-based comparison of individual-level,
cluster-average, and cluster-total regression analyses of cluster-randomized experiments, show-
ing how the estimand and the robust standard error depend on cluster-size weighting and on the
model-assisted structure imposed. Their clusters are fixed by the design; the object studied here
is the additional variance geometry contributed by making the clusters themselves random and
disjoint, at a common size M that removes the cluster-size weighting question from the compar-
ison. Proposition 1 gives a software-facing identity for the unweighted intercept-plus-treatment
regression and the clubSandwich CR2 covariance calculation, tying the population calculation
to the implementation line in Pustejovsky and Tipton [2018], Zeileis [2004], Zeileis [2006], Zeileis
et al. [2020], Pustejovsky [2026], and Zeileis and Lumley [2026]. This identity is useful because
it pins down the scalar object consumed by standard regression software before the asymptotic
comparison is made.

The design also sits near the literature on interference, exposure mappings, and group-
formation experiments [Sobel, 2006, Hudgens and Halloran, 2008, Tchetgen and VanderWeele,
2012, Manski, 2013, Liu and Hudgens, 2014, Aronow and Samii, 2017, Ugander et al., 2013,
Eckles et al., 2017, Athey et al., 2018, Li et al., 2019, Xu and Basse, 2021, Wang et al., 2025,
Samii et al., 2023, Gao and Ding, 2025]. That work clarifies how causal estimands change when
a unit’s outcome can depend on peers, assignments in a neighborhood, or a realized exposure
condition. Here the exposure condition is the realized group itself: the potential outcome
Yi,n(z,A), first introduced formally in Assumption 4, depends on the arm z and the group A.
The random-partition design then supplies a tractable law over group compositions, making the
population average marginal effect τn and its estimator ˆ︁τn design-based quantities.

Finally, the one-realization lower bound is related to finite-population variance nonidentifica-
tion and conservative variance-estimation results [Aronow et al., 2014, Basse and Airoldi, 2018,
Harshaw et al., 2026, Park and Wager, 2026] and sits alongside design-based randomization and
permutation inference for interference settings [Basse et al., 2024, Puelz et al., 2022]. Proposi-
tion 3 constructs two randomized schedule priors with identical one-realization observables and
separated scaled variances, and Theorem 6 turns that separation into a lower bound for arbitrary
one-realization variance statistics. Together with the exact variance and CR2 results, this posi-
tions the paper as a finite-population account of what random group formation contributes to
variance geometry, what the standard scalar software statistic targets in the equal-group design,
and what information a single realized partition contains about the design variance.

3 Setup and assumptions

Throughout, n indexes the finite population size and M is the fixed common group size. Row-
dependent quantities carry an n subscript, all limits are along the triangular array, and generic
finite constants may change from line to line. Expectations, inner products, and norms below
are finite-population objects taken over the uniform slice of possible groups.

Three row-level quantities recur in the conditions below and are fixed once here. The realized
group count is Gn; the number of grouped units is

Nn =MGn,

the total number of population units that end up inside a realized group; and σ2n = Var(ˆ︁τn)
is the exact design variance of the group-level difference-in-means estimator of Definition 7,
taken over the joint law of the realized groups and the treatment assignment. The asymptotic
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analysis rests on the number of realized groups and on the treatment, sampling, boundedness,
and variance-scale restrictions imposed on the triangular array.

Assumption 1. [ass:group-count-growth] (Group-count growth) The number of realized
groups diverges:

Gn → ∞.

Assumption 1 is the growing number of randomized groups condition, a standard route for
design-based asymptotics with many randomized clusters [Fu et al., 2026]. It is the dimension
along which the random partition supplies repeated group-level observations.

Definition 1. [synth_11] (Row treatment fraction) For a triangular schedule array with row
group count Gn and treated-group count G1n, where 0 < G1n < Gn, the row treatment fraction
is

pn =
G1n

Gn
.

The number of treated groups G1n determines the row treatment fraction in Definition 1;
the number of control groups G0n is the complementary count used in the difference-in-means
estimator below.

Assumption 2. [ass:stable-treatment-fraction] (Stable treatment fraction) The treated-
group fraction pn converges to an interior limit:

pn → p ∈ (0, 1).

Assumption 2 is the stable complete-randomization arm fractions condition [Li and Ding,
2017]. The interior limiting treated-group fraction p keeps both treatment arms asymptotically
represented in the randomized group assignment.

Assumption 3. [ass:sampling-fraction] (Sampling fraction limit) The grouped-unit fraction
Nn/n converges:

Nn

n
→ ρ ∈ [0, 1].

Assumption 3 is the finite-population sampling-fraction limit condition [Ohlsson, 1989]. It
records the limiting density of grouped units in the population, allowing the same notation to
cover sparse and dense grouping regimes.

Assumption 4. [ass:bounded-potential-outcomes] (Bounded potential outcomes) There is
a finite uniform outcome envelope B such that

sup
n,i,z,A

|Yi,n(z,A)| ≤ B <∞.

Assumption 4 is the uniformly bounded composition potential outcomes condition [Fu et al.,
2026]. The deterministic potential outcome Yi,n(z,A) may depend on the unit, arm, and realized
group, while the uniform envelope B supplies a common finite bound across rows.

Assumption 5. [ass:scaled-variance-nondegeneracy] (Scaled variance nondegeneracy)
For a feasible triangular schedule array with common group size M ≥ 2, positive group counts
Gn, treated-group counts satisfying 0 < G1n < Gn, grouped size MGn ≤ n, and deterministic
potential-outcome schedules, there is a scaled-variance lower-bound constant cσ such that cσ > 0
and

cσ ≤ lim inf
n→∞

Gnσ
2
n.
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Assumption 5 is the nondegenerate scaled design variance condition [Li and Ding, 2017].
The scaled-variance lower-bound constant cσ fixes the normalization used by the asymptotic
variance comparisons.

We next define the finite-population design and the function spaces on which its variance
geometry is expressed.

Definition 2. [synth_2] (Treatment-arm set) The treatment-arm set is the two-point set

Z = {0, 1}.

The treatment-arm set Z is used throughout for the two arms of the group-level potential-
outcome tables.

Definition 3. [synth_1] (Feasible schedule array) A feasible triangular schedule array with
common group size M consists of the following data:

• (Group size.) A natural number M satisfying 2 ≤M .

• (Row sizes.) For each row r ∈ N, a population size nr ∈ N, a number of groups Gr ∈ N,
and a number of treated groups G1r ∈ N.

• (Feasibility.) For every row r,

0 < Gr, MGr ≤ nr, 0 < G1r, G1r < Gr, G1r ≤ Gr.

• (Potential-outcome schedule.) For every row r, a deterministic potential-outcome
schedule

Yr : Ωnr,M → {i ∈ {0, . . . , nr − 1} : i ∈ A} → Z → R,
where A ∈ Ωnr,M is the realized group argument of Yr.

Definition 3 collects the rowwise feasibility restrictions used in the design: the group size is
common, each row has positive groups and a nontrivial treated count, and the potential-outcome
schedule is deterministic.

Definition 4. [def:random-partition-design] (Random partition design (An,Zn)) Let Un

be the finite population of n labeled units, and let

Ωn,M = {A ⊆ Un : |A| =M}.

The group tuple An = (A1n, . . . , AGnn) is drawn uniformly from all ordered Gn-tuples
of pairwise-disjoint elements of Ωn,M . Independently, the assignment vector Zn is drawn
uniformly from all binary vectors with exactly G1n treated groups.

Definition 4 defines the homogeneous random group-formation design. The ordered group
tuple An carves Gn pairwise-disjoint groups of common size M out of the finite population Un,
and the balanced group-treatment assignment vector Zn is drawn independently conditional on
the realized groups. The feasibility condition Nn = MGn ≤ n allows the grouped units to
occupy any fraction of the population. The realized groups therefore form a disjoint packing
of Un: they are pairwise disjoint and each has size M , and they cover the whole population
exactly when Nn = n. The general case, in which n−Nn units lie outside every realized group
and contribute no observation, is what gives the sampling fraction Nn/n its range and is where
the sparse and intermediate-density regimes studied below live. The design’s name, random
partition, refers throughout to this packing mechanism; the saturated case Nn = n is the special
case in which it is literally a partition.
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Definition 5. [def:group-table] (Group-level arm table hz,n) For each treatment arm z ∈ Z
and each group A ∈ Ωn,M , define the group-level arm table by

hz,n(A) =
1

M

∑︂
i∈A

Yi,n(z,A).

The group-level arm table hz,n converts unit-level composition potential outcomes into the
group mean observed when group A receives arm z.

Definition 6. [synth_3] (Uniform slice averaging) For integers M ≤ n, let

Ωn,M := {A ⊆ {1, . . . , n} : |A| =M}.

The M -slice design is the complete-randomization design on Ωn,M , equivalently the uniform
distribution over all M -element subsets of the n-unit population. For any real-valued table f :
Ωn,M → R, write

Enf :=
1

|Ωn,M |
∑︂

A∈Ωn,M

f(A).

The uniform M -slice Ωn,M is the population of possible groups, and the averaging operator
En turns any group table into its finite-population slice mean.

Definition 7. [def:pame-estimator] (PAME and estimator τn, ˆ︁τn) Define the finite-population
partition-average marginal effect by

τn = En[h1,n − h0,n] .

The difference-in-means estimator across treated and control groups is

ˆ︁τn =
1

G1n

∑︂
g

Zngh1,n(Ang)−
1

G0n

∑︂
g

(1− Zng)h0,n(Ang).

Definition 7 defines the finite-population partition-average marginal effect and its realized
group-level difference-in-means estimator. The estimand averages the contrast of the two arm
tables over the full slice, while the estimator uses the treatment labels and realized groups
produced by Definition 4.

Definition 8. [synth_12] (Uniform-slice L2 space) For integers n and M with 2M ≤ n, let
Un = {1, . . . , n} and

Ωn,M = {A ⊆ Un : |A| =M}

be the uniform M -slice. The space L2(Ωn,M ) is the real vector space of functions f : Ωn,M → R,
equipped with uniform-slice expectation

Enf =

(︃
n

M

)︃−1 ∑︂
A∈Ωn,M

f(A),

inner product
⟨f, g⟩n = En[fg],

and induced norm ∥f∥2n = ⟨f, f⟩n.
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The inner product ⟨·, ·⟩n and induced norm ∥ · ∥n in Definition 8 provide the Hilbert-space
notation used to decompose group tables by Johnson degree.

Definition 9. [def:johnson-decomposition] (Johnson orthogonal decomposition) For inte-
gers n,M with 2M ≤ n, let

Ωn,M := {A ⊆ {1, . . . , n} : |A| =M}

be the uniform M -slice, let En denote uniform averaging on Ωn,M , and let

⟨f, g⟩n := En[fg]

be the uniform-slice inner product. For each k = 0, . . . ,M , let Hn,k be the canonical degree-k
Johnson harmonic subspace and let Πn,k be the orthogonal projection onto Hn,k: Πn,k is linear,
has range Hn,k, fixes every element of Hn,k, and satisfies

⟨f −Πn,kf, g⟩n = 0 for every g ∈ Hn,k.

For every f ∈ L2(Ωn,M ), define its Johnson components by

fk := Πn,kf, k = 0, . . . ,M.

These components satisfy the centered decomposition

M∑︂
k=1

Πn,kf(A) = f(A)− Enf for every A ∈ Ωn,M ,

and distinct degrees are orthogonal:

⟨Πn,kf,Πn,ℓg⟩n = 0 whenever k ̸= ℓ.

The Johnson harmonic subspace Hn,k and projection Πn,k organize a centered group table
into orthogonal degrees. This is the representation-theoretic coordinate system for the exact
variance identities below, following the Johnson and Kneser association-scheme perspective [Fil-
mus, 2016, Brouwer et al., 2018].

Two derived slice quantities enter the next two definitions. For each arm z, the centered
arm table is

h◦z,n = hz,n − Enhz,n,

the group-level arm table of Definition 5 with its slice mean removed, as recorded in Definition 15;
and the uniform-slice arm variance is its energy,

Vz,n = ∥h◦z,n∥2n = En

[︁
(hz,n − Enhz,n)

2
]︁
,

the variance of the arm-z group table under a single uniform draw from the slice. These are the
only two objects needed to read the covariance and correction definitions that follow.

Definition 10. [def:kneser-covariance] (Kneser covariance Cab,n) For a function f on Ωn,M ,
define the normalized Kneser disjointness operator by

(Knf)(A) =

(︃
n−M

M

)︃−1 ∑︂
C:C∩A=∅

f(C).

For arm tables ha,n and hb,n, define the ordered-disjoint covariance by

Cab,n =
⟨︁
h◦a,n,Knh

◦
b,n

⟩︁
n
.
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Definition 10 records the covariance generated by sampling disjoint groups. The normalized
disjointness operator Kn averages over groups disjoint from a given group, while the centered
arm table h◦z,n and ordered-disjoint covariance Cab,n isolate the finite-population dependence
induced by the partition.

Definition 11. [def:dense-correction] (Dense correction terms Eτ,1,n, Rn) Define the degree-
one Johnson energy of the arm-difference table by

Eτ,1,n = ∥Πn,1(h1,n − h0,n)∥2n .

Define the independent-group leading variance scale by

Rn =
V1,n
pn

+
V0,n

1− pn
.

The degree-one energy Eτ,1,n is the part of the arm-difference table carried by the linear
Johnson component. The uniform-slice arm variance Vz,n enters Definition 11 through the
independent-group leading variance scale.

Definition 12. [def:cr2-statistic] (CR2 statistic ˆ︁VCR2,n) For each arm z, let s2z,n be the
within-arm sample variance of the observed group means, computed with denominator Gzn − 1.
Define the scalar equal-group CR2 variance statistic by

ˆ︁VCR2,n =
s21,n
G1n

+
s20,n
G0n

.

The within-arm sample variance s2z,n in Definition 12 is computed from observed group

means within each assigned arm. The scalar CR2 statistic ˆ︁VCR2,n is therefore the equal-group
cluster-robust variance quantity analyzed in the later software identity and asymptotic results.

The class defined next is named for the dense regime that motivates it, and its parameter ρ
ranges over the whole unit interval: arrays with ρ = 0 belong to it, and the results below treat
ρ = 0 and ρ > 0 as the two phases of one statement.

Definition 13. [def:dense-schedule-class] (Dense schedule class) The class Cdense consists
of triangular arrays (Yi,n, Gn, G1n)n≥1, with fixed common group size M , for which:

• (Feasible rows.) The common group size satisfies M ≥ 2. In each row, Gn > 0,
Nn = MGn ≤ n, 0 < G1n < Gn, and G1n ≤ Gn. The potential-outcome schedule assigns
a real value Yi,n(z,A) for every group A ∈ Ωn,M , every unit i ∈ A, and every arm z ∈ Z.

• (Dense growth.) The group count satisfies Assumption 1, so Gn → ∞.

• (Treatment fraction.) The treated-group fraction satisfies Assumption 2: for an interior
limiting treated-group fraction p, 0 < p < 1 and pn → p.

• (Sampling fraction.) The grouped-unit sampling fraction satisfies Assumption 3: for a
limiting grouped-unit sampling fraction ρ, 0 ≤ ρ ≤ 1 and Nn/n→ ρ.

• (Uniform envelope.) The potential outcomes satisfy Assumption 4: for a uniform en-
velope B > 0,

sup
n,A∈Ωn,M , i∈A, z∈Z

|Yi,n(z,A)| ≤ B.
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• (Scaled variance.) The exact design variance satisfies Assumption 5: for a scaled-
variance lower-bound constant cσ > 0,

cσ ≤ lim inf
n→∞

Gnσ
2
n.

Equivalently,

Cdense =

{︄
(Yi,n, Gn, G1n)n≥1 : Gn → ∞, pn → p, Nn/n→ ρ, sup

n,A∈Ωn,M , i∈A, z∈Z
|Yi,n(z,A)| ≤ B, lim inf

n→∞
Gnσ

2
n ≥ cσ

}︄
,

with the row feasibility, interiority, closed-interval, envelope, and variance-floor conditions listed
above.

The dense schedule class Cdense packages the conditions in Assumptions 1 to 5. It is the
common domain for the dense asymptotic statements, combining feasible rows, a stable treat-
ment split, a limiting grouped-unit fraction, bounded potential outcomes, and a positive scaled
design-variance floor.

4 Exact variance geometry

The setup in Definitions 4, 5 and 7 makes the realized groups a sample of disjoint M -subsets.
The variance calculation therefore depends on two finite-population operations: centering each
arm table on the uniform M -slice and averaging a table over groups disjoint from a given group.
This section records the exact algebra for those operations and then applies it to the design
variance of ˆ︁τn, the group-level difference-in-means estimator.

We first fix the realized arm counts and the centered table notation used in the covariance
formulas.

Definition 14. [synth_9] (Realized arm group counts) For z ∈ Z = {0, 1}, let

Gz,n =

Gn∑︂
g=1

1{Zng = z}

be the number of realized groups assigned to arm z at row n. Under the complete group-treatment
assignment with exactly G1n treated groups and G0n = Gn − G1n control groups, this notation
gives G1,n = G1n and G0,n = G0n.

Definition 14 aligns the random-assignment notation with the fixed arm counts from Defi-
nition 4. In the balanced complete group assignment used throughout the paper, the realized
counts equal the design counts, so later variance expressions may use G1n and G0n directly.

Definition 15. [synth_5] (Centered arm table) For integers n and M with M ≤ n, let

Ωn,M = {A ⊆ {1, . . . , n} : |A| =M}.

Given a deterministic potential-outcome schedule Yi,n(z,A) for units i ∈ A, arms z ∈ Z, and
groups A ∈ Ωn,M , define the centered arm-z group table by

h◦z,n(A) = hz,n(A)− En[hz,n]
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for each A ∈ Ωn,M , where

hz,n(A) =
1

M

∑︂
i∈A

Yi,n(z,A), En[hz,n] =
1

|Ωn,M |
∑︂

B∈Ωn,M

hz,n(B).

The centered table in Definition 15 isolates the part of an arm-specific group mean that
can covary across disjoint realized groups. The centering is with respect to the uniform slice,
matching the estimand in Definition 7 and the ordered-disjoint covariance in Definition 10.

Definition 16. [synth_4] (Uniform-slice norm) For integers M ≤ n, let

Ωn,M := {A ⊆ {1, . . . , n} : |A| =M}.

For any real-valued function f : Ωn,M → R, define its squared uniform-slice norm by

∥f∥2n := ⟨f, f⟩n := En{f(A)2},

where En denotes averaging over the uniform law on Ωn,M .

Definition 16 supplies the norm in which Johnson harmonic components are measured. Be-
cause the inner product averages over all candidate groups of size M , these energies describe
finite-population variation before the random partition selects the realized disjoint groups.

The next result gives the spectral identity that turns disjointness dependence into degree-
by-degree covariance terms. Its constants are the normalized Kneser eigenvalues, obtained from
the classical Johnson association-scheme spectrum [Delsarte, 1973, Brouwer et al., 1989, 2018];
the harmonic decomposition follows the standard slice analysis of Boolean functions [Filmus,
2016].

Theorem 1. [thm:exact-kneser-identity] (Exact Kneser covariance identity) Let M,n ∈ N
satisfy 2 ≤M and 2M ≤ n. Let Yi,n(z,A) be a deterministic potential-outcome schedule for units
i ∈ A, arms z ∈ Z, and groups A ∈ Ωn,M , with group-level arm tables hz,n as in Definition 5.
Suppose the following conditions hold.

• (Johnson projections.) For each k = 0, . . . ,M , Πn,k is a linear projection on functions
f : Ωn,M → R whose range is the degree-k Johnson harmonic subspace Hn,k, which fixes
every element of Hn,k, and whose residual f − Πn,kf is orthogonal to Hn,k under the
uniform-slice inner product ⟨u, v⟩n = En[u(A)v(A)].

• (Centered orthogonal decomposition.) For every f : Ωn,M → R and A ∈ Ωn,M ,

M∑︂
k=1

Πn,kf(A) = f(A)− Enf(A),

and the projected components are mutually orthogonal: if k ̸= ℓ, then

⟨Πn,kf,Πn,ℓg⟩n = 0

for all f, g : Ωn,M → R.
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• (Kneser spectrum.) For every k = 0, . . . ,M and every f ∈ Hn,k, the unnormalized
Kneser adjacency operator has eigenvalue

(−1)k
(︃
n−M − k

M − k

)︃
.

Then the normalized Kneser disjointness operator Kn acts on each projected component by

Kn(Πn,kf)(A) = λn,k Πn,kf(A), λn,k = (−1)k
(M)k

(n−M)k
,

for every k = 0, . . . ,M , every f : Ωn,M → R, and every A ∈ Ωn,M . Moreover, if f, g : Ωn,M → R
are centered under the uniform M -slice, then for a uniform ordered disjoint pair (A,C),

Cov{f(A), g(C)} =
M∑︂
k=1

λn,k⟨Πn,kf,Πn,kg⟩n.

Finally, the ordered-disjoint covariance of the arm-difference table satisfies

Cττ,n =
M∑︂
k=1

λn,k
⃦⃦
Πn,k(h1,n − h0,n)

⃦⃦2
n
.

Theorem 1 shows that disjoint group formation has an exact finite-sample diagonalization
in Johnson degrees. Each degree contributes its harmonic inner product multiplied by the
signed finite-n factor λn,k, so the covariance retained by sampling groups without replacement
is completely summarized by the slice energies of the projected arm tables. Applied to the
arm-difference table, the same identity gives Cττ,n, the ordered-disjoint covariance contrast that
enters the variance comparison below.

The exact variance formula combines this disjointness covariance with the complete-
randomization variation across treatment labels. The definitions in Definitions 14 and 15 make
the statement entirely finite-sample: the arm variances Vz,n, the ordered-disjoint covariances
Cab,n, and the independent-group scale Rn are all computed from the deterministic row
schedule.

Theorem 2. [thm:exact-pame-variance] (Exact PAME variance) Let n,M,Gn, G1n be nat-
ural numbers and let G0n = Gn −G1n. Suppose that:

• (Feasible partition.) The two-stage random partition design in Definition 4 is feasible:
MGn ≤ n.

• (Group sizes.) 2 ≤M , 2 ≤ G1n, and 2 ≤ G0n.

• (Potential outcomes.) Yi,n(z,A) is a deterministic potential-outcome schedule, defined
for every A ∈ Ωn,M , every i ∈ A, and every z ∈ Z.

Set
Vz,n = VarA∼Unif(Ωn,M ){hz,n(A)}, Cab,n = EAEC|C∩A=∅

[︁
h◦a,n(A)h

◦
b,n(C)

]︁
,

and

Cττ,n = C11,n + C00,n − 2C10,n, Rn =
V1,n

G1n/Gn
+

V0,n
1−G1n/Gn

.
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For the difference-in-means estimator ˆ︁τn, the finite-population PAME τn, the exact design vari-
ance σ2n = Var(ˆ︁τn), and the scalar equal-group CR2 statistic ˆ︁VCR2,n in Definition 12,

E[ˆ︁τn] = τn,

σ2n =
Rn

Gn
+ Cττ,n − C11,n

G1n
− C00,n

G0n
,

E[ˆ︁VCR2,n] =
V1,n − C11,n

G1n
+
V0,n − C00,n

G0n
,

and
E[ˆ︁VCR2,n]− σ2n = −Cττ,n.

Theorem 2 establishes three finite-sample facts for the two-stage design. First, the group
difference in means is unbiased for the finite-population PAME. Second, the exact design variance
separates an independent-group component, Rn/Gn, from the ordered-disjoint covariance terms
induced by the random partition. Third, the scalar equal-group CR2 expectation differs from
the exact variance by exactly −Cττ,n. Thus the sign and magnitude of the CR2 discrepancy are
governed by the same Kneser covariance contrast characterized in Theorem 1.

5 Dense and sparse variance behavior

The exact identities in Theorems 1 and 2 reduce the large-population question to the behavior
of Johnson energies under random grouping. In dense arrays, where a positive fraction of the
finite population may be grouped, the first Johnson degree carries the leading correction to
the independent-group variance scale. The higher degrees remain present in the finite-sample
identity, but their aggregate contribution is uniformly of smaller order under the bounded-
outcome and fixed-group-size conditions.

A word on how to read the statements below. Each theorem carries its Johnson-projection,
orthogonal-decomposition, and Kneser-spectrum clauses explicitly, because the verified state-
ments quantify over the projections rather than fixing them. Those three clauses are not extra
economic assumptions: they hold automatically for the canonical Johnson projections on the
uniform M -slice whenever 2M ≤ n, by Lemmas 2 and 3, which are proved in Section A. The
substantive conditions are only the four array conditions of Section 3: growing group count,
stable treatment fraction, converging sampling fraction, and bounded potential outcomes. A
reader may take the projection clauses as given and read each theorem as a statement about
arrays satisfying those four conditions alone.

Theorem 3. [thm:dense-projection-limit] (Dense projection limit) Fix a common group
size M ≥ 2 and real numbers p, ρ, and B. There is a constant C > 0 such that, for every feasible
triangular schedule array with common group size M and every rowwise choice of Johnson
projections Πn,k on L2(Ωn,M ), the following conditions imply the displayed limits below:

• (Group growth.) The array satisfies Assumption 1.

• (Treatment fractions.) The array satisfies Assumption 2 with limiting treated-group
fraction p.

• (Sampling fractions.) The array satisfies Assumption 3 with limiting grouped-unit frac-
tion ρ.
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• (Bounded outcomes.) The array satisfies Assumption 4 with uniform outcome envelope
B.

• (Johnson decomposition.) In every row with 2M ≤ n, the projections give the centered
orthogonal Johnson decomposition

M∑︂
k=1

Πn,kf(A) = f(A)− Enf

for every f and every A ∈ Ωn,M , and distinct Johnson degrees are orthogonal under ⟨·, ·⟩n.

• (Kneser spectrum.) In every row with 2M ≤ n, every f ∈ Hn,k is an eigenfunction of
the unnormalized Kneser adjacency operator with eigenvalue

(−1)k
(︃
n−M − k

M − k

)︃
.

Then
Gnσ

2
n −

(︁
Rn − ρEτ,1,n

)︁
→ 0,

GnCττ,n + ρEτ,1,n → 0,

and
C11,n

pn
+

C00,n

1− pn
→ 0.

Moreover, for every row n, the pooled contribution of Johnson degrees k ≥ 2,

Gn

M∑︂
k=2

λn,k
⃦⃦
Πn,k

(︁
h1,n − h0,n

)︁⃦⃦2
n
,

has absolute value at most C/n.

The theorem identifies the dense correction as the product of the grouped-unit sampling
limit and the degree-one contrast energy Eτ,1,n. Intuitively, degree one records the part of the
arm-difference table that is visible through the marginal participation of individual population
members in sampled groups. Sampling without replacement induces competition for those mem-
bers across groups, and the limit in Theorem 3 converts that competition into the correction
−ρEτ,1,n to the scaled exact variance. The final bound gives the corresponding uniform remain-
der statement for Johnson degrees at least two, so the first-order dense comparison is governed
by the degree-one projection.

This projection expansion feeds directly into the behavior of the equal-group CR2 statistic.
The statistic ˆ︁VCR2,n is the usual scalar cluster-robust variance estimator for the difference in
group means in this balanced design, matching the equal-group CR2 form used in finite-sample
cluster-robust inference [Pustejovsky and Tipton, 2018]. The next result states its probability
limit and the exact criterion under which the conservative dense correction vanishes relative to
the target variance.

Theorem 4. [thm:cr2-phase-frontier] (CR2 phase frontier) Let M ≥ 2, and let A be a
triangular array of feasible random-group experiment rows with population sizes n, group counts
Gn > 0, treated-group counts 0 < G1n < Gn, grouped-unit counts Nn = MGn ≤ n, and
deterministic potential-outcome schedules. Fix constants p, ρ,B, cσ ∈ R. Suppose that:
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• (Dense array.) The array A belongs to the dense bounded schedule class Cdense in Defi-
nition 13, with parameters p, ρ,B, cσ.

• (Johnson projections.) For every row n, the spaces L2(Ωn,M ) are equipped with linear
projections Πn,k, 0 ≤ k ≤ M , whose ranges are the degree-k Johnson harmonic subspaces
Hn,k, which fix functions in their ranges and have residuals orthogonal to Hn,k under ⟨·, ·⟩n.

• (Orthogonal decomposition.) For every row with 2M ≤ n, every f ∈ L2(Ωn,M ), and
every A ∈ Ωn,M ,

M∑︂
k=1

Πn,kf(A) = f(A)− Enf,

and distinct Johnson components are orthogonal:

⟨Πn,kf,Πn,ℓg⟩n = 0 whenever k ̸= ℓ.

• (Kneser spectrum.) For every row with 2M ≤ n, every 0 ≤ k ≤M , and every f ∈ Hn,k,
the unnormalized Kneser adjacency operator satisfies∑︂

C∩A=∅
f(C) = (−1)k

(︃
n−M − k

M − k

)︃
f(A).

Then, as n→ ∞,
Gn
ˆ︁VCR2,n −Rn

p−→ 0

and
Gn

(︁ˆ︁VCR2,n − σ2n
)︁
− ρEτ,1,n

p−→ 0.

Moreover, for every ε > 0,

Pr
{︂ˆ︁VCR2,n/σ

2
n < 1− ε

}︂
−→ 0,

and the ratio ˆ︁VCR2,n/σ
2
n converges in probability to 1 if and only if

ρEτ,1,n

Rn − ρEτ,1,n
−→ 0.

Theorem 4 says that CR2 estimates the independent-group scale Rn/Gn in probability, while
the exact design variance subtracts the dense projection correction. Consequently, the statistic is
asymptotically conservative for the exact variance in the one-sided probability sense stated in the
theorem. Its ratio consistency is characterized by a single relative-energy condition: the dense
correction ρEτ,1,n must be negligible compared with the corrected scaled variance Rn − ρEτ,1,n.
This gives a diagnostic interpretation to the Johnson decomposition in Definition 9: degree-one
heterogeneity in the arm contrast is precisely the component that determines whether the usual
CR2 standard error is sharp in dense random-group designs.

The sparse case follows by setting the grouped-unit sampling fraction to zero. In that
regime, the same theorem conditions allow many realized groups while making the first-order
finite-pool correction vanish at the scale relevant for the variance ratio. The final result records
this implication and isolates the benchmark count sequence in which Nn/n → 0 even though
N2

n/n→ ∞.
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Theorem 5. [thm:sparse-beyond-birthday] (Sparse birthday consistency) Fix an integer
M ≥ 2. Then the following statements hold.

• (Sparse dense arrays.) For every feasible triangular schedule array with common group
size M , if the array belongs to Cdense in Definition 13 with limiting grouped-unit fraction
ρ = 0, then ˆ︁VCR2,n

σ2n

p−→ 1.

• (Birthday counts.) With

Nbd
n =M

⌊︂n3/4
M

⌋︂
,

the benchmark counts satisfy Nbd
n ≤ n for all sufficiently large n,

Nbd
n

n
→ 0,

(Nbd
n )2

n
→ ∞.

• (Birthday-aligned arrays.) For every feasible triangular schedule array with common
group size M , if its grouped-unit count satisfies

Nn =M
⌊︂n3/4
M

⌋︂
row by row and the array satisfies Assumptions 1, 2, 4 and 5 for some p, B, and cσ, thenˆ︁VCR2,n

σ2n

p−→ 1.

The sparse result separates the variance question from whole-design collision heuristics.
What matters for the scalar PAME variance is the grouped-unit fraction Nn/n, and Theo-
rem 5 establishes ratio consistency whenever that fraction converges to zero within the stated
dense schedule class. The explicit sequence Nn = M⌊n3/4/M⌋ gives a concrete regime with
vanishing sampling fraction and diverging N2

n/n. Thus CR2 remains ratio-consistent for the
exact design variance in a range where the experiment still uses many overlapping opportunities
in the underlying finite population.

6 Software identity and finite witness

The preceding results analyze the scalar equal-group CR2 statistic in Definition 12. This section
records how that scalar statistic is obtained from a standard software call in the equal-group de-
sign, then gives a fully finite calculation that fixes the sign and magnitude of the dense correction.
The software statement is deliberately versioned: the relevant covariance entry is the treatment-
coordinate entry returned by clubSandwich for an unweighted intercept-plus-treatment regres-
sion using the sandwich bread convention [Pustejovsky, 2026, Zeileis and Lumley, 2026, Zeileis,
2004, 2006, Zeileis et al., 2020, Pustejovsky and Tipton, 2018].

Definition 17. [def:eight-unit-witness] (Eight-unit witness a8) The eight-unit witness fixes

n = Nn = 8, M = 2, Gn = 4, G1n = 2,
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and uses the balanced sign vector
a8 = (a1, . . . , a8).

For every group A = {j, k} and every unit i ∈ A, the potential outcomes are

Yi,n(0, A) = 0, Yi,n(1, A) =
aj + ak

2
.

Proposition 1 identifies the population-design statistic with the coefficient variance delivered
by the stated vcovCR call. The row-identification and outcome clauses align the regression rows
with the realized groups in Definition 4; the design-matrix and unweighted-fit clauses make the
treatment coefficient equal to the group-level treated-control contrast in Definition 7. The block-
algebra and bread-scaling clauses then pin down the CR2 adjustment and the normalization used
by the versioned software implementation.

The sign vector in Definition 17 is balanced in the sense that half of its entries equal +1 and
half equal −1; the verified witness takes the canonical representative

ai = +1 (1 ≤ i ≤ 4), ai = −1 (5 ≤ i ≤ 8),

so that
∑︁8

i=1 ai = 0. The numbers reported below are computed for this representative. The
finite calculation below specializes the design to eight units, four pairs, and two treated groups.
It provides a small balanced schedule in which the exact variance components and the expected
CR2 statistic can be evaluated without asymptotics.

Proposition 1. [prop:clubsandwich-consumer] (CR2 software identity)1 Suppose M ≥ 2,
G1n ≥ 2, and G0n ≥ 2. Fix a deterministic potential-outcome schedule Yi,n(z,A), an ordered
tuple An of pairwise-disjoint realized groups of common size M , and a balanced group-treatment
assignment vector Zn with G1n treated groups and G0n = Gn −G1n control groups. Assume the
software regression data satisfy the following conditions.

• (Row identification.) For each realized group, the M regression rows are in bijection
with the units in that group.

• (Design matrix.) The fitted model matrix has exactly two columns, an intercept and the
numeric binary group-treatment regressor:

Xgij =

{︄
1, j = 0,

1{Zg = 1}, j = 1.

• (Observed outcomes.) The regression outcome in row i of group g is the realized poten-
tial outcome Yi,n(Zg, Ag), and its within-group average equals the observed group mean.

• (Unweighted fit.) The fit is an unweighted full-column-rank least-squares fit, with resid-
uals egi, and the average residual in each group equals the observed group mean minus the
observed mean in that group’s treatment arm.

• (Block algebra.) The stacked cross-product satisfies XTX =
∑︁

gX
T
g Xg, the group hat

matrices are
Hg = Xg(X

TX)−1XT
g ,

each I−Hg is positive definite, and each CR2 adjustment Ag is symmetric positive definite
with

AgAg(I −Hg) = I.
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• (Bread scaling.) The matrix used by the CR2 covariance calculation is ˜︁B = (GnM)−1B,
where B is the unweighted sandwich :: bread(fit) matrix.

Let Σ be the covariance matrix returned by clubSandwich :: vcovCR(fit, cluster =
group, type = ′CR2′) in version 0.7.0, with target, inverse var, and form omitted, ap-
plied to this unweighted intercept-plus-treatment fit using sandwich version 3.1-3 for the bread.
Then the treatment-coordinate entry equals the scalar equal-group CR2 statistic in Definition 12:

Σ11 = ˆ︁VCR2,n =
s21,n
G1n

+
s20,n
G0n

.

The witness in Definition 17 makes treatment outcomes depend only on the average sign
within the realized pair, while control outcomes are identically zero. Balance of a8 gives a
concrete degree-one component in the treated arm table, so the exact finite-pool correction in
Theorem 2 has a visible numerical effect.

Proposition 2. [prop:eight-unit-witness] (Eight-unit witness moments) For the balanced
eight-unit witness schedule with n = Nn = 8, M = 2, Gn = 4, and G1n = 2, suppose that:

• (Johnson projections.) There is a system of orthogonal projections {Π8,k}2k=0 onto the
canonical Johnson harmonic spaces H8,k in L2(Ω8,2).

• (Centered decomposition.) These projections decompose every f ∈ L2(Ω8,2) after re-
moval of its uniform-slice mean, with different harmonic degrees orthogonal under ⟨·, ·⟩n.

• (Kneser spectrum.) The unnormalized Kneser adjacency operator acts on each H8,k by
the eigenvalue

(−1)k
(︃
8− 2− k

2− k

)︃
.

Then the witness satisfies

V1,n =
3

7
, Eτ,1,n =

3

7
, C11,n = −1

7
, σ2n =

1

7
,

and, for the random partition design in Definition 4 and the scalar equal-group CR2 statistic in
Definition 12,

E
[︂ˆ︁VCR2,n

]︂
=

2

7
.

Proposition 2 shows that the finite design variance is 1/7, while the expected equal-group
CR2 statistic is 2/7. The same calculation reports V1,n = Eτ,1,n = 3/7 and C11,n = −1/7,
matching the geometry in Theorem 1: the treated table’s degree-one energy generates a nega-
tive ordered-disjoint covariance, and that covariance enters the exact variance through the dense
correction. Thus the witness supplies a concrete numerical check on both the Kneser covari-
ance normalization and the software-facing CR2 statistic before the one-realization lower bound
studied next.

1Formalization scope. This result uses the published conclusion [Pustejovsky, 2026] (Version 0.7.0 source
package: R/lm.R lines 47–52 and 70–72; R/S3-methods.R lines 21–33 and 63–65; R/clubSandwich.R lines 167–
175, 216–225, 237–287; R/CR-adjustments.R lines 5–7 and 22–42) and [Zeileis and Lumley, 2026] (Version 3.1-3
source package, R/bread.R lines 10–15). The cited source proof is not formalized here: Lean verifies its use and
all remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not certified.
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7 One-realization lower bound

The finite witness in Proposition 2 shows how the dense correction can move the exact variance
away from the equal-group CR2 target in a small design. This section turns that calculation into
a positive-density impossibility statement for one-realization variance recovery. The construction
compares two randomized schedule priors whose induced observed-data mixtures agree for every
statistic of the realized groups, assignments, and observed outcomes, while their scaled exact
variances concentrate at separated limits.

We first record the observed object and the two sign priors used in the comparison.

Definition 18. [synth_8] (One-realization observation) A one-realization observation On at
population size n, common group size M , realized group count Gn, and treated-group count G1n

is a triple
On = (An,Zn, Y

obs
n )

with the following components:

• (Partition.) An = (Ag,n)
Gn
g=1 is an ordered tuple with Ag,n ∈ Ωn,M for every g, and

Ag,n ∩Ag′,n = ∅ whenever g ̸= g′.

• (Treatment allocation.) Zn selects a subset of the realized groups with exactly G1n

elements.

• (Observed outcomes.) For every realized group g and every unit i ∈ Ag,n, Y
obs
n assigns

a real observed outcome Y obs
i,g,n ∈ R.

Definition 18 fixes the sigma-field available to a one-realization procedure: the sampled par-
tition, the group treatment allocation, and the observed unit outcomes within sampled groups.
It matches the information used by the design estimator in Definition 7 and by the equal-group
CR2 statistic in Definition 12, but it treats the variance statistic itself as an arbitrary measurable
function of the realized data.

Definition 19. [synth_7] (Independent sign prior) For a population size n, Hind
n is the product

finite design on arrays h : {1, . . . , n}× {0, 1} → {0, 1} under which every unit-arm coordinate is
drawn independently from the fair two-point law:

Hind
n =

⨂︂
(i,z)∈{1,...,n}×{0,1}

Bernoulli

(︃
1

2

)︃
.

Definition 20. [synth_6] (Same-sign schedule prior) For each n, Hsame
n is the finite product de-

sign on Boolean schedules h : {1, . . . , n} → {0, 1} whose coordinate design at every i ∈ {1, . . . , n}
is the fair coin design:

Hsame
n :=

⨂︂
i∈{1,...,n}

Coin

(︃
1

2

)︃
.

Both priors are stated on Boolean coordinates, and a Boolean draw becomes a potential-
outcome schedule through the sign map

ε(0) = −1, ε(1) = +1.
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Given a common-sign draw u : {1, . . . , n} → {0, 1} from Hsame
n , the induced schedule is additive

and arm-free,

Yi,n(z,A) = ε(ui) for every arm z and every group A ∋ i,

so the same unit sign is carried into both arms. Given an arm-specific draw u : {1, . . . , n} ×
{0, 1} → {0, 1} from Hind

n , the induced schedule is

Yi,n(z,A) = ε(ui,z),

with the two arms drawn independently. Both induced schedules take values in {−1,+1} and
are additive: the potential outcome of unit i does not depend on the composition of the group
it lands in. Consequently every group table is an average of M independent signs, which is
what produces the arm variances Vz,n → 1/M quoted in the proposition. The independent
prior in Definition 19 randomizes unit signs separately by treatment arm; the same-sign prior
in Definition 20 uses a common unit sign across arms. Both priors generate bounded Boolean
schedules, but they place different mass on the degree-one arm-difference energy in Definition 11.
That difference is invisible after observing only the assigned arm in a single realization.

Proposition 3. [prop:rademacher-mixture-separation] (Rademacher mixture separation)
Fix a common group size M ≥ 2. Let A be a feasible triangular array with row population sizes
n, group counts Gn, treated-group counts G1n, 0 < G1n < Gn, MGn ≤ n, and deterministic
schedules. Let p ∈ R and let ρ, the limiting grouped-unit fraction, satisfy ρ > 0. Suppose:

• (Group growth.) The array satisfies Assumption 1.

• (Treatment fractions.) The treated-group fractions satisfy Assumption 2 with limit p.

• (Sampling fractions.) The grouped-unit fractions satisfy Assumption 3 with limit ρ.

• (Johnson projections.) For every row n, the canonical Johnson projections Πn,k on
L2(Ωn,M ) are linear orthogonal projections onto Hn,k, fix Hn,k, and have residuals orthog-
onal to Hn,k.

• (Johnson decomposition.) For every row with 2M ≤ n, every f ∈ L2(Ωn,M ), and every
A ∈ Ωn,M , ∑︂

1≤k≤M

Πn,kf(A) = f(A)− Enf,

and distinct Johnson degrees are orthogonal under ⟨·, ·⟩n.

• (Kneser spectrum.) For every row with 2M ≤ n, every 0 ≤ k ≤M , and every f ∈ Hn,k,
the unnormalized Kneser adjacency operator satisfies∑︂

C∈Ωn,M :C∩A=∅
f(C) = (−1)k

(︃
n−M − k

M − k

)︃
f(A).

Then, for every row n and every statistic φ of the one-realization observation On,

EHsame
n

EZn{φ(On)} = EHind
n

EZn{φ(On)}.
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Moreover, under Hsame
n ,

V1,n
p−→ 1

M
, V0,n

p−→ 1

M
, Eτ,1,n

p−→ 0, Gnσ
2
n

p−→ 1

Mp(1− p)
.

Under Hind
n ,

Eτ,1,n
p−→ 2

M
, Gnσ

2
n

p−→ 1

Mp(1− p)
− 2ρ

M
.

The two scaled-variance limits are separated by a positive gap:

0 <
2ρ

M
,

2

M
≤ 1

Mp(1− p)
− 2ρ

M
.

Consequently, for every fixed cσ ∈ R satisfying

0 < cσ <
1

Mp(1− p)
− 2ρ

M
,

the lower-tail probabilities satisfy

Pr
Hsame

n

{Gnσ
2
n ≥ cσ} → 1, Pr

Hind
n

{Gnσ
2
n ≥ cσ} → 1.

Proposition 3 isolates the information loss created by one realized treatment assignment.
Every statistic of the one-realization observation On has the same mixture expectation under
Hsame

n and Hind
n , yet the exact-variance limit changes by 2ρ/M . The equal observed-data mixture

reflects the fact that each observed unit contributes only its assigned-arm sign; the variance
separation comes from the unobserved cross-arm alignment, which enters Theorem 2 through
the degree-one term Eτ,1,n. In positive-density designs, the grouped-unit fraction ρ keeps that
term on the same scale as the leading variance.

The next result converts the mixture separation into a uniform lower bound over the dense
schedule class. It conditions the two priors on high-probability deterministic supports, so the
comparison is stated directly over arrays in Cdense from Definition 13.

Theorem 6. [thm:qv-diagonal-impossibility] (Diagonal variance obstruction) Fix a com-
mon group size M with 2 ≤ M , and let A be a triangular schedule array with population sizes
n, group counts Gn > 0, treated-group counts 0 < G1n < Gn, MGn ≤ n, and deterministic
potential-outcome rows. Let p, ρ,B, cσ ∈ R. Suppose:

• (Envelope and fractions.) 0 < ρ, 1 ≤ B, and the array satisfies Assumptions 1 to 3
with limiting treated-group fraction p and limiting grouped-unit fraction ρ.

• (Johnson decomposition input.) For every row n, there are orthogonal projections
Πn,k onto the degree-k Johnson harmonic spaces Hn,k, k = 0, . . . ,M , whose positive-degree
components give the centered orthogonal decomposition of every f ∈ L2(Ωn,M ):

M∑︂
k=1

Πn,kf = f − Enf, ⟨Πn,kf,Πn,ℓg⟩n = 0 for k ̸= ℓ.

• (Kneser spectrum input.) For every row n with 2M ≤ n, the Kneser adjacency operator
acts on f ∈ Hn,k by the eigenvalue

(−1)k
(︃
n−M − k

M − k

)︃
, k = 0, . . . ,M.
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• (Variance lower bound.) With

dsame =
1

Mp(1− p)
, dind =

1

Mp(1− p)
− 2ρ

M
,

the constant cσ satisfies
0 < cσ < dind.

Then there exist support sets Γsame
n for the common-arm Rademacher prior Hsame

n and Γind
n for

the independent-arm Rademacher prior Hind
n such that both prior probabilities tend to one, every

diagonal selection from either support induces an array in Cdense with parameters (p, ρ,B, cσ),
the conditioned one-realization laws satisfy

TV
(︂
Hsame

n (On ∈ · | Γsame
n ),Hind

n (On ∈ · | Γind
n )
)︂
→ 0,

and the scaled exact variances converge uniformly on the respective supports:

sup
u∈Γsame

n

⃓⃓
Gnσ

2
n(u)− dsame

⃓⃓
→ 0, sup

u∈Γind
n

⃓⃓
Gnσ

2
n(u)− dind

⃓⃓
→ 0.

Moreover, there is an ε > 0 such that every measurable one-realization variance statistic ˆ︁Sn(On)
satisfies

1

2
≤ lim inf

n→∞
sup

Y ∈Cdense
Pr
Y

(︄⃓⃓⃓⃓
⃓ ˆ︁Sn(On)

σ2n
− 1

⃓⃓⃓⃓
⃓ > ε

)︄
.

Theorem 6 establishes the one-realization lower bound in the positive-density class. The high-
probability supports place both constructions inside Cdense with the same envelope, fraction, and
scaled-variance parameters, while total variation convergence makes the conditioned observed
laws asymptotically indistinguishable. Uniform convergence of the scaled exact variances to
dsame and dind supplies the separated targets, and the final display gives a single ε > 0 for which
every measurable statistic ˆ︁Sn(On) has worst-case relative error probability bounded below by
one half.

The intuition is the same as in a two-point Le Cam comparison, adapted to deterministic
triangular arrays. If the observed laws are asymptotically the same, a statistic based only on On

cannot reliably determine which variance target generated the data. Because the targets remain
separated by the positive-density correction 2ρ/M , any one-realization variance statistic must
make a nonvanishing relative error on at least one member of the dense class. This identifies the
degree-one cross-arm component in Definition 11 as the obstruction to uniform exact-variance
ratio consistency from a single realized grouping and assignment.

8 Discussion, scope, and extensions

The results above characterize a variance-estimation problem created by random group formation
in dense finite populations. The exact identities in Theorems 1 and 2 express the design variance
through the Johnson decomposition and the Kneser disjointness geometry of the group table.
Those identities separate the independent-group leading scale from the Kneser finite-population
correction, whose dense-limit leading term is the degree-one arm-difference component in Def-
inition 11. In dense designs, Theorem 3 turns that exact decomposition into an interpretable
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limit: the scaled variance expansion contains the degree-one Johnson correction alongside the
independent-group leading scale.

This characterization motivates the phase-frontier statement for the scalar CR2 statistic.
The scalar CR2 statistic in Definition 12 estimates the independent-group scale under the bal-
anced equal-group design, and Theorem 4 identifies the dense correction governing its scaled
difference from the exact variance and the condition for ratio consistency. In sparse regimes,
Theorem 5 shows that overlap from group formation is asymptotically negligible at the variance
scale considered there. Together, the dense and sparse statements give a single design-based
account of when the usual cluster calculation tracks the exact randomization variance and when
the finite-population group-formation term contributes to the target.

The software comparison in Propositions 1 and 2 anchors this population geometry in the
regression workflow used by applied researchers. The proposition identifies the equal-group scalar
CR2 statistic with the corresponding clubSandwich calculation for the intercept-plus-treatment
regression, in the setting of Pustejovsky and Tipton [2018]. The eight-unit construction then
gives a finite instance in which that statistic and the exact design variance differ. This finite
witness complements the asymptotic analysis: the same degree-one structure that appears in
Theorem 3 is already visible in a small balanced design.

The lower bound in Theorem 6 gives the identification-theoretic interpretation of the cor-
rection. For the dense schedule class in Definition 13, the observed realization contains the
realized groups, assignments, and member outcomes, while the exact variance also depends on
how the unobserved counterfactual group tables co-vary across disjoint groups. Proposition 3
supplies two dense constructions with asymptotically indistinguishable observed laws and sepa-
rated exact variances, and Theorem 6 converts that comparison into a uniform lower bound for
every one-realization variance statistic. The result therefore locates the obstruction precisely:
the observed data can support the usual cluster scale, but the dense finite-population correction
includes a cross-arm component that is not uniformly recoverable from one realized grouping
and assignment.

These conclusions also clarify the positive scope of the paper. The analysis is design-based
and finite-population: potential outcomes are deterministic, randomness comes from group
formation and balanced assignment, and the target is the exact variance of the group-level
difference-in-means estimator. The asymptotic statements are triangular-array statements over
the schedule class in Definition 13, with bounded outcomes, stable treatment and sampling
fractions, growing group counts, and nondegenerate scaled exact variance. Within that scope,
the paper gives exact variance identities, dense and sparse asymptotic comparisons, a software
identity for the scalar CR2 calculation, a finite witness, and a one-realization lower bound.

8.1 Limitations and future work

The results leave Gaussian approximation, studentized testing, Wald coverage, and finite-sample
CR2 conservativeness as separate inferential questions. The variance identities and ratio limits
characterize the target variance and the behavior of the scalar CR2 statistic, while a distribu-
tional theory for tests would require additional approximation arguments for the studentized
estimator. Such arguments would naturally interact with the many-cluster refinements devel-
oped for CR2 procedures [Pustejovsky and Tipton, 2018] and with recent work on random group
formation and cluster-robust inference [Fu et al., 2026].

Variable group sizes are another extension. The present analysis uses a common group size
throughout, which makes the random partition a uniform slice design and brings the Johnson
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association scheme directly into the variance calculation. Allowing heterogeneous group sizes
would require the corresponding finite-population covariance operator and an analogue of the
degree-one correction for the resulting design. That extension would preserve the same sub-
stantive question–how random group formation changes the variance target–while changing the
combinatorial geometry used to express it.

Appendices

A Proofs and auxiliary lemmas

This appendix collects the auxiliary spectral statements used by the variance geometry and
records how the formal arguments fit together. The starting point is the Johnson association
scheme on the uniform slice, whose orthogonal decomposition supplies the coordinates used in
Definition 9 and whose Kneser disjointness operator supplies the covariance operator in Defini-
tion 10. Classical accounts of these schemes appear in Delsarte [1973], Brouwer et al. [1989], and
Brouwer et al. [2018]; the harmonic-analysis notation follows the slice presentation in Filmus
[2016].

Definition 21. [synth_10] (Johnson and Kneser covariance apparatus) For 0 ≤ k ≤ M ,
let Hn,k ⊆ L2(Ωn,M ) be the degree-k Johnson harmonic subspace, and let Πn,k be the ⟨·, ·⟩n-
orthogonal projection onto Hn,k. For f ∈ L2(Ωn,M ), the centered Johnson decomposition is

f − Enf =
M∑︂
k=1

Πn,kf.

For 2M ≤ n, the unnormalized Kneser adjacency operator is

(Adjn,Mf)(A) =
∑︂

C∈Ωn,M

C∩A=∅

f(C), A ∈ Ωn,M .

The normalized Kneser disjointness operator is

(Knf)(A) =

(︃
n−M

M

)︃−1 ∑︂
C∈Ωn,M

C∩A=∅

f(C).

Its eigenvalue on Hn,k is denoted by λn,k. For a, b ∈ Z, define the ordered-disjoint covariance
and the arm-difference covariance by

Cab,n = ⟨h◦a,n,Knh
◦
b,n⟩n, Cττ,n = C11,n + C00,n − 2C10,n.

The degree-one arm-difference energy is

Eτ,1,n = ∥Πn,1(h1,n − h0,n)∥2n.

The objects in Definition 21 restate, in one place, the spectral apparatus used throughout
the exact and asymptotic variance arguments. The decomposition separates centered group
tables into orthogonal Johnson degrees, and the Kneser operator averages over disjoint groups,
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matching the dependence induced by random partitioning. With this notation fixed, two
Kneser statements follow, and they are deliberately distinct. Lemma 1 is the combinatorial
fact: the unnormalized disjointness adjacency operator Adjn,M , which sums a table over all
groups disjoint from a given one, acts on the degree-k harmonic space by the integer eigenvalue
(−1)k

(︁
n−M−k
M−k

)︁
. Lemma 2 is the form the variance algebra consumes: it divides by the number(︁

n−M
M

)︁
of disjoint groups to obtain the averaging operator Kn of Definition 10, whose eigenvalues

λn,k = (−1)k(M)k/(n −M)k are the falling-factorial ratios that carry the n-dependence of the
variance expansion. The second is obtained from the first by that normalization, which is why
its proof is short; keeping them apart isolates the one combinatorial input of the paper from the
bookkeeping that turns it into a covariance statement.

Lemma 1. [lem:johnson-kneser-adjacency-eigenvalue] (Johnson–Kneser adjacency eigen-
value) Using the uniform M -slice Ωn,M , the slice function space L2(Ωn,M ), and the Johnson
harmonic subspaces Hn,k from Definition 9, suppose that:

• (Population and group size.) n and M are nonnegative integers, with n the population
size and M the common group size, and 2M ≤ n.

• (Harmonic degree.) k ∈ {0, . . . ,M}.

• (Function.) f ∈ Hn,k.

Let Adjn,M be the linear operator on L2(Ωn,M ) defined by

(Adjn,Mf)(Γ) =
∑︂

∆∈Ωn,M

1{Γ ∩∆ = ∅}f(∆).

Then f is an eigenfunction of Adjn,M with eigenvalue

(−1)k
(︃
n−M − k

M − k

)︃
.

Equivalently,

Adjn,Mf = (−1)k
(︃
n−M − k

M − k

)︃
f

as an identity in L2(Ωn,M ).

Proof of Lemma 1. Write

mΥ(Γ) := 1{Υ ⊆ Γ}, V≤q := span{mΥ : |Υ| ≤ q} ⊆ L2(Ωn,M ),

for finite Υ ⊆ {1, . . . , n} and q ≥ 0. Also write

δΥ(Γ) := 1{Υ ∩ Γ = ∅}.

The Johnson harmonic construction used in Definition 9 has

Hn,0 = V≤0, Hn,j = V≤j ∩ V ⊥
≤j−1 (j ≥ 1),

where orthogonality is with respect to the uniform-slice inner product. The hypothesis 2M ≤ n
gives M ≤ n, so Ωn,M is nonempty.
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1. First take k = 0. Since V≤0 is spanned by m∅, membership f ∈ Hn,0 = V≤0 gives a scalar
η ∈ R such that

f = ηm∅.

For every Γ ∈ Ωn,M ,

(Adjn,Mm∅)(Γ) = #{∆ ∈ Ωn,M : Γ ∩∆ = ∅} =

(︃
n−M

M

)︃
.

Indeed, after Γ is fixed, the admissible ∆’s are precisely theM -subsets of the n−M points
outside Γ. Thus

Adjn,Mf = η

(︃
n−M

M

)︃
m∅ = (−1)0

(︃
n−M

M

)︃
f,

which is the asserted formula in degree zero.

2. Now suppose k ≥ 1. Define the scalar

αk := (−1)k
(︃
n−M − k

M − k

)︃
and the residual

ρ := Adjn,Mf − αkf.

We first show
ρ ∈ V≤k−1.

It is enough to check this on the spanning monomials mΥ with |Υ| ≤ k. If |Υ| < k, then
mΥ ∈ V≤k−1, and the adjacency operator preserves this lower filtration level:

Adjn,MmΥ ∈ V≤k−1.

Hence Adjn,MmΥ − αkmΥ ∈ V≤k−1.

It remains to consider |Υ| = k. For every Γ ∈ Ωn,M ,

(Adjn,MmΥ)(Γ) =

(︃
n−M − k

M − k

)︃
δΥ(Γ).

When Γ∩Υ ̸= ∅, no disjoint ∆ can contain Υ. When Γ∩Υ = ∅, such ∆’s are obtained by
adjoining M − k further points from the complement of Γ ∪Υ, which has size n−M − k.
Inclusion-exclusion gives

δΥ =
∑︂
Θ⊆Υ

(−1)|Θ|mΘ.

Therefore

Adjn,MmΥ − αkmΥ =

(︃
n−M − k

M − k

)︃ ∑︂
Θ⊊Υ

(−1)|Θ|mΘ ∈ V≤k−1,

because every proper subset Θ ⊊ Υ has |Θ| ≤ k − 1. By linearity over the span V≤k, the
same conclusion holds for every f ∈ V≤k, in particular for the present f ∈ Hn,k ⊆ V≤k.
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3. Since f ∈ Hn,k = V≤k ∩ V ⊥
≤k−1, for every g ∈ V≤k−1,

⟨f, g⟩n = 0.

The adjacency operator preserves V≤k−1, so Adjn,Mg ∈ V≤k−1. It is also self-adjoint for
the uniform-slice inner product:

⟨Adjn,Mu, v⟩n = ⟨u,Adjn,Mv⟩n (u, v ∈ L2(Ωn,M )),

which follows by interchanging the two finite sums and using symmetry of disjointness.
Hence, for every g ∈ V≤k−1,

⟨ρ, g⟩n = ⟨Adjn,Mf, g⟩n − αk⟨f, g⟩n
= ⟨f,Adjn,Mg⟩n − αk⟨f, g⟩n = 0.

Thus ρ is orthogonal to V≤k−1.

4. Combining the previous two steps, ρ ∈ V≤k−1 and ρ ⊥ V≤k−1. Taking g = ρ gives

⟨ρ, ρ⟩n = 0.

Since M ≤ n,

⟨ρ, ρ⟩n =

(︃
n

M

)︃−1 ∑︂
Γ∈Ωn,M

ρ(Γ)2

with
(︁
n
M

)︁
> 0, so the uniform-slice inner product is positive definite. Therefore ρ = 0, i.e.

Adjn,Mf = αkf = (−1)k
(︃
n−M − k

M − k

)︃
f.

This is the desired identity for k ≥ 1, and together with the degree-zero case proves the
lemma.

Lemma 2. [lem:classical-kneser-spectrum] (Classical Kneser spectrum) For any popula-
tion size n and common group size M , suppose:

• (Overlap.) 2M ≤ n.

• (Harmonic degree.) k is an integer with 0 ≤ k ≤M .

• (Harmonic function.) f : Ωn,M → R belongs to the degree-k Johnson harmonic sub-
space Hn,k.

Then the unnormalized Kneser adjacency operator, which sums f over M -subsets disjoint from
the argument, acts on f by

(︁
Adjn,Mf

)︁
(A) = (−1)k

(︃
n−M − k

M − k

)︃
f(A)

for every A ∈ Ωn,M .
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Proof of Lemma 2. Fix n,M with 2M ≤ n, fix 0 ≤ k ≤ M , and let f ∈ Hn,k. Write [n] :=
{1, . . . , n}.

1. For a slice function u : Ωn,M → R, use the unnormalized Kneser adjacency operator(︁
Adjn,Mu

)︁
(Γ) :=

∑︂
∆∈Ωn,M

1{Γ ∩∆ = ∅}u(∆), Γ ∈ Ωn,M .

The hypotheses 2M ≤ n, 0 ≤ k ≤M , and f ∈ Hn,k are exactly the hypotheses needed to
apply Lemma 1 to this operator. It gives

Adjn,Mf = (−1)k
(︃
n−M − k

M − k

)︃
f

as an identity in the slice function space L2(Ωn,M ).

2. The preceding function identity says that, for every A ∈ Ωn,M ,

∑︂
∆∈Ωn,M

1{A ∩∆ = ∅} f(∆) = (−1)k
(︃
n−M − k

M − k

)︃
f(A).

The left-hand side is exactly
(︁
Adjn,Mf

)︁
(A), so

(︁
Adjn,Mf

)︁
(A) = (−1)k

(︃
n−M − k

M − k

)︃
f(A),

which is the asserted formula.

Together, Lemmas 1 and 2 give the spectral multiplier for disjointness averaging on each
Johnson degree. After normalization by the number of disjoint M -subsets, these multipliers
become the eigenvalues used in the covariance contrast of Theorem 1. The alternating sign in
degree k is the algebraic source of the projection correction that later appears in Theorem 3.

The remaining classical input is the orthogonal expansion of functions on the slice. It en-
sures that the covariance calculation can be expressed degree by degree rather than as a direct
summation over all ordered disjoint pairs.

Lemma 3. [lem:classical-johnson-decomposition] (Johnson orthogonal decomposition)
Let n and M be nonnegative integers with M ≤ n. For the canonical Johnson harmonic projec-
tions Πn,k on L2(Ωn,M ), whenever 2M ≤ n, every function f : Ωn,M → R and every A ∈ Ωn,M

satisfy
M∑︂
k=1

Πn,kf(A) = f(A)− Enf.

Moreover, the projections are pairwise orthogonal: for all k, ℓ ∈ {0, . . . ,M}, all functions f, g :
Ωn,M → R, and k ̸= ℓ,

⟨Πn,kf,Πn,ℓg⟩n = 0.
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Proof of Lemma 3. Assume 2M ≤ n. Then M ≤ n, so Ωn,M is the finite uniform slice with

|Ωn,M | =
(︃
n

M

)︃
.

For a slice function φ : Ωn,M → R, write

meann(φ) :=
1

|Ωn,M |
∑︂

ω∈Ωn,M

φ(ω).

1. For 0 ≤ u ≤M , let F≤u ⊆ L2(Ωn,M ) be the span of the inclusion monomials

ω ↦−→
∏︂
i∈T

1{i∈ω}, T ⊆ {1, . . . , n}, |T | ≤ u.

The Johnson harmonic layers are constructed by

Hn,0 = F≤0, Hn,u+1 = F≤u+1 ∩ F⊥
≤u.

Since F≤u ⊆ F≤u+1, finite-dimensional orthogonal decomposition gives

F≤u+1 = F≤u ⊕Hn,u+1.

Iterating from u = 0 to M − 1,

F≤M =

M⨁︂
u=0

Hn,u.

Moreover F≤M = L2(Ωn,M ): for every fixed ω0 ∈ Ωn,M ,

1{ω0}(ω) =
∏︂
i∈ω0

1{i∈ω},

because |ω| = |ω0| = M . Thus point masses belong to F≤M , and they span all slice
functions.

Therefore the orthogonal projections onto the layers satisfy, for every φ : Ωn,M → R,

φ =

M∑︂
u=0

Πn,uφ.

The degree-zero space Hn,0 is the space of constant functions. Its orthogonal projection is
the constant function with value meann(φ), since for every real scalar aconst,

⟨φ− (ω ↦→ meann(φ)), (ω ↦→ aconst)⟩n = aconst (meann(φ)−meann(φ)) = 0.

Hence
Πn,0φ = ω ↦→ meann(φ).

Evaluating the full decomposition at A ∈ Ωn,M and subtracting the degree-zero component
gives

M∑︂
u=1

Πn,uφ(A) = φ(A)−meann(φ).

Applied to φ = f , this is the centered projection identity with the algebraic uniform mean.
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2. The averaging operator En is the uniform-slice expectation, so for every f : Ωn,M → R,

Enf =
1

|Ωn,M |
∑︂

ω∈Ωn,M

f(ω) = meann(f).

Substituting this equality into the preceding display yields

M∑︂
u=1

Πn,uf(A) = f(A)− Enf.

When M = 0, the same formula reads 0 = f(A) − Enf , because the slice has one point
and the degree-zero projection is f .

3. It remains to check distinct-degree orthogonality. For any k ∈ {0, . . . ,M} and any slice
function f ,

Πn,kf ∈ Hn,k,

because Πn,k is the orthogonal projection onto Hn,k. If k < ℓ, then

Hn,ℓ ⊆ F⊥
≤ℓ−1, Hn,k ⊆ F≤k ⊆ F≤ℓ−1,

and therefore every element of Hn,k is orthogonal to every element of Hn,ℓ. The case ℓ < k
is symmetric. Thus, whenever k ̸= ℓ,

⟨Πn,kf,Πn,ℓg⟩n = 0.

This proves the pairwise orthogonality assertion.

Lemma 3 is the bookkeeping device behind the exact variance formula. Applying the decom-
position to the centered arm tables in Definition 5 lets the Kneser covariance in Definition 10
act separately on each harmonic component. This is what turns the two-stage random partition
design in Definition 4 into the exact identity in Theorem 2.

The subsequent verified arguments use these ingredients in a fixed order. First, the finite-
sample variance algebra combines the PAME estimator in Definition 7 with the Kneser covariance
identity to obtain Theorem 2. Next, the dense schedule class in Definition 13 specializes that
identity to the projection limit in Theorem 3 and to the CR2 comparison in Theorem 4; the
sparse construction gives the complementary behavior in Theorem 5. The software calculation
in Proposition 1 identifies the scalar CR2 statistic with the stated clubSandwich call, and
Proposition 2 evaluates the finite eight-unit witness from Definition 17. Finally, the randomized
schedule construction in Proposition 3 feeds the one-realization lower bound in Theorem 6.

The finite-sample and software statements are algebraic consequences of the displayed def-
initions and of the versioned software conventions cited in Pustejovsky [2026] and Zeileis and
Lumley [2026]. The surrounding econometric motivation connects these calculations to random
group formation and cluster-robust variance practice as in Fu et al. [2026].
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Verification note. Every theorem, proposition, and assumption displayed in this paper, and
every internal algebraic derivation supporting them, is machine-checked in Lean 4, with no un-
proved hypotheses and no remaining proof obligations. The displayed definitions divide into
two kinds. Those carrying a Lean declaration – the schedule array, the arm set, slice averaging,
the slice norm, the centered arm table, the two Rademacher priors, the one-realization observa-
tion, the row treatment fraction, and all numbered def: objects – are the objects the verified
statements quantify over. Three are presentation-level definitions written for the reader and
carry no Lean declaration of their own: the uniform-slice space L2(Ωn,M ) in Definition 8, the
realized arm group counts in Definition 14, and the unnormalized adjacency operator Adjn,M
in Definition 21. They name notation that the verified statements express directly in terms of
the slice and its inner product, and nothing in the verified development depends on them. The
trust boundary is narrower than is usual for results of this kind: the classical Johnson decom-
position and Kneser spectrum recorded in Lemmas 1 to 3 are not imported as cited facts but
are themselves proved in the verified development, so the citations to Delsarte [1973], Brouwer
et al. [1989], Filmus [2016], and Brouwer et al. [2018] attribute these classical results rather than
assume them. What remains outside the machine-checked scope is the bibliographic attribu-
tion itself and the versioned software conventions of Pustejovsky [2026] and Zeileis and Lumley
[2026], which enter Proposition 1 as stated implementation conventions.

B Proofs of the main results

Proof of Theorem 1. 1. Let

(Anq)(A) =
∑︂

C:C∩A=∅
q(C)

be the unnormalized Kneser adjacency operator on functions q : Ωn,M → R. For k =
0, . . . ,M and f : Ωn,M → R, the projection assumption gives Πn,kf ∈ Hn,k, so the Kneser
spectrum assumption gives

An(Πn,kf)(A) = (−1)k
(︃
n−M − k

M − k

)︃
Πn,kf(A).

By Definition 10,

Kn(Πn,kf)(A) = (−1)k
(︁
n−M−k
M−k

)︁(︁
n−M
M

)︁ Πn,kf(A).

Since k ≤M and 2M ≤ n,(︁
n−M−k
M−k

)︁(︁
n−M
M

)︁ =
(n−M − k)M−k

(M − k)!

M !

(n−M)M
=

(M)k
(n−M)k

,

using the falling-factorial convention (r)0 = 1. Hence

Kn(Πn,kf)(A) = λn,kΠn,kf(A).

2. Now let f, g : Ωn,M → R satisfy Enf = Eng = 0, and put

I+ = {j ∈ {0, . . . ,M} : j > 0}.
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The centered decomposition in Definition 9 gives, for every A ∈ Ωn,M ,

f(A) =
∑︂
j∈I+

Πn,jf(A), g(A) =
∑︂
j∈I+

Πn,jg(A).

For a uniform ordered disjoint pair (A,C), each coordinate has the uniform M -slice
marginal, and the product expectation equals the Kneser inner product:

E[f(A)] = Enf, E[g(C)] = Eng,

and
E[f(A)g(C)] = ⟨f,Kng⟩n.

Therefore
Cov{f(A), g(C)} = ⟨f,Kng⟩n.

Substituting the positive-degree decompositions and using linearity of Kn and of ⟨·, ·⟩n,

⟨f,Kng⟩n =

⟨︄∑︂
i∈I+

Πn,if, Kn

∑︂
j∈I+

Πn,jg

⟩︄
n

=
∑︂
i∈I+

∑︂
j∈I+

λn,j ⟨Πn,if,Πn,jg⟩n

=
∑︂
j∈I+

λn,j ⟨Πn,jf,Πn,jg⟩n,

because distinct Johnson degrees are orthogonal. This proves the covariance identity.

3. For each arm z ∈ {0, 1}, define the centered arm table

h◦z,n(A) = hz,n(A)− Enhz,n.

Then Enh
◦
z,n = 0. By Definition 10 and the preceding ordered-pair identity,

Cab,n = Cov{h◦a,n(A), h◦b,n(C)}

for a, b ∈ {0, 1} under a uniform ordered disjoint pair (A,C). Applying the covariance
identity from the previous step to (h◦1,n, h

◦
1,n), (h

◦
0,n, h

◦
0,n), and (h◦1,n, h

◦
0,n), and using

Cττ,n = C11,n + C00,n − 2C10,n,

gives

Cττ,n =
∑︂
j∈I+

λn,j
[︁
⟨Πn,jh

◦
1,n,Πn,jh

◦
1,n⟩n + ⟨Πn,jh

◦
0,n,Πn,jh

◦
0,n⟩n − 2⟨Πn,jh

◦
1,n,Πn,jh

◦
0,n⟩n

]︁
.

4. It remains to identify the summand with the squared norm of the projected arm contrast.
For every positive degree j ∈ I+ and constant r ∈ R,

Πn,j(r) = 0.
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Indeed, the centered decomposition applied to the constant function r gives∑︂
ℓ∈I+

Πn,ℓ(r) = 0.

Taking the slice inner product with Πn,j(r) and using degree orthogonality leaves

⟨Πn,j(r),Πn,j(r)⟩n = 0,

hence Πn,j(r) = 0 by definiteness of the slice inner product. Therefore, by linearity of
Πn,j ,

Πn,jh
◦
z,n = Πn,j

(︁
hz,n − Enhz,n

)︁
= Πn,jhz,n.

Again by linearity,
Πn,j(h1,n − h0,n) = Πn,jh1,n −Πn,jh0,n.

Thus

∥Πn,j(h1,n − h0,n)∥2n = ⟨Πn,jh1,n −Πn,jh0,n, Πn,jh1,n −Πn,jh0,n⟩n
= ⟨Πn,jh1,n,Πn,jh1,n⟩n + ⟨Πn,jh0,n,Πn,jh0,n⟩n − 2⟨Πn,jh1,n,Πn,jh0,n⟩n.

Substitution into the preceding display yields

Cττ,n =
M∑︂
j=1

λn,j
⃦⃦
Πn,j(h1,n − h0,n)

⃦⃦2
n
,

which is the asserted contrast identity.

Proof of Theorem 2. By the group-size hypotheses, G1n > 0, G1n < Gn, G0n = Gn − G1n > 0,
and 2 ≤ Gn. The feasibility condition and 2 ≤ Gn also give 2M ≤ n. Write the treated-group
fraction as

pn =
G1n

Gn
, qn = 1− pn =

G0n

Gn
.

For a realized ordered partition α = (α1, . . . , αGn) of pairwise-disjoint elements of Ωn,M , define

xzg(α) = hz,n(αg), dg(α) = x1g(α)− x0g(α),

and, for any vector u = (u1, . . . , uGn) ∈ RGn ,

ū =
1

Gn

Gn∑︂
g=1

ug, S(u) =
1

Gn − 1

Gn∑︂
g=1

(ug − ū)2.

Set
Sz(α) = S

(︁
(xzg(α))Gn

g=1

)︁
, Sτ (α) = S

(︁
(dg(α))Gn

g=1

)︁
.

These quantities are well defined because Gn ≥ 2.
Let

∆n(A) = h1,n(A)− h0,n(A), ∆◦
n(A) = ∆n(A)− En∆n(A).
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Since h◦z,n(A) = hz,n(A)− Enhz,n(A), we have

∆◦
n = h◦1,n − h◦0,n.

Using the bilinearity of the uniform-slice inner product in Definition 10 and the symmetry of
the uniform ordered-disjoint-pair law under swapping the two groups,

⟨∆◦
n,Kn∆

◦
n⟩n = C11,n + C00,n − C10,n − C01,n

= C11,n + C00,n − 2C10,n = Cττ,n.

We next record the two partition-moment identities used below. For any ϕ : Ωn,M → R, let

µϕ = Enϕ(A), ηϕ = En{ϕ(A)2},

and let
κϕ = EAEC|C∩A=∅{ϕ(A)ϕ(C)}.

Then
Varn(ϕ) = ηϕ − µ2ϕ, ⟨ϕ− µϕ,Kn(ϕ− µϕ)⟩n = κϕ − µ2ϕ.

Each coordinate of α is uniform on Ωn,M , and each distinct ordered coordinate pair is a uniform
ordered-disjoint pair. Therefore

EαS
(︁
(ϕ(αg))

Gn
g=1

)︁
=

1

Gn − 1

{︃
Gnηϕ − 1

Gn

(︁
Gnηϕ +Gn(Gn − 1)κϕ

)︁}︃
= ηϕ − κϕ

= Varn(ϕ)− ⟨ϕ− µϕ,Kn(ϕ− µϕ)⟩n .

Applying this with ϕ = h1,n, ϕ = h0,n, and ϕ = ∆n gives

EαS1 = V1,n − C11,n, EαS0 = V0,n − C00,n,

and
EαSτ = Varn(∆n)− Cττ,n.

The same exchangeability calculation gives the variance of the partition average. Indeed,

Varα

⎧⎨⎩ 1

Gn

Gn∑︂
g=1

ϕ(αg)

⎫⎬⎭ =
1

G2
n

{︁
GnVarn(ϕ) +Gn(Gn − 1) ⟨ϕ− µϕ,Kn(ϕ− µϕ)⟩n

}︁
.

Thus, for ϕ = ∆n,

Varα

⎧⎨⎩ 1

Gn

Gn∑︂
g=1

dg(α)

⎫⎬⎭ =
Varn(∆n) + (Gn − 1)Cττ,n

Gn
.

Also, since each coordinate αg is uniform on Ωn,M ,

Eα

⎧⎨⎩ 1

Gn

Gn∑︂
g=1

dg(α)

⎫⎬⎭ = Enh1,n − Enh0,n.

35



Condition on α. Under the balanced assignment in Definition 4,

E(Zg | α) = pn, E(1− Zg | α) = qn,

and the usual complete-randomization second moments for distinct g ̸= ℓ are

E(ZgZℓ | α) =
G1n(G1n − 1)

Gn(Gn − 1)
,

E{(1− Zg)(1− Zℓ) | α} =
G0n(G0n − 1)

Gn(Gn − 1)
,

E{Zg(1− Zℓ) | α} =
G1nG0n

Gn(Gn − 1)
.

Expanding the difference-in-means estimator from Definition 7 with these moments gives

E(ˆ︁τn | α) =
1

Gn

Gn∑︂
g=1

dg(α),

and

Var(ˆ︁τn | α) =
S1(α)

G1n
+

S0(α)

G0n
− Sτ (α)

Gn
.

The same complete-randomization calculation for the denominator-Gzn − 1 within-arm sample
variances in Definition 12 yields

E(ˆ︁VCR2,n | α) =
S1(α)

G1n
+

S0(α)

G0n
.

Taking expectations in the conditional mean identity and using the partition-average identity
above,

E[ˆ︁τn] = Enh1,n − Enh0,n = τn,

where the last equality is Definition 7.
By the finite tower variance identity for the two-stage design,

σ2n = Eα{Var(ˆ︁τn | α)}+Varα{E(ˆ︁τn | α)}.

Substituting the identities already proved gives

σ2n =
V1,n − C11,n

G1n
+
V0,n − C00,n

G0n
− Varn(∆n)− Cττ,n

Gn
+

Varn(∆n) + (Gn − 1)Cττ,n

Gn

=
V1,n − C11,n

G1n
+
V0,n − C00,n

G0n
+ Cττ,n.

Since
Rn

Gn
=

1

Gn

{︃
V1,n

G1n/Gn
+

V0,n
G0n/Gn

}︃
=
V1,n
G1n

+
V0,n
G0n

,

this is exactly

σ2n =
Rn

Gn
+ Cττ,n − C11,n

G1n
− C00,n

G0n
.
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Taking expectations in the conditional CR2 identity gives

E[ˆ︁VCR2,n] =
EαS1(α)

G1n
+

EαS0(α)

G0n

=
V1,n − C11,n

G1n
+
V0,n − C00,n

G0n
.

Subtracting the variance identity from the CR2 expectation identity, the common terms
cancel and therefore

E[ˆ︁VCR2,n]− σ2n = −Cττ,n.

Proof of Theorem 3. Set

Γ := 64M2(M + 1)B2, C := Γ + 1.

Then C > 0. Fix a feasible triangular array satisfying the four displayed assumptions, fix
the rowwise Johnson projections, and bring into scope the two rowwise hypotheses that these
projections give the centered orthogonal Johnson decomposition and that the corresponding
Kneser spectrum formula holds. Index rows by r, and write nr for the row population size, Gr

for the group count, G1r and G0r = Gr−G1r for the arm counts, Nr =MGr, and pr = G1r/Gr.
Since 2 ≤M , M > 0. The feasibility condition gives

Gr ≤MGr = Nr ≤ nr.

Together with Assumption 1, this implies nr → ∞. Hence

1

nr
→ 0,

M

nr
→ 0, 1− M

nr
→ 1.

Define

αr :=
MGr

nr −M
.

Because G1r > 0 and G1r < Gr, every row has Gr ≥ 2, and therefore 2M ≤ MGr ≤ nr, so the
denominator is positive. Also

αr =
MGr/nr
1−M/nr

=
Nr/nr

1−M/nr
.

By Assumption 3 and the preceding display, αr → ρ.
For S ∈ Ωnr,M , Definition 5 and Assumption 4 give, for each arm z,

|hz,r(S)| =

⃓⃓⃓⃓
⃓ 1M ∑︂

i∈S
Yi,r(z, S)

⃓⃓⃓⃓
⃓ ≤ 1

M

∑︂
i∈S

|Yi,r(z, S)| ≤ B.

Put
dr(S) := h1,r(S)− h0,r(S).

Then
|dr(S)| ≤ |h1,r(S)|+ |h0,r(S)| ≤ 2B.
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More generally, if |u(S)| ≤ L on Ωnr,M , then every Johnson projection satisfies

∥Πr,ku∥2r ≤ L2.

Indeed, writing v = Πr,ku, orthogonal projection gives

∥u∥2r = ∥u− v∥2r + ∥v∥2r ,

so ∥v∥2r ≤ ∥u∥2r = Er[u(S)
2] ≤ L2. Applying this with u = dr, L = 2B, and k = 1 yields

0 ≤ Eτ,1,r = ∥Πr,1dr∥2r ≤ (2B)2.

Consequently
(ρ− αr)Eτ,1,r → 0.

Let
I≥2 := {k ∈ {0, . . . ,M} : 2 ≤ k}

and
Hr := Gr

∑︂
k∈I≥2

λr,k∥Πr,kdr∥2r ,

where λr,k is the normalized Kneser eigenvalue from Theorem 1. We claim that, for every row,

|Hr| ≤
Γ

nr
.

First suppose 4M ≤ nr. Put ηr := 2M/nr, so 0 ≤ ηr ≤ 1. For any function u on Ωnr,M , any
finite degree set I ⊆ {0, . . . ,M}, any integer threshold q such that q ≤ k for all k ∈ I, and any
envelope L satisfying |u(S)| ≤ L for all S, the spectral-sum estimate is⃓⃓⃓⃓

⃓∑︂
k∈I

λr,k∥Πr,ku∥2r

⃓⃓⃓⃓
⃓ ≤ |I|ηqrL2.

Indeed, from

λr,k = (−1)k
(M)k

(nr −M)k
,

each numerator factor is at most M , while each denominator factor is at least nr/2; hence

|λr,k| ≤ ηkr ≤ ηqr (k ∈ I).

The projection-energy bound proved above gives

∥Πr,ku∥2r ≤ L2,

and the triangle inequality therefore gives the displayed spectral-sum estimate.
Applying this estimate with I = I≥2, q = 2, u = dr, and L = 2B gives⃓⃓⃓⃓

⃓⃓ ∑︂
k∈I≥2

λr,k∥Πr,kdr∥2r

⃓⃓⃓⃓
⃓⃓ ≤ (M + 1)

(︃
2M

nr

)︃2

(2B)2.

38



Using Gr ≤ nr,

|Hr| ≤ nr(M + 1)

(︃
2M

nr

)︃2

(2B)2 =
16M2(M + 1)B2

nr
≤ Γ

nr
.

Now suppose 4M > nr. Since 2M ≤ nr, the same eigenvalue formula gives

|λr,k| =
(M)k

(nr −M)k
≤ 1 (0 ≤ k ≤M),

because M ≤ nr −M . Together with ∥Πr,kdr∥2r ≤ (2B)2, this yields⃓⃓⃓⃓
⃓⃓ ∑︂
k∈I≥2

λr,k∥Πr,kdr∥2r

⃓⃓⃓⃓
⃓⃓ ≤ (M + 1)(2B)2.

Using Gr ≤ nr and nr ≤ 4M ,

|Hr| ≤ nr(M + 1)(2B)2 = 4nr(M + 1)B2 ≤ 64M2(M + 1)B2

nr
=

Γ

nr
.

Since nr → ∞, Hr → 0.
By Theorem 1, applied to dr,

Cττ,r =

M∑︂
k=1

λr,k∥Πr,kdr∥2r .

The degree-one eigenvalue is

λr,1 = − M

nr −M
.

Splitting off degree one and multiplying by Gr gives

GrCττ,r = − MGr

nr −M
Eτ,1,r +Gr

M∑︂
k=2

λr,k∥Πr,kdr∥2r = −αrEτ,1,r +Hr.

Therefore
GrCττ,r + ρEτ,1,r = (ρ− αr)Eτ,1,r +Hr → 0.

This proves the second displayed limit.
Next fix an arm z. Let

h◦z,r(S) := hz,r(S)− Erhz,r.

The preceding bound on hz,r implies

|Erhz,r| ≤ B, |h◦z,r(S)| ≤ 2B.

For all sufficiently large r, 4M ≤ nr. Applying Theorem 1 to the centered table h◦z,r and using
the degree-≥ 1 spectral bound gives

|Czz,r| ≤ (M + 1)
2M

nr
(2B)2.
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Thus
C11,r → 0, C00,r → 0.

Since Assumption 2 gives pr → p ∈ (0, 1), also 1− pr → 1− p ∈ (0, 1). Hence

C11,r

pr
+

C00,r

1− pr
→ 0.

This proves the third displayed limit.
It remains to identify the variance limit. The same stable-fraction assumption implies that,

eventually,

pr >
p

2
, 1− pr >

1− p

2
.

Together with Gr → ∞, this yields

G1r = prGr ≥ 2, G0r = (1− pr)Gr ≥ 2

for all sufficiently large r. On those rows, Theorem 2 gives

σ2r =
Rr

Gr
+ Cττ,r −

C11,r

G1r
− C00,r

G0r
.

Multiplying by Gr, and using G1r = prGr and G0r = (1− pr)Gr, gives the eventual identity

Grσ
2
r − (Rr − ρEτ,1,r) =

(︁
GrCττ,r + ρEτ,1,r

)︁
−
(︃
C11,r

pr
+

C00,r

1− pr

)︃
.

Both terms on the right tend to zero by the preceding two steps. Therefore

Grσ
2
r − (Rr − ρEτ,1,r) → 0,

which is the first displayed limit.
Finally, the rowwise bound already proved gives⃓⃓⃓⃓

⃓Gr

M∑︂
k=2

λr,k∥Πr,kdr∥2r

⃓⃓⃓⃓
⃓ ≤ Γ

nr
≤ C

nr
,

because C = Γ + 1 and nr > 0. Translating the row index r back to the theorem’s notation
gives the asserted bound for every row and completes the proof.

Proof of Theorem 4. 1. For z ∈ {0, 1}, set

m1,n := G1n, m0,n := G0n := Gn −G1n, π1,n := pn, π0,n := 1− pn.

The dense schedule condition in Definition 13 gives Gn → ∞, pn → p ∈ (0, 1), and hence

m1,n = pnGn → ∞, m0,n = (1− pn)Gn → ∞.

Consequently m1,n ≥ 2 and m0,n ≥ 2 for all sufficiently large n. Also, since MGn ≤ n and
M ≥ 2, the population size tends to infinity, so 4M ≤ n eventually.
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2. Let gn : Ωn,M → R be any deterministic table with |gn(S)| ≤ L for all S ∈ Ωn,M , where
L > 0. For ω = (An,Zn) in the support of the design in Definition 4, define the arm-z
selected mean by

gz,n(ω) :=
1

mz,n

∑︂
j:Zjn=z

gn(Ajn), µg,n := Engn.

The selected mean has expectation µg,n. Indeed, condition on any realized arm-position
set of cardinality mz,n. Under Definition 4, each selected group is uniform on Ωn,M , and
averaging over the independently chosen arm positions preserves this marginal law.

For the variance, define the centered table and the normalized disjointness operator by

g◦n(S) := gn(S)− µg,n, (Knu)(S) :=
1

#{T ∈ Ωn,M : T ∩ S = ∅}
∑︂

T∩S=∅
u(T ),

for S ∈ Ωn,M . For all sufficiently large rows, mz,n ≥ 2 and 2M ≤ n. Conditional on the
arm positions, two distinct selected groups form a uniform ordered disjoint pair, so

Cov{gn(Ajn), gn(Aℓn)} = ⟨g◦n,Kng
◦
n⟩n , j ̸= ℓ.

Expanding the square of the selected average gives

Var{gz,n} =
1

m2
z,n

{mz,nVarn(gn) +mz,n(mz,n − 1) ⟨g◦n,Kng
◦
n⟩n}

=
Varn(gn)

mz,n
+

(︃
1− 1

mz,n

)︃
⟨g◦n,Kng

◦
n⟩n .

It remains to bound the covariance term. Since |gn(S)| ≤ L, uniform averaging gives
|µg,n| ≤ L, hence |g◦n(S)| ≤ 2L and ∥g◦n∥2n ≤ (2L)2. Applying Theorem 1 to the centered
table gives

⟨g◦n,Kng
◦
n⟩n =

M∑︂
k=1

λn,k ∥Πn,kg
◦
n∥

2
n .

For rows with 4M ≤ n, the falling-factorial expression for λn,k satisfies, for 1 ≤ k ≤M ,

|λn,k| ≤
(︃
2M

n

)︃k

≤ 2M

n
.

The first inequality follows by bounding the numerator falling factorial by Mk and the
denominator falling factorial by (n/2)k; the second uses 2M/n ≤ 1. Because each Πn,k is
an orthogonal projection,

∥Πn,kg
◦
n∥

2
n ≤ ∥g◦n∥

2
n ≤ (2L)2.

Therefore, for all sufficiently large n,

|⟨g◦n,Kng
◦
n⟩n| ≤ (M + 1)

2M

n
(2L)2.

Since Varn(gn) ≤ L2, mz,n → ∞, and n → ∞, the displayed variance tends to zero.
Chebyshev’s inequality therefore gives

gz,n − Engn
p−→ 0.
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3. Apply the preceding conclusion first to gn = hz,n, using |hz,n| ≤ B, and then to gn = h2z,n,
using |h2z,n| ≤ B2. With

hz,n(ω) :=
1

mz,n

∑︂
j:Zjn=z

hz,n(Ajn), h2z,n(ω) :=
1

mz,n

∑︂
j:Zjn=z

hz,n(Ajn)
2,

we have
hz,n − Enhz,n

p−→ 0, h2z,n − Enh
2
z,n

p−→ 0.

The sample-variance identity gives, eventually,

s2z,n =
mz,n

mz,n − 1

{︂
h2z,n − h

2
z,n

}︂
.

Because mz,n/(mz,n − 1) → 1, and the selected means are bounded by B, the square map
preserves convergence in probability here. Thus

s2z,n
p−→ Enh

2
z,n − (Enhz,n)

2 = Vz,n.

4. By Definition 12 and Definition 11,

Gn
ˆ︁VCR2,n −Rn =

s21,n − V1,n

pn
+
s20,n − V0,n

1− pn

eventually. Since pn → p ∈ (0, 1), both reciprocal factors are bounded deterministic se-
quences. Combining this boundedness with the two armwise convergences in the preceding
step yields

Gn
ˆ︁VCR2,n −Rn

p−→ 0.

5. Define, for every n,
dn := Rn − ρEτ,1,n.

The first conclusion of Theorem 3 supplies

Gnσ
2
n − dn → 0.

Subtracting this deterministic convergence from the stochastic expansion just proved gives

Gn

(︁ˆ︁VCR2,n − σ2n
)︁
− ρEτ,1,n =

(︁
Gn
ˆ︁VCR2,n −Rn

)︁
−
(︁
Gnσ

2
n − dn

)︁ p−→ 0.

6. The scaled-variance nondegeneracy condition in Definition 13 gives

cσ
2
< Gnσ

2
n

eventually. Since Gnσ
2
n − dn → 0, for all sufficiently large n,⃓⃓
Gnσ

2
n − dn

⃓⃓
<
cσ
4
, and hence

cσ
4
< dn.

Thus dn is eventually positive and bounded away from zero.
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7. Set

rn :=
Rn

dn
.

From the first expansion and the eventual lower bound on dn,

Gn
ˆ︁VCR2,n

dn
− Rn

dn
=
(︁
Gn
ˆ︁VCR2,n −Rn

)︁
d−1
n

p−→ 0.

Similarly,
Gnσ

2
n

dn
− 1 =

Gnσ
2
n − dn
dn

→ 0.

The deterministic target rn is eventually bounded. To see this, bounded potential outcomes
give Vz,n ≤ B2, while pn → p ∈ (0, 1) gives

p

2
< pn,

1− p

2
< 1− pn

eventually. Hence, eventually,

0 ≤ Rn ≤ B2

p/2
+

B2

(1− p)/2
=: R, |rn| ≤ R

4

cσ
.

Let

Xn(ω) :=
Gn
ˆ︁VCR2,n(ω)

dn
, Yn :=

Gnσ
2
n

dn
.

The preceding displays give Xn − rn
p−→ 0 and Yn → 1. Since Yn is eventually bounded

away from zero and rn is eventually bounded,

Xn

Yn
− rn =

(Xn − rn) + rn(1− Yn)

Yn

p−→ 0.

Because Xn/Yn = ˆ︁VCR2,n/σ
2
n on the same eventual rows, this gives

ˆ︁VCR2,n

σ2n

p−→ rn =
Rn

Rn − ρEτ,1,n
.

8. Define

qn :=
ρEτ,1,n

dn
=

ρEτ,1,n

Rn − ρEτ,1,n
.

For all sufficiently large n, dn ̸= 0, and hence

rn =
Rn

dn
=
dn + ρEτ,1,n

dn
= 1 + qn.

Moreover ρ ≥ 0 by the sampling-fraction condition, and Eτ,1,n ≥ 0 because it is a squared
norm. Since dn > 0 eventually,

rn = 1 + qn ≥ 1

eventually.
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9. Fix ε > 0. On every row for which rn ≥ 1,{︄ ˆ︁VCR2,n

σ2n
< 1− ε

}︄
⊆

{︄
ε ≤

⃓⃓⃓⃓
⃓ ˆ︁VCR2,n

σ2n
− rn

⃓⃓⃓⃓
⃓
}︄
.

The right-hand probability tends to zero because ˆ︁VCR2,n/σ
2
n

p−→ rn. Therefore

Pr
{︂ˆ︁VCR2,n/σ

2
n < 1− ε

}︂
→ 0.

10. It remains to prove the equivalence. Suppose first that

ˆ︁VCR2,n

σ2n

p−→ 1.

Together with ˆ︁VCR2,n

σ2n

p−→ rn,

uniqueness of deterministic probability limits gives rn → 1: indeed, if |rn − 1| ≥ η, the
triangle inequality forces at least one of⃓⃓⃓⃓

⃓ ˆ︁VCR2,n

σ2n
− rn

⃓⃓⃓⃓
⃓ ≥ η

2
,

⃓⃓⃓⃓
⃓ ˆ︁VCR2,n

σ2n
− 1

⃓⃓⃓⃓
⃓ ≥ η

2

to occur. Since qn = rn − 1 eventually, this yields qn → 0, namely

ρEτ,1,n

Rn − ρEτ,1,n
→ 0.

11. Conversely, assume
ρEτ,1,n

Rn − ρEτ,1,n
→ 0.

That is, qn → 0. Since rn = 1 + qn eventually, rn → 1. Retargeting the already proved
convergence ˆ︁VCR2,n

σ2n

p−→ rn

to the deterministic limit 1 gives ˆ︁VCR2,n

σ2n

p−→ 1.

This proves the asserted if and only if.

Proof of Theorem 5. SinceM ≥ 2, in particularM > 0. We prove the three asserted conclusions
in the order in which they are stated.
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1. Sparse dense arrays. Let A be a feasible triangular schedule array with common group
size M , and suppose that A ∈ Cdense in Definition 13 with limiting grouped-unit fraction
ρ = 0. Equip each row with the canonical Johnson projections. The canonical decompo-
sition and Kneser-spectrum hypotheses required by Theorem 4 are supplied by Lemmas 2
and 3. Applying Theorem 4 with ρ = 0, its ratio criterion becomes

0 · Eτ,1,n

Rn − 0 · Eτ,1,n
= 0 for every row n,

so the criterion converges to 0. Hence

ˆ︁VCR2,n

σ2n

p−→ 1.

2. Birthday counts. Define

Gbd
n =

⌊︄
n3/4

M

⌋︄
, Nbd

n =MGbd
n .

For n ≥ 1,

Nbd
n =M

⌊︄
n3/4

M

⌋︄
≤M

n3/4

M
= n3/4 ≤ n,

so Nbd
n ≤ n eventually. For n > 0,

Nbd
n

n
=

⌊︁
n3/4/M

⌋︁
n3/4/M

n−1/4.

Since n3/4/M → ∞, the floor ratio tends to 1, while n−1/4 → 0. Therefore

Nbd
n

n
→ 0.

For divergence of the squared count, the elementary floor bound gives

n3/4 −M ≤M

⌊︄
n3/4

M

⌋︄
= Nbd

n .

Eventually n3/4 ≥ 2M , and hence
n3/4

2
≤ Nbd

n .

Consequently, for all sufficiently large n,

(Nbd
n )2

n
≥ (n3/4/2)2

n
=

1

4
n1/2 → ∞.

3. Birthday-aligned arrays. Let A be a feasible triangular schedule array satisfying the
rowwise birthday alignment, Assumptions 1, 2, 4 and 5. For row r ∈ N, write Gr for the
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group count, nr for the population size, and Nr =MGr for the grouped-unit count. From
Assumption 1, Gr → ∞, and feasibility gives

Gr ≤MGr = Nr ≤ nr.

Thus nr → ∞. The alignment condition says

Nr =M

⌊︄
n
3/4
r

M

⌋︄
= Nbd

nr
,

and the birthday-count limit from the previous step therefore yields

Nr

nr
=
Nbd

nr

nr
→ 0.

Together with 0 ≤ 0 ≤ 1, this is exactly Assumption 3 with limiting grouped-unit fraction
ρ = 0. The assumed group-count growth, stable treatment fraction, bounded potential
outcomes, and scaled-variance nondegeneracy then place A in Cdense with ρ = 0 by Defini-
tion 13. The first step applies and gives

ˆ︁VCR2,n

σ2n

p−→ 1.

Proof of Proposition 1. 1. Write Tn ⊆ {1, . . . , Gn} for the realized treated-group set, so
|Tn| = G1n, and write Cn = T c

n, so |Cn| = G0n = Gn −G1n. For a group g, define

Gg,n :=

{︄
G1n, g ∈ Tn,

G0n, g ∈ Cn.

The assumptions G1n ≥ 2 and G0n ≥ 2 imply G1n ≤ Gn, Gn > 0, M > 0, G0n > 0, and
the real denominators G1n and G0n are nonzero. The two versioned source identities give

sandwich :: bread(fit) = GnM (XTX)−1

for the unweighted full-rank least-squares fit [Zeileis and Lumley, 2026, R/bread.R, lines
10–15], and

Σ = ˜︁B
⎧⎨⎩

Gn∑︂
g=1

XT
g Agege

T
gA

T
gXg

⎫⎬⎭ ˜︁B
for the CR2 call with omitted target, inverse var, and form [Pustejovsky, 2026, R/lm.R,
lines 47–52 and 70–72; R/S3-methods.R, lines 21–33 and 63–65; R/clubSandwich.R, lines
167–175, 216–225, and 237–287; R/CR-adjustments.R, lines 5–7 and 22–42]. The stated
bread scaling therefore yields ˜︁B = (XTX)−1.
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2. The fitted design has group block

Xg = 1Mx
T
g , xg =

{︄
(1, 1)T, g ∈ Tn,

(1, 0)T, g ∈ Cn,

where 1M is the M -vector of ones. Summing the block cross-products gives

XTX =

Gn∑︂
g=1

XT
g Xg =M

(︃
Gn G1n

G1n G1n

)︃
.

Since the determinant is M2G1nG0n > 0, inversion gives the entries used below:

˜︁B10 = ˜︁B01 = − 1

MG0n
, ˜︁B11 =

1

MG0n
+

1

MG1n
, ˜︁B00 =

1

MG0n
.

3. For every group g, the leverage block is

Hg = Xg
˜︁BXT

g .

Using the preceding inverse entries and the two possible values of xg,

(Hg)ij =
1

MGg,n
, 1 ≤ i, j ≤M.

Thus

IM −Hg = IM − 1

Gg,n
PM , PM :=

1

M
1M1TM .

Let q = Gg,n. Since q ≥ 2, the symmetric positive-definite matrix Ag satisfying AgAg(IM−
Hg) = IM is determined by its action on the span of 1M and on its orthogonal complement.
For

u := 1M , vj := ej −
1

M
u,

one has

(IM −Hg)vj = vj , (IM −Hg)u =
q − 1

q
u.

The identity AgAg(IM −Hg) = IM , together with positive definiteness, therefore gives

Agvj = vj , Agu =

√︃
q

q − 1
u.

Combining these two relations column by column,

(Ag)ij = 1{i = j}+
√︁
Gg,n/(Gg,n − 1)− 1

M
.

4. Summing the displayed entries down any column gives

M∑︂
i=1

(Ag)ij =

√︄
Gg,n

Gg,n − 1
.
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Consequently

1TMAgeg =
M∑︂
i=1

(Ageg)i =

√︄
Gg,n

Gg,n − 1

M∑︂
j=1

egj .

The residual-mean condition in the statement says

1

M

M∑︂
j=1

egj = Hobs
g,n − H̄zg ,n,

where

Hobs
g,n := obsGroupMean(Y,An,Zn; g), H̄z,n := armObsMean(Y,An,Zn; z),

and zg = 1 on Tn, zg = 0 on Cn. Hence

M∑︂
j=1

egj =M{Hobs
g,n − H̄zg ,n}.

5. Define the treatment-coordinate adjusted cluster score by

qg,n :=
[︂ ˜︁BXT

g Ageg

]︂
1
.

Using Xg = 1Mx
T
g , the inverse entries in Step 2, and the residual sum from Step 4 gives

the two cases

qg,n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
√︃

G1n

G1n − 1

Hobs
g,n − H̄1,n

G1n
, g ∈ Tn,

−
√︃

G0n

G0n − 1

Hobs
g,n − H̄0,n

G0n
, g ∈ Cn.

6. Because ˜︁B is symmetric, each summand in the CR2 sandwich is a rank-one outer product
after premultiplication and postmultiplication by ˜︁B. Indeed, with

Pg := ˜︁BXT
g Ag,

˜︁BXT
g Agege

T
gA

T
gXg

˜︁B = Pgege
T
g P

T
g = (Pgeg)(Pgeg)

T.

Therefore

Σ =

Gn∑︂
g=1

(︂ ˜︁BXT
g Ageg

)︂(︂ ˜︁BXT
g Ageg

)︂T
,

and its treatment-coordinate entry is

Σ11 =

Gn∑︂
g=1

q 2g,n.
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7. Squaring the two cases in Step 5 and using G1n, G0n ≥ 2 gives

Σ11 =
∑︂
g∈Tn

(Hobs
g,n − H̄1,n)

2

(G1n − 1)G1n
+
∑︂
g∈Cn

(Hobs
g,n − H̄0,n)

2

(G0n − 1)G0n
.

Equivalently,

Σ11 =
1

G1n

∑︁
g∈Tn

(Hobs
g,n − H̄1,n)

2

G1n − 1
+

1

G0n

∑︁
g∈Cn

(Hobs
g,n − H̄0,n)

2

G0n − 1
.

By Definition 12, the two displayed fractions are s21,n and s20,n, respectively, and hence

Σ11 =
s21,n
G1n

+
s20,n
G0n

= ˆ︁VCR2,n.

Proof of Proposition 2. Let

Σ8 : Ω8,2 → R, Σ8(A) =
∑︂
u∈A

au.

By Definitions 5 and 17,

h1,8(A) =
Σ8(A)

2
, h0,8(A) = 0 (A ∈ Ω8,2).

The vector a8 has four +1 entries and four −1 entries, so its population mean is zero and its
population variance is one. The usual fixed-size sample-mean identity for a uniform two-subset
gives

E8h1,8 = 0, V1,8 = VarA∼Unif(Ω8,2)

{︃
Σ8(A)

2

}︃
=

8− 2

2(8− 1)
· 1 =

3

7
.

Since h0,8 is identically zero, its centered table is zero, hence

V0,8 = 0, C00,8 = C10,8 = C01,8 = 0.

For the treated ordered-disjoint covariance, write the eight-unit population and its two-subset
slice as

U8 = {1, . . . , 8}, Ω8,2 = {A ⊆ U8 : |A| = 2}.

Use ordered pairs
(A,C) ∈ Ω8,2 × Ω8,2, A ∩ C = ∅.

There are (︃
8

2

)︃(︃
6

2

)︃
= 420

such ordered pairs. For fixed A, each unit in the six-point complement of A appears in five
two-subsets of that complement, and

∑︁
u∈U8

au = 0. Therefore∑︂
C∈Ω8,2

C∩A=∅

Σ8(C) = 5
∑︂
u/∈A

au = −5Σ8(A).
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Also
∑︁

A∈Ω8,2
Σ8(A)

2 = 48, because the six same-positive pairs and six same-negative pairs
contribute 4 each and the sixteen mixed pairs contribute 0. Thus∑︂

A,C∈Ω8,2

A∩C=∅

Σ8(A)Σ8(C) = −5
∑︂

A∈Ω8,2

Σ8(A)
2 = −240.

Using E8h1,8 = 0, this gives

C11,8 =
1

420

∑︂
A,C∈Ω8,2

A∩C=∅

Σ8(A)

2

Σ8(C)

2
=

−240

1680
= −1

7
.

Consequently

Cττ,8 = C11,8 + C00,8 − 2C10,8 = −1

7
.

Define the arm-difference table

∆8 : Ω8,2 → R, ∆8(A) = h1,8(A)− h0,8(A).

Since h0,8 = 0, ∆8 = h1,8, so

E8∆8 = 0, VarE8(∆8) =
3

7
.

Set
η1 = ∥Π8,1∆8∥28, η2 = ∥Π8,2∆8∥28.

The centered Johnson decomposition assumed in the proposition gives

∆8 = Π8,1∆8 +Π8,2∆8

and the two summands are orthogonal. Hence

η1 + η2 = ∥∆8∥28 =
3

7
.

By Theorem 1, instantiated with n = 8 and M = 2,

Cττ,8 = λ8,1η1 + λ8,2η2.

The Kneser eigenvalues are

λ8,1 = −2

6
= −1

3
, λ8,2 =

2 · 1
6 · 5

=
1

15
.

Using Cττ,8 = −1/7,

−1

3
η1 +

1

15
η2 = −1

7
.

Together with η1 + η2 = 3/7, this linear system gives

η1 =
3

7
.
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By Definition 11, η1 = Eτ,1,8, so

Eτ,1,8 =
3

7
.

It remains to evaluate the design variance and the CR2 expectation. Here

G8 = 4, G1,8 = 2, G0,8 = 2, p8 =
1

2
.

By Definition 11,

R8 =
V1,8
p8

+
V0,8

1− p8
=

3/7

1/2
+ 0 =

6

7
.

Applying Theorem 2 to the feasible eight-unit design gives

σ28 =
R8

G8
+ Cττ,8 −

C11,8

G1,8
− C00,8

G0,8
.

Substituting the displayed values,

σ28 =
6/7

4
− 1

7
− −1/7

2
− 0 =

1

7
.

The same result in Theorem 2, now for the statistic in Definition 12, gives

E
[︂ˆ︁VCR2,8

]︂
=
V1,8 − C11,8

G1,8
+
V0,8 − C00,8

G0,8
.

Therefore

E
[︂ˆ︁VCR2,8

]︂
=

3/7 + 1/7

2
+ 0 =

2

7
.

Proof of Proposition 3. 1. Fix a row n and a realized design w = (An,Zn). Under the
independent-sign prior, define the selected sign field

ξwi := ξi,αw(i), αw(i) := 1{i is observed in a treated realized group under w}.

Because the realized groups are pairwise disjoint, every observed unit has αw(i) equal to its
realized treatment arm. Hence the observation produced from the independent schedule
is exactly the observation produced from the common-sign schedule with signs (ξwi )i∈Un .
For fixed w, the vector (ξwi )i has the same product Rademacher law as the common-sign
vector. Finite Fubini then gives, for every statistic φ,

EHsame
n

EZn{φ(On)} = EZnEHsame
n

{φ(On)} = EZnEHind
n

{φ(On)} = EHind
n

EZn{φ(On)}.

2. For any deterministic vector x = (xi)i∈Un , write

x̄n :=
1

n

∑︂
i∈Un

xi, PVn(x) :=
1

n− 1

∑︂
i∈Un

(xi − x̄n)
2, mx(Q) :=

1

M

∑︂
i∈Q

xi

for Q ∈ Ωn,M . Sampling without replacement gives

VarQ∼Unif(Ωn,M ){mx(Q)} =

(︃
1

M
− 1

n

)︃
PVn(x).
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If xi ∈ {−1, 1}, then
PVn(x) =

n

n− 1

(︁
1− x̄2n

)︁
.

Under the common-sign prior, Eξ̄n = 0 and

Var(ξ̄n) =
1

n
,

so ξ̄n → 0 in probability. Since Assumption 1 implies n→ ∞,(︃
1

M
− 1

n

)︃
n

n− 1
→ 1

M
,

and therefore, for each arm z,

Vz,n
p−→ 1

M
under Hsame

n .

3. The same calculation applies arm by arm under Hind
n . For each fixed arm z,

ξ̄z,n :=
1

n

∑︂
i∈Un

ξi,z, Eξ̄z,n = 0, Var(ξ̄z,n) =
1

n
,

so ξ̄z,n → 0 in probability and

Vz,n
p−→ 1

M
under Hind

n .

4. Under Hsame
n , the two arm tables coincide pointwise:

h1,n(Q)− h0,n(Q) = 0 (Q ∈ Ωn,M ).

By linearity of the Johnson projection,

Eτ,1,n = ∥Πn,1(h1,n − h0,n)∥2n = ∥Πn,10∥2n = 0.

Thus Eτ,1,n
p→ 0 under Hsame

n .

5. Under Hind
n , put

di := ξi,1 − ξi,0, d̄n :=
1

n

∑︂
i

di, c̄n :=
1

n

∑︂
i

ξi,1ξi,0.

The arm-difference table is the slice sample mean

h1,n(Q)− h0,n(Q) = md(Q).

This function is a linear combination of degree-one inclusion indicators; after subtract-
ing its slice mean, it is orthogonal to constants and lies in Hn,1. Hence the degree-one
projection equals the centered sample mean, and

Eτ,1,n =

(︃
1

M
− 1

n

)︃
PVn(d).
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Since
PVn(d) =

n

n− 1

(︁
2− 2c̄n − d̄2n

)︁
,

while c̄n → 0, ξ̄1,n → 0, and ξ̄0,n → 0 in probability, we get

Eτ,1,n
p−→ 2

M
under Hind

n .

6. By Assumption 2,
pn → p, 0 < p < 1,

and hence
1

pn
→ 1

p
,

1

1− pn
→ 1

1− p
.

Consequently, for either prior,

Θn :=
V1,n
pn

+
V0,n

1− pn

p−→ 1

M

(︃
1

p
+

1

1− p

)︃
=

1

Mp(1− p)
.

7. Since 0 < G1n < Gn, every row has Gn ≥ 2, and therefore 2M ≤ MGn ≤ n. The
degree-one Kneser eigenvalue in Theorem 1 is

λn,1 = − M

n−M
.

Thus λn,1 → 0. Writing Nn =MGn for the grouped-unit count and using Assumption 3,

Gnλn,1 = − MGn

n−M
= − Nn/n

1−M/n
−→ −ρ.

8. The exact rowwise variance identity is used on the eventual rows where both treatment
arms contain at least two realized groups. These rows are eventual because pn → p ∈ (0, 1)
and Gn → ∞: eventually pn > p/2 and Gn > 4/p, forcing G1n ≥ 2, and eventually
pn < (1 + p)/2 and Gn > 4/(1− p), forcing G0n ≥ 2.

On those rows, Theorems 1 and 2 give

Gnσ
2
n = Θn +Gnλn,1Eτ,1,n − λn,1Θn = (1− λn,1)Θn +Gnλn,1Eτ,1,n.

Combining the convergence statements above yields

Gnσ
2
n

p−→ 1

Mp(1− p)
under Hsame

n ,

and

Gnσ
2
n

p−→ 1

Mp(1− p)
− 2ρ

M
under Hind

n .

9. The separation is positive because M > 0 and ρ > 0:

0 <
2ρ

M
.

Also Assumption 3 gives ρ ≤ 1, and p(1 − p) ≤ 1/4 follows from (p − 1/2)2 ≥ 0. Since
p(1− p) > 0,

1

Mp(1− p)
− 2ρ

M
=

1

M

(︃
1

p(1− p)
− 2ρ

)︃
≥ 1

M
(4− 2ρ) ≥ 2

M
.
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10. Finally, if Xn → c in probability and t < c, then

Pr{Xn < t} ≤ Pr{|Xn − c| > c− t} → 0, Pr{Xn ≥ t} → 1.

Apply this with Xn = Gnσ
2
n. The same-sign limit exceeds the independent-sign limit by

2ρ/M , so every

0 < cσ <
1

Mp(1− p)
− 2ρ

M

lies below both limits. Therefore

Pr
Hsame

n

{Gnσ
2
n ≥ cσ} → 1, Pr

Hind
n

{Gnσ
2
n ≥ cσ} → 1.

Proof of Theorem 6. 1. Define

dsame =
1

Mp(1− p)
, dind = dsame −

2ρ

M
.

By Proposition 3, the unconditioned same-sign and independent-arm one-realization mix-
tures have identical bounded-test expectations, and the scaled exact variances satisfy

Gnσ
2
n(Y

same
n )

p−→ dsame, Gnσ
2
n(Y

ind
n )

p−→ dind

under their respective Rademacher schedule priors. The same result also gives 0 < 2ρ/M ,
hence

dind < dsame.

The hypothesis on cσ gives cσ < dind, and therefore also cσ < dsame.

2. We extract deterministic high-probability supports from these two convergence-in-
probability statements. For j ∈ {same, ind}, let dj denote the corresponding limit and
let

Xj,n(ω) = Gnσ
2
n(Y

j,ω
n )

for a schedule-prior sign configuration ω. Since Xj,n → dj in probability, for each integer
k ≥ 1 choose Nj,k such that, whenever n ≥ Nj,k,

Hj
n{|Xj,n − dj | ≥ k−1} < k−1.

Let ℓj(n) be the largest k ≤ n with Nj,k ≤ n, using ℓj(n) = 1 when the set is empty, and
set

ej,n = ℓj(n)
−1, Γj

n = {ω : |Xj,n(ω)− dj | < ej,n}.

Then ℓj(n) → ∞, so ej,n → 0, and

Hj
n(Γ

j
n) → 1, sup

ω∈Γj
n

|Gnσ
2
n(Y

j,ω
n )− dj | → 0.

These are the supports Γsame
n and Γind

n .
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3. Every full diagonal selection from either support belongs to Cdense. Indeed, for the same-
sign prior a selected row has the additive form

Y same,ξ
i,n (z,A) = ξi, ξi ∈ {−1, 1},

and for the independent-arm prior it has the additive form

Y ind,ζ
i,n (z,A) = ζi,z, ζi,z ∈ {−1, 1}.

Thus |Yi,n(z,A)| = 1 ≤ B. The original design skeleton supplies the group-count, treated-
fraction, and sampling-fraction conditions in Definition 13. For any diagonal selection with
ωn ∈ Γj

n for every n,
Gnσ

2
n(Y

j,ωn
n ) → dj ,

because the support error is bounded by ej,n → 0. Since cσ < dj , this convergence gives

cσ ≤ lim inf
n→∞

Gnσ
2
n(Y

j,ωn
n ).

Hence all defining conditions of Cdense hold for each such diagonal selection.

4. Since Hj
n(Γ

j
n) → 1 for j ∈ {same, ind}, both conditioning masses are positive for all

sufficiently large n. On those rows, let EΓ
n,j denote expectation under the one-realization

mixture obtained by first conditioning Hj
n on Γj

n and then applying the random partition
and treatment design, and define

∆n = sup
0≤φ≤1

⃓⃓
EΓ
n,sameφ(On)− EΓ

n,indφ(On)
⃓⃓
.

For the finitely many remaining rows, take ∆n = 0; this totalization convention has no
effect on the limiting assertion. For any bounded test 0 ≤ φ ≤ 1, conditioning a finite
prior on a set Γ of positive prior probability changes its expectation by at most twice the
complement probability:

|E{φ | Γ} − Eφ| ≤ 2{1−H(Γ)}.

Indeed, writing m = H(Γ) > 0, the conditioned expectation is

E{φ | Γ} =
1

m
E{1Γφ},

and hence

|E{φ | Γ} − Eφ| =
⃓⃓⃓⃓
1−m

m
E{1Γφ} − E{1Γcφ}

⃓⃓⃓⃓
≤ 1−m

m
E{1Γφ}+ E{1Γcφ}

≤ 1−m

m
m+ (1−m) = 2(1−m).

This derivation also covers the case m = 1, where the unnormalized complement contribu-
tion is zero. Applying this bound to the two schedule priors on the eventual-positive rows
and using the exact unconditioned equality from Proposition 3 yields

∆n ≤ 2{1−Hsame
n (Γsame

n )}+ 2{1−Hind
n (Γind

n )}.
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The right-hand side tends to 0, while ∆n ≥ 0 because the zero test is admissible on the
eventual-positive rows and by convention on the remaining rows. Therefore

∆n → 0.

Together with the previous steps, this proves the support, dense-class, conditioned-total-
variation, and uniform scaled-variance parts of the diagonal certificate.

5. It remains to prove the all-statistic lower bound. Put

ε =
dsame − dind

8dsame
, η =

dsame − dind
8

.

Because 0 < cσ < dind < dsame, both ε and η are positive. Fix an arbitrary one-realization
variance statistic ˆ︁Sn(On), and define the threshold

ϑ =
dsame + dind

2
.

For all sufficiently large n, the supports are nonempty, have positive conditioning proba-
bility, and satisfy esame,n < η and eind,n < η. On such rows define the two wrong-decision
tests

ψsame
n (o) = 1{Gn

ˆ︁Sn(o) ≤ ϑ}, ψind
n (o) = 1{Gn

ˆ︁Sn(o) > ϑ}.

If ξ ∈ Γsame
n and ⃓⃓⃓⃓

⃓ ˆ︁Sn(o)
σ2n(Y

same,ξ
n )

− 1

⃓⃓⃓⃓
⃓ ≤ ε,

then the support bound gives

|Gnσ
2
n(Y

same,ξ
n )− dsame| < η,

and hence

Gn
ˆ︁Sn(o) > (1− ε)(dsame − η) >

dsame + dind
2

.

Thus ψsame
n (o) = 1 implies relative error greater than ε. Similarly, if ζ ∈ Γind

n and the
relative error is at most ε, then

Gn
ˆ︁Sn(o) < (1 + ε)(dind + η) <

dsame + dind
2

,

so ψind
n (o) = 1 implies relative error greater than ε. The two strict algebraic margins are

exactly the displayed choices of ε and η.

6. Let

Wn(ˆ︁S, ε) = sup
Y ∈Cdense

Pr
Y

(︄⃓⃓⃓⃓
⃓ ˆ︁Sn(On)

σ2n(Y )
− 1

⃓⃓⃓⃓
⃓ > ε

)︄
.

For each ξ ∈ Γsame
n , the preceding implication bounds the same-sign row probability of

ψsame
n = 1 by the corresponding relative-error probability. That row can be embedded into

a full triangular array in Cdense: keep the row Y same,ξ
n at index n, choose arbitrary support

rows Γsame
m for all sufficiently large m ̸= n, and choose arbitrary bounded sign rows at the
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finitely many remaining indices. The convergence and class argument from Step 3 applies
because membership in the supports is eventual. Therefore

EΓ
n,sameψ

same
n (On) ≤ Wn(ˆ︁S, ε).

The identical construction for ζ ∈ Γind
n gives

EΓ
n,indψ

ind
n (On) ≤ Wn(ˆ︁S, ε).

Averaging over the conditioned finite supports uses only positivity of the conditioning
masses.

7. Since ψsame
n + ψind

n = 1 pointwise under the independent-arm observation channel,

EΓ
n,indψ

same
n (On) = 1− EΓ

n,indψ
ind
n (On).

The definition of ∆n, applied to ψsame
n , gives⃓⃓

EΓ
n,sameψ

same
n (On)− EΓ

n,indψ
same
n (On)

⃓⃓
≤ ∆n.

Combining the last two displays yields

1−∆n ≤ EΓ
n,sameψ

same
n (On) + EΓ

n,indψ
ind
n (On).

Using Step 6 on both terms,
1−∆n

2
≤ Wn(ˆ︁S, ε)

for all sufficiently large n.

8. Finally, ∆n → 0, so the left-hand side in the last display converges to 1/2. AlsoWn(ˆ︁S, ε) ≤
1: if the set of dense-class risks is nonempty, this is the supremum of probabilities bounded
by one, and if it is empty the supremum convention used here gives 0. Hence

1

2
≤ lim inf

n→∞
Wn(ˆ︁S, ε).

Since ˆ︁S was arbitrary, the asserted lower bound holds for every measurable one-realization
variance statistic.
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