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Abstract

We characterize the finite-sample minimax excess variance of Horvitz–Thompson esti-
mation under covariate-dependent experimental assignment. Covariates are independent
uniform draws on the unit cube, and the conditional potential-outcome midpoint mean is
centered, has an exact main-and-pair-effect decomposition, and satisfies a pooled nonperiodic
Sobolev restriction-norm budget. For every sample size n ≥ 2, covariate dimension d ≥ 2, and
smoothness 0 < s ≤ 1, the minimax scaled excess variance is comparable to min{1, (B/n)s},
where B =

(︁
d
2

)︁
is the number of coordinate pairs, with positive comparison constants uniform

over this parameter range. A single fair, outcome-independent assignment law, independent
of smoothness, attains this scale on all original units. An independent coefficient-sign prior
supplies the matching lower bound against every admissible design. The characterization
is logarithm-free, includes the endpoint s = 1, and yields vanishing minimax scaled excess
exactly when d = o(

√
n) for each fixed smoothness. The causal interpretation applies to ar-

bitrary square-integrable potential outcomes with the specified uniform-covariate prognostic
class.

1 Introduction

This paper establishes a finite-sample capacity characterization for covariate balancing in ran-
domized experiments. Under independent uniform covariates, we consider centered prognostic
functions consisting exactly of canonical main effects and pairwise interactions, with a common
squared nonperiodic Sobolev restriction-norm budget pooled across components. Writing n for
the number of experimental units, d for covariate dimension, and s for component smoothness,
the best achievable scaled excess variance of the unit-weight Horvitz–Thompson estimator for
this class is of order

min

{︄
1,

(︄(︁
d
2

)︁
n

)︄s}︄
, n, d ≥ 2, 0 < s ≤ 1.

One fair, outcome-independent assignment procedure attains this scale simultaneously across
the stated smoothness range. The matching converse applies to every admissible covariate-
dependent assignment law.

The statistical question is how much precision assignment can deliver when the outcome
regression has many potentially relevant interactions. Pairwise structure associates each compo-
nent with at most two covariates, while allowing the number of components to grow quadratically
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with ambient dimension. A pooled regularity budget bounds their total squared component norm
and permits its allocation across coordinates and pairs to vary. Our characterization identifies
B =

(︁
d
2

)︁
, the coordinate-pair count, relative to sample size as the quantity governing worst-case

excess variance. Below saturation, B < n, the rate is (B/n)s; at and above saturation, it is
constant order. For every fixed smoothness, vanishing minimax scaled excess is equivalent to
d = o(

√
n), including along arbitrary integer dimension sequences.

The design problem fixes the estimator and specifies both the available information and the
population comparison. An admissible design is a Borel assignment kernel using the complete
original covariate array, with conditional treatment probability one-half for each unit and as-
signment independent of potential outcomes given covariates. Every original unit receives a
treatment sign and enters the Horvitz–Thompson estimator at its original weight. Performance
is evaluated by expected squared prognostic imbalance, averaging over covariate sampling and
assignment. The supremum over prognostic functions lies outside that expectation, so each func-
tion is fixed across sample realizations. These choices define the minimax signing risk Rs(n, d),
the scaled population imbalance criterion in Definition 4, over the function and design classes
in Definitions 2 and 3.

The causal interpretation follows from the excess-variance identity of Cytrynbaum [2026,
Proposition 2.3, equation (2.4), under Assumption 2.1 and Definition 2.2]. For independent orig-
inal units, admissible assignment, and finite potential-outcome second moments, scaled Horvitz–
Thompson variance above the law-specific benchmark equals scaled expected squared imbalance
of the conditional potential-outcome midpoint mean. Every prognostic function in our class is
realized by a Gaussian outcome completion. Consequently, the minimax excess over all uniform-
covariate outcome laws with square-integrable potential outcomes and the specified prognosis
equals Rs(n, d), as established in Lemma 2 and Theorem 3. The Gaussian subclass realizes the
same capacity and provides a concrete calibration with scaled variance benchmark 4.01.

The closest rate comparison is Cytrynbaum [2026, Theorem B.8(ii), Lemma B.9, and The-
orem 4.9]. His correctly specified pairwise model admits a structured Gram–Schmidt Walk
upper bound of order (d2 log n/n)s∧1, while the full-dimensional smooth-class lower bound spe-
cializes to exponent s in two dimensions. For our independent uniform sample and centered
pooled order-two Sobolev class, Theorems 1 and 3 matches upper and lower bounds with ex-
plicit interaction-count dependence and a logarithm-free rate. The comparison includes the
frequency-rich regime B/n → 0 and the endpoint s = 1. An existing random-matrix route
supplies one-frequency saturation through Kogan et al. [2024, Theorem 1.2(2a)]; our character-
ization covers both that regime and the subcritical frequency-rich comparison at finite sample
sizes.

The construction connects minimax experimental design [Kallus, 2018, Sections 2.2–2.4] to
randomized balancing. In the subcritical regime, independent coordinate reflections and a com-
mon random shift supply ordered real spectral features. A finite boundary-rounding procedure
protects an initial segment of these features while preserving coordinate means; the protected
segment contracts as assignment coordinates reach their boundaries. The feature ordering is
independent of smoothness. Combining its row-imbalance guarantees with the reflected nonpe-
riodic Sobolev budget yields simultaneous attainment. In the saturated regime, the procedure
uses independent fair signs. The complete assignment law and its guarantees are specified in
Algorithms 1 and 2 and Theorem 1 under exact-real arithmetic conventions.

The converse uses a finite pair-cosine family with independent coefficient signs drawn be-
fore the covariate sample. Every realization satisfies the pooled Sobolev budget. A sample-
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size-dependent frequency cutoff supplies enough feature directions for a signing lower bound,
including directions from pairs sharing an original coordinate. Averaging over this legal prior
preserves the fixed-function population comparison and yields the full-design lower bound in
Theorem 2. Together, the two comparisons have constants bounded uniformly over 0 < s ≤ 1.
The uniform subclass also transfers the converse and the necessary dimension condition to the
larger bounded-density outcome classes specified in Lemma 2.

The main capacity results are stated in Theorems 1 and 3.
The paper proceeds through related work, setup and assumptions, main results, the

smoothness-independent assignment procedure, and discussion and extensions. The appendices
develop causal variance transfer, spectral and rounding bounds, the independent-prior converse,
and proof assembly, followed by proofs of the main results.

2 Related work

The closest econometric comparison is Cytrynbaum [2026, Proposition 2.3, equation (2.4), The-
orem B.8(ii), Lemma B.9, and Theorem 4.9]. His excess-variance identity expresses the design-
dependent part of Horvitz–Thompson variance as scaled expected squared prognostic imbalance,
the criterion used in Definition 4. Writing n for sample size, d for covariate dimension, and s
for smoothness, his correctly specified pairwise model admits a structured Gram–Schmidt Walk
(GSW) upper bound of order (d2 log n/n)s∧1, supported by the pooled Matérn approximation
calculation. His lower bound n−2s/d concerns a full-dimensional smooth class; its bivariate
specialization has exponent s. For independent uniform covariates and the centered order-two
pooled Sobolev class in Definition 2, the present characterization matches upper and lower
bounds across sample size and dimension at order min{1, (B/n)s}, where B =

(︁
d
2

)︁
is the number

of coordinate pairs, throughout the parameter range n, d ≥ 2 and 0 < s ≤ 1. The comparison
therefore concerns the logarithmic factor and the explicit interaction-count dependence for this
specified class; Proposition 1 supplies the class-transfer relation.

A precise comparison with random-matrix theory identifies an existing route to saturation.
Applied to independent, centered, unit-variance cosine coordinates under uniform sampling, Ko-
gan et al. [2024, Theorem 1.2(2a)] implies the following spectral limit. Let G denote the sample
Gram matrix of the pair-product features using one cosine frequency per coordinate, normalized
by B. As n, d tend to infinity with n/B → ρ ∈ (0, 1), where ρ is the limiting sample-to-feature
ratio, its smallest eigenvalue converges almost surely to (1 −√ρ)2. This positive spectral edge
yields a constant-order signing lower bound for the normalized one-frequency submodel. The
additional scope of Theorems 1 and 3 is the matched finite-sample characterization, including
the frequency-rich regime B/n → 0, together with attainment by the same assignment proce-
dure for every smoothness in the stated range. The independent coefficient prior in Definition 9
supplies the growing frequency family for that subcritical comparison.

The criterion also belongs to the minimax experimental-design tradition. Kallus [2018, Sec-
tions 2.2–2.4] connects restrictions on conditional outcome functions to worst-case imbalance
and optimal randomized designs, while Kallus [2020, Sections 3–5] studies mixed assignment
distributions and randomization constraints. Here, Definitions 3 and 4 specifies fair, outcome-
independent assignment laws and places the worst-function comparison outside the expectation
over covariates and assignment. The lower bound in Theorem 2 applies to this entire admis-
sible design class. Its role is to characterize the best achievable excess variance for the fixed
Horvitz–Thompson criterion under the pooled smoothness restriction.
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The attaining procedure connects this statistical objective to randomized balancing. The
GSW design of Harshaw et al. [2024, Lemma 6.1 and Theorem 6.3] combines assignment fairness
with covariance control for augmented covariate features. The Edge-Walk method of Lovett and
Meka [2015, Section 2.1] develops constrained random walks for partial coloring. The procedure
in Algorithm 2 uses finite randomized boundary moves with an ordered family of balancing
constraints. Its statistical application in Algorithm 1 uses a feature ordering independent of
smoothness, allowing one assignment law to attain the comparison scale simultaneously across
the stated Sobolev classes.

Chen and Zhang [2026, Lemma 4.2 and Proposition 5.1] studies nonlinear feature balance
through a normalized feature Gram matrix K. For ϕ ∈ (0, 1), the design has assignment
covariance bounded by {ϕI + (1 − ϕ)K}−1, and a fixed-schedule ridge approximation bound
controls the actual Horvitz–Thompson variance. That comparison is conditional on the realized
schedule and a chosen nonlinear feature map. The present result instead gives a population
minimax capacity matched over an explicit pooled Sobolev class, with a single smoothness-
independent construction and a converse for every admissible design.

Discrepancy-based integration provides a related use of randomized balancing with distinct
sampling budgets and error criteria. Bansal and Jiang [2025, Theorem 1.1 and Section 3.1]
starts from n2 independent uniform points and partitions them into n sets of n points. For each
retained set, the mean squared integration error is bounded by ˜︁Od(σSO(f)2/n2), where f is the
integrand and σSO(f) is its smoothed-out variation; the displayed order suppresses logarithmic
factors. Chen et al. [2026, Theorem 1.1, Section 2.2, and Theorem 3.3] retains this quadratic
input pool and develops bounds for weighted Fourier classes and low superposition dimension,
with explicit coordinate-weight and dimension dependence. Ezeunala et al. [2026, Theorem 1.2]
obtains the smoothed-out-variation mean squared error bound while retaining n points from
(1+ ε)n independent uniform inputs with high probability, for fixed ε ∈ (0, 1); its constants and
logarithmic factors depend on dimension and ε.

Other thinning results emphasize different forms of approximation. The online procedure
of Dwivedi et al. [2019, Theorems 1–2] retains at least one point from every two consecutive
uniform inputs and controls unnormalized counting discrepancy over axis-parallel rectangles.
Kernel thinning in Dwivedi and Mackey [2024, Theorem 1 and Corollary 1] compresses an input
approximation into a smaller subset and bounds maximummean discrepancy, equivalently worst-
case integration error over the associated reproducing kernel Hilbert-space unit ball, under the
stated regularity and input-radius conditions. In the present experiment, all n original units
receive treatment signs, and performance is measured by expected squared prognostic imbalance
over a pooled nonperiodic Sobolev class. These sampling, function-class, and loss specifications
make the comparison with integration results precise.

Finally, Sudijono et al. [2026, Theorems 2.2–2.3 and 3.1] studies joint minimax choice of
design and estimator for finite-population treatment-effect estimation with binary or bounded
potential outcomes. For binary outcomes, Bernoulli randomization paired with a nonlinear esti-
mator attains their minimax risk, for which they derive a second-order expansion. The present
optimization fixes the Horvitz–Thompson estimator and varies covariate-dependent assignment
under a smooth prognostic class. It characterizes the excess-variance gains available through
assignment for that estimator and model.
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3 Setup and assumptions

Throughout, n, d ≥ 2 are integers and 0 < s ≤ 1. Unit indices i range from 1 to n, and coordinate
indices j and ℓ range from 1 to d, with j < ℓ for coordinate pairs. A cube point is denoted by x.
Integrals over cubes use Lebesgue measure, and torus integrals use normalized Haar probability.
The notation ∥ · ∥2 denotes the Euclidean norm for vectors and the L2 norm for functions, as
determined by the argument. Generic positive constants may change between occurrences; a
subscript s records permitted dependence on smoothness. For nonnegative quantities, a ≲s b
means a ≤ C(s)b, and a ≍s b means that both comparison inequalities hold.

3.1 Original-unit sampling

The full covariate sample X = (X1, . . . , Xn) records the covariates of all original experimental
units. Assignment takes values in the sign space Zn = {−1, 1}n. An assignment vector Z =
(Z1, . . . , Zn) selects treatment through the indicators Ai = (Zi + 1)/2. A covariate-dependent
assignment law π is a Borel probability kernel from [0, 1]nd to P(Zn), the probability measures on
the finite sign space. Thus the design can use the entire original covariate array when assigning
every unit.

The sampling distribution fixes the population measure against which component centering,
regularity, and expected imbalance are evaluated.

Assumption 1. [ass:uniform-draw] (Independent uniform covariate sample) The covariate
sample X = (X1, . . . , Xn) satisfies

Law(X) = Unif([0, 1]d)⊗n.

Independent uniform sampling is the exact uniform special case of the independent sampling
and bounded-density condition in [Cytrynbaum, 2026, Assumption 2.1]. It supplies a common
population distribution for the design criterion and the canonical component decomposition.
Independence also separates the randomness of the original sample from the dependence among
treatment assignments that the design creates.

3.2 Canonical components and regularity

The prognostic function m describes the conditional mean of the potential-outcome midpoint.
We work with its centered version, whose integral over the cube is zero. Under the product
sampling distribution, the canonical main effects gj(m) and canonical pair effects gjℓ(m) are
obtained by marginal integration. The following definition fixes their normalization and the
interpretation of almost-everywhere equalities.

Definition 1. [synth_1] (Canonical main and pair effects) Let d ≥ 2 and let m : [0, 1]d → R be
a finite-valued Borel function in L2([0, 1]d) with Lebesgue integral zero. Its canonical main and
pair effects are

gj(m)(xj) =

∫︂
[0,1]d−1

m(xj , u−j) du−j , 1 ≤ j ≤ d,

and

gjℓ(m)(xj , xℓ) =

∫︂
[0,1]d−2

m(xj , xℓ, u−{j,ℓ}) du−{j,ℓ} − gj(m)(xj)− gℓ(m)(xℓ), j < ℓ.

5



The integration arguments fill the remaining coordinates in their original order; a zero-
dimensional integral is evaluation. These formulas define equivalence classes almost everywhere.
Their centering convention is∫︂ 1

0
gj(m)(v) dv = 0,

∫︂ 1

0
gjℓ(m)(v, xℓ) dv = 0,

∫︂ 1

0
gjℓ(m)(xj , v) dv = 0,

where the last two equalities hold for almost every remaining argument. Whenever m admits
an exact order-two decomposition into square-integrable main and pair effects, these centering
conditions determine its components uniquely up to Lebesgue null sets.

Coordinatewise centering assigns each pair effect to variation jointly associated with its
two coordinates. Together with the zero integral of m, it fixes the intercept and identifies
the components in the canonical ANOVA decomposition [Hoeffding, 1948, Sobol’, 1993]. The
specification restricts the prognostic function to the sum of these main and pair effects.

Assumption 2. [ass:order-two] (Exact order-two decomposition) The prognostic function
m has the decomposition

m(x) =
d∑︂
j=1

gj(m)(xj) +
∑︂
j<ℓ

gjℓ(m)(xj , xℓ)

for Lebesgue-almost every x ∈ [0, 1]d, where gj(m) and gjℓ(m) are its canonical main and pair
effects, respectively.

The exact order-two canonical ANOVA condition with zero intercept is the specification
used here from [Cytrynbaum, 2026]. It describes a population model in which main effects and
pairwise interactions account for the prognostic function exactly. Canonical centering makes the
allocation of regularity across components intrinsic to m.

Regularity is measured on the original cube by extension to Euclidean space. For a compo-
nent dimension p ∈ {1, 2}, the squared nonperiodic Sobolev restriction norm Np,s(g)

2 is

Np,s(g)
2 = inf

G∈L1(Rp)∩L2(Rp)
G|[0,1]p=g a.e.

∫︂
Rp

(︃
1 +
∥ω∥22
p

)︃s
| ˆ︁G(ω)|2 dω.

Here the Euclidean Fourier transform ˆ︁G, at angular frequency ω ∈ Rp, uses the convention

ˆ︁G(ω) = (2π)−p/2
∫︂
Rp

e−iωTuG(u) du,

and the dimension-normalized weight is exactly (1+∥ω∥22/p)s. The infimum runs over integrable,
square-integrable extensions agreeing almost everywhere on the cube. We impose one common
budget across all canonical components.

Assumption 3. [ass:pooled-budget] (Pooled component Sobolev budget) The canonical
main effects gj(m) and pair effects gjℓ(m) satisfy

d∑︂
j=1

N1,s(gj(m))2 +
∑︂
j<ℓ

N2,s(gjℓ(m))2 ≤ 1,

where N1,s and N2,s are the nonperiodic Sobolev restriction norms for one- and two-dimensional
components, respectively.
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The pooled component Sobolev budget fixes the dimension-normalized restriction-norm con-
vention used throughout this paper. Pooling bounds the total squared component norm while
allowing its distribution across coordinates and pairs to vary. Consequently, the dimension de-
pendence of the criterion reflects the number of available interaction directions under a common
regularity budget.

These component conditions define the population class over which the design will be eval-
uated. Write Hd,s for this centered pooled Sobolev class.

Assumption 4. [ass:fair] (Conditional fairness of assignment) Under the assignment law π,
each assignment sign Zi has conditional mean zero given the covariate sample X:

Eπ[Zi | X] = 0 for every i = 1, . . . , n.

The finite-valued Borel representatives permit evaluation at sampled covariates. Uniform
sampling makes changes on Lebesgue null sets immaterial to the expected loss, so the class
retains the usual almost-everywhere interpretation of Sobolev functions.

3.3 Assignment and signing loss

The assignment family combines covariate-dependent balancing with equal marginal treatment
probabilities. Its first requirement concerns each unit’s assignment conditional on the complete
covariate sample.

Assumption 5. [ass:assignment-independence] (Conditional assignment independence) A
Borel assignment kernel π is outcome-independent if the following holds uniformly over pre-
assignment data-generating laws. For every probability law µX of the full covariate sample and
every Markov kernel κ giving the pre-assignment potential-outcome array Y conditionally on X,
the experiment first draws (X,Y ) from µX ⊗ κ and then draws the assignment signs Z from
π(X). Under this experiment law, Z and Y are conditionally independent given X.

Conditional half-probability marginals are the fairness condition in [Cytrynbaum, 2026, Def-
inition 2.2]. Since signs take values in {−1, 1}, each unit receives treatment with conditional
probability 1/2. The joint assignment distribution can nevertheless depend on all covariates and
can correlate assignments across units to control prognostic imbalance.

The second requirement specifies the information available to the assignment law. Potential
outcomes are generated before assignment, and the design draws signs using the covariate array.

Definition 2. [def:sobolev-class] (Pooled Sobolev class Hd,s) The class Hd,s consists of
functions m : [0, 1]d → R with the following properties:

• (Measurability.) m is finite-valued and Borel measurable.

• (Centering.) m belongs to L2([0, 1]d) and has Lebesgue integral zero.

• (Component conditions.) m satisfies Assumptions 2 and 3 at (d, s).

Canonical component equalities and centering are interpreted almost everywhere; arbitrary rep-
resentatives on null sets give the same risk.
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Outcome-independent assignment is the information restriction in [Cytrynbaum, 2026, Def-
inition 2.2]. The sequential formulation expresses conditional independence for every pre-
assignment outcome law: the design’s randomization uses covariates and its own randomness.
In conjunction with conditional fairness, it supplies the assignment conditions needed for the
causal variance identity below.

Let Dn,d,s denote the resulting admissible design class.

Definition 3. [def:design-class] (Admissible design class Dn,d,s) The admissible design class
is

Dn,d,s =
{︂
π : [0, 1]nd → P(Zn) : π is a Borel probability kernel satisfying Assumptions 4and 5 at (n, d, s)

}︂
.

Here Zn is the space of length-n assignment sign vectors, and P(Zn) is its space of probability
measures. Each kernel uses the covariates of all original units as its input, with assignment
independent of function values, pilot outcomes, and the unknown outcome model.

For a fixed admissible design and a fixed prognostic function, define the scaled signing loss
Ln,d,s(π,m) by

Ln,d,s(π,m) =
4

n
EX,Z

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⎤⎦ .

The expectation integrates both the independent uniform sample and the conditional assignment
law π(X). The minimax signing risk Rs(n, d) optimizes this population loss over admissible
designs.

Definition 4. [def:criterion] (Minimax signing risk Rs(n, d)) The minimax scaled signing
risk is

Rs(n, d) = inf
π∈Dn,d,s

sup
m∈Hd,s

4

n
EX,Z

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⎤⎦ .

Here Dn,d,s is the admissible design class, Hd,s is the centered prognostic class with pooled order-
two Sobolev budget, X is the independent uniform covariate sample, and Z is the assignment
sign vector drawn under π(X).

The order of optimization is substantive. A design specifies its assignment rule as a function
of the covariate array; a fixed population function is then evaluated under that rule, with
sampling and assignment averaged inside the loss. The supremum therefore ranges over functions
fixed across sample realizations. This order measures how well a single covariate-based design
controls population prognostic imbalance uniformly over Hd,s.

To connect signing loss to treatment-effect estimation, fix the unit-weight Horvitz–Thompson
estimator [Horvitz and Thompson, 1952]. In the next definition, A(a) denotes the estimator as
a function of a treatment vector a; the subscripted Ai denotes unit i’s treatment indicator.

Definition 5. [synth_5] (Unit-weight Horvitz–Thompson estimator) The unit-weight Horvitz–
Thompson estimator A is defined, for any nonnegative integer n, real potential-outcome schedule
Y = ((Yi(0), Yi(1)))

n
i=1, and assignment signs Z ∈ {−1, 1}n, by

A

(︃
Z + 1

2

)︃
=

2

n

n∑︂
i=1

ZiYi

(︃
Zi + 1

2

)︃
.
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Here (Zi + 1)/2 selects treatment when Zi = 1 and control when Zi = −1. For n = 0, the
estimator is defined to be zero.

Conditional fairness gives each observed outcome its inverse assignment-probability weight.
This estimator remains fixed throughout the design optimization in Definition 4.

3.4 Spectral assignment features

The assignment construction uses a reflected and commonly shifted representation of the original
covariates. For an integer p, the period-two torus Tp2 = [0, 2)p has addition modulo two. Its
coordinatewise fold bp is

bp(y)h = min{yh, 2− yh}, h = 1, . . . , p.

The reflected prognostic function F = m ◦ bd is consequently a function on Td2.
An independent fair bit array (bij), with bij ∈ {0, 1}, selects the lifted covariates ˜︁Xi coordi-

natewise: ˜︁Xij =

{︄
Xij , bij = 0,

2−Xij , bij = 1,
interpreted modulo two.

Let T be a common Haar-uniform shift, independent of the covariates, reflections, and sub-
sequent rounding randomness. The transformed covariate for original unit i is Wi = ( ˜︁Xi +
T ) mod 2. Each row used by the assignment procedure still has one entry for each original unit.

For an integer frequency k ∈ Zd, the torus character ek(y) = exp(iπkTy) gives the normalized
Fourier coefficient ˆ︁F (k) through

ˆ︁F (k) = ∫︂
Td
2

F (y)ek(y) dH(y),

where H is normalized Haar probability. The frequency complexity t(k) ranks frequencies by
squared Euclidean magnitude divided by the number of active coordinates. The ordered real
features (ϕh)h≥1 convert this ranking into the prescribed rows for assignment.

Definition 6. [synth_3] (Ordered real spectral features and rounding rows) For d ≥ 2, write
Td2 = [0, 2)d with addition modulo two. For each k ∈ Zd with

1 ≤ | supp(k)| ≤ 2, supp(k) = {j : kj ̸= 0},

choose the representative of {k,−k} whose first nonzero coordinate is positive. Order these
representatives by increasing

t(k) =
∥k∥22

| supp(k)|
,

breaking ties lexicographically. For each representative, list the two real features

√
2 cos(πkTy),

√
2 sin(πkTy), y ∈ Td2,

consecutively in that order. This defines the ordered sequence (ϕh)h≥1.
For a reflected and shifted sample W1, . . . ,Wn, the prescribed real spectral rows are

ah =
(︁
ϕh(W1), . . . , ϕh(Wn)

)︁
∈ Rn, h ≥ 1.
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With K = ⌊n/4⌋, the input matrix for ordered boundary rounding is precisely

a =
(︁
ϕh(Wi)

)︁
1≤h≤K
1≤i≤n

∈ RK×n.

The feature ordering and the choice of rows depend on d and n and are independent of the
smoothness parameter s.

The support restriction matches the main and pair structure of the prognostic class. Order-
ing the real features before selecting rows gives a single prescribed balancing matrix for each
sample size and dimension. Its independence from s supplies the common feature input for the
smoothness-independent assignment procedure.

3.5 Outcome laws and causal excess variance

The causal interpretation uses a single-unit law P of covariates U and potential outcomes
O(0), O(1). Define its average treatment effect and conditional prognostic function by

ϑ(P ) = EP [O(1)−O(0)], mP (u) = EP
[︃
O(1) +O(0)

2

⃓⃓⃓⃓
U = u

]︃
.

Let Qd,s consist of these laws with uniform covariates, finite second moments for both potential
outcomes, andmP = m almost everywhere for somem ∈ Hd,s. Thus this outcome-law class fixes
the prognostic restriction while allowing square-integrable conditional outcome distributions.

From n independent copies of P , followed by assignment under π(U1:n), the actual estimator
is ˆ︁TP =

2

n

n∑︂
i=1

ZiOi

(︃
Zi + 1

2

)︃
.

Under the admissibility conditions, its expectation is ϑ(P ). The law-specific variance benchmark
is

V(P ) = VarP (EP [O(1)−O(0) | U ]) + 2EP VarP (O(1) | U) + 2EP VarP (O(0) | U).

This definition supplies the benchmark directly in terms of the outcome law. It combines
variation in the conditional treatment effect with the two conditional outcome variances.

Define the causal excess-variance criterion by

Vn(π, P ) = nVarP,π( ˆ︁TP )− V(P ).

The published excess-variance identity gives

Vn(π, P ) =
4

n
EP,π

⎡⎣(︄ n∑︂
i=1

ZimP (Ui)

)︄2
⎤⎦ = Ln,d,s(π,mP )

for P ∈ Qd,s and π ∈ Dn,d,s [Cytrynbaum, 2026, Proposition 2.3, equation (2.4), under As-
sumption 2.1 and Definition 2.2]. Hence the signing loss is the scaled actual Horvitz–Thompson
variance above a benchmark specific to the outcome law.

A Gaussian causal completion supplies a concrete outcome law for every member of the
prognostic class. Fix the mean-effect constant τ0 = 0.2 and heterogeneity amplitude δ = 0.1,
and define the conditional treatment effect τ(x) by

τ(x) = τ0 + δ
√
2 sin(2πx1).
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The Gaussian noise array ϵ has lawN (0, I2n), independently ofX. The pre-assignment potential-
outcome schedule Y is generated by

Yi(0) = m(Xi)−
τ(Xi)

2
+ ϵi(0), Yi(1) = m(Xi) +

τ(Xi)

2
+ ϵi(1).

Its conditional mean midpoint is m(Xi), so its single-unit law belongs to Qd,s. The actual

estimator ˆ︁θ, realized finite-population target θn, and sampling-law target θ are

ˆ︁θ = 2

n

n∑︂
i=1

ZiYi(Ai), θn =
1

n

n∑︂
i=1

(︁
Yi(1)− Yi(0)

)︁
, θ = E[θn] = τ0.

For this family, the law-specific benchmark is the constant V ∗ = δ2 + 4 = 4.01. The published
identity therefore expresses nVar(ˆ︁θ)− V ∗ as the signing loss of m.

Because the Gaussian completion realizes every m ∈ Hd,s, the prognostic image of Qd,s is
exactly Hd,s. It follows from the same identity that

inf
π∈Dn,d,s

sup
P∈Qd,s

Vn(π, P ) = Rs(n, d).

This equality makes the minimax signing criterion a causal excess-variance criterion over the full
uniform-covariate outcome-law class. The following result records the relation between that class
and its Gaussian subclass, the corresponding published admissibility conditions, and elementary
lower and upper guarantees.

Proposition 1. [prop:published-class-inclusion] (Published class inclusion and guaran-
tees)1 Let 0 < s ≤ 1, and use the prognostic class, design class, and minimax criterion of Defini-
tions 2 to 4. For each integer d ≥ 2, let Qd,s be the class of single-unit laws P of (U,O(0), O(1))
such that U is uniform on [0, 1]d, both potential outcomes have finite second moments, and, for
some m ∈ Hd,s,

mP (u) := EP
[︃
O(1) +O(0)

2

⃓⃓⃓⃓
U = u

]︃
= m(u) for almost every u ∈ [0, 1]d.

Then the following statements hold.

• The laws obtained from m ∈ Hd,s by the stated Gaussian causal completion form a proper
subset of Qd,s, for every integer d ≥ 2.

• For every pair of integers n, d ≥ 2 and every Borel assignment probability kernel π based on
the original covariate array, membership in Dn,d,s is equivalent to the following published
admissibility conditions: under independent uniform covariates X,

Eπ[Zi | X] = 0 almost surely, for every i = 1, . . . , n,

and, for every single-unit law P whose covariate density is bounded above and below by
finite strictly positive constants and whose potential outcomes have finite second moments,
the assignment signs are conditionally independent of the full potential-outcome array given
the original covariate array in the experiment formed from n independent copies of P and
the kernel π. These are the admissibility conditions of Cytrynbaum [2026, Assumption 2.1
and Definition 2.2], specialized to the stated covariate distribution and available informa-
tion.

11



• For every integer n ≥ 2, the two-dimensional minimax criterion satisfies

Rs(n, 2) ≥
2

(48 + 32π2) 16384s
n−s.

• For every pair of integers n, d ≥ 2 and every m ∈ Hd,s, independent fair assignment signs,
independent of the original covariate sample, give

4

n
E

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⎤⎦ = 4

∫︂
[0,1]d

m(x)2 dx = 4E[m(X1)
2] ≤ 4,

where X1, . . . , Xn are independent uniform covariate vectors.

Proposition 1 distinguishes the outcome distributions from the prognostic functions that
determine excess variance. The Gaussian family is a proper subclass of the admissible outcome
laws, while realizing every prognostic function in the pooled Sobolev class. The admissibility
equivalence aligns the original-unit assignment family with the published causal framework.
Finally, the two-dimensional lower bound supplies an n−s benchmark, and independent fair
assignment supplies the universal upper bound of 4; these comparisons locate the design gains
characterized by the main results.

4 Main results

The minimax criterion in Definition 4 admits a two-sided characterization in terms of the number
of coordinate pairs relative to the sample size. For presentation, define the interaction count B
and the comparison scale as(n, d) by

B =

(︃
d

2

)︃
, as(n, d) = min{1, (B/n)s}, n, d ≥ 2, 0 < s ≤ 1.

The following result establishes the log-free capacity bound and the exact dimension condition
for vanishing excess. The reflection lift and Gaussian completion appearing in the statement are
specified in Definitions 7 and 8.

Definition 7. [synth_4] (Pre-assignment Gaussian completion) The Gaussian completion is
the conditional law of the pre-assignment potential-outcome array Y given X, generated inde-
pendently across units by

Yi(0) = m(Xi)−
0.2 + 0.1

√
2 sin(2πXi1)

2
+εi0, Yi(1) = m(Xi)+

0.2 + 0.1
√
2 sin(2πXi1)

2
+εi1.

The variables εia are mutually independent standard Gaussians, independent of the covariates,
andm is the centered measurable square-integrable prognostic function supplied to the completion.

1Formalization scope. This result uses the cited conclusion [Cytrynbaum, 2026] (Proposition 2.3 (Excess
Variance), equation (2.4), with Assumption 2.1 and Definition 2.2) and [Bartlett and Mendelson, 2002] (Theorem
12(4), with Rademacher complexity as in Definition 2). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.
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The comparison scale separates two regimes. In the subcritical regime B < n, minimax excess
is of order (B/n)s: the interaction count enters through its ratio to the number of experimental
units. When B ≥ n, the scale saturates at one, and the displayed lower and upper bounds
are constants independent of n and d. The assignment procedure π⋆n,d specified in Theorem 1
attains this scale in both regimes, using independent fair assignment in the saturated regime
and spectral rounding in the subcritical regime.

At the endpoint s = 1, the subcritical rate isB/n, with the same upper constant and a strictly
positive lower constant. More generally, the lower constant cs is bounded below by c1 > 0
throughout 0 < s ≤ 1. The two-sided comparison therefore describes the endpoint together
with the fractional-smoothness cases, with a logarithm-free rate. For each fixed smoothness
value, it also gives an exact criterion for vanishing minimax scaled excess along arbitrary integer
dimension sequences: the number of coordinate pairs must be negligible relative to sample
size, equivalently dn = o(

√
n). This equivalence accommodates irregular as well as monotone

dimension sequences.

4.1 Simultaneous attainment

For the spectral branch of the assignment procedure, the auxiliary randomization transforms
the covariates of the original units as follows.

Definition 8. [synth_2] (Randomized reflection lift) Let Td2 = [0, 2)d with coordinatewise
addition modulo two. For x ∈ [0, 1]d and η ∈ {0, 1}d, define the coordinatewise reflection map
lift : [0, 1]d × {0, 1}d → Td2 by

lift(x, η)j =

{︄
xj (mod 2), ηj = 0,

2− xj (mod 2), ηj = 1.

For the original sample X = (X1, . . . , Xn), take independent fair coins ηij, independent of X,
the common shift, and all rounding seeds, and put

˜︁Xi = lift(Xi, ηi), Wi = ˜︁Xi + T (mod 2),

where ηi = (ηi1, . . . , ηid) and T is an independent common Haar-uniform shift on Td2.

The reflections act separately across units and coordinates, whereas the Haar shift is shared
by all units. The transformed covariates in Definition 8 supply the spectral rows used to generate
assignment signs for the original sample.

The simultaneous guarantee separates the choice of assignment from the smoothness value
used to assess precision. The procedure in Theorem 1 uses the same spectral rows and ran-
domization for every 0 < s ≤ 1, while the resulting bound varies with the exponent s. Its
finite completion property applies to every original sample and every allowed realization of the
auxiliary seeds. Thus the displayed risk bounds describe a fully specified assignment law on the
original units.

4.2 Log-free capacity and dimension frontier

The lower bound has a separate statistical role: it applies to every admissible assignment law
through a single prior chosen independently of the covariate sample. The prior specification and
its class-membership properties are developed further in Definition 9 and Lemma 6.
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The normalized prognostic function mξ in Definition 9 ranges over a finite family of pair-
cosine functions. Its law, ν⋆n,d,s, depends on sample size, dimension, and smoothness, while
remaining independent of both the covariate sample and the chosen assignment law. Every real-
ization belongs to the centered pooled Sobolev class by Theorem 1. The contraction inequality
used in the supporting converse analysis is Bartlett and Mendelson [2002, Theorem 12(4), with
Rademacher complexity as in Definition 2]; its applications here use the absolute-value map
with finite classes and finite-dimensional Euclidean unit-ball linear classes. The following result
states the resulting prior-average bound over the full design class.

Theorem 1. [thm:log-free-bivariate-capacity] (Log-free capacity and dimension frontier)2

For every pair of integers n, d ≥ 2, write

B =

(︃
d

2

)︃
.

There is a single fair, outcome-independent Borel original-sample assignment kernel π⋆n,d, inde-
pendent of the smoothness parameter, belonging to the design class of Definition 3. It assigns
independent fair signs when n ≤ B. When B < n, it is the law of the signs produced by spectral
rounding with independent reflection coins, an independent common Haar shift, and independent
uniform rounding seeds.

More precisely, the reflected and shifted sample is

Wi = lift(Xi, reflection coins) + T,

where T is the common Haar shift on the period-two torus. The input rows are the first ⌊n/4⌋
prescribed real features evaluated at Wi. For every choice of reflection coins and common shift,
and every rounding-seed array whose entries belong to [0, 1], the fractional coordinate after n
rounding iterations equals the corresponding output sign, for every original sample and every
unit.

For every real s with 0 < s ≤ 1, let

as(n, d) = bs(n, d) = min{1, (B/n)s}, cs =
2

(48 + 32π2)16384s
, c1 =

2

(48 + 32π2)16384
.

Thus as(n, d) = 1 when n < B, and as(n, d) = (B/n)s when B ≤ n. The constants satisfy

0 < c1 ≤ cs < 3072.

With Hd,s as in Definition 2, and Rs(n, d) the minimax criterion of Definition 4, define the
scaled signing loss by

Ln,d,s(π,m) =
4

n
Eπ

(︄
n∑︂
i=1

Zim(Xi)

)︄2

.

The same kernel satisfies, simultaneously for all 0 < s ≤ 1,

c1as(n, d) ≤ csas(n, d) ≤ Rs(n, d) ≤ sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 3072as(n, d).

For each such s, the finite coefficient prior ν⋆n,d,s, with normalization

C0 =
√︁
48 + 32π2,
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has every coefficient-sign realization mξ centered and in Hd,s:∫︂
[0,1]d

mξ(x) dx = 0, mξ ∈ Hd,s.

Drawn independently of the covariate sample, it certifies, for every admissible design π,

csas(n, d) ≤ Em∼ν⋆n,d,s
Ln,d,s(π,m).

Let Qd,s be the frozen uniform-covariate, zero-intercept, correctly specified outcome-law class
with finite second moments and centered prognostic function in Hd,s. For a single-unit law P ,
its prognostic function, actual HT estimator, law-specific benchmark, and scaled excess are

mP (u) = EP [(O(1) +O(0))/2 | U = u], ˆ︁TP =
2

n

n∑︂
i=1

ZiOi((Zi + 1)/2),

V(P ) = VarP (EP [O(1)−O(0) | U ]) + 2EP VarP (O(1) | U) + 2EP VarP (O(0) | U),

Vn(π, P ) = nVarP,π( ˆ︁TP )− V(P ).

Here the experiment uses independent original-unit copies, and conditional means are interpreted
modulo covariate null sets. Then

inf
π∈Dn,d,s

sup
P∈Qd,s

Vn(π, P ) = Rs(n, d),

sup
P∈Qd,s

Vn(π⋆n,d, P ) = sup
m∈Hd,s

Ln,d,s(π⋆n,d,m).

The Gaussian completions of functions in Hd,s form a proper subclass of Qd,s. Restricting the
law supremum to these Gaussian completions gives the same minimax capacity Rs(n, d) and the
same worst-case loss for π⋆n,d.

For every pair of real density bounds satisfying

0 < lower ≤ 1 ≤ upper,

let Ad,s be the bounded-density class defined in Lemma 2: its laws have finite potential-outcome
second moments, satisfy ∫︂

mP (u)
2 dPU (u) ≤ 1,

and have mP equal almost everywhere to a permitted intercept plus a centered function in Hd,s,
with covariate density between the displayed bounds. Its minimax excess satisfies

Rs(n, d) ≤ inf
π∈Dn,d,s

sup
P∈Ad,s

Vn(π, P ).

For every admissible π and every m ∈ Hd,s, the actual HT estimator ˆ︁θ under the Gaussian
completion of m, with benchmark V ∗ = 4.01, satisfies

nVar(ˆ︁θ)− 4.01 = Ln,d,s(π,m) <∞.
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Consequently, for every ε > 0,

n ≥ Bmax

{︄
1,

(︃
3072

4.01ε

)︃1/s
}︄

=⇒ sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 4.01ε.

Conversely, for every 0 < ε < cs/4.01,

Rs(n, d) ≤ 4.01ε =⇒ n ≥ B
(︂ cs
4.01ε

)︂1/s
.

Finally, for every fixed s ∈ (0, 1] and every integer sequence dn ≥ 2,

Rs(n, dn) −→ 0 ⇐⇒
(︁
dn
2

)︁
n
−→ 0 ⇐⇒ dn = o(

√
n).

For every fixed pair 0 < lower ≤ 1 ≤ upper, vanishing minimax excess over the corresponding
bounded-density classes implies the same dimension frontier:

inf
π∈Dn,dn,s

sup
P∈Adn,s

Vn(π, P ) −→ 0 =⇒ dn = o(
√
n).

4.3 An independent-prior converse

The converse in Theorem 2 certifies the lower comparison scale bs(n, d) for every admissible
assignment law, including laws that depend on the entire observed covariate sample. The fre-
quency cutoff lets the prior supply the subcritical lower bound as well as the saturated bound.
Because the guarantee concerns an average over legal prognostic functions drawn independently
of the sample, each admissible design has worst-case loss at least as large as that average.

The next theorem isolates the prior-average lower bound that drives the converse for the
entire admissible design class.

Theorem 2. [thm:full-design-lower] (Full-design capacity lower bound)3 For every s ∈
(0, 1], define the lower constant cs and the comparison scale bs(n, d) by

cs =
2

(48 + 32π2) 16384s
, bs(n, d) = min

{︄
1,

(︄(︁
d
2

)︁
n

)︄s}︄
.

Then cs > 0, independently of n, d. For all integers n, d ≥ 2, every design π ∈ Dn,d,s of
Definition 3 satisfies

Eξ Ln,d,s(π,mξ) ≥ csbs(n, d),
where the expectation is over the independent coefficient-sign cosine prior and mξ is its associated
prognostic function; the coefficient signs are drawn independently of the covariate sample X.
Consequently, the minimax criterion of Definition 4 satisfies

Rs(n, d) ≥ csbs(n, d).

2Formalization scope. This result uses the cited conclusion [Bartlett and Mendelson, 2002] (Theorem 12(4),
with Rademacher complexity as in Definition 2) and [Cytrynbaum, 2026] (Proposition 2.3 (Excess Variance),
equation (2.4), with Assumption 2.1 and Definition 2.2). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.

3Formalization scope. This result uses the cited conclusion [Bartlett and Mendelson, 2002] (Theorem 12(4),
with Rademacher complexity as in Definition 2). The cited source proof is not formalized here: Lean verifies its
use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not
certified.
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4.4 Causal transfer and prospective precision

The completion in Definition 7 retains m as the conditional midpoint mean while fixing the
treatment-effect function and the conditional noise variances. Its scaled variance benchmark is
4.01, so a signing-loss bound translates directly into an actual excess-variance bound. This trans-
lation uses the excess-variance identity of Cytrynbaum [2026, Proposition 2.3 (Excess Variance),
equation (2.4), with Assumption 2.1 and Definition 2.2], under conditional fairness, outcome-
independent assignment, and finite potential-outcome second moments.

The exact minimax equality has a causal interpretation. The published excess-variance
identity makes the conditional midpoint mean the function that determines excess above the
law-specific benchmark; the Gaussian completion realizes every function in the prognostic class.
Accordingly, Theorem 1 equates the prognostic minimax criterion with the outcome-law minimax
criterion over Qd,s, and gives the corresponding equality for the worst-case loss of the specified
procedure. The same capacity is realized within the Gaussian subclass, where the benchmark is
4.01.

For prospective precision calculations under the Gaussian completion, the sufficient sample-
size bound guarantees scaled variance at most 4.01(1 + ε) uniformly over the prognostic class.
The necessary bound applies when 0 < ε < cs/4.01. At s = 1, c1 ≈ 3.36×10−7, so this displayed
tolerance range is approximately ε < 8.4 × 10−8; the ratio 3072/c1 exceeds nine billion. These
constants are conservative finite-sample certificates of the interaction-count scaling rather than
a claim of sharp numerical calibration.

The larger bounded-density class in Lemma 2 inherits the converse because its minimax
scaled excess is at least Rs(n, d). For fixed density bounds 0 < lower ≤ 1 ≤ upper and
fixed smoothness, vanishing minimax scaled excess in that class therefore requires dn = o(

√
n).

This necessary dimension condition applies with the permitted intercept, the stated prognostic
second-moment bound, and finite potential-outcome second moments.

5 A smoothness-independent assignment procedure

The simultaneous attainment in Theorem 1 is achieved by an assignment rule that prioritizes
low-frequency covariate balance. The rule uses sample size, dimension, observed covariates, and
auxiliary random seeds. The same rule serves every smoothness level 0 < s ≤ 1: smoothness
enters the evaluation of its performance through the spectral budget.

We first describe the spectral construction used to supply the balancing rows. Work on the
period-two torus Td2 = [0, 2)d, with addition modulo two and normalized Haar probability. Its
coordinatewise fold onto the cube is

bd(y)j = min{yj , 2− yj}.

For each original unit and coordinate, independently choose the lift Xij or 2 − Xij , each with
probability 1/2. Add a common Haar-uniform shift T ∈ Td2, independent of the sample, the
reflection choices, and the rounding seeds. The resulting transformed covariates are

Wi =
(︁
lift of Xi + T

)︁
mod 2.

These transformations retain the correspondence between each transformed covariate vector and
its original experimental unit.
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The reflected prognostic function is F = m ◦ bd. Writing

ek(y) = exp(iπkTy), ˆ︁F (k) = ∫︂
Td
2

F (y)ek(y) dy,

where integration uses normalized Haar probability, gives the Fourier representation underlying
the spectral budget. Reflection and translation preserve the original prognostic values through

F (Wi − T ) = m(Xi).

The order-two structure in Assumption 2 directs attention to nonzero integer frequencies sup-
ported on one or two coordinates. Their frequency complexity is

t(k) =
∥k∥22

| supp(k)|
, supp(k) = {j : kj ̸= 0}.

Take one representative of each pair {k,−k}, choosing the representative whose first nonzero
entry is positive. Order these representatives by increasing complexity, with lexicographic tie
breaking, and place the cosine row before the sine row for each representative. The corresponding
real features are √

2 cos(πkTWi),
√
2 sin(πkTWi).

The first ⌊n/4⌋ rows of this ordered family form the input matrix for rounding. Thus reflection,
the common shift, frequency ordering, and real features constitute a single construction shared
across smoothness levels.

The assignment procedure protects an initial segment of these rows while enough fractional
coordinates remain available. As coordinates reach their assignment boundaries, the protected
segment becomes shorter. Low-frequency rows consequently receive protection for more of the
procedure. Randomization between the two boundary directions preserves the conditional mean
of each assignment coordinate, linking covariate balance to fair marginal assignment probabili-
ties.

The independent prior used in the converse places random signs on a finite family of pair-
cosine features. Its sample-dependent cutoff and smoothness-dependent normalization are spec-
ified next.

Definition 9. [def:cosine-prior] (Pair-cosine prior mξ) Let

B =

(︃
d

2

)︃
, L = max

{︂
1,
⌈︂√︁

4096n/B
⌉︂}︂

, M = BL2, C0 =
√︁

48 + 32π2.

Before observing X, draw every coefficient ξα independently and uniformly from {−1,+1}. For
α = (j, h, k, ℓ), where j < h and 1 ≤ k, ℓ ≤ L, put

Vα(x) = 2 cos(πkxj) cos(πℓxh), mξ(x) =
1

C0Ls
√
M

∑︂
α

ξαVα(x).

The prior ν⋆n,d,s is the law of this normalized pair-cosine function.

The pair-cosine features Vα(x) in Definition 9 are indexed by α; the frequency cutoff L
gives the feature count M . The coefficient signs ξα are sampled independently of X, while the
normalization constant C0 and the factor Ls

√
M determine the amplitude of the prior functions.
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The following construction combines this assignment rule with the comparison scale and the
independent prior used in the converse.

Algorithm 1 (Capacity construction (as, π
⋆, ν⋆))

For n, d and s, construct the capacity handle as follows.

1. Set
as(n, d) = min{1, (

(︁
d
2

)︁
/n)s}.

2. If n ≤
(︁
d
2

)︁
, let π⋆n,d assign independent fair signs. If

(︁
d
2

)︁
< n, let π⋆n,d use the reflected,

commonly shifted spectral features and ordered-boundary rounding on the original sample.

3. Let ν⋆n,d,s be the independent uniform coefficient-sign prior defining the pair-cosine func-
tions at the cutoff in Definition 9.

4. Return the triple
(as(n, d), π

⋆
n,d, ν

⋆
n,d,s),

At saturation, n ≤
(︁
d
2

)︁
, the comparison scale in Algorithm 1 equals one, and independent

fair signs attain the upper comparison established in Theorem 1. When the sample exceeds the
coordinate-pair count, the same construction instead balances the ordered spectral features. Its
assignment component π⋆n,d, defined in Algorithm 1, is independent of s, whereas the comparison
scale and the coefficient prior retain their smoothness dependence.

To implement the balancing branch, the fractional assignment starts at zero and moves within
the active-coordinate subspace subject to the current row constraints. The boxed procedure
specifies the ordering, boundary probabilities, and tie conventions that determine each move.

Algorithm 2 (Ordered boundary rounding Z)

The input is a real matrix a ∈ RK×n, with

K = ⌊n/4⌋.

1. Initialize the fractional assignment state by

u = 0 ∈ [−1, 1]n.

A coordinate i is active exactly when |ui| < 1. Inactive coordinates remain fixed.

2. At the start of each phase, set
r = #{i : |ui| < 1}.

If r ≤ 3, round the remaining active coordinates independently, in increasing index order,
according to

P(ui ← +1) =
1 + ui

2
, P(ui ← −1) =

1− ui
2

,
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and proceed to the output step. If r ≥ 4, set

q1 = ⌊r/4⌋

and retain this value throughout the phase, until the active count is at most ⌊r/2⌋.

3. At each move, form the orthogonal projection P onto the vectors supported on the current
active coordinates and orthogonal to the first q1 input rows:

P = proj{v∈Rn:vi=0 if |ui|=1,
∑︁n

i=1 aℓivi=0 (1≤ℓ≤q1)} .

Compute P by orthonormalizing the constraint rows restricted to the active coordinates in
row order, discarding zero Gram–Schmidt residuals and normalizing residuals with positive
norm. Subtract their rank-one projections from the identity on the active coordinate
subspace.

4. Process Pe1, . . . , P en in index order, where e1, . . . , en are the standard coordinate vectors.
Discard zero Gram–Schmidt residuals and normalize residuals with positive norm to obtain
the ordered orthonormal basis v1, . . . , vh, characterized by

h = dim(imP ), span{v1, . . . , vh} = imP, vTb vc =

{︄
1, b = c,

0, b ̸= c.

5. For each basis vector, compute the boundary step lengths and their product:

δ+b = min

(︃{︃
1− ui
(vb)i

: (vb)i > 0

}︃
∪
{︃
1 + ui
−(vb)i

: (vb)i < 0

}︃)︃
,

δ−b = min

(︃{︃
1 + ui
(vb)i

: (vb)i > 0

}︃
∪
{︃
1− ui
−(vb)i

: (vb)i < 0

}︃)︃
, tb = δ+b δ

−
b .

These sets contain active nonzero entries. Set the normalizer to

S =

h∑︂
b=1

t−1
b .

6. Choose a basis index according to

P(chosen index = b) =
t−1
b

S
.

Conditional on that choice, update the state according to

u←

⎧⎪⎪⎪⎨⎪⎪⎪⎩
u+ δ+b vb, with probability

δ−b
δ+b + δ−b

,

u− δ−b vb, with probability
δ+b

δ+b + δ−b
.

Repeat the moves until the active count is at most ⌊r/2⌋, then start a new phase. Every
random choice uses an independent uniform seed. Inverse distribution functions use half-
open intervals, assigning the value one to the last interval. Comparisons with zero and
boundary comparisons are exact; ties in finite minima use the least index.
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7. Output the terminal assignment sign vector

Z = u ∈ Zn.

The protected rows in Algorithm 2 retain their current imbalances throughout each phase.
Starting from zero therefore gives the earliest rows the strongest initial protection. The asym-
metric boundary probabilities and the terminal coordinate probabilities preserve conditional
means, yielding a fair sign for every original unit. Each boundary move fixes at least one pre-
viously active coordinate, so the construction requires at most n boundary moves, followed by
independent rounding of at most three remaining coordinates. This is a finite guarantee under
the specified exact-real arithmetic conventions.

Every output coordinate remains attached to its original unit. Reflection and shifting provide
balancing features, while all n units enter the original Horvitz–Thompson estimator with their
original weight 2/n. Consequently, the assignment improvement applies directly to the original-
sample criterion in Definition 4.

The quantitative link between ordered protection and prognostic imbalance is supplied by
Lemma 5. Its row-imbalance bound combines with the reflected spectral budget and transfer
in Lemmas 3 and 4. Frequency ordering allocates the strongest balance to the rows whose
coefficients receive the greatest weight under smoothness. These bounds yield the simultaneous
smoothness attainment stated in Theorem 1. The supporting bounds and measurable realization
arguments accompany those auxiliary results in the appendix.

6 Discussion and extensions

The characterization in Theorem 1 gives an interaction-count benchmark for experimental sam-
ple size. Under the independent uniform sampling law of Assumption 1, the relevant comparison
is between B =

(︁
d
2

)︁
, the number of coordinate pairs, and n, the number of experimental units.

For the centered prognostic class with the pooled Sobolev budget in Definition 2, minimax scaled
excess variance is comparable to min{1, (B/n)s}. Thus the interaction count summarizes the
dimension dependence of the worst-case precision requirement within this class.

6.1 Causal calibration and relative excess

To interpret the assignment guarantee in terms of causal precision, we first specify the potential
outcomes, treatment, estimator, and targets used in the Gaussian calibration.

Definition 10. [def:causal-completion] (Causal completion and estimator ˆ︁θ) The actual
estimator ˆ︁θ uses Y , the pre-assignment potential-outcome array, and the treatment indicator

A = (Z + 1)/2,

where Z is the vector of assignment signs. Its conditional estimand is θn, the average realized
potential-outcome contrast, conditional on the realized full schedule. Its sampling-law estimand
is θ, the sampling-law mean of that contrast. The setting and constructions are specified in
Assumptions 1 to 5, Definitions 1 to 9, Algorithms 1 and 2, Lemmas 1 to 7, Theorems 1 to 3,
and Proposition 1.
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Concretely, for each m ∈ Hd,s, the completion in Definition 7 fixes

τ(x) = 0.2 + 0.1
√
2 sin(2πx1)

and generates the pre-assignment schedule as

Yi(0) = m(Xi)−
τ(Xi)

2
+ ϵi(0), Yi(1) = m(Xi) +

τ(Xi)

2
+ ϵi(1).

The 2n noise variables are independent standard Gaussians, independent of the covariates.
After this schedule is generated, the admissible assignment law draws Z using the covariates
and satisfies Assumptions 4 and 5. With Ai = (Zi + 1)/2, the observed outcome is Yi(Ai), and
the estimator and its two targets are

ˆ︁θ = 2

n

n∑︂
i=1

ZiYi(Ai), θn =
1

n

n∑︂
i=1

(︁
Yi(1)− Yi(0)

)︁
, θ = E[θn] = 0.2.

Fairness and outcome-independent assignment make the estimator conditionally unbiased for
the realized schedule average θn, and its sampling-law expectation is θ.

The benchmark for this family is V ∗ = 4.01: treatment-effect heterogeneity contributes
0.01, and the two unit conditional outcome variances contribute 4. Here variance is taken over
covariate sampling, potential-outcome noise, and assignment. The exact identity in Lemma 1 is

nVar(ˆ︁θ)− V ∗ = Ln,d,s(π,m).

Consequently, the signing criterion measures actual Horvitz–Thompson excess variance above
V ∗/n for this completion. The Gaussian family calibrates the abstract imbalance loss while
realizing every prognostic function in the pooled class.

A relative-excess tolerance ε > 0 requires

nVar(ˆ︁θ) ≤ V ∗(1 + ε)

uniformly over the Gaussian completions indexed by m ∈ Hd,s. For the assignment procedure
in Algorithm 1, the sufficient sample-size implication of Theorem 1 is

n ≥ Bmax

{︄
1,

(︃
3072

4.01ε

)︃1/s
}︄

=⇒ sup
m∈Hd,s

{︄
nVar(ˆ︁θ)
4.01

− 1

}︄
≤ ε.

The same assignment procedure supplies this guarantee for every 0 < s ≤ 1.
Conversely, any admissible design meeting that uniform relative-excess requirement must

have Rs(n, d) ≤ 4.01ε. For 0 < ε < cs/4.01, where cs is the lower comparison constant in
Theorem 1, this entails

n ≥ B
(︂ cs
4.01ε

)︂1/s
.

The tolerance restriction places the necessary implication below the saturated lower bound. At
s = 1, c1 ≈ 3.36 × 10−7, hence c1/4.01 ≈ 8.4 × 10−8, while 3072/c1 > 9 × 109. The constants
therefore provide conservative finite-sample certificates of the Bε−1/s scaling; they should not
be read as a sharp numerical calibration.
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6.2 Precision over bounded-density classes

The broader comparison in Theorem 1 gives a necessary precision condition beyond uniform
sampling. The class Ad,s defined in Lemma 2 allows covariate densities between fixed positive
finite bounds containing one. Its potential outcomes have finite second moments, and its con-
ditional midpoint mean is a permitted intercept plus a centered member of Hd,s, with squared
midpoint mean integrating to at most one under the covariate law.

Because this class contains the uniform Gaussian completions, its minimax scaled excess
satisfies

Rs(n, d) ≤ inf
π∈Dn,d,s

sup
P∈Ad,s

Vn(π, P ),

where Vn(π, P ) is excess above the law-specific benchmark specified in Theorem 1. Thus a
uniform precision requirement over the broader class must accommodate the uniform-sampling
lower bound. In particular, for fixed s and fixed density bounds, vanishing minimax scaled
excess over these classes requires dn = o(

√
n). This is the necessary interaction-count condition

inherited from the uniform subclass.

6.3 Limitations and future work

Attainment under nonuniform covariate densities is a natural next question. The two-sided
characterization and the specified assignment guarantee apply to independent uniform sampling,
while the bounded-density comparison supplies a converse. Extending attainment would require
assignment and approximation bounds that account for the covariate density.

A second direction concerns prognostic functions beyond the exact centered order-two decom-
position and pooled budget in Assumptions 2 and 3. Higher-order interactions, approximation
error in the decomposition, and unknown prognostic intercepts call for explicit control of their
contributions to imbalance. Such extensions could clarify how sample-size requirements change
when pairwise structure is an approximation to the outcome regression.

Finally, the finite construction in Algorithm 2 uses exact-real arithmetic conventions. Finite-
precision certification and bit complexity remain implementation questions. Quantifying how
numerical error affects boundary decisions, fairness, and row imbalance would connect the math-
ematical assignment guarantee to a certified numerical procedure.

Appendices

A Causal variance identities and class transfer

The connection between prognostic balance and causal precision begins with the realized full
potential-outcome schedule. Conditional fairness and assignment independence, as specified in
Assumptions 4 and 5, make the Horvitz–Thompson estimator conditionally unbiased for the
finite-population contrast [Horvitz and Thompson, 1952]. Its conditional variance is determined
by the potential-outcome midpoints and the covariance of the assignment signs. The following
statement also gives the sampling-law variance identity for the Gaussian completion in Defini-
tion 10.

Lemma 1. [lem:ht-transfer] (Conditional HT variance transfer)4 Let the following conditions
hold:
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• (Dimensions and smoothness.) n, d are integers with n ≥ 2, d ≥ 2, and 0 < s ≤ 1.

• (Prognosis.) m ∈ Hd,s, as defined in Definition 2.

• (Assignment.) π is a covariate-dependent Borel assignment probability kernel satisfying
Assumptions 4 and 5.

Let X, the full covariate sample, consist of n independent uniform draws from [0, 1]d, and let
Z ∈ {−1, 1}n, the assignment sign vector, have conditional law π(X). For a real potential-
outcome schedule Y = (Yi(0), Yi(1))

n
i=1, define the HT estimator, finite-population contrast,

midpoint vector, and conditional assignment covariance by

ˆ︁θ = 2

n

n∑︂
i=1

ZiYi

(︃
Zi + 1

2

)︃
, θn =

1

n

n∑︂
i=1

(︁
Yi(1)−Yi(0)

)︁
, qi =

Yi(1) + Yi(0)

2
, [Cπ(X)]ij = Covπ(Zi, Zj | X).

For almost every X, simultaneously for every such schedule Y ,

Eπ[ˆ︁θ | X,Y ] = θn, nVarπ(ˆ︁θ | X,Y ) =
4

n
qTCπ(X)q.

Define the scaled expected squared prognostic imbalance by

Ln,d,s(π,m) =
4

n
EX,Z

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⎤⎦ .

Under the frozen Gaussian completion associated with m, with assignment law π(X), the
sampling-law causal target and scaled variance benchmark satisfy

θ = EX,Y [θn] = 0.2, V ∗ = 4.01.

Moreover,
Ln,d,s(π,m) <∞, nVarX,Y,Z(ˆ︁θ)− V ∗ = Ln,d,s(π,m).

Proof of Lemma 1. For the cited expected absolute-supremum contraction conclusion, we invoke
[Bartlett and Mendelson, 2002, Theorem 12(4), with the convention of Definition 2]. The calcu-
lation below uses the measurable, centered, square-integrable prognosis supplied by Definition 2.
Since n, d ≥ 2, all divisions by n and first-coordinate evaluations are well defined.

1. Choose X in the probability-one set on which every fairness equality in Assumption 4
holds. This set is chosen independently of the schedule Y . For either value of Zi,

2ZiYi

(︃
Zi + 1

2

)︃
= Yi(1)− Yi(0) + 2Ziqi.

Summing gives the pointwise identity

ˆ︁θ = θn +
2

n

n∑︂
i=1

qiZi.

4Formalization scope. This result uses the cited conclusion [Bartlett and Mendelson, 2002] (Theorem 12(4),
with Rademacher complexity as in Definition 2). The cited source proof is not formalized here: Lean verifies its
use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not
certified.
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Under Assumption 5, assignment conditional on (X,Y ) uses the kernel π(X). Conse-
quently,

Eπ[ˆ︁θ | X,Y ] = θn +
2

n

n∑︂
i=1

qiEπ[Zi | X] = θn.

Expanding the centered square and using fairness in the definition of the assignment co-
variance yields

Varπ(ˆ︁θ | X,Y ) =
4

n2
Eπ

⎡⎣(︄ n∑︂
i=1

qiZi

)︄2
⃓⃓⃓⃓
⃓⃓X
⎤⎦

=
4

n2

n∑︂
i=1

n∑︂
j=1

qiEπ[ZiZj | X]qj

=
4

n2
qTCπ(X)q.

These calculations apply to every real schedule on the same probability-one set, proving
both conditional assertions.

2. Define the Gaussian completion’s treatment-effect function and its sample average by

τG(x) = 0.2 + 0.1
√
2 sin(2πx1), x ∈ [0, 1]d,

τG(X) =
1

n

n∑︂
i=1

τG(Xi), X ∈ ([0, 1]d)n.

The completion in Definition 7 gives

θn =
1

n

n∑︂
i=1

(︁
τG(Xi) + εi1 − εi0

)︁
, EY [θn | X] = τG(X).

Each first coordinate is uniform on [0, 1], and integration over a full sine period gives∫︂ 1

0
sin(2πvint) dvint =

[︃
−cos(2πvint)

2π

]︃1
0

= 0.

Thus
EX [τG(Xi)] = 0.2, θ = EX,Y [θn] = EX [τG(X)] = 0.2.

The frozen benchmark evaluates to

V ∗ = (0.1)2 + 4 = 4.01.

3. For every covariate array and sign vector, define

Sm(X,Z) =

n∑︂
i=1

Zim(Xi), (X,Z) ∈ ([0, 1]d)n × {−1, 1}n.

Cauchy–Schwarz and Z2
i = 1 give the pointwise bound

Sm(X,Z)
2 ≤ n

n∑︂
i=1

m(Xi)
2.
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Because π(X) is a probability law,

0 ≤ Eπ[Sm(X,Z)2 | X] ≤ n
n∑︂
i=1

m(Xi)
2.

Integrating against the uniform sample law therefore gives

EX,Z [Sm(X,Z)2] ≤ n2
∫︂
[0,1]d

m(x)2 dx,

and hence

0 ≤ Ln,d,s(π,m) ≤ 4n

∫︂
[0,1]d

m(x)2 dx <∞.

The same bound ensures integrability of the conditional imbalance second moment.

4. Write ε = (εi0, εi1)
n
i=1 for the Gaussian noise array in Definition 7, and define the selected-

noise contribution on its full domain by

Nsel(Z, ε) =
2

n

n∑︂
i=1

Ziεi,(Zi+1)/2, (Z, ε) ∈ {−1, 1}n × Rn×2.

Substituting the completion, for either assignment sign, gives

2ZiYi

(︃
Zi + 1

2

)︃
= τG(Xi) + 2Zim(Xi) + 2Ziεi,(Zi+1)/2.

Consequently, ˆ︁θ = τG(X) +
2

n
Sm(X,Z) +Nsel(Z, ε).

For fixed Z, the signed selected errors are independent across units, each with mean zero
and variance one. With Eε denoting expectation over the Gaussian noise at fixed X,Z, it
follows that

Eε[Nsel(Z, ε)] =
2

n

n∑︂
i=1

Eε[Ziεi,(Zi+1)/2] = 0,

Varε(Nsel(Z, ε)) =
4

n2

n∑︂
i=1

1 =
4

n
,

Eε[Nsel(Z, ε)
2] =

4

n
.

Thus

Eε[ˆ︁θ] = τG(X) +
2

n
Sm(X,Z),

and expansion of the square gives

Eε[(ˆ︁θ − 0.2)2] =

(︃
τG(X)− 0.2 +

2

n
Sm(X,Z)

)︃2

+ 2

(︃
τG(X)− 0.2 +

2

n
Sm(X,Z)

)︃
Eε[Nsel(Z, ε)]

+ Eε[Nsel(Z, ε)
2]

=

(︃
τG(X)− 0.2 +

2

n
Sm(X,Z)

)︃2

+
4

n
.
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5. For almost every X, fairness gives

Eπ[Sm(X,Z) | X] =

n∑︂
i=1

m(Xi)Eπ[Zi | X] = 0.

The finite assignment space permits exchanging the assignment average and the Gaussian-
noise integral. Averaging the preceding noise mean therefore yields

EY,Z [ˆ︁θ | X] = τG(X).

For the centered second moment, expand(︃
τG(X)− 0.2 +

2

n
Sm(X,Z)

)︃2

= (τG(X)− 0.2)2

+
4

n
(τG(X)− 0.2)Sm(X,Z) +

4

n2
Sm(X,Z)

2.

The middle term has assignment mean zero, so

EY,Z [(ˆ︁θ − 0.2)2 | X] = (τG(X)− 0.2)2 +
4

n2
Eπ[Sm(X,Z)2 | X] +

4

n
.

The bounded treatment-effect function, the integrable imbalance bound, and Gaussian
second moments ensure that this expression is integrable over X, and that the actual
estimator has a finite centered second moment.

6. Integrating the conditional mean over the covariates gives

EX,Y,Z [ˆ︁θ] = EX [τG(X)] = 0.2.

Square integrability and the iterated construction of the experiment law now imply

VarX,Y,Z(ˆ︁θ) = EX,Y,Z [(ˆ︁θ − 0.2)2] = EX
[︂
EY,Z [(ˆ︁θ − 0.2)2 | X]

]︂
.

7. The squared-sine integral is∫︂ 1

0
sin2(2πvint) dvint =

∫︂ 1

0

1− cos(4πvint)

2
dvint

=

[︃
vint
2
− sin(4πvint)

8π

]︃1
0

=
1

2
.

Together with the treatment-effect mean already computed, this gives

VarX(τG(Xi)) = (0.1)2 2

∫︂ 1

0
sin2(2πvint) dvint = (0.1)2.

Independence of the original covariate vectors consequently yields

EX [(τG(X)− 0.2)2] = VarX(τG(X))

=
1

n2

n∑︂
i=1

VarX(τG(Xi)) =
(0.1)2

n
.
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By the definition of the finite signing loss,

4

n2
EX
[︁
Eπ[Sm(X,Z)2 | X]

]︁
=
Ln,d,s(π,m)

n
.

Integrating the conditional centered second moment thus gives

VarX,Y,Z(ˆ︁θ) = (0.1)2

n
+
Ln,d,s(π,m)

n
+

4

n
.

Multiplying by n and subtracting the evaluated benchmark proves

nVarX,Y,Z(ˆ︁θ)− V ∗ = Ln,d,s(π,m).

The midpoint vector q captures the schedule’s contribution to assignment variance, while
the conditional assignment covariance Cπ(X) records the dependence induced by the design.
The simultaneous quantifier in Lemma 1 makes this relationship a fixed-schedule identity: a
single probability-one set of covariate samples supports the conclusion for every real schedule.
Conditional unbiasedness targets the realized contrast θn; under the specified Gaussian com-
pletion, the sampling-law calculation instead averages over covariates, potential outcomes, and
assignment and has target θ = 0.2.

For this completion, V ∗ = 4.01 supplies a numerical illustration of the causal interpretation
of signing loss. Thus the assignment guarantee in Theorem 1 controls the actual scaled HT
variance above that benchmark. The corresponding transfer for arbitrary square-integrable
outcome laws uses each law’s own benchmark. The relevant published excess-variance identity
is Cytrynbaum [2026, Proposition 2.3, equation (2.4), under Assumption 2.1 and Definition 2.2].
The next statement specifies that benchmark, characterizes the attainable prognostic functions,
and identifies the resulting minimax criterion.

Lemma 2. [lem:published-prognostic-capacity] (Published prognostic image and capac-
ity)5 For a single-unit law P , let U ∈ [0, 1]d be its covariate and O(0), O(1) its potential
outcomes. Write

mP (u) = EP
[︃
O(1) +O(0)

2
| U = u

]︃
, ϑ(P ) = EP [O(1)−O(0)],

using a finite-valued Borel version of the conditional mean. Let Qd,s consist of laws with uni-
form covariates, finite potential-outcome second moments, and mP equal almost everywhere to a
member of the centered prognostic class Hd,s appearing in Definition 4. For independent copies
across the original n units, define

ˆ︁TP =
2

n

n∑︂
i=1

ZiOi((Zi + 1)/2),

V(P ) = VarP (EP [O(1)−O(0) | U ])+2EP VarP (O(1) | U)+2EP VarP (O(0) | U), Vn(π, P ) = nVarP,π( ˆ︁TP )−V(P ).
The scaled signing loss is

Ln,d,s(π,m) =
4

n
Eπ

(︄
n∑︂
i=1

Zim(Xi)

)︄2

,
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where X1, . . . , Xn are independent uniform covariate vectors and Z is drawn from the original-
sample assignment kernel π.

For every integer d ≥ 2 and 0 < s ≤ 1, the prognostic image is exactly the Sobolev image,
with both images saturated under Lebesgue null representatives:

{f : ∃P ∈ Qd,s, f = mP almost everywhere} = {f : ∃m ∈ Hd,s, f = m almost everywhere} .

The stated Gaussian completions of members of Hd,s form a proper subclass of Qd,s: the specified
two-point outcome law belongs to Qd,s and lies outside that Gaussian subclass.

For every n, d ≥ 2, a Borel probability assignment kernel satisfies published admissibility
precisely when it belongs to the design class in Definition 3. Here published admissibility means
conditional mean-zero assignment signs almost everywhere under the original uniform covariate
law, together with conditional independence of the assignment signs and the potential-outcome
array given the observed covariates, for every single-unit law with bounded strictly positive co-
variate density and finite potential-outcome second moments.

For every n, d ≥ 2, 0 < s ≤ 1, and π ∈ Dn,d,s,

0 ≤ Vn(π, P ) = Ln,d,s(π,mP ), P ∈ Qd,s,

and
sup

P∈Qd,s

Vn(π, P ) = sup
m∈Hd,s

Ln,d,s(π,m).

Consequently, the full-design capacity agrees with Definition 4:

inf
π∈Dn,d,s

sup
P∈Qd,s

Vn(π, P ) = Rs(n, d).

Fix comparison parameters satisfying

• (Smoothness.) 0 < s ≤ 1.

• (Lower density bound.) 0 < λ ≤ 1.

• (Upper density bound.) 1 ≤ Λ <∞.

Let Ad,s be the correctly specified, no-priority-block, order-two class of Cytrynbaum [2026, The-
orem B.8(ii)]. Its laws have finite potential-outcome second moments, covariate densities satis-
fying λ ≤ f(u) ≤ Λ, and prognostic functions satisfying∫︂

mP (u)
2 dPU (u) ≤ 1, mP (u) = β +m(u) for almost every u,

for a permitted intercept β and a centered m ∈ Hd,s under the same component norm convention.
The lower comparison constants and saturated lower comparison scale satisfy

0 < c1 ≤ cs, bs(n, d) = min{1, (
(︁
d
2

)︁
/n)s}.

and, for every n, d ≥ 2,

csbs(n, d) ≤ Rs(n, d) ≤ inf
π∈Dn,d,s

sup
P∈Ad,s

Vn(π, P ).

For every integer sequence dn ≥ 2, vanishing capacity on this bounded-density class implies

inf
π∈Dn,dn,s

sup
P∈Adn,s

Vn(π, P ) −→ 0 =⇒ dn = o(
√
n).
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Proof of Lemma 2. 1. Fix d ≥ 2 and 0 < s ≤ 1. Every law in Qd,s has prognosis equal almost
everywhere to a member of Hd,s, so transitivity of almost-everywhere equality gives the
forward inclusion of the stated images.

For the reverse inclusion, use the Gaussian completion in Definition 7. Its single-unit law
can be written as

τ(u) = 0.2 + 0.1
√
2 sin(2πu1), u ∈ [0, 1]d,

Law(U, ε0, ε1) = Unif([0, 1]d)⊗N (0, 1)⊗N (0, 1),

Pm = Law

(︃
U, m(U)− τ(U)

2
+ ε0, m(U) +

τ(U)

2
+ ε1

)︃
, m ∈ Hd,s.

The function m is square integrable, τ is bounded, and both Gaussian errors are square
integrable. Closure of L2 under finite linear combinations therefore gives

EPm [O(0)2] <∞, EPm [O(1)2] <∞.

The displayed construction is a conditional outcome law given U . Its conditional midpoint
mean is

mPm(u) = m(u) +
E[ε0] + E[ε1]

2
= m(u) for almost every u.

Consequently Pm ∈ Qd,s. Every null representative of m is thus a null representative of
mPm , proving the reverse image inclusion and the asserted saturation.

2. Define the Gaussian subclass and the two-point witness by

QG
d,s = {Pm : m ∈ Hd,s},

Law(U, ζtp) = Unif([0, 1]d)⊗ δ−1 + δ1
2

, Ptp = Law(U, ζtp, ζtp).

The preceding step gives
QG
d,s ⊆ Qd,s.

For the witness,

mPtp(u) = E[ζtp] = 0, EPtp [O(0)2] = EPtp [O(1)2] = 1.

The zero function has zero canonical components and zero pooled component budget,
hence belongs to Hd,s. Thus Ptp ∈ Qd,s.
The outcome diagonal distinguishes this law from every Gaussian completion:

Ptp{O(0) = O(1)} = 1.

Indeed, in the Gaussian construction, conditioning on U and ε0 gives

Pr
Pm

(O(0) = O(1) | U, ε0) = Pr(ε1 = ε0 − τ(U) | U, ε0) = 0,

5Formalization scope. This result uses the cited conclusion [Cytrynbaum, 2026] (Proposition 2.3 (Excess
Variance), equation (2.4), with Assumption 2.1 and Definition 2.2) and [Bartlett and Mendelson, 2002] (Theorem
12(4), with Rademacher complexity as in Definition 2). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.
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because the independent Gaussian error ε1 assigns probability zero to every singleton.
Integrating yields

Pm{O(0) = O(1)} = 0.

Therefore
Ptp /∈ QG

d,s, QG
d,s ⊊ Qd,s.

3. Fix n, d ≥ 2 and π ∈ Dn,d,s. We first handle its almost-everywhere fairness. For a
deterministic covariate array x ∈ ([0, 1]d)n, define

πfair(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
π(x),

∑︂
z∈Zn

ziπ(x, {z}) = 0 for every i,

n⨂︂
i=1

δ−1 + δ1
2

, otherwise.

Each displayed conditional mean is a finite Borel sum. This defines a Borel probability
kernel that is fair at every covariate array and satisfies

πfair(x) = π(x) for Unif([0, 1]d)⊗n-almost every x.

A covariate-based kernel also supplies conditional assignment independence. More explic-
itly, for an arbitrary covariate law and pre-assignment outcome kernel with domains

µX ∈ P
(︁
([0, 1]d)n

)︁
, κ : ([0, 1]d)n −→ P(Rn×2),

the experiment is

Law(X,Y, Z)(dx, dY, dz) = µX(dx)κ(x, dY )π(x, dz).

Its conditional distributions satisfy

Law(Z | X,Y ) = π(X) = Law(Z | X), Law(Y, Z | X) = κ(X)⊗ π(X).

The first equality follows from the construction; integrating out Y gives the second condi-
tional distribution. Their equality gives conditional independence, also for πfair.

For any single-unit law P with bounded strictly positive covariate density and finite out-
come second moments, the independent covariate sample law satisfies

LawP
(︁
(Ui)

n
i=1

)︁
≪ Unif([0, 1]d)⊗n.

Hence the replacement preserves the entire experiment law:

LawP,π((Ui, Oi(0), Oi(1))
n
i=1, Z) = LawP,πfair((Ui, Oi(0), Oi(1))

n
i=1, Z) .

Apply the published excess-variance identity [Cytrynbaum, 2026, Proposition 2.3, equa-
tion (2.4), with Assumption 2.1 and Definition 2.2] to the pointwise fair replacement and
transfer it through this equality. It gives

Vn(π, P ) =
4

n
EP,π

(︄
n∑︂
i=1

ZimP (Ui)

)︄2

≥ 0.
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Now take P ∈ Qd,s, and choose m ∈ Hd,s with mP = m almost everywhere. Independence
and uniformity of the unit covariates give

LawP,π
(︁
(Ui)

n
i=1, Z

)︁
= Unif([0, 1]d)⊗n(dX)π(X, dZ).

Moreover, the finite sample avoids the exceptional null set simultaneously:

Pr
P,π

(mP (Ui) = m(Ui) for every i) = 1.

Square integrability of m makes the finite signed sum square integrable. Substituting the
preceding two identities yields

0 ≤ Vn(π, P ) = Ln,d,s(π,mP ) = Ln,d,s(π,m).

This also proves invariance of the signing loss under the null representatives used here.

4. For each fixed admissible π, the forward prognostic-image inclusion and the preceding
identity give

sup
P∈Qd,s

Vn(π, P ) ≤ sup
m∈Hd,s

Ln,d,s(π,m).

Conversely, the image equality supplies, for every m ∈ Hd,s, a law P ∈ Qd,s with m = mP

almost everywhere. For that law,

Ln,d,s(π,m) = Vn(π, P ) ≤ sup
P∈Qd,s

Vn(π, P ).

Taking the function supremum proves

sup
P∈Qd,s

Vn(π, P ) = sup
m∈Hd,s

Ln,d,s(π,m).

5. The kernel construction in Item 3 establishes the independence requirement of Assump-
tion 5 for every Borel probability assignment kernel. Thus a published-admissible kernel,
which already satisfies fairness under the original uniform sample, satisfies both require-
ments of Definition 3.

Conversely, a kernel in that design class has the required fairness. In the experiment
generated from independent copies of any single-unit law, drawing signs from π(X) gives

Law(Z | X, (Oi(0), Oi(1))ni=1) = π(X) = Law(Z | X).

This proves the published conditional-independence requirement throughout its stated law
class. Consequently,

π satisfies published admissibility ⇐⇒ π ∈ Dn,d,s.

6. Taking the infimum of the fixed-design equality over the common design class gives

inf
π∈Dn,d,s

sup
P∈Qd,s

Vn(π, P ) = inf
π∈Dn,d,s

sup
m∈Hd,s

Ln,d,s(π,m) = Rs(n, d),

where the last equality is Definition 4.
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7. Fix 0 < s ≤ 1 and density bounds 0 < λ ≤ 1 ≤ Λ < ∞. For P ∈ Qd,s, choose m ∈ Hd,s
with mP = m almost everywhere. Uniform density meets the comparison bounds:

dPU
du

= 1, λ ≤ 1 ≤ Λ.

The final second-moment assertion of Lemma 3 supplies∫︂
mP (u)

2 dPU (u) =

∫︂
[0,1]d

m(u)2 du ≤ 1.

The permitted intercept can be chosen as zero:

mP (u) = 0 +m(u) almost everywhere.

Together with the finite outcome second moments, these statements verify every condition
for membership in Ad,s. Therefore

Qd,s ⊆ Ad,s.

For each admissible design, inclusion increases the law supremum. Taking infima and using
Item 6 gives

Rs(n, d) = inf
π∈Dn,d,s

sup
P∈Qd,s

Vn(π, P ) ≤ inf
π∈Dn,d,s

sup
P∈Ad,s

Vn(π, P ).

All excesses in these classes are nonnegative by the general identity in Item 3.

8. With the expected absolute-supremum contraction inequality [Bartlett and Mendelson,
2002, Theorem 12(4), with Definition 2] as its cited input, Theorem 2 supplies

csbs(n, d) ≤ Rs(n, d), cs =
2

(48 + 32π2)16384s
, bs(n, d) = min

{︄
1,

(︄(︁
d
2

)︁
n

)︄s}︄
.

The constant calibration is

16384s ≤ 16384, 0 < c1 =
2

(48 + 32π2)16384
≤ cs.

Indeed, the power inequality follows from s ≤ 1, and the denominator is positive. Com-
bining the lower bound with Item 7 proves

csbs(n, d) ≤ Rs(n, d) ≤ inf
π∈Dn,d,s

sup
P∈Ad,s

Vn(π, P ).

9. Finally, let dn ≥ 2 for every n, and suppose the displayed bounded-density capacities tend
to zero. For n ≥ 2, define

Cn = inf
π∈Dn,dn,s

sup
P∈Adn,s

Vn(π, P ),

Bn =

(︃
dn
2

)︃
, qn =

Bn
n
.
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These quantities are used on the tail n ≥ 2, which determines the limit. The comparison
just proved gives

0 ≤ csmin{1, qsn} ≤ Cn.

Since Cn → 0 and cs > 0, squeezing and division by cs yield

bs(n, dn) = min{1, qsn} −→ 0.

Eventually this minimum is less than one, so on that tail

qsn = bs(n, dn), qn = bs(n, dn)
1/s −→ 0,

using s > 0.

The exact pair count and dn ≥ 2 imply

Bn =
dn(dn − 1)

2
,

d2n
4
≤ Bn ≤

d2n
2
.

For the lower inequality, dn − 1 ≥ dn/2; for the upper inequality, dn − 1 ≤ dn. Hence

0 ≤ d2n
n
≤ 4qn −→ 0.

Taking square roots on the positive-n tail gives

dn√
n
=

√︃
d2n
n
−→ 0,

which is dn = o(
√
n).

The benchmark V(P ) in Lemma 2 combines variation in the conditional mean treatment
effect with the two conditional potential-outcome variances. It therefore adjusts to the outcome
law before excess variance is compared across designs. With independent original units and
admissible assignment, the remaining scaled variance depends on the law through its conditional
mean midpoint mP . Finite second moments ensure that the estimator and benchmark are well
defined.

Equality of prognostic images gives the transfer its full uniform-law scope. Every member
of Hd,s is attained by a Gaussian completion, and every law in Qd,s has a prognosis in that
same class, modulo null sets. The two-point witness establishes that this outcome-law class
also accommodates discrete potential outcomes. Together with the excess-variance identity, the
image equality yields equality of the worst-case criteria for each admissible design and hence
equality of the minimax capacities. Consequently, the uniform-law upper and lower comparisons
concern the actual HT excess variance throughout Qd,s.

The larger-class comparison uses the inclusion recorded in Proposition 1. Under the common
component norm convention, the uniform laws with centered prognosis satisfy the comparison
class’s prognostic restrictions with intercept zero; their density is one and satisfies the displayed
density bounds. Thus Qd,s ⊆ Ad,s, and enlarging the outcome-law supremum preserves the
uniform-class lower bound. For the class associated with Cytrynbaum [2026, Theorem B.8(ii)],
Lemma 2 therefore supplies the saturated converse and the necessary dimension condition dn =
o(
√
n) for vanishing minimax scaled excess.
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B Spectral budget and assignment bounds

The attaining assignment in Algorithm 1 combines a componentwise regularity bound with
ordered spectral balance. The exact reflection inequality preserves the pooled budget when the
nonperiodic prognostic function is represented on the torus. The common shift then converts
expected prognostic imbalance into a sum of frequency-specific second moments. Finally, the
rounding guarantee controls those moments while preserving fair assignment on the original
units.

B.1 Exact reflection and the pooled budget

For the canonical components in Definition 1, introduce the appendix-local reflected functions

hj(y) = gj(m)(b1(y)), hjℓ(y) = gjℓ(m)(b2(y)),

on T1
2 and T2

2, respectively. Their component Fourier coefficients, with normalized Haar inte-
gration, are ˆ︁hj(a) = ∫︂

T1
2

hj(y)e
−iπay dy, a ∈ Z,

and ˆ︁hjℓ(a) = ∫︂
T2
2

hjℓ(y)e
−iπaTy dy, a ∈ Z2.

These coefficients connect each component’s restriction norm to its contribution to the full
reflected spectrum. The following statement records the exact normalization before the broader
transfer result.

Lemma 3. [lem:exact-reflection-budget] (Exact reflection budget) Let p, s, and the real-
valued cube function g satisfy:

• (Dimension.) p ∈ {1, 2}.

• (Smoothness.) 0 < s ≤ 1.

• (Restriction norm.) g ∈ L2([0, 1]p), with a Borel representative, and Np,s(g)
2 < ∞,

where

Np,s(g)
2 = inf

G∈L1(Rp;C)∩L2(Rp;C)
G=g a.e. on [0,1]p

∫︂
Rp

(︃
1 +
∥ω∥22
p

)︃s ⃓⃓⃓⃓
(2π)−p/2

∫︂
Rp

G(u)e−iωTu du

⃓⃓⃓⃓2
dω.

On the period-two torus Tp2 = (R/2Z)p, define the coordinatewise reflection map and reflected
function by

(bp(y))j = min{yj , 2− yj}, y ∈ [0, 2)p, h(y) = g(bp(y)).

For a ∈ Zp, define the normalized Fourier coefficient

ˆ︁h(a) = 2−p
∫︂
[0,2)p

h(y)e−iπaTy dy.

Then ∑︂
a∈Zp

(︃
1 +

π2∥a∥22
p

)︃s
|ˆ︁h(a)|2 ≤ Np,s(g)

2.
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For every integer d ≥ 2, every 0 < s ≤ 1, and every m ∈ Hd,s as defined in Definition 2, let
F be its reflected function on Td2, with

F (y) = m(bd(y)), (bd(y))j = min{yj , 2− yj}, y ∈ [0, 2)d,

and define

ˆ︁F (k) = 2−d
∫︂
[0,2)d

F (y)e−iπkTy dy, supp(k) = {j : kj ̸= 0}, k ∈ Zd.

For nonzero k, put

t(k) =
∥k∥22

| supp(k)|
.

Then ˆ︁F (0) = 0, ˆ︁F (k) = 0 whenever | supp(k)| > 2,

and ∑︂
k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2 ≤ 1,

∫︂
[0,1]d

|m(x)|2 dx ≤ 1.

Proof of Lemma 3. We first prove the component estimate at s = 1, treating the one-
dimensional and two-dimensional cases in that order, and then prove the estimate for
0 < s < 1.

1. Normalization and inverse truncations. For p ∈ {1, 2}, write

dµp(y) = 2−p dy, (DpG)(y) = G(bp(y)), ˆ︁ζ(a) = ∫︂
Tp
2

ζ(y)e−iπaTy dµp(y),

where G ∈ L2(Rp;C), ζ ∈ L2(Tp2;C), and a ∈ Zp. These operators act on equivalence
classes. Indeed, for ϵ ∈ {0, 1}p, define the reflection branch

(︁
Rϵ(x)

)︁
j
=

{︄
xj , ϵj = 0,

2− xj , ϵj = 1,
x ∈ [0, 1]p.

Each branch preserves Lebesgue measure between the corresponding boxes, and
bp(Rϵ(x)) = x almost everywhere. Consequently, for every nonnegative measurable φ on
the cube, ∫︂

Tp
2

φ(bp(y)) dµp(y) = 2−p
∑︂

ϵ∈{0,1}p

∫︂
[0,1]p

φ(x) dx =

∫︂
[0,1]p

φ(x) dx.

In particular, folding preserves null sets in the required direction and

∥DpG∥2L2(µp)
=

∫︂
[0,1]p

|G(u)|2 du ≤ ∥G∥2L2(Rp).

The normalized characters form a complete orthonormal Fourier basis, so∑︂
a∈Zp

|ˆ︁ζ(a)|2 = ∥ζ∥2L2(µp)
.
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Use the angular Fourier transform

(FpG)(ω) = (2π)−p/2
∫︂
Rp

G(u)e−iωTu du

on L1 ∩ L2, with its unitary extension to L2. For a measurable profile ψ ∈ L2(Rp;C) and
an integer ncut ≥ 0, define

ψncut(ω) = 1{∥ω∥2≤ncut}ψ(ω), Gψ,ncut(u) = (2π)−p/2
∫︂
Rp

eiω
Tuψncut(ω) dω.

Every frequency moment of the truncated profile is integrable. Explicitly, for every integer
ℓmom ≥ 0, Cauchy–Schwarz gives∫︂

Rp

∥ω∥ℓmom
2 |ψncut(ω)| dω ≤

(︄∫︂
{∥ω∥2≤ncut}

∥ω∥2ℓmom
2 dω

)︄1/2

∥ψ∥2 <∞.

At ncut = 0, the cutoff is zero almost everywhere because p > 0. Plancherel and spatial
negation give

∥Gψ,ncut∥22 = ∥ψncut∥22, ∥Gψ,ncut −Gψ,n′
cut
∥22 = ∥ψncut − ψn′

cut
∥22.

Dominated convergence makes these inverse truncations Cauchy in L2.

To identify their limit explicitly, let Fcyc,p denote the unitary L2 extension of

(Fcyc,pψ)(η) =

∫︂
Rp

ψ(ω)e−2πiηTω dω, ψ ∈ L1 ∩ L2, η ∈ Rp,

and define, as an L2 class,

(Ipψ)(u) = (2π)−p/2(Fcyc,pψ)
(︂
− u

2π

)︂
.

The squared prefactor (2π)−p cancels the dilation Jacobian (2π)p. Thus

∥Ipψ∥22 = ∥ψ∥22, ∥Ipψ − Ipχ∥22 = ∥ψ − χ∥22, ψ, χ ∈ L2(Rp;C).

The defining integral identifies Gψ,ncut = Ipψncut almost everywhere, whence

∥Gψ,ncut − Ipψ∥22 = ∥ψncut − ψ∥22 −→ 0.

For an admissible extension G ∈ L1 ∩ L2, its original spatial class is recovered by this
construction. Fubini, applied to the integrable product of the truncated profile and an
L1 ∩ L2 test function φ, gives∫︂

Rp

φ(u)Gψ,ncut(u) du =

∫︂
Rp

(Fpφ)(ω)ψncut(ω) dω.

Taking ψ = FpG and φ = G, and expanding the squared distance using this pairing and
the two Plancherel identities, yields

∥G−GFpG,ncut∥22 = ∥FpG− (FpG)ncut∥22 −→ 0.

Uniqueness of the L2 limit therefore gives

Ip(FpG) = G almost everywhere.
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2. The one-dimensional endpoint. Differentiating the inverse truncation under the integral is
justified by the frequency moments established above. For 1 ≤ j ≤ p,

∂jGψ,ncut(u) = (2π)−p/2
∫︂
Rp

iωje
iωTuψncut(ω) dω.

These derivatives are continuous and square integrable. Applying the inverse-integral
energy identity to the profile iωjψncut gives∫︂

Rp

|∂jGψ,ncut(u)|2 du =

∫︂
Rp

ω2
j |ψncut(ω)|2 dω.

Summing the coordinate identities proves the exact first-order identity

∫︂
Rp

⎛⎝|Gψ,ncut(u)|2 +
1

p

p∑︂
j=1

|∂jGψ,ncut(u)|2
⎞⎠ du =

∫︂
Rp

(︃
1 +
∥ω∥22
p

)︃
|ψncut(ω)|2 dω.

Now take p = 1, identifying a one-dimensional integer frequency with a ∈ Z. Define the
signed reflected derivative on the period-two circle by

Vψ,ncut,1(y) =

⎧⎪⎨⎪⎩
G′
ψ,ncut

(y), 0 < y < 1,

−G′
ψ,ncut

(2− y), 1 < y < 2,

0, y ∈ {0, 1},

using representatives in [0, 2). For a continuously differentiable periodic test function φ,
integration by parts on the two intervals has total boundary term[︁

Gψ,ncut(y)φ(y)
]︁1
0
+
[︁
Gψ,ncut(2− y)φ(y)

]︁2
1
= Gψ,ncut(0)

(︁
φ(2)− φ(0)

)︁
= 0.

It follows that∫︂
T1
2

(D1Gψ,ncut)(y)φ
′(y) dµ1(y) = −

∫︂
T1
2

Vψ,ncut,1(y)φ(y) dµ1(y).

Taking φ(y) = e−iπay gives the exact multiplier identity

ˆ︁Vψ,ncut,1(a) = iπa ˆ︂D1Gψ,ncut(a).

Parseval for the reflected function and its signed derivative, followed by folding, therefore
gives ∑︂

a∈Z
(1 + π2a2)

⃓⃓⃓
ˆ︂D1Gψ,ncut(a)

⃓⃓⃓2
=

∫︂ 1

0

(︁
|Gψ,ncut(u)|2 + |G′

ψ,ncut
(u)|2

)︁
du

≤
∫︂
R

(︁
|Gψ,ncut(u)|2 + |G′

ψ,ncut
(u)|2

)︁
du

=

∫︂
R
(1 + ω2)|ψncut(ω)|2 dω

≤
∫︂
R
(1 + ω2)|ψ(ω)|2 dω.

38



For an admissible extension G, take ψ = F1G. The L2 contraction of D1 and the spatial
convergence above imply

D1GF1G,ncut −→ D1G in L2(µ1).

Every Fourier coefficient converges, since its absolute difference is bounded by the L2

distance. For every finite frequency set Afin ⊂ Z, passing to the limit in its finite weighted
sum gives ∑︂

a∈Afin

(1 + π2a2)|ˆ︃D1G(a)|2 ≤
∫︂
R
(1 + ω2)|F1G(ω)|2 dω.

Taking the supremum over finite sets proves the same inequality for the full sum. Folding
transports G = g almost everywhere on the cube to D1G = h almost everywhere on the
torus. Infimizing over admissible extensions gives∑︂

a∈Z
(1 + π2a2)|ˆ︁h(a)|2 ≤ N1,1(g)

2.

Extensions with infinite first-order energy satisfy the intermediate inequality in the ex-
tended sense as well.

3. The two-dimensional endpoint. For p = 2, define, for j ∈ {1, 2},

σj(y) =

⎧⎪⎨⎪⎩
1, 0 < yj < 1,

−1, 1 < yj < 2,

0, yj ∈ {0, 1},
Vψ,ncut,j(y) = σj(y)(∂jGψ,ncut)(b2(y)).

Apply the one-dimensional integration-by-parts computation on each coordinate slice and
integrate in the other coordinate. The boundary terms cancel on each slice, giving∫︂

T2
2

(D2Gψ,ncut)(y)∂jφ(y) dµ2(y) = −
∫︂
T2
2

Vψ,ncut,j(y)φ(y) dµ2(y).

For a = (a1, a2) ∈ Z2, the character test yields

ˆ︁Vψ,ncut,j(a) = iπaj ˆ︂D2Gψ,ncut(a).

Joint Parseval, obtained from the product Fourier basis, combines the zeroth-order energy
and the two derivative energies with factor 1/2:∑︂

a∈Z2

(︃
1 +

π2(a21 + a22)

2

)︃ ⃓⃓⃓
ˆ︂D2Gψ,ncut(a)

⃓⃓⃓2
=

∫︂
[0,1]2

(︃
|Gψ,ncut(u)|2 +

|∂1Gψ,ncut(u)|2 + |∂2Gψ,ncut(u)|2

2

)︃
du

≤
∫︂
R2

(︃
|Gψ,ncut(u)|2 +

|∂1Gψ,ncut(u)|2 + |∂2Gψ,ncut(u)|2

2

)︃
du

=

∫︂
R2

(︃
1 +
∥ω∥22
2

)︃
|ψncut(ω)|2 dω

≤
∫︂
R2

(︃
1 +
∥ω∥22
2

)︃
|ψ(ω)|2 dω.
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For ψ = F2G, spatial L
2 convergence and the reflection contraction again give convergence

of every reflected coefficient. Passing first to each finite frequency sum and then to their
supremum proves∑︂

a∈Z2

(︃
1 +

π2∥a∥22
2

)︃
|ˆ︃D2G(a)|2 ≤

∫︂
R2

(︃
1 +
∥ω∥22
2

)︃
|F2G(ω)|2 dω.

The equality D2G = h almost everywhere for every admissible extension, followed by the
extension infimum, yields ∑︂

a∈Z2

(︃
1 +

π2∥a∥22
2

)︃
|ˆ︁h(a)|2 ≤ N2,1(g)

2.

4. The common operator for fractional smoothness. Assume now that 0 < s < 1. On the
complete frequency L2 space, define

Tpψ = Dp(Ipψ), p ∈ {1, 2}.

This is a common linear operator for the two endpoints. For ϑ ∈ [0, 1], define the extended
gauges

∥ψ∥2freq,p,ϑ =

∫︂
Rp

(︃
1 +
∥ω∥22
p

)︃ϑ
|ψ(ω)|2 dω,

∥ζ∥2per,p,ϑ =
∑︂
a∈Zp

(︃
1 +

π2∥a∥22
p

)︃ϑ
|ˆ︁ζ(a)|2,

for ψ ∈ L2(Rp;C) and ζ ∈ L2(Tp2;C); a divergent expression has value +∞.

The inverse isometry and folding prove

∥Tpψ∥per,p,0 ≤ ∥ψ∥freq,p,0.

For every frequency L2 class, the inverse truncations converge to Ipψ, so

DpGψ,ncut −→ Tpψ in L2(µp).

Apply the smooth spectral estimate in the appropriate dimension and pass to finite sums
as above. This proves the second endpoint on the same operator:

∥Tpψ∥per,p,1 ≤ ∥ψ∥freq,p,1.

The inequality includes profiles with infinite first-order gauge.

5. The normalized interpolation energy. For two extended gauges n0, n1 on a common additive
space, define, for ρ > 0,

K2(ρ; n0, n1; ζ) = inf
ζ=ζ0+ζ1

{︁
n0(ζ0)

2 + ρ2n1(ζ1)
2
}︁
,

and, for 0 < s < 1,

Js(n0, n1; ζ) =
2 sin(πs)

π

∫︂ ∞

0
ρ−1−2sK2(ρ; n0, n1; ζ) dρ.
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Every source decomposition maps to a target decomposition under Tp. The two endpoint
contractions therefore imply

K2(ρ; ∥ · ∥per,p,0, ∥ · ∥per,p,1;Tpψ)

≤ K2(ρ; ∥ · ∥freq,p,0, ∥ · ∥freq,p,1;ψ) .

Integration against the positive normalized measure gives the same contraction for Js.

We evaluate the source functional exactly. Set

wfreq,p(ω) = 1 +
∥ω∥22
p

, ψ0,ρ(ω) =
ρ2wfreq,p(ω)

1 + ρ2wfreq,p(ω)
ψ(ω),

ψ1,ρ(ω) =
1

1 + ρ2wfreq,p(ω)
ψ(ω).

These are an admissible L2 decomposition of ψ. Their cost satisfies

|ψ0,ρ(ω)|2 + ρ2wfreq,p(ω)|ψ1,ρ(ω)|2 =
ρ2wfreq,p(ω)

1 + ρ2wfreq,p(ω)
|ψ(ω)|2 ≤ |ψ(ω)|2.

For every other decomposition ψ = χ0 + χ1, completing the square gives

|χ0|2 + ρ2wfreq,p|χ1|2 =
ρ2wfreq,p

1 + ρ2wfreq,p
|ψ|2

+ (1 + ρ2wfreq,p)

⃓⃓⃓⃓
χ1 −

ψ

1 + ρ2wfreq,p

⃓⃓⃓⃓2
.

Thus the displayed decomposition attains the infimum, including when the competing
decomposition has infinite cost, and

K2(ρ; ∥ · ∥freq,p,0, ∥ · ∥freq,p,1;ψ) =
∫︂
Rp

ρ2wfreq,p(ω)

1 + ρ2wfreq,p(ω)
|ψ(ω)|2 dω.

For every β > 0, substitution τ = ρ
√
β gives

2 sin(πs)

π

∫︂ ∞

0
ρ−1−2s ρ2β

1 + ρ2β
dρ = βs

2 sin(πs)

π

∫︂ ∞

0

τ1−2s

1 + τ2
dτ = βs,

because the last integral is π/(2 sin(πs)). Tonelli consequently proves

Js(∥ · ∥freq,p,0, ∥ · ∥freq,p,1;ψ) = ∥ψ∥2freq,p,s.

Combining this identity with the operator contraction yields

Js(∥ · ∥per,p,0, ∥ · ∥per,p,1;Tpψ) ≤ ∥ψ∥2freq,p,s.

6. Transport through Fourier coefficients. Define the coefficient map and its sequence gauges
by

Cpζ = (ˆ︁ζ(a))a∈Zp , wper,p(a) = 1 +
π2∥a∥22
p

,
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∥γ∥2seq,p,0 =
∑︂
a∈Zp

|γ(a)|2, ∥γ∥2seq,p,1 =
∑︂
a∈Zp

wper,p(a)|γ(a)|2, γ ∈ ℓ2(Zp;C).

Parseval and the first-order gauge definition give

∥Cpζ∥seq,p,0 = ∥ζ∥per,p,0, ∥Cpζ∥seq,p,1 = ∥ζ∥per,p,1.

Mapping each torus decomposition through Cp therefore gives

Js(∥ · ∥seq,p,0, ∥ · ∥seq,p,1;Cpζ) ≤ Js(∥ · ∥per,p,0, ∥ · ∥per,p,1; ζ) .

The same pointwise minimizing decomposition and scalar integral from the previous step,
now with counting measure and weight wper,p, show that

Js(∥ · ∥seq,p,0, ∥ · ∥seq,p,1;Cpζ) =
∑︂
a∈Zp

wper,p(a)
s|ˆ︁ζ(a)|2.

All these weights are finite and at least one, so the minimizing decompositions belong to
the ambient ℓ2 space. Applying the two inequalities to ζ = Tpψ yields∑︂

a∈Zp

(︃
1 +

π2∥a∥22
p

)︃s
|ˆ︃Tpψ(a)|2 ≤

∫︂
Rp

(︃
1 +
∥ω∥22
p

)︃s
|ψ(ω)|2 dω.

For an admissible extension G, the inverse identification in the first step gives

Tp(FpG) = DpG = h almost everywhere.

Hence ∑︂
a∈Zp

(︃
1 +

π2∥a∥22
p

)︃s
|ˆ︁h(a)|2 ≤ ∫︂

Rp

(︃
1 +
∥ω∥22
p

)︃s
|FpG(ω)|2 dω.

Infimizing over all admissible extensions proves the component assertion for 0 < s < 1.
Together with the two endpoint cases, this establishes it throughout 0 < s ≤ 1.

7. Coefficient additivity and the order-two support bound. Fix d ≥ 2 and m ∈ Hd,s. By
Definition 2, m is centered and square integrable and satisfies Assumptions 2 and 3. Use
the canonical components defined in Definition 1. Define their ambient reflections by

hamb
j (y) = gj(m)((bd(y))j), hamb

jℓ (y) = gjℓ(m)((bd(y))j , (bd(y))ℓ), j < ℓ,

and their coefficients by

ˆ︁hamb
j (k) = 2−d

∫︂
[0,2)d

hamb
j (y)e−iπkTy dy,

ˆ︁hamb
jℓ (k) = 2−d

∫︂
[0,2)d

hamb
jℓ (y)e−iπkTy dy, k ∈ Zd.

The requisite component L2 regularity follows from conditional Cauchy–Schwarz. In the
integration notation of Definition 1,∫︂ 1

0
|gj(m)(xj)|2 dxj ≤

∫︂
[0,1]d

|m(x)|2 dx,
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and ∫︂
[0,1]2

⃓⃓⃓⃓
⃓
∫︂
[0,1]d−2

m(xj , xℓ, u−{j,ℓ}) du−{j,ℓ}

⃓⃓⃓⃓
⃓
2

dxj dxℓ ≤
∫︂
[0,1]d

|m(x)|2 dx.

Subtracting the two lifted main effects therefore gives an L2 pair effect. For d = 2, the
inner zero-dimensional integral is evaluation, and the second inequality is equality. Folding
preserves this regularity. The almost-everywhere decomposition supplied by Assumption 2
thus permits integration term by term:

ˆ︁F (k) = d∑︂
j=1

ˆ︁hamb
j (k) +

∑︂
j<ℓ

ˆ︁hamb
jℓ (k).

To establish coordinate locality, fix a coordinate ȷ with kȷ ̸= 0, and define a torus transla-
tion by

(τk,ȷ)ι =

{︄
−1/kȷ (mod 2), ι = ȷ,

0 (mod 2), ι ̸= ȷ,
1 ≤ ι ≤ d.

If a reflected component is independent of coordinate ȷ, it is invariant under this transla-
tion, whereas its coefficient character acquires the factor

e−iπkTτk,ȷ = −1.

Translation invariance of Haar measure then makes the component coefficient equal to its
own negative, hence zero. In particular,

ˆ︁hamb
j (k) = 0 if some kȷ ̸= 0 with ȷ ̸= j,

ˆ︁hamb
jℓ (k) = 0 if some kȷ ̸= 0 with ȷ /∈ {j, ℓ}.

If | supp(k)| > 2, choose three distinct active coordinates ȷ1, ȷ2, ȷ3. Every main component
excludes at least one of them, and every pair component also excludes at least one. All
terms in the coefficient decomposition vanish, proving

ˆ︁F (k) = 0 when | supp(k)| > 2.

8. Centering and unique component coefficients. Fubini applied to the canonical marginal
formulas gives ∫︂ 1

0
gj(m)(υ) dυ =

∫︂
[0,1]d

m(x) dx = 0.

Integrating the raw pair marginal in its second coordinate recovers the first main marginal.
Consequently, for almost every xj ,∫︂ 1

0
gjℓ(m)(xj , υ) dυ = gj(m)(xj)− gj(m)(xj)−

∫︂ 1

0
gℓ(m)(υ) dυ = 0.

Interchanging the two marginal coordinates gives, for almost every xℓ,∫︂ 1

0
gjℓ(m)(υ, xℓ) dυ = gℓ(m)(xℓ)−

∫︂ 1

0
gj(m)(υ) dυ − gℓ(m)(xℓ) = 0.
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These identities also apply at d = 2, with the evaluation convention for the raw pair
marginal.

Folding preserves the coordinate integrals. Thus the main reflected coefficient at zero
vanishes. For a pair effect, if kℓ = 0, integrating first in coordinate ℓ gives zero by the
first pair-centering identity; if kj = 0, use the other identity. Combining these facts with
coordinate locality yields

ˆ︁hamb
j (k) ̸= 0 =⇒ supp(k) = {j},

ˆ︁hamb
jℓ (k) ̸= 0 =⇒ supp(k) = {j, ℓ}.

The supports of distinct canonical components are therefore disjoint. Substituting these
support statements into coefficient additivity proves

ˆ︁F (k) = {︄ˆ︁hamb
j (k), supp(k) = {j},ˆ︁hamb
jℓ (k), supp(k) = {j, ℓ}, j < ℓ.

For the pair case, ordering the two supporting coordinates increasingly selects the unique
pair in the decomposition.

9. Pooling and local coefficient transport. For the auxiliary sums over all ambient frequencies,
extend the stated complexity by

t(0) = 0, t(k) =
∥k∥22

| supp(k)|
(k ̸= 0).

At a singleton-support frequency, the unique main coefficient just identified supplies the
full coefficient; at a pair-support frequency, the unique ordered pair supplies it. At every
other frequency the indicator below is zero. Hence, pointwise in k,

1{1≤| supp(k)|≤2}(1 + π2t(k))s| ˆ︁F (k)|2
≤

d∑︂
j=1

(1 + π2t(k))s|ˆ︁hamb
j (k)|2 +

∑︂
j<ℓ

(1 + π2t(k))s|ˆ︁hamb
jℓ (k)|2.

Summing and interchanging the nonnegative frequency sums with the finite component
sums gives ∑︂

k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2

≤
d∑︂
j=1

∑︂
k∈Zd

(1 + π2t(k))s|ˆ︁hamb
j (k)|2

+
∑︂
j<ℓ

∑︂
k∈Zd

(1 + π2t(k))s|ˆ︁hamb
jℓ (k)|2.

Define the local reflections and coefficients by

hlocj (y) = gj(m)(b1(y)), ˆ︁hlocj (α) =
1

2

∫︂
[0,2)

hlocj (y)e−iπαy dy, α ∈ Z,
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hlocjℓ (y) = gjℓ(m)((b2(y))1, (b2(y))2), ˆ︁hlocjℓ (a) = 1

4

∫︂
[0,2)2

hlocjℓ (y)e
−iπaTy dy, a ∈ Z2.

For α ∈ Z and a ∈ Z2, define the ambient frequency embeddings

(ιj(α))ȷ =

{︄
α, ȷ = j,

0, ȷ ̸= j,
(ιjℓ(a))ȷ =

⎧⎪⎨⎪⎩
a1, ȷ = j,

a2, ȷ = ℓ,

0, ȷ /∈ {j, ℓ}.

Coordinate projection preserves product Haar probability, and folding commutes with
selecting coordinates. Integrating the unused coordinates therefore gives

ˆ︁hamb
j (ιj(α)) = ˆ︁hlocj (α), ˆ︁hamb

jℓ (ιjℓ(a)) = ˆ︁hlocjℓ (a).
At the frequencies where the corresponding ambient coefficients can be nonzero,

t(ιj(α)) = α2 (α ̸= 0), t(ιjℓ(a)) =
a21 + a22

2
(a1a2 ̸= 0).

Indeed, the ambient squared frequency length is the local squared length, and the support
cardinality is respectively one or two.

The ambient support statements restrict each sum to these embedded frequencies. Re-
striction to the supporting coordinates is injective, so enlarging to all local frequencies
gives ∑︂

k∈Zd

(1 + π2t(k))s|ˆ︁hamb
j (k)|2 ≤

∑︂
α∈Z

(1 + π2α2)s|ˆ︁hlocj (α)|2,

∑︂
k∈Zd

(1 + π2t(k))s|ˆ︁hamb
jℓ (k)|2 ≤

∑︂
a∈Z2

(︃
1 +

π2∥a∥22
2

)︃s
|ˆ︁hlocjℓ (a)|2.

Thus the ambient bound is bounded in turn by the sum of the local component Fourier
budgets.

10. The pooled budget and cube energy. The local canonical components are Borel and square
integrable by the marginal argument above. Their restriction norms are finite because
the finite, nonnegative sum in Assumption 3 is bounded by one. Applying the component
contraction to each main effect and each pair effect yields∑︂

k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2

≤
d∑︂
j=1

∑︂
α∈Z

(1 + π2α2)s|ˆ︁hlocj (α)|2

+
∑︂
j<ℓ

∑︂
a∈Z2

(︃
1 +

π2∥a∥22
2

)︃s
|ˆ︁hlocjℓ (a)|2

≤
d∑︂
j=1

N1,s(gj(m))2 +
∑︂
j<ℓ

N2,s(gjℓ(m))2 ≤ 1,
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where the final inequality is precisely Assumption 3.

Folding sends Haar probability to cube Lebesgue probability in dimension d, by the same
coordinatewise reflection calculation used above. Centering therefore gives

ˆ︁F (0) = ∫︂
Td
2

F (y) dµd(y) =

∫︂
[0,1]d

m(x) dx = 0, dµd(y) = 2−d dy.

Since d ≥ 2, Parseval applies in positive dimension. Also, s > 0 and t(k) ≥ 0 give

(1 + π2t(k))s ≥ 1.

Using the zero coefficient and the already established vanishing for support size greater
than two, we conclude∫︂

[0,1]d
|m(x)|2 dx =

∫︂
Td
2

|F (y)|2 dµd(y)

=
∑︂
k∈Zd

| ˆ︁F (k)|2
=

∑︂
k∈Zd

1≤| supp(k)|≤2

| ˆ︁F (k)|2
≤

∑︂
k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2 ≤ 1.

This establishes all the asserted conclusions.

The component inequality in Lemma 3 preserves the squared restriction budget with constant
one throughout 0 < s ≤ 1. Canonical centering assigns main effects to frequencies supported
on their single coordinate and pair effects to frequencies supported on both of their coordinates.
Thus the full spectral budget retains the component allocation specified by Assumption 3. Its
exact normalization supplies the budget used in the numerical attaining bound.

The accompanying support and centering conclusions identify the spectral rows relevant
to the population criterion. The reflected function has frequencies supported on one or two
coordinates and has zero constant coefficient. Its cube L2 bound also controls the independent-
sign branch of Algorithm 1.

B.2 Common-shift spectral transfer

The randomized lift in Definition 8 makes each lifted covariate Haar-uniform. A common trans-
lation preserves the product Haar law and makes the transformed sample independent of the
shift. This independence is the basis of the spectral identity: the shift supplies a common
random phase for each frequency while assignment depends on the transformed sample. The
next statement joins the reflection bound to this identity for the allowed measurable prognostic
functions.
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Lemma 4. [lem:reflection-transfer] (Reflection and spectral transfer) Write Tp2 = (R/2Z)p
for the period-two torus, equipped with normalized Haar measure, and let bp fold each coordinate
onto [0, 1], by taking its absolute value in a representative from [−1, 1]. For a cube function g,
its even reflection h and normalized Fourier coefficients are

h = g ◦ bp, ˆ︁h(a) = ∫︂
Tp
2

h(w) exp(−iπa · w) dw, a ∈ Zp.

The squared restriction norm is

Np,s(g)
2 = inf

G∈L1(Rp;C)∩L2(Rp;C)
G=g a.e. on [0,1]p

∫︂
Rp

⃓⃓⃓⃓
(2π)−p/2

∫︂
Rp

exp(−iω · u)G(u) du
⃓⃓⃓⃓2(︃

1 +
∥ω∥2

p

)︃s
dω.

For every p ∈ {1, 2} and 0 < s ≤ 1, there exists a constant c > 0, depending on p, s, such that
every real cube function g, under the usual measurability and square-integrability conditions and
with Np,s(g)

2 <∞, satisfies

∑︂
a∈Zp

(︃
1 +

π2∥a∥2

p

)︃s
|ˆ︁h(a)|2 ≤ cNp,s(g)

2.

For every d ≥ 2, 0 < s ≤ 1, and m ∈ Hd,s as in Definition 2, define the reflected function
F , its Fourier coefficients, and the frequency complexity by

F = m ◦ bd, ˆ︁F (k) = ∫︂
Td
2

F (w) exp(−iπk · w) dw,

supp(k) = {j : kj ̸= 0}, t(k) =

⎧⎪⎨⎪⎩
∑︁

j k
2
j

| supp(k)|
, k ̸= 0,

0, k = 0.

Then, with Cs = 3072, ∑︂
k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2 ≤ Cs.
For every pair of nonnegative integers n, d, let X satisfy Assumption 1 on an arbitrary

measurable sampling space. Independently of X, reflect each coordinate of each Xi by an inde-
pendent fair sign, and add an independent common Haar shift T ∈ Td2, obtaining Wi modulo 2.
The joint law of W = (Wi)

n
i=1 and T is the product of n + 1 normalized Haar laws. Thus the

Wi are independent Haar draws and W is independent of T .
The following identity holds under these conditions:

• (Parameters.) n ≥ 2, d ≥ 2, and 0 < s ≤ 1.

• (Prognostic function.) m ∈ Hd,s as in Definition 2.

• (Sampling.) X satisfies Assumption 1 on an arbitrary measurable sampling space, and
W,T are constructed as above.

• (Assignment.) π is any Borel probability kernel from (Td2)n to Zn = {−1, 1}n, and,
conditional on the sample, reflection signs, and shift, Z has law π(W ).
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With the torus character ek(w) = exp(iπk · w), one has

E

⃓⃓⃓⃓
⃓
n∑︂
i=1

Zim(Xi)

⃓⃓⃓⃓
⃓
2

=
∑︂
k∈Zd

| ˆ︁F (k)|2 E ⃓⃓⃓⃓⃓
n∑︂
i=1

Ziek(Wi)

⃓⃓⃓⃓
⃓
2

.

On the left, expectation includes the original sample, independent reflection signs, common shift,
and conditional assignment law; on the right, it includes the independent Haar sample W and
conditional assignment law π(W ). The equality is understood in the extended nonnegative reals.

Proof of Lemma 4. 1. For p ∈ {1, 2} and 0 < s ≤ 1, Lemma 3 gives, under the stated
measurability, square-integrability, and finite restriction-norm hypotheses,∑︂

a∈Zp

(︃
1 +

π2∥a∥2

p

)︃s
|ˆ︁h(a)|2 ≤ Np,s(g)

2.

Thus the first assertion holds with c = 1 > 0.

2. For d ≥ 2, 0 < s ≤ 1, and m ∈ Hd,s, the pooled conclusion of Lemma 3 gives∑︂
k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2 ≤ 1 ≤ 3072 = Cs.

This proves the second assertion.

3. We next establish the joint sampling law for arbitrary nonnegative integers n, d. Write

µH,d = normalized Haar measure on Td2, νH,n,d = µ⊗nH,d.

Let the independent reflection signs and the reflected sample be

η = (ηij)1≤i≤n
1≤j≤d

∈ {−1, 1}n×d, P(ηij = 1) = P(ηij = −1) =
1

2
,

˜︁Xi = (ηijXij)
d
j=1 (mod 2), Wi = ˜︁Xi + T.

The sampling measure has total mass one because its pushforward under X is the proba-
bility law in Assumption 1.

For every nonnegative Borel function φ : T1
2 → [0,∞], a single reflected coordinate satisfies

Eφ( ˜︁Xij) =
1

2

∫︂ 1

0
φ(u) du+

1

2

∫︂ 1

0
φ(2− u) du

=
1

2

∫︂ 2

0
φ(u) du =

∫︂
T1
2

φdµH,1.

Here the change of variables in the second integral combines the two halves of the period-
two circle; endpoints have Lebesgue measure zero. Taking products over coordinates and
units, using independence of the uniform coordinates and reflection signs, gives

Law( ˜︁X) = νH,n,d, Law( ˜︁X,T ) = νH,n,d ⊗ µH,d.
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For each τ ∈ Td2, coordinatewise Haar translation invariance gives(︁
w ↦→ (wi + τ)ni=1

)︁
#
νH,n,d = νH,n,d.

Consequently, for Borel sets EH ⊆ (Td2)n and CH ⊆ Td2,

P(W ∈ EH, T ∈ CH) =

∫︂
CH

∫︂
(Td

2)
n

1EH

(︁
(wi + τ)ni=1

)︁
dνH,n,d(w) dµH,d(τ)

= νH,n,d(EH)µH,d(CH).

Thus
Law(W,T ) = νH,n,d ⊗ µH,d.

For n = 0 or d = 0, empty products are point masses on the corresponding unique empty
tuple, and the same product and translation identities apply.

4. Now impose the hypotheses of the final assertion. Folding either reflection of a cube
coordinate recovers that coordinate:

b1(u mod 2) = u, b1(−u mod 2) = u, 0 ≤ u ≤ 1.

For the second identity, u > 0 has representative 2 − u, whose fold is u; at u = 0, the
representative and its fold are both zero. Since the sampled coordinates belong to the
cube almost surely,

bd( ˜︁Xi) = Xi, F (Wi − T ) = F ( ˜︁Xi) = m(Xi) almost surely, 1 ≤ i ≤ n.

The folding map and F are Borel measurable. Integrating the conditional assignment law
π(W ), and then using the joint law proved above, therefore yields

E

⃓⃓⃓⃓
⃓
n∑︂
i=1

Zim(Xi)

⃓⃓⃓⃓
⃓
2

=

∫︂
(Td

2)
n

∫︂
Td
2

∫︂
Zn

⃓⃓⃓⃓
⃓
n∑︂
i=1

ziF (wi − τ)

⃓⃓⃓⃓
⃓
2

π(w, dz) dµH,d(τ) dνH,n,d(w).

Because F is real-valued, the absolute value here also equals the complex modulus of the
same sum.

5. Tonelli’s theorem first interchanges the sign and shift integrals:∫︂
Td
2

∫︂
Zn

⃓⃓⃓⃓
⃓
n∑︂
i=1

ziF (wi − τ)

⃓⃓⃓⃓
⃓
2

π(w, dz) dµH,d(τ)

=

∫︂
Zn

∫︂
Td
2

⃓⃓⃓⃓
⃓
n∑︂
i=1

ziF (wi − τ)

⃓⃓⃓⃓
⃓
2

dµH,d(τ)π(w, dz).

We evaluate the inner shift integral by computing its Fourier coefficients.

The folding normalization gives∫︂
Td
2

|F (y)|2 dµH,d(y) =
∫︂
[0,1]d

|m(x)|2 dx <∞.
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Indeed, fix the remaining coordinates xrest ∈ [0, 1]d−1 and define the first-coordinate slice
by

mslice,xrest : [0, 1]→ R, mslice,xrest(uslice) = m(uslice, xrest), uslice ∈ [0, 1].

The two reflected halves contribute

1

2

∫︂ 1

0
|mslice,xrest(uslice)|2 duslice+

1

2

∫︂ 2

1
|mslice,xrest(2−uslice)|2 duslice =

∫︂ 1

0
|mslice,xrest(uslice)|2 duslice.

The same change of variables applies to a slice in any coordinate. Integrating over the re-
maining coordinates and iterating this identity in each coordinate, using Tonelli’s theorem,
proves the displayed d-dimensional identity.

For every w ∈ (Td2)n and z ∈ Zn, define

Sw,z(τ) =

n∑︂
i=1

ziF (wi − τ), τ ∈ Td2,

ˆ︁Sw,z(k) = ∫︂
Td
2

e−k(τ)Sw,z(τ) dµH,d(τ), k ∈ Zd.

The map τ ↦→ wi − τ preserves Haar measure, so∫︂
Td
2

|F (wi − τ)|2 dµH,d(τ) =
∫︂
Td
2

|F (y)|2 dµH,d(y) <∞.

Each summand, and hence Sw,z, belongs to L
2.

Changing variables y = wi − τ and using the character identity

e−k(wi − y) = e−k(wi)ek(y)

gives ∫︂
Td
2

e−k(τ)F (wi − τ) dµH,d(τ) = e−k(wi)

∫︂
Td
2

ek(y)F (y) dµH,d(y)

= e−k(wi) ˆ︁F (−k).
Linearity over the finite sum therefore gives

ˆ︁Sw,z(k) = ˆ︁F (−k) n∑︂
i=1

zie−k(wi).

The normalized characters form an orthonormal basis of L2(µH,d). Their orthogonality
follows coordinatewise:∫︂

Td
2

ek(y)ek′(y) dµH,d(y) =

d∏︂
j=1

(︃
1

2

∫︂ 2

0
exp
(︁
iπ(kj − k′j)u

)︁
du

)︃
=

{︄
1, k = k′,

0, k ̸= k′,
k, k′ ∈ Zd.

Trigonometric polynomials are uniformly dense in continuous functions on the torus, and
continuous functions are dense in L2; thus

span{ek : k ∈ Zd}
L2

= L2(µH,d).
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The Hilbert-space norm identity for this orthonormal basis, followed by the bijective rein-
dexing k ↦→ −k, now gives∫︂

Td
2

|Sw,z(τ)|2 dµH,d(τ) =
∑︂
k∈Zd

|ˆ︁Sw,z(k)|2
=
∑︂
k∈Zd

| ˆ︁F (−k)|2 ⃓⃓⃓⃓⃓
n∑︂
i=1

zie−k(wi)

⃓⃓⃓⃓
⃓
2

=
∑︂
k∈Zd

| ˆ︁F (k)|2 ⃓⃓⃓⃓⃓
n∑︂
i=1

ziek(wi)

⃓⃓⃓⃓
⃓
2

.

All terms are nonnegative, so this identity also holds as an equality of extended nonnegative
integrals and sums.

6. Substitute the shift identity into the transported expectation. Tonelli’s theorem moves
the nonnegative frequency sum through both the assignment-kernel integral and the Haar-
sample integral, giving

E

⃓⃓⃓⃓
⃓
n∑︂
i=1

Zim(Xi)

⃓⃓⃓⃓
⃓
2

=

∫︂
(Td

2)
n

∫︂
Zn

∑︂
k∈Zd

| ˆ︁F (k)|2 ⃓⃓⃓⃓⃓
n∑︂
i=1

ziek(wi)

⃓⃓⃓⃓
⃓
2

π(w, dz) dνH,n,d(w)

=
∑︂
k∈Zd

| ˆ︁F (k)|2 ∫︂
(Td

2)
n

∫︂
Zn

⃓⃓⃓⃓
⃓
n∑︂
i=1

ziek(wi)

⃓⃓⃓⃓
⃓
2

π(w, dz) dνH,n,d(w)

=
∑︂
k∈Zd

| ˆ︁F (k)|2E ⃓⃓⃓⃓⃓
n∑︂
i=1

Ziek(Wi)

⃓⃓⃓⃓
⃓
2

.

The last expectation uses the independent Haar sample and conditional assignment law
π(W ), as asserted.

The transfer in Lemma 4 separates population regularity from assignment performance.
Squared Fourier coefficients describe the reflected prognosis; the expected squared signed char-
acter sums describe the assignment rule. Orthogonality of the common-shift phases removes
cross-frequency terms, even when the assignment signs depend on the entire transformed sam-
ple. The dependence condition is therefore substantive: conditional assignment uses W , while
the independent shift supplies the averaging that diagonalizes the criterion.

The identity applies to every Borel representative allowed by Definition 2. Its square-
integrable formulation accommodates Fourier expansions in the L2 sense, and uniform sampling
makes changes on cube null sets immaterial to the original-sample loss. Reflection consequently
carries nonperiodic component regularity into the spectral assignment criterion with the bound-
ary behavior permitted by the restriction norm. For the attaining comparison, the sharper unit
budget in Lemma 3 supplies the normalization within this transfer.

B.3 Ordered rounding and the attaining bound

The spectral rows are bounded real functions ordered by increasing frequency complexity. Their
assignment guarantees must hold conditional on each realized input matrix, so that auxiliary
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transformations can subsequently be averaged. The following statement gives the measurable
realization, finite completion, fairness, and second-moment bounds for the procedure in Algo-
rithm 2.

Lemma 5. [lem:ordered-prefix-rounding] (Ordered prefix rounding guarantees) Let n ≥ 0
be an integer, let Λ ∈ R, and let a1, a2, . . . ∈ Rn be deterministic ordered rows satisfying

|(ah)i| ≤ Λ (h ≥ 1, 1 ≤ i ≤ n).

Supply the first K = ⌊n/4⌋ rows to the procedure in Algorithm 2, and write Z ∈ {−1, 1}n for its
output signs. The output map is jointly Borel measurable in the input matrix a ∈ RK×n and the
real seed vector of length 3n. For every seed vector in [0, 1]3n, the fractional state after n moves
satisfies

ui = Zi (1 ≤ i ≤ n).

With the 3n seeds drawn independently and uniformly from [0, 1],

E[Zi] = 0 (1 ≤ i ≤ n), E
[︂
(aThZ)

2
]︂
≤ 32Λ2min{h, n} (h ≥ 1).

Proof of Lemma 5. 1. We first establish joint measurability. For an arbitrary input matrix
a ∈ RK×n and seed vector

η = (η1, . . . , η3n) ∈ R3n,

run Algorithm 2, using η2τ+1 for direction selection and η2τ+2 for the boundary coin at
move τ , where 0 ≤ τ < n. A terminal coordinate round uses the second of these seeds.
After exhaustion, pad the procedure with identity moves.

Write u(τ) for the fractional vector after τ moves, and define its active set and count by

u(0) = 0, Iτ = {i ∈ {1, . . . , n} : |u(τ)i | < 1}, rτ = |Iτ |.

More explicitly, on a nonterminal move the recursion is

u(τ+1) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
u(τ) + δ+b vb, η2τ+2 <

δ−b
δ+b + δ−b

,

u(τ) − δ−b vb, η2τ+2 ≥
δ−b

δ+b + δ−b
,

where b, the basis vectors, and the boundary lengths are computed from the current state
as specified in Algorithm 2. On a terminal move, put

iterm,τ = min Iτ

and replace that coordinate by +1 exactly when η2τ+2 < (1 + u
(τ)
iterm,τ

)/2, and by −1
otherwise. This index is used exclusively when the active set is nonempty. An empty
active set gives u(τ+1) = u(τ). The output is

Zi(a,η) =

{︄
1, u

(n)
i (a,η) > 0,

−1, u
(n)
i (a,η) ≤ 0.
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All active-set and phase tests are Borel. Ordered Gram–Schmidt is a finite recursion: each
residual is formed by sums and products, the zero-residual branch is Borel, and normal-
ization on the positive-norm branch is Borel. Consequently the constraint projection and
the ordered basis obtained from its projected coordinate vectors are Borel functions of
the input and state. Boundary lengths are finite minima of sign-guarded ratios, and the
finite inverse-distribution recursion uses Borel threshold tests. For the total formulas, an
empty minimum is assigned zero and division by zero is assigned zero. For arbitrary real
selection seeds, the same threshold recursion selects the first interval below zero and the
last interval at or above one.

Thus induction over the finite move recursion gives joint Borel measurability of u(n). In
particular,

{(a,η) : Zi(a,η) = 1} = {(a,η) : u(n)i (a,η) > 0}
is Borel for every coordinate. Since the sign space is finite, the output map is jointly Borel.
When n = 0, it is the constant map into the singleton empty sign space.

2. We next prove termination. At a nonterminal move, define

rcon,τ = rank
(︁
(aℓi)1≤ℓ≤q1, i∈Iτ

)︁
, rnull,τ = dim(imP ).

The orthonormalized constraint rows and the nullspace basis together span the active
coordinate subspace. Hence

rcon,τ + rnull,τ = rτ , rcon,τ ≤ q1, rnull,τ ≥ rτ − q1.

At a new nonterminal phase, rτ ≥ 4 and q1 = ⌊rτ/4⌋ < rτ . During a continuing phase
with starting count r,

q1 = ⌊r/4⌋ ≤ ⌊r/2⌋ < rτ .

Thus rnull,τ > 0 on every nonterminal move.

Every basis vector is nonzero and supported on active coordinates. Therefore the sets
defining its two boundary lengths are nonempty, and

0 < δ+b <∞, 0 < δ−b <∞.

The boundary minima ensure

|u(τ)i + δ+b (vb)i| ≤ 1, |u(τ)i − δ
−
b (vb)i| ≤ 1

for every coordinate, with equality for at least one previously active coordinate on each
branch. Already inactive coordinates have zero direction entries. A terminal round likewise
fixes one active coordinate at a boundary. Thus, whenever rτ > 0, a move preserves the
cube and strictly decreases the active count; when rτ = 0, the move is the identity.
Induction yields

|u(τ)i | ≤ 1, rτ ≤ max{n− τ, 0} (0 ≤ τ ≤ n).

In particular rn = 0, so |u(n)i | = 1. If u
(n)
i > 0, then u

(n)
i = 1 = Zi; otherwise u

(n)
i = −1 =

Zi. This proves

u
(n)
i = Zi (1 ≤ i ≤ n).

The argument applies to every real seed vector, and hence to every seed vector in the
stated cube.
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3. Now supply aTℓ , 1 ≤ ℓ ≤ K, as the input rows and draw the seeds independently and
uniformly. Define

Fτ = σ(η1, . . . , η2τ ), ∆(τ) = u(τ+1) − u(τ) (0 ≤ τ < n).

Conditional on the current state and the selected basis index b, the boundary coin gives

E[∆(τ) | Fτ , b] =
(︃

δ−b δ
+
b

δ+b + δ−b
−

δ+b δ
−
b

δ+b + δ−b

)︃
vb = 0.

For a terminal coordinate round, its conditional mean is

1 + u
(τ)
i

2
−

1− u(τ)i

2
= u

(τ)
i .

Identity moves also have zero increment. Integrating the fresh coin and then the remaining
seeds therefore gives

E[u(τ+1)
i ] = E[u(τ)i ].

Starting from u(0) = 0 and using the terminal identity from the preceding step, we obtain

E[Zi] = E[u(n)i ] = 0.

4. Fix an integer h ≥ 1. Define the predictable unprotected events by

Eτ = {rτ < 4h} (0 ≤ τ < n).

These events are Borel and depend exclusively on seeds read before move τ .

We establish the row-to-energy comparison on each move. On a nonterminal move, the
scalar boundary-coin second moment is

δ−b (δ
+
b )

2 + δ+b (δ
−
b )

2

δ+b + δ−b
= δ+b δ

−
b = tb.

Averaging over the direction probabilities t−1
b /S consequently gives

E
[︂
(aTh∆

(τ))2 | Fτ
]︂
= S−1

rnull,τ∑︂
b=1

(aThvb)
2.

Here S and the basis refer to the current move. Orthonormality and active support imply

0 ≤

⃦⃦⃦⃦
⃦(︁(ah)i1{i∈Iτ})︁ni=1

−
rnull,τ∑︂
b=1

(aThvb)vb

⃦⃦⃦⃦
⃦
2

2

=
∑︂
i∈Iτ

(ah)
2
i −

rnull,τ∑︂
b=1

(aThvb)
2.

Thus the row-entry bound yields

E
[︂
(aTh∆

(τ))2 | Fτ
]︂
≤ S−1Λ2rτ .
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The same boundary-coin calculation, together with zero conditional mean and unit basis
norms, gives

E
[︂
∥u(τ+1)∥22 − ∥u(τ)∥22 | Fτ

]︂
= S−1rnull,τ ≥ 0.

At a phase refresh, 2⌊rτ/4⌋ < rτ . On a continuing phase,

2q1 = 2⌊r/4⌋ ≤ ⌊r/2⌋ < rτ .

Combining 2q1 < rτ with rnull,τ ≥ rτ − q1 gives

rτ ≤ 4rnull,τ .

Therefore the conditional row variance is at most 4Λ2 times the conditional norm-energy
increase.

On a terminal move, the corresponding two quantities are

E
[︂
(aTh∆

(τ))2 | Fτ
]︂
= (ah)

2
iterm,τ

(︁
1− (u

(τ)
iterm,τ

)2
)︁
,

and
E
[︂
∥u(τ+1)∥22 − ∥u(τ)∥22 | Fτ

]︂
= 1− (u

(τ)
iterm,τ

)2 ≥ 0.

These satisfy the same comparison. Both quantities vanish on an identity move.

Multiplying by the predictable indicator and integrating therefore gives

E
[︂(︁
1Eτa

T
h∆

(τ)
)︁2]︂ ≤ 4Λ2E

[︂
1Eτ
(︁
∥u(τ+1)∥22 − ∥u(τ)∥22

)︁]︂
.

For each coordinate, expanding the square and integrating the fresh zero-mean coin gives

E
[︂(︁
1Eτ∆

(τ)
i

)︁2]︂
= E

[︂
1Eτ
(︁
(u

(τ+1)
i )2 − (u

(τ)
i )2

)︁]︂
.

Summing first over coordinates and then over moves proves

n−1∑︂
τ=0

E
[︂(︁
1Eτa

T
h∆

(τ)
)︁2]︂ ≤ 4Λ2

n−1∑︂
τ=0

n∑︂
i=1

E
[︂(︁
1Eτ∆

(τ)
i

)︁2]︂
.

5. Define the first unprotected time by

τ∗ = min{τ ∈ {0, . . . , n} : rτ < 4h}.

This finite minimum exists because rn = 0 and h ≥ 1. It is measurable. Since active
counts decrease,

1Eτ = 1{τ∗≤τ} (0 ≤ τ < n),

and
rτ∗ < 4h, rτ∗ ≤ n, rτ∗ ≤ 4min{h, n}.

The coordinate-energy identity from the preceding step now telescopes over this predictable
terminal interval:

n−1∑︂
τ=0

n∑︂
i=1

E
[︂(︁
1Eτ∆

(τ)
i

)︁2]︂
= E

[︄
n−1∑︂
τ=0

1{τ∗≤τ}
(︁
∥u(τ+1)∥22 − ∥u(τ)∥22

)︁]︄
= E

[︂
∥u(n)∥22 − ∥u(τ∗)∥22

]︂
.
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Coordinates inactive at τ∗ remain fixed, while every endpoint coordinate has square at
most one. Hence, pointwise,

∥u(n)∥22 − ∥u(τ∗)∥22 =
∑︂
i∈Iτ∗

(︁
(u

(n)
i )2 − (u

(τ∗)
i )2

)︁
≤ rτ∗ .

Consequently,
n−1∑︂
τ=0

n∑︂
i=1

E
[︂(︁
1Eτ∆

(τ)
i

)︁2]︂ ≤ E[rτ∗ ] ≤ 4min{h, n}.

The telescope also applies when τ∗ = n, with an empty selected interval.

6. It remains to identify the final row second moment with the selected move variances. When
rτ ≥ 4h, we have h ≤ K. At a phase refresh,

q1 = ⌊rτ/4⌋ ≥ h.

During a continuing phase, its starting count is at least rτ , so its retained prefix again
contains row h. Every direction is orthogonal to that row. Thus

rτ ≥ 4h =⇒ aTh∆
(τ) = 0.

Zero conditional increment means also give

E
[︂
(aThu

(τ))(aTh∆
(τ))
]︂
= 0.

Expanding the row square therefore yields

E[(aThu(τ+1))2]− E[(aThu(τ))2] = E[(aTh∆(τ))2].

Summing from the zero initial state, using u(n) = Z, and discarding the identically zero
protected increments gives

E[(aThZ)2] =
n−1∑︂
τ=0

E
[︂(︁
1Eτa

T
h∆

(τ)
)︁2]︂

.

Combining the two preceding bounds, with 4Λ2 ≥ 0, proves

E[(aThZ)2] ≤ 4Λ2
n−1∑︂
τ=0

n∑︂
i=1

E
[︂(︁
1Eτ∆

(τ)
i

)︁2]︂
≤ 16Λ2min{h, n}
≤ 32Λ2min{h, n}.

For h > K, every move is unprotected because rτ ≤ n < 4h, so the same argument covers
all subsequent rows. When n = 0, all row sums and move sums are empty and the bound
reads 0 ≤ 0.
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Joint Borel measurability in Lemma 5 makes the finite randomized map suitable for covariate-
dependent assignment. The ordered projection and basis conventions in Algorithm 2 specify
its choices on matrices of every rank, including boundary cases. Completion holds for every
allowed seed vector; fairness and the second-moment bounds concern independent uniform seeds.
Integrating this map over the rounding seeds therefore gives a Borel assignment law with fair
marginals for every fixed input matrix.

The boundary probabilities preserve coordinate means, while the active constraints protect
an ordered prefix of rows. Earlier rows receive longer protection as the active set contracts. The
bound 32Λ2min{h, n} quantifies this allocation and applies to the entire ordered row family,
including rows beyond the supplied prefix. This last feature connects the finite input matrix to
the full spectral budget.

For the prescribed cosine and sine rows, the entry bound is Λ =
√
2. Conditional application

of Lemma 5 controls their signed second moments, and Lemma 4 transfers those controls to
the original prognostic imbalance. Ordering by frequency complexity aligns the strongest row
bounds with the spectral weights in Lemma 3. Together, these are the assignment and regularity
ingredients of the spectral-branch comparison in Theorem 1.

The construction remains admissible after averaging over independent reflection coins and
the common shift. Conditional fairness holds for every transformed input, and the randomization
uses the original covariates and independent auxiliary seeds as specified in Algorithm 1. Hence
the resulting original-sample assignment belongs to Definition 3.

When n ≤ B, where B =
(︁
d
2

)︁
is the coordinate-pair count, the independent-sign branch is

controlled by the cube L2 bound in Lemma 3. When B < n, the ordered spectral branch gives
the smoothness-dependent comparison. The assembled guarantee, stated in Theorem 1, is

sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 3072min{1, (B/n)s}, n, d ≥ 2, 0 < s ≤ 1.

Here the assignment π⋆n,d is the construction in Algorithm 1, and the loss is the criterion specified
in Theorem 1. Smoothness enters through the spectral weights used to evaluate this single
assignment procedure, yielding simultaneous attainment across the stated smoothness range.

C Independent-prior converse

The converse combines a finite prior supported on the prognostic class with a lower bound for
signing independent isotropic vectors. The prior in Definition 9 is drawn before the covariate
sample, so its average loss provides a comparison with the worst-case loss over fixed functions
in Definition 4.

To specify the pair-cosine coefficient family, let L be a positive integer frequency cutoff.
Index the features by α = (j, ℓ, a, b), where 1 ≤ j < ℓ ≤ d and 1 ≤ a, b ≤ L, and set

ϕα(x) = 2 cos(πaxj) cos(πbxℓ).

The full feature vector V (x) collects these coordinates and has dimension M =
(︁
d
2

)︁
L2. Draw

the coefficient array ξ with independent fair sign entries, independently of the covariates and
assignment randomization. The normalization constant C0 =

√
48 + 32π2 scales the signed

feature sum by C0L
s
√
M . The following statement gives the resulting function explicitly and

records the class membership and second-moment identity needed for the converse.
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Lemma 6. [lem:cosine-prior] (Cosine prior legality and isotropy) Let the parameters satisfy:

• (Dimension.) d is an integer with d ≥ 2.

• (Frequency cutoff.) L is an integer with L ≥ 1.

• (Smoothness.) s is real with 0 < s ≤ 1.

Set M =
(︁
d
2

)︁
L2, the number of pair-cosine features, and C0 =

√
48 + 32π2, the prior normaliza-

tion constant. For every coefficient-sign array ξ with entries in {−1, 1}, the function

mξ(x) =
1

C0Ls
√
M

∑︂
1≤j<ℓ≤d

L∑︂
a=1

L∑︂
b=1

ξjℓab 2 cos(πaxj) cos(πbxℓ), x ∈ [0, 1]d,

is centered under the product uniform measure and belongs to Hd,s as defined in Definition 2.
For every integer n ≥ 1 and every covariate array X on a sampling space satisfying As-

sumption 1, let X1 denote its first covariate vector and define the pair-cosine feature vector
by

V (x) =
(︁
2 cos(πaxj) cos(πbxℓ)

)︁
1≤j<ℓ≤d, 1≤a,b≤L.

Then
E
[︂
V (X1)V (X1)

T
]︂
= IM ,

where IM is the M -dimensional identity matrix. This identity includes distinct pair features
sharing an original coordinate.

Proof of Lemma 6. 1. Centering and square integrability. Fix the stated parameters and a
coefficient-sign array ξ. Write

I = {(j, ℓ, a, b) : 1 ≤ j < ℓ ≤ d, 1 ≤ a, b ≤ L},

B =

(︃
d

2

)︃
, M = BL2, γprior =

1

C0Ls
√
M
,

Vjℓab(x) = 2 cos(πaxj) cos(πbxℓ).

Choosing an index amounts to choosing a coordinate pair and two frequencies, so

|I| =
(︃
d

2

)︃
L2 =M.

Since d ≥ 2 and L ≥ 1, we have B ≥ 1, M > 0, and γprior > 0.

For every positive integer frequency a,∫︂ 1

0
cos(πat) dt =

sin(πa)

πa
= 0.

Product integration therefore gives, for every (j, ℓ, a, b) ∈ I,∫︂
[0,1]d

Vjℓab(x) dx = 2

(︃∫︂ 1

0
cos(πat) dt

)︃(︃∫︂ 1

0
cos(πbt) dt

)︃
= 0.

The function mξ is a finite linear combination of continuous bounded features, hence is
Borel measurable and square integrable. Integrating its finite sum yields∫︂

[0,1]d
mξ(x) dx = γprior

∑︂
α∈I

ξα

∫︂
[0,1]d

Vα(x) dx = 0.
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2. Canonical components and reconstruction. Use the same finite cosine expression to evalu-
ate mξ on Rd. For τj , τℓ ∈ R, the canonical marginal formulas are

gj(mξ)(τj) =

∫︂
[0,1]d

mξ(x)|xj=τj dx,

gjℓ(mξ)(τj , τℓ) =

∫︂
[0,1]d

mξ(x)|xj=τj , xℓ=τℓ dx− gj(mξ)(τj)− gℓ(mξ)(τℓ), j < ℓ.

Here substitution fixes the indicated coordinates before integration; the corresponding
unused integration variables contribute factors of one.

For a feature indexed by α = (jα, ℓα, aα, bα), fixing coordinate j leaves a centered cosine
factor whenever j = jα or j = ℓα. If j equals neither coordinate, the integral is the
feature’s mean. Thus, in all three cases,

gj(Vα)(τj) = 0, gj(mξ)(τj) = 0.

After fixing j < ℓ, a feature survives integration precisely when its coordinate pair is (j, ℓ).
In every other configuration, at least one of its two positive-frequency factors remains
integrated and has mean zero. The ordering of both pairs excludes a reversed match.
Consequently,

gjℓ(Vα)(τj , τℓ) =

{︄
2 cos(πaατj) cos(πbατℓ), (jα, ℓα) = (j, ℓ),

0, (jα, ℓα) ̸= (j, ℓ),

and finite-sum linearity gives

gjℓ(mξ)(τj , τℓ) = γprior

L∑︂
a,b=1

ξjℓab 2 cos(πaτj) cos(πbτℓ).

Summing these pair effects counts each feature exactly once:

d∑︂
j=1

gj(mξ)(xj) +
∑︂
j<ℓ

gjℓ(mξ)(xj , xℓ) = γprior
∑︂
α∈I

ξαVα(x) = mξ(x).

This proves the decomposition required in Assumption 2, pointwise and hence almost
everywhere.

3. A cutoff extension and its weak derivatives. To establish the component restriction bound,
take an arbitrary real array

cloc ∈ R{1,...,L}2

and define, for uloc = (uloc1 , uloc2 ) ∈ R2,

Uloc(uloc) =

L∑︂
a,b=1

clocab 2 cos(πauloc1 ) cos(πbuloc2 ),

Ecoef =
L∑︂

a,b=1

(clocab )
2.
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Define the scalar cutoff and a representative of its almost-everywhere derivative on the
whole real line by

qcut(t) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0, t < −1,
t+ 1, −1 ≤ t < 0,

1, 0 ≤ t ≤ 1,

2− t, 1 < t ≤ 2,

0, t > 2,

q′cut(t) =

⎧⎪⎨⎪⎩
1, −1 < t < 0,

−1, 1 < t < 2,

0, otherwise.

In particular, the chosen derivative representative is zero at all four joins. Put

χcut(uloc) = qcut(u
loc
1 )qcut(u

loc
2 ),

χcut,1(uloc) = q′cut(u
loc
1 )qcut(u

loc
2 ),

χcut,2(uloc) = qcut(u
loc
1 )q′cut(u

loc
2 ),

Gcut = χcutUloc,

Dρ = χcut,ρUloc + χcut∂ρUloc, ρ ∈ {1, 2}.

These formulas give
0 ≤ χcut ≤ 1, χ2

cut,1 + χ2
cut,2 ≤ 2.

The extension Gcut equals Uloc on [0, 1]2, is continuous, and is supported in [−1, 2]2. Both
Gcut and Dρ belong to L1(R2)∩L2(R2), since they are bounded and compactly supported.

Fix the other coordinate and let φ ∈ C1(R;R). On each of the intervals (−1, 0), (0, 1),
and (1, 2), ordinary integration by parts applies to the corresponding slice of Gcut, whose
derivative there is the slice of Dρ. Adding the three identities cancels the contributions at
0 and 1 by continuity. The contributions at −1 and 2 vanish because the cutoff is zero.
Extending the integrals to the real line therefore gives∫︂

R
Gcut(uloc)|ulocρ =t φ

′(t) dt = −
∫︂
R
Dρ(uloc)|ulocρ =t φ(t) dt.

This holds for each ρ ∈ {1, 2}; hence Dρ is the weak coordinate derivative of Gcut.

4. Spatial energy on the nine support cells. For an integer κ, integration of the cosine primitive
gives ∫︂ 1

0
cos(πκt) dt = 1{κ=0},

∫︂ 2

−1
cos(πκt) dt = 31{κ=0}.

Indeed, for κ = 0 these are the interval lengths; for κ ̸= 0, all endpoint sine values vanish.
For positive integer frequencies a, b, the identities

cos(πat) cos(πbt) =
1

2

(︁
cos(π(a− b)t) + cos(π(a+ b)t)

)︁
,

sin(πat) sin(πbt) =
1

2

(︁
cos(π(a− b)t)− cos(π(a+ b)t)

)︁
therefore imply∫︂ 1

0
cos(πat) cos(πbt) dt =

∫︂ 1

0
sin(πat) sin(πbt) dt =

1

2
1{a=b},∫︂ 2

−1
cos(πat) cos(πbt) dt =

∫︂ 2

−1
sin(πat) sin(πbt) dt =

3

2
1{a=b}.
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Expanding the finite squares and using product integration eliminates every off-diagonal
frequency term. On the support square this yields∫︂

[−1,2]2
|Uloc|2 = 4

(︃
3

2

)︃2

Ecoef = 9Ecoef .

Differentiating the polynomial gives

∂1Uloc(uloc) = −2π
L∑︂

a,b=1

a clocab sin(πauloc1 ) cos(πbuloc2 ),

∂2Uloc(uloc) = −2π
L∑︂

a,b=1

b clocab cos(πauloc1 ) sin(πbuloc2 ).

The unit-square derivative energies satisfy∫︂
[0,1]2

|∂1Uloc|2 = π2
L∑︂

a,b=1

a2(clocab )
2 ≤ π2L2Ecoef ,

∫︂
[0,1]2

|∂2Uloc|2 = π2
L∑︂

a,b=1

b2(clocab )
2 ≤ π2L2Ecoef .

On [−1, 2]2, the corresponding energies are nine times these frequency sums. In particular,∫︂
[−1,2]2

|∂1Uloc|2 = 9π2
L∑︂

a,b=1

a2(clocab )
2 ≤ 9π2L2Ecoef ,

∫︂
[−1,2]2

|∂2Uloc|2 = 9π2
L∑︂

a,b=1

b2(clocab )
2 ≤ 9π2L2Ecoef ,∫︂

[−1,2]2
∥∇Uloc∥22 ≤ 18π2L2Ecoef .

Since 0 ≤ χcut ≤ 1,
∥Gcut∥2L2(R2) ≤ 9Ecoef .

For each coordinate, apply (r1 + r2)
2 ≤ 2r21 + 2r22, valid for real r1, r2, to the two terms

defining Dρ. Summing the two coordinate inequalities and using the cutoff derivative
bound gives

1

2
(D2

1 +D2
2) ≤ χ2

cut

(︁
|∂1Uloc|2 + |∂2Uloc|2

)︁
+ 2|Uloc|2.

Thus
D2

1 +D2
2 ≤ 2∥∇Uloc∥22 + 4|Uloc|2

on the support square. Integration proves

∥D1∥2L2(R2) + ∥D2∥2L2(R2) ≤ (36 + 36π2L2)Ecoef .
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5. Fourier endpoint bounds. For an integrable function ˜︁G : R2 → C, use the unitary angular-
frequency Fourier transform

(F2
˜︁G)(ωloc) =

1

2π

∫︂
R2

e−i⟨ωloc,uloc⟩ ˜︁G(uloc) duloc, ωloc ∈ R2.

For λ ∈ [0, 1] and ˜︁G ∈ L1(R2) ∩ L2(R2), define

Eλ( ˜︁G) = ∫︂
R2

|F2
˜︁G(ωloc)|2

(︃
1 +
∥ωloc∥22

2

)︃λ
dωloc.

The slice integration-by-parts identities, applied to the real and imaginary parts of the
Fourier exponential, give

F2Dρ(ωloc) = iωloc
ρ F2Gcut(ωloc), ρ ∈ {1, 2}.

Plancherel’s identity consequently yields

E0(Gcut) = ∥Gcut∥22 ≤ 9Ecoef ≤ 16Ecoef ,

E1(Gcut) = ∥Gcut∥22 +
1

2

(︁
∥D1∥22 + ∥D2∥22

)︁
≤ (27 + 18π2L2)Ecoef .

The calibration uses L2 ≥ 1:

27 + 18π2L2 ≤ (48 + 32π2)L2 = C2
0L

2.

Hence the required endpoint estimates are

E0(Gcut) ≤ 16Ecoef , E1(Gcut) ≤ C2
0L

2Ecoef .

6. Fractional energy and the restriction norm. Define the nonnegative energy densities on R2

by
η0(ωloc) = |F2Gcut(ωloc)|2,

η1(ωloc) = η0(ωloc)

(︃
1 +
∥ωloc∥22

2

)︃
.

With the convention r0 = 1 for r ≥ 0, their pointwise factorization is

η 1−s
0 η s1 = η0

(︃
1 +
∥ωloc∥22

2

)︃s
.

The integral form of Hölder’s inequality with nonnegative weights 1− s and s, whose sum
is one, therefore gives

Es(Gcut) ≤ E0(Gcut)
1−sE1(Gcut)

s.

This form includes endpoint weights and zero energy. Since 16 ≤ C2
0 , the endpoint bounds

imply
Es(Gcut) ≤ (C2

0Ecoef)
1−s(C2

0EcoefL
2)s

= C2
0L

2sEcoef .
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In particular, when Ecoef = 0, every coefficient and the extension vanish, and this bound
is zero.

The squared restriction norm is the extension infimum

N2,s(Uloc|[0,1]2)2 = inf˜︁G∈L1(R2;C)∩L2(R2;C)˜︁G=Uloc a.e. on [0,1]2

Es( ˜︁G).
The continuous compactly supported extension Gcut is admissible in this infimum. We
obtain

N2,s(Uloc|[0,1]2)2 ≤ Es(Gcut) ≤ C2
0L

2s
L∑︂

a,b=1

(clocab )
2.

7. Component budget estimates. For each j < ℓ, define the normalized pair coefficients and
their energy by

cpriorjℓab = γpriorξjℓab, Eprior
jℓ =

L∑︂
a,b=1

(cpriorjℓab )
2, 1 ≤ a, b ≤ L.

Every sign has square one, so

Eprior
jℓ =

L∑︂
a,b=1

γ2prior = L2γ2prior.

The canonical pair formula and the restriction bound now give

N2,s(gjℓ(mξ))
2 ≤ C2

0L
2sEprior

jℓ = C2
0L

2sL2γ2prior.

The main effects are zero; the zero extension certifies their zero restriction norms. Hence

d∑︂
j=1

N1,s(gj(mξ))
2 = 0.

Summing the common pair bound over the B coordinate pairs yields

d∑︂
j=1

N1,s(gj(mξ))
2 +

∑︂
j<ℓ

N2,s(gjℓ(mξ))
2 ≤ BC2

0L
2sL2γ2prior.

8. Cube inner products. Take

α = (j, ℓ, a, b) ∈ I, β = (j′, ℓ′, a′, b′) ∈ I.

Product integration factors the feature inner product as∫︂
[0,1]d

Vα(x)Vβ(x) dx = 4

d∏︂
ι=1

∫︂ 1

0
cos(πat)1{ι=j} cos(πbt)1{ι=ℓ}

· cos(πa′t)1{ι=j′} cos(πb′t)1{ι=ℓ′} dt.
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First suppose j = j′. If also ℓ = ℓ′, the unit-interval cosine integrals give∫︂
[0,1]d

VαVβ = 4

(︃
1

2
1{a=a′}

)︃(︃
1

2
1{b=b′}

)︃
= 1{α=β}.

If instead ℓ ̸= ℓ′, then ℓ is distinct from both j′ = j and ℓ′. Its factor occurs exactly once
and has integral zero.

Now suppose j ̸= j′. If j = ℓ′, the ordering gives

j′ < ℓ′ = j < ℓ,

so ℓ is distinct from both coordinates of β and occurs exactly once. If j ̸= ℓ′, coordinate j is
distinct from both coordinates of β and occurs exactly once. In each of these unmatched-
coordinate cases, the product factorization contains a positive-frequency cosine mean and
consequently gives ∫︂

[0,1]d
Vα(x)Vβ(x) dx = 0.

Combining the cases proves∫︂
[0,1]d

Vα(x)Vβ(x) dx = 1{α=β}, α, β ∈ I.

9. Normalization and class membership. Expanding the finite square and applying the cube
inner-product identity gives∫︂

[0,1]d
mξ(x)

2 dx = γ2prior
∑︂
α,β∈I

ξαξβ1{α=β}

= γ2prior
∑︂
α∈I

ξ2α = γ2priorM =
1

C2
0L

2s
.

Thus the normalized coefficient energy satisfies

C2
0L

2s
∑︂
α∈I

(γpriorξα)
2 = C2

0L
2sγ2priorM = 1.

Since M = BL2, this also calibrates the common pair budget:

BC2
0L

2sL2γ2prior = C2
0L

2sγ2priorM = 1.

The component estimates therefore establish

d∑︂
j=1

N1,s(gj(mξ))
2 +

∑︂
j<ℓ

N2,s(gjℓ(mξ))
2 ≤ 1,

as required in Assumption 3. Together with measurability, square integrability, centering,
and the canonical order-two reconstruction, this proves

mξ ∈ Hd,s

by Definition 2.
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10. Transfer to the first sampled covariate. Let n ≥ 1 and let X satisfy Assumption 1. Taking
the first coordinate marginal of its product sampling law gives

Law(X1) = Unif([0, 1]d).

The feature products are measurable and bounded, so integration against this marginal
yields

E[Vα(X1)Vβ(X1)] =

∫︂
[0,1]d

Vα(x)Vβ(x) dx = 1{α=β}, α, β ∈ I.

There are M feature coordinates. Taking these expectations entrywise therefore proves

E[V (X1)V (X1)
T] = IM .

The unmatched-coordinate cases include distinct pairs with one shared original coordinate,
so the identity covers those pairs as well.

Class membership holds for every coefficient array, making the entire finite prior admissible
under the pooled budget in Definition 2. The isotropy conclusion treats all coordinate pairs
together, including overlapping pairs. It therefore supplies the full dimension M for the signing
comparison.

For that comparison, introduce an appendix-local random vector v ∈ Rr0 , where r0 is a
positive integer, with identity second-moment matrix Ir0 . Let v1, . . . , vn be independent copies,
and let z ∈ {−1, 1}n denote a candidate assignment sign vector. The expected minimum over
these signs is controlled by the following bound.

Lemma 7. [lem:isotropic-row-signing] (Isotropic row signing bound)6 Let r0 be a positive
integer and n a nonnegative integer. Let v1, . . . , vn be independent copies of a random vector
v ∈ Rr0, under the usual measurability and square-integrability conditions, with

E[vvT] = Ir0 ,

where Ir0 is the identity matrix. Then

E min
z∈{−1,1}n

⃦⃦⃦⃦
⃦

n∑︂
i=1

zivi

⃦⃦⃦⃦
⃦
2

2

≥ nr0 − n2 − 16n
√
nr0.

In particular, if r0 ≥ 4096n, then

E min
z∈{−1,1}n

⃦⃦⃦⃦
⃦

n∑︂
i=1

zivi

⃦⃦⃦⃦
⃦
2

2

≥ nr0
2
.

6Formalization scope. This result uses the cited conclusion [Bartlett and Mendelson, 2002] (Theorem 12(4),
with Rademacher complexity as in Definition 2). The cited source proof is not formalized here: Lean verifies its
use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not
certified.
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Proof of Lemma 7. For a deterministic row tuple v = (v1, . . . , vn) ∈ (Rr0)n, define

Drow(v) :=
n∑︂
i=1

∥vi∥22,

Orow(v, z) :=
∑︂

1≤i,i′≤n
i̸=i′

zizi′⟨vi, vi′⟩, z ∈ {−1, 1}n,

Moff(v) := max
z∈{−1,1}n

|Orow(v, z)|,

Msign(v) := min
z∈{−1,1}n

⃦⃦⃦⃦
⃦

n∑︂
i=1

zivi

⃦⃦⃦⃦
⃦
2

2

.

For n = 0, the sign space consists of the empty tuple, and all four quantities are zero. Square-
integrability ensures integrability of the finite extrema used below.

1. Suppose first that n ≤ 256. Expanding the squared norm gives, for every signing,⃦⃦⃦⃦
⃦

n∑︂
i=1

zivi

⃦⃦⃦⃦
⃦
2

2

= Drow(v) + Orow(v, z).

Consequently,
Msign(v) ≥ Drow(v)−Moff(v).

Isotropy gives

E∥v∥22 =
r0∑︂
α=1

E(v2α) = r0, EDrow(v) = nr0,

and hence
EMsign(v) ≥ nr0 − EMoff(v).

These identities and the diagonal-subtraction inequality hold for every n.

For distinct rows, independence and isotropy yield

E⟨vi, vi′⟩2 =
r0∑︂

α,β=1

E[(vi)α(vi)β]E[(vi′)α(vi′)β]

=

r0∑︂
α,β=1

1{α=β} = r0.

Thus Cauchy–Schwarz implies
E|⟨vi, vi′⟩| ≤

√
r0.

The triangle inequality, followed by the loose count of at most n2 ordered pairs, gives

Moff(v) ≤
∑︂

1≤i,i′≤n
i̸=i′

|⟨vi, vi′⟩|, EMoff(v) ≤ n2
√
r0.

Therefore,
EMsign(v) ≥ nr0 − n2

√
r0.
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Since n ≤ 256,

√
n ≤ 16, n = (

√
n)2 ≤ 16

√
n, n2

√
r0 ≤ 16n

√
nr0.

It follows that

EMsign(v) ≥ nr0 − 16n
√
nr0 ≥ nr0 − n2 − 16n

√
nr0.

The same calculation covers n = 0.

2. Suppose now that n > 256. We first establish the finite-class estimate needed for the
partition argument. Let

nloc ∈ N0, vloc = (vloc1 , . . . , vlocnloc
) ∈ (Rr0)nloc ,

where the local rows are independent copies of v. Let

∅ ̸= Ufin ⊂ Rr0 be finite, Rdir := max
udir∈Ufin

∥udir∥2.

For udir ∈ Ufin, define

fudir : R
r0 → R, fudir(v) := |⟨udir, v⟩|,

and

Cfin(vloc) := max
udir∈Ufin

⃓⃓⃓⃓
⃓
nloc∑︂
i=1

(︁
fudir(v

loc
i )− Efudir(v)

)︁⃓⃓⃓⃓⃓ .
Isotropy and Cauchy–Schwarz give

E⟨udir, v⟩2 = uTdirE[vvT]udir = ∥udir∥22, Efudir(v) ≤ ∥udir∥2.

Adding and subtracting the means therefore yields the pointwise bound

max
udir∈Ufin

nloc∑︂
i=1

fudir(v
loc
i ) ≤ nlocRdir + Cfin(vloc).

Introduce an independent copy

vghost = (vghost1 , . . . , vghostnloc
)

of the local sample, and independent fair signs

ρ = (ρ1, . . . , ρnloc
) ∈ {−1, 1}nloc , P(ρi = 1) = P(ρi = −1) = 1

2 .

Define

Sρ(vloc) :=

nloc∑︂
i=1

ρiv
loc
i .
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Jensen’s inequality, exchanging the two entries of each independent sample pair according
to ρi, and the triangle inequality give

ECfin(vloc) ≤ E max
udir∈Ufin

⃓⃓⃓⃓
⃓
nloc∑︂
i=1

(︁
fudir(v

loc
i )− fudir(v

ghost
i )

)︁⃓⃓⃓⃓⃓
= E max

udir∈Ufin

⃓⃓⃓⃓
⃓
nloc∑︂
i=1

ρi
(︁
fudir(v

loc
i )− fudir(v

ghost
i )

)︁⃓⃓⃓⃓⃓
≤ 2E max

udir∈Ufin

⃓⃓⃓⃓
⃓
nloc∑︂
i=1

ρifudir(v
loc
i )

⃓⃓⃓⃓
⃓ .

Apply the contraction inequality of [Bartlett and Mendelson, 2002, Theorem 12(4), with
Rademacher complexity as in Definition 2] to the finite class of linear projections and the
map

φabs : R→ R, φabs(tabs) := |tabs|.
This map is 1-Lipschitz and vanishes at zero. The class is its own countable dense subclass,
and a common integrable envelope is

Efin(v) :=
∑︂

udir∈Ufin

|⟨udir, v⟩| ≤ |Ufin|Rdir∥v∥2, E∥v∥2 ≤
√
r0.

The envelope bound holds at every v. Contraction supplies

E max
udir∈Ufin

⃓⃓⃓⃓
⃓
nloc∑︂
i=1

ρi|⟨udir, vloci ⟩|

⃓⃓⃓⃓
⃓ ≤ 2E max

udir∈Ufin

|⟨Sρ(vloc), udir⟩|.

Combining the preceding bounds proves

E max
udir∈Ufin

nloc∑︂
i=1

|⟨udir, vloci ⟩| ≤ nlocRdir + 4E max
udir∈Ufin

|⟨Sρ(vloc), udir⟩|.

All sums vanish when nloc = 0.

3. Consider two independent groups of rows,

nleft, nright ∈ N0,

vleft = (vleft1 , . . . , vleftnleft
), vright = (vright1 , . . . , vrightnright

),

each consisting of independent copies of v. For any local row tuple, define

Krow(vloc) := max
zloc∈{−1,1}nloc

⃦⃦⃦⃦
⃦
nloc∑︂
i=1

(zloc)iv
loc
i

⃦⃦⃦⃦
⃦
2

.

Also define the finite direction set and cross-group quantity

Uright(vright) :=

{︄nright∑︂
i′=1

(zright)i′v
right
i′ : zright ∈ {−1, 1}nright

}︄
,

Hcross(vleft,vright) := max
udir∈Uright(vright)

nleft∑︂
i=1

|⟨udir, vlefti ⟩|.
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For an empty tuple, Krow = 0; if the right group is empty, Uright = {0}. Thus Hcross = 0
whenever either group is empty.

Conditional on the right group, the finite-class estimate applies with maximal direction
norm Krow(vright). Choosing each right-group sign to agree with its projection gives

max
udir∈Uright(vright)

|⟨Sρ(vleft), udir⟩| =
nright∑︂
i′=1

|⟨Sρ(vleft), v
right
i′ ⟩|.

Consequently,

EleftHcross(vleft,vright) ≤ nleftKrow(vright)

+ 4Eleft,ρ

nright∑︂
i′=1

|⟨Sρ(vleft), v
right
i′ ⟩|.

For any local sample, averaging over the fair signs cancels the off-diagonal terms:

Eρ∥Sρ(vloc)∥22 =
nloc∑︂
i=1

∥vloci ∥22.

Thus
E∥Sρ(vloc)∥22 = nlocr0, E∥Sρ(vloc)∥2 ≤

√
nlocr0.

For every fixed udir ∈ Rr0 , the projection estimate gives

Eright

nright∑︂
i′=1

|⟨udir, vrighti′ ⟩| ≤ nright∥udir∥2.

Independence allows this estimate to be applied conditional on the left sample and its
signs. Interchanging the integrable expectations yields

E
nright∑︂
i′=1

|⟨Sρ(vleft), v
right
i′ ⟩| ≤ nright

√
nleftr0.

After integrating the conditional cross-group bound, we obtain

EHcross(vleft,vright) ≤ nleftEKrow(vright) + 4nright
√
nleftr0.

4. We next bound the expected maximum signed norm. Define the Euclidean unit ball

Bdir := {udir ∈ Rr0 : ∥udir∥2 ≤ 1}.

Norm duality and choosing the signs of the projections imply

Krow(vloc) = sup
udir∈Bdir

nloc∑︂
i=1

|⟨udir, vloci ⟩|.

Indeed, for a fixed direction, the maximum absolute projection of a signed sum is the sum
of the absolute projections; taking the supremum over unit directions gives its Euclidean
norm.
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For every nonempty finite Ufin ⊂ Bdir,

max
udir∈Ufin

|⟨Sρ(vloc), udir⟩| ≤ ∥Sρ(vloc)∥2.

The finite-class bound and the signed-norm first moment therefore give

E max
udir∈Ufin

nloc∑︂
i=1

|⟨udir, vloci ⟩| ≤ nloc + 4
√
nlocr0.

To pass to the whole unit ball, put

Anorm := E
nloc∑︂
i=1

∥vloci ∥2, 0 ≤ Anorm <∞.

For an arbitrary δnet > 0, set

εnet :=
δnet

Anorm + 1
> 0.

Compactness provides a nonempty finite set

Unet ⊂ Bdir, ∀udir ∈ Bdir ∃unet ∈ Unet : ∥udir − unet∥2 ≤ εnet.

For such a pair of directions,

|⟨udir, vloci ⟩| ≤ |⟨unet, vloci ⟩|+ εnet∥vloci ∥2.

Summing and taking the supremum gives

Krow(vloc) ≤ max
unet∈Unet

nloc∑︂
i=1

|⟨unet, vloci ⟩|+ εnet

nloc∑︂
i=1

∥vloci ∥2.

Hence
EKrow(vloc) ≤ nloc + 4

√
nlocr0 + εnetAnorm

= nloc + 4
√
nlocr0 + δnet

Anorm

Anorm + 1

≤ nloc + 4
√
nlocr0 + δnet.

Letting δnet tend to zero proves

EKrow(vloc) ≤ nloc + 4
√
nlocr0.

This also covers the empty sample.

Substitution into the preceding cross-group estimate now yields

EHcross(vleft,vright) ≤ nleftnright + 4nleft
√
nrightr0

+ 4nright
√
nleftr0.
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5. Introduce fair selectors, independent of the rows,

η = (η1, . . . , ηn) ∈ {0, 1}n, P(ηi = 1) = P(ηi = 0) = 1
2 ,

with independent coordinates. Define

Iη := {i ∈ {1, . . . , n} : ηi = 1}, Jη := {i ∈ {1, . . . , n} : ηi = 0},
Nsel(η) := |Iη|, Ncomp(η) := |Jη|,

vsel := (vi)i∈Iη , vcomp := (vi)i∈Jη ,

where the subsequences are listed in increasing index order. For z ∈ {−1, 1}n, define

Ccross(v, z, η) :=
∑︂
i∈Iη

∑︂
i′∈Jη

zizi′⟨vi, vi′⟩

=

⟨︄∑︂
i∈Iη

zivi,
∑︂
i′∈Jη

zi′vi′

⟩︄
,

Mcross(v, η) := max
z∈{−1,1}n

|Ccross(v, z, η)|.

For fixed rows and selectors, the triangle inequality gives

|Ccross(v, z, η)| ≤
∑︂
i∈Iη

⃓⃓⃓⃓
⃓⃓
⟨︄
vi,
∑︂
i′∈Jη

zi′vi′

⟩︄⃓⃓⃓⃓
⃓⃓

≤ Hcross(vsel,vcomp).

For each fixed η, the two subsequences are independent samples from the row law. The
cross-group estimate thus implies

EvMcross(v, η) ≤ Nsel(η)Ncomp(η)

+ 4Nsel(η)
√︂

Ncomp(η)r0

+ 4Ncomp(η)
√︁

Nsel(η)r0.

Since
Nsel(η) + Ncomp(η) = n,

the square of their difference gives

Nsel(η)Ncomp(η) ≤
n2

4
.

Both group sizes are at most n, so

4Nsel(η)
√︂

Ncomp(η)r0 + 4Ncomp(η)
√︁
Nsel(η)r0

≤ 4
(︁
Nsel(η) + Ncomp(η)

)︁√
nr0 = 4n

√
nr0.

Therefore every selector satisfies

EvMcross(v, η) ≤
n2

4
+ 4n

√
nr0.
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Averaging this bound over the finite selector space and interchanging the integrable ex-
pectations gives

4EvEηMcross(v, η) = 4EηEvMcross(v, η)

≤ n2 + 16n
√
nr0.

6. For distinct indices, independence of the selectors gives

P(i ∈ Iη, i′ ∈ Jη) =
1

4
,

whereas an index cannot belong to both groups. Consequently, for every deterministic row
tuple and signing,

Orow(v, z) = 4EηCcross(v, z, η).

Taking absolute values and then maximizing yields

Moff(v) = 4max
z
|EηCcross(v, z, η)|

≤ 4max
z

Eη|Ccross(v, z, η)|

≤ 4EηMcross(v, η).

Integrating and applying the partition-average estimate gives

EMoff(v) ≤ 4EvEηMcross(v, η) ≤ n2 + 16n
√
nr0.

The diagonal-subtraction inequality and its expected diagonal energy now give

EMsign(v) ≥ nr0 − EMoff(v)

≥ nr0 − n2 − 16n
√
nr0.

Together with the small-sample case, this proves the first assertion for every n.

7. Finally, assume r0 ≥ 4096n. Multiplying this inequality by the nonnegative number
r0/4096 gives

nr0 ≤
r20

4096
=
(︂ r0
64

)︂2
,

√
nr0 ≤

r0
64
.

Multiplying by nonnegative factors also gives

16n
√
nr0 ≤

nr0
4
, n2 ≤ nr0

4096
.

Hence

n2 + 16n
√
nr0 ≤

(︃
1

4096
+

1

4

)︃
nr0 ≤

nr0
2
.

These inequalities include n = 0. Subtracting this error bound from the first assertion
proves

EMsign(v) ≥
nr0
2
.
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The expected supremum estimate underlying Lemma 7 uses the absolute-supremum contrac-
tion inequality of Bartlett and Mendelson [2002, Theorem 12(4), with Rademacher complexity
as in Definition 2], applied to the absolute-value map. The classes used here are finite classes and
the finite-dimensional Euclidean unit-ball linear class. For the latter, a countable dense subset
approximates evaluations simultaneously on every finite sample, and the vector norm provides
an integrable envelope under square integrability. These properties supply the measurability
and integrability conditions for the cited inequality.

The minimum in Lemma 7 allows the sign vector to depend on all realized vectors. Con-
sequently, its lower bound also controls the expected squared imbalance of any randomized
assignment evaluated on those vectors. When the vector dimension is at least 4096n, the bound
retains at least half of the total second-moment scale nr0.

Apply this comparison with vi = V (Xi) and r0 =M . Independence of the covariate vectors
follows from Assumption 1, while their feature second moments are given by Lemma 6. With
B =

(︁
d
2

)︁
, the coordinate-pair count, choose the cutoff specified in Definition 9,

L = max

{︄
1,

⌈︄√︃
4096n

B

⌉︄}︄
.

Then M = BL2 ≥ 4096n, and the sign-minimum comparison becomes

EX min
z∈{−1,1}n

⃦⃦⃦⃦
⃦

n∑︂
i=1

ziV (Xi)

⃦⃦⃦⃦
⃦
2

2

≥ nM

2
.

For an admissible design π from Definition 3, averaging the squared prognostic imbalance
over the independent coefficient signs gives

Eξ

⎡⎣ 4

n
EX,Z

(︄
n∑︂
i=1

Zimξ(Xi)

)︄2
⎤⎦ =

4

nC2
0L

2sM
EX,Z

⃦⃦⃦⃦
⃦

n∑︂
i=1

ZiV (Xi)

⃦⃦⃦⃦
⃦
2

2

.

The assignment law depends on the covariates as specified in Definition 3, and the coefficient
draw is independent of that experiment. Together with the sign-minimum bound, this is the
prior comparison used in Theorem 2:

sup
m∈Hd,s

4

n
EX,Z

(︄
n∑︂
i=1

Zim(Xi)

)︄2

≥ Eξ

⎡⎣ 4

n
EX,Z

(︄
n∑︂
i=1

Zimξ(Xi)

)︄2
⎤⎦ ≥ 2

C2
0L

2s
.

Each function in this finite average is fixed before sampling and belongs to the class by Lemma 6.
Thus the comparison preserves the fixed-function supremum outside the sample expectation.
The chosen cutoff has order max{1,

√︁
n/B}, yielding the saturated scale min{1, (B/n)s}. Taking

the infimum over admissible designs gives the full-design lower comparison in Theorem 2.

D Proof assembly and verification note

The preceding auxiliary results supply the regularity, assignment, and converse ingredients of
the capacity characterization. This section collects their implications for the minimax criterion,
the dimension threshold, and causal precision, as stated in Theorems 1 and 3. The following
complete characterization assembles the common assignment procedure, the independent-prior
certificate, and the exact causal interpretation.
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Theorem 3. [thm:capacity-answer] (Complete capacity and excess characterization)7 For
every pair of integers n, d ≥ 2, let B, the coordinate-pair count, and as(n, d), the comparison
scale, be

B =

(︃
d

2

)︃
, as(n, d) = min{1, (B/n)s}.

There is a single fair, outcome-independent Borel assignment kernel π⋆n,d in the design class of
Definition 3, using the original n units and independent of s. For n ≤ B, this kernel assigns
independent fair signs. For B < n, it is the law of the prescribed spectral signing procedure,
using independent reflection coins, an independent common Haar shift, and independent uniform
rounding seeds. The rounding procedure starts at the zero fractional assignment and uses the first
K = ⌊n/4⌋ prescribed real spectral rows evaluated at the reflected and commonly shifted sample.
For every realization of the reflection coins and common shift, and every sequence of rounding
seeds in [0, 1], its fractional assignment after n iterations equals the resulting assignment sign
vector:

ui = Zi, i = 1, . . . , n.

For every 0 < s ≤ 1, the lower comparison scale satisfies bs(n, d) = as(n, d). With

cs =
2

(48 + 32π2)16384s
, c1 =

2

(48 + 32π2)16384
,

the capacity and signing loss of Definition 4, over the function class of Definition 2, satisfy

0 < c1 ≤ cs, csas(n, d) ≤ Rs(n, d) ≤ sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 3072as(n, d).

These inequalities hold simultaneously for the same kernel π⋆n,d.
Every coefficient-sign realization mξ of the finite pair-cosine prior in Definition 9, with the

cutoff and normalization displayed there, is centered and belongs to Hd,s. Drawing its coefficient
signs independently of the covariate sample gives, for every admissible design π,

csas(n, d) ≤ Eξ[Ln,d,s(π,mξ)] .

For every admissible π and every m ∈ Hd,s, the signing loss is finite, and the actual Horvitz–
Thompson estimator under the Gaussian completion satisfies

nVar(ˆ︁θ)− 4.01 = Ln,d,s(π,m).

Consequently, taking the infimum over admissible designs and the supremum over Gaussian
completions indexed by m ∈ Hd,s gives exactly Rs(n, d); taking only the supremum for π⋆n,d gives
exactly its worst signing loss.

Let Qd,s be the frozen uniform outcome-law class: the covariate is uniform on [0, 1]d, both
potential outcomes have finite second moments, and their conditional midpoint mean is a centered
member of Hd,s. For a law P in this class, write

mP (u) = EP [(O(1) +O(0))/2 | U = u], ˆ︁TP =
2

n

n∑︂
i=1

ZiOi((Zi + 1)/2),

and

V(P ) = VarP (EP [O(1)−O(0) | U ]) + 2EP VarP (O(1) | U) + 2EP VarP (O(0) | U).
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Here the estimator uses independent original-unit copies under P , with assignment generated by
π. The exact published-law minimax excess is

inf
π∈Dn,d,s

sup
P∈Qd,s

max
{︂
nVarP,π( ˆ︁TP )− V(P ), 0

}︂
= Rs(n, d).

Finally, for every fixed 0 < s ≤ 1 and every integer dimension sequence (dn) satisfying
dn ≥ 2 for every n,

Rs(n, dn) −→ 0 ⇐⇒
(︁
dn
2

)︁
n
−→ 0 ⇐⇒ dn = o(

√
n), n −→∞.

The common scale expresses the number of pairwise interactions relative to the available
units. When that ratio is small, the spectral assignment controls prognostic imbalance at a
rate determined by smoothness; the independent coefficient prior gives a matching comparison
over every admissible design. The exact variance identities then translate this balance criterion
into causal precision. The same finite assignment procedure supplies the upper comparison
throughout the stated smoothness range.

D.1 The common comparison scale

The spectral assignment bound combines the pooled reflection budget in Lemma 3, the imbalance
identity in Lemma 4, and the assignment guarantees in Lemma 5. The independent coefficient
prior supplies the full-design converse in Theorem 2. Both comparisons use the same saturated
scale identified in Theorem 3. Here the function and design classes are those of Definitions 2
and 3, and the loss is specified in Theorem 1. The assignment procedure in Algorithm 1 attains
this comparison simultaneously across the stated smoothness range.

For every fixed s ∈ (0, 1], the dimension conclusion of Theorem 3 applies to every integer
sequence dn ≥ 2: vanishing minimax scaled excess is equivalent to a vanishing interaction-to-
sample ratio and to dn = o(

√
n). Thus smoothness determines the rate within the subcritical

regime, while the threshold for vanishing minimax scaled excess is expressed by the interaction
count relative to sample size. The equivalence accommodates arbitrary dimension sequences
under fixed smoothness.

D.2 Outcome-law capacity

The causal interpretation rests on the exact transfer in Lemma 2. For every admissible design,
the uniform outcome-law class Qd,s defined there satisfies

sup
P∈Qd,s

Vn(π, P ) = sup
m∈Hd,s

Ln,d,s(π,m).

The outcome-law criterion therefore has the same minimax value Rs(n, d), and its worst-case
value for π⋆n,d equals that procedure’s worst signing loss. These equalities retain finite potential-
outcome second moments, uniform covariates, centered prognosis, and the assignment conditions

7Formalization scope. This result uses the cited conclusion [Bartlett and Mendelson, 2002] (Theorem 12(4),
with Rademacher complexity as in Definition 2) and [Cytrynbaum, 2026] (Proposition 2.3 (Excess Variance),
equation (2.4), with Assumption 2.1 and Definition 2.2). The cited source proof is not formalized here: Lean
verifies its use and all remaining steps. If that cited conclusion is false, the portions of this result that depend on
it are not certified.

75



of Definition 3. The transfer uses the excess-variance identity of Cytrynbaum [2026, Proposition
2.3, equation (2.4), under Assumption 2.1 and Definition 2.2].

The Gaussian completions in Definition 7 realize the entire prognostic class. As recorded
in Theorem 3, restricting the outcome-law supremum to those completions preserves both the
minimax capacity and the worst-case loss of the specified procedure. For the larger bounded-
density class defined in Lemma 2, the class transfer instead supplies a lower comparison. With
fixed density bounds 0 < λ ≤ 1 ≤ Λ < ∞ and fixed smoothness, vanishing minimax scaled
excess over that class requires dn = o(

√
n).

D.3 Relative-excess precision requirements

Under the Gaussian completion, Lemma 1 identifies signing loss with actual scaled HT variance
above V ∗ = 4.01. Consequently, the upper comparison in Theorem 3 gives the following sufficient
precision requirement, for any ε > 0:

n ≥ Bmax

{︄
1,

(︃
3072

4.01ε

)︃1/s
}︄
.

At this sample size, the procedure π⋆n,d satisfies

sup
m∈Hd,s

nVar(ˆ︁θ) ≤ 4.01(1 + ε),

with each variance evaluated under the corresponding Gaussian completion.
The lower comparison in Theorem 3 gives the necessary requirement for 0 < ε < cs/4.01:

Rs(n, d) ≤ 4.01ε =⇒ n ≥ B
(︂ cs
4.01ε

)︂1/s
.

It therefore applies to any admissible design attaining the stated relative-excess target uniformly
over the prognostic class. Within this target range, the sufficient and necessary requirements
both scale with the coordinate-pair count and with ε−1/s, up to the displayed constants.

Verification note. The theorem statements and proofs are machine-checked in Lean 4 under
their stated hypotheses. Uniform sampling, exact order-two prognosis, the pooled Sobolev bud-
get, conditional fairness, and outcome-independent assignment are stipulated model conditions
in Assumptions 1 to 5; the capacity bounds, transfer equalities, assignment guarantees, and pre-
cision implications are proved conclusions. The theorem-local verification disclosures record the
cited Rademacher contraction conclusion [Bartlett and Mendelson, 2002, Theorem 12(4), with
Rademacher complexity as in Definition 2] and the cited excess-variance identity [Cytrynbaum,
2026, Proposition 2.3, equation (2.4), under Assumption 2.1 and Definition 2.2], wherever each
is used. Those published conclusions enter as premises whose source proofs were not formalized:
Lean checks their applications and the remaining deductions, with certification of dependent
conclusions conditional on the cited premises.

E Proofs of the main results

Proof of Proposition 1. Fix 0 < s ≤ 1. We use the published excess-variance identity [Cytryn-
baum, 2026, Proposition 2.3, equation (2.4), under Assumption 2.1 and Definition 2.2] and the
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expected absolute-supremum contraction inequality [Bartlett and Mendelson, 2002, Theorem
12(4), with Definition 2] through Lemma 2 and Theorem 2.

1. For every integer d ≥ 2, Lemma 2 supplies the proper inclusion

{P : P is the Gaussian completion of some m ∈ Hd,s specified in Definition 7} ⊊ Qd,s.

This is the first assertion.

2. Fix integers n, d ≥ 2 and a Borel assignment probability kernel π based on the original
covariate array. The admissibility equivalence in Lemma 2 states that π ∈ Dn,d,s precisely
when

Eπ[Zi | X] = 0 almost surely, i = 1, . . . , n,

under independent uniform covariates, and

Z ⊥⊥
(︁
(Oi(0), Oi(1))

)︁n
i=1

⃓⃓
X

in the experiment formed from n independent copies of every single-unit law P having
bounded strictly positive covariate density and finite potential-outcome second moments,
followed by assignment from π(X). These are exactly the stated specialization of the
published admissibility conditions.

3. Fix an integer n ≥ 2. With the lower constant and comparison scale defined by

cs =
2

(48 + 32π2) 16384s
, bs(n, d) = min

{︄
1,

(︄(︁
d
2

)︁
n

)︄s}︄
,

Theorem 2 gives
Rs(n, 2) ≥ csbs(n, 2).

Since
(︁
2
2

)︁
= 1, n ≥ 1, and −s < 0,

n−s ≤ 1, bs(n, 2) = min{1, n−s} = n−s.

Substitution yields

Rs(n, 2) ≥
2

(48 + 32π2) 16384s
n−s.

4. Fix integers n, d ≥ 2 and m ∈ Hd,s. Define the constant assignment kernel on ([0, 1]d)n by

πfair( · ) =
n⨂︂
i=1

(︃
1

2
δ−1 +

1

2
δ+1

)︃
.

Its signs are independent and fair, independently of the original covariate sample. Conse-
quently, for i, i′ ∈ {1, . . . , n},

Eπfair [ZiZi′ | X] =

{︄
1, i = i′,

0, i ̸= i′,
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and expansion of the finite square gives

Eπfair

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⃓⃓⃓⃓
⃓⃓X
⎤⎦ =

n∑︂
i=1

m(Xi)
2.

Square-integrability of m justifies integrating this identity. Each covariate marginal is
uniform, so

4

n
E

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⎤⎦ =

4

n

n∑︂
i=1

E[m(Xi)
2]

= 4

∫︂
[0,1]d

m(x)2 dx

= 4E[m(X1)
2].

Finally, Lemma 3 supplies ∫︂
[0,1]d

|m(x)|2 dx ≤ 1.

Since m is real-valued, multiplying this inequality by 4 proves the claimed upper bound.

Proof of Theorem 1. Fix integers n, d ≥ 2, and set

B :=

(︃
d

2

)︃
, K := ⌊n/4⌋.

In particular, B > 0. Expectations of squares and sums of nonnegative terms are initially
interpreted in the extended nonnegative reals.

1. We use the expected absolute-supremum contraction inequality of [Bartlett and Mendelson,
2002, Theorem 12(4), with the complexity convention of Definition 2] through Theorem 2
and Lemma 1. The outcome-law comparison uses the excess-variance identity of [Cytryn-
baum, 2026, Proposition 2.3, equation (2.4), under Assumption 2.1 and Definition 2.2]
through Lemma 2.

For every 0 < s ≤ 1 and every admissible π, Theorem 2 supplies

csbs(n, d) ≤ Em∼ν⋆n,d,s
Ln,d,s(π,m), csbs(n, d) ≤ Rs(n, d).

Also, directly from Definition 4, selecting any admissible kernel in the design infimum gives

Rs(n, d) ≤ sup
m∈Hd,s

Ln,d,s(π,m).

We will apply this inequality to the kernel constructed below.

2. We first construct the kernel using n, d. For clarity, the spectral notation of Definition 6 is

Td2 := (R/2Z)d, supp(k) := {j ∈ {1, . . . , d} : kj ̸= 0},
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t(k) :=

{︄
∥k∥22/| supp(k)|, k ̸= 0,

0, k = 0,
ek(y) := exp(iπkTy) (k ∈ Zd, y ∈ Td2).

Let

K +
d :=

{︂
k ∈ Zd : 1 ≤ | supp(k)| ≤ 2, the first nonzero coordinate of k is positive

}︂
.

For hfreq ∈ N0, define k
[hfreq] to be the (hfreq+1)-st member of K +

d , ordered by increasing
t(k), with lexicographic ties. The prescribed real features are

ϕ2hfreq+1(y) :=
√
2 Re e

k
[hfreq](y), ϕ2hfreq+2(y) :=

√
2 Im e

k
[hfreq](y).

Since |ek(y)| = 1,
|ϕh(y)| ≤

√
2 (h ≥ 1, y ∈ Td2).

For w = (w1, . . . , wn) ∈ (Td2)n, define

ah(w) := (ϕh(wi))
n
i=1, a(w) := (ϕh(wi))1≤h≤K

1≤i≤n
.

Let

Zsp(w, ζ) := the output of ordered boundary rounding on (a(w), ζ), ζ ∈ [0, 1]3n,

where the procedure is precisely Algorithm 2.

Draw independently a fair reflection array η ∈ {−1, 1}n×d, a normalized Haar shift T ∈ Td2,
and a seed vector ζ with independent uniform entries. For every deterministic original
sample x = (x1, . . . , xn) ∈ ([0, 1]d)n, define, modulo two,

[lift(x, η)i]j :=

{︄
(xi)j , ηij = 1,

2− (xi)j , ηij = −1,
Wi(x, η, T ) := lift(x, η)i + T.

The construction in Algorithm 1 is therefore

π⋆n,d(x) :=

{︄
Unif({−1, 1}n), n ≤ B,
Lawη,T,ζ

(︁
Zsp(W (x, η, T ), ζ)

)︁
, B < n.

For every fixed x, η, T , Lemma 5, applied with row bound
√
2, gives

EζZsp
i (W (x, η, T ), ζ) = 0.

Integration over η, T , together with the independent-sign branch, yields∫︂
{−1,1}n

zi π
⋆
n,d(x, dz) = 0 (1 ≤ i ≤ n)

for every original sample. The feature evaluations, reflection lift, torus addition, and
rounding output are Borel measurable; integrating their output against the probability
seed law gives a Borel probability kernel. Drawing assignments from this covariate kernel
gives

Z ⊥ Y | X
for every pre-assignment law allowed in Assumption 5. Consequently,

π⋆n,d ∈ Dn,d,s.

Its branch choice, feature ordering, and seed distribution are independent of s.
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3. We prove the upper guarantee for an arbitrary 0 < s ≤ 1. First suppose n ≤ B. Condi-
tional on X, independent fair signs cancel every off-diagonal term:

EZ

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2 ⃓⃓⃓
X

⎤⎦ =
n∑︂
i=1

m(Xi)
2.

Thus, for every m ∈ Hd,s,

Ln,d,s(π⋆n,d,m) = 4

∫︂
[0,1]d

m(x)2 dx ≤ 4,

where the last inequality is supplied by Lemma 3. Moreover,

B/n ≥ 1 =⇒ (B/n)s ≥ 1 =⇒ as(n, d) = 1.

Hence
Ln,d,s(π⋆n,d,m) ≤ 4 ≤ 3072as(n, d).

4. Suppose now that B < n. Fix w ∈ (Td2)n. The moment guarantee in Lemma 5 gives, for
every h ≥ 1,

Eζ
[︂(︁
ah(w)

TZsp(w, ζ)
)︁2]︂ ≤ 32(

√
2)2min{h, n} = 64min{h, n}.

This includes rows beyond the supplied prefix. When K = 0, the input matrix has zero
rows and the same guarantee applies.

The two real rows associated with k[hfreq] satisfy the pointwise identity⃓⃓⃓⃓
⃓
n∑︂
i=1

Zsp
i (w, ζ)e

k
[hfreq](wi)

⃓⃓⃓⃓
⃓
2

=

(︁
a2hfreq+1(w)

TZsp(w, ζ)
)︁2

+
(︁
a2hfreq+2(w)

TZsp(w, ζ)
)︁2

2
.

Indeed, the row imbalances are
√
2 times the real and imaginary parts of the character

imbalance. Taking expectations therefore gives

Eζ

⃓⃓⃓⃓
⃓
n∑︂
i=1

Zsp
i (w, ζ)e

k
[hfreq](wi)

⃓⃓⃓⃓
⃓
2

≤ 64min{2hfreq + 2, n}.

5. We convert the row index into frequency complexity. Define, for tcut ≥ 1,

Nreal(tcut) := 2#{k ∈ K +
d : t(k) ≤ tcut}.

A support-one representative has a positive integer amplitude at most ⌊
√
tcut⌋. A support-

two representative has an ordered coordinate pair, a positive amplitude on its first coordi-
nate, either sign on its second coordinate, and both absolute amplitudes at most ⌊

√
2tcut⌋.

Consequently,
Nreal(tcut) ≤ 2d⌊

√
tcut⌋+ 4B⌊

√
2tcut⌋2.

For tcut ≥ 1,
⌊
√
tcut⌋ ≤

√
tcut ≤ tcut, ⌊

√
2tcut⌋2 ≤ 2tcut.
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Also,
2B = d(d− 1) ≥ d.

It follows that
Nreal(tcut) ≤ 2dtcut + 8Btcut ≤ 12Btcut.

Every nonzero integer frequency satisfies

∥k∥22 ≥ | supp(k)|, t(k) ≥ 1.

The first hfreq + 1 representatives all have complexity at most t(k[hfreq]), so

2hfreq + 2 ≤ Nreal

(︁
t(k[hfreq])

)︁
≤ 12B t(k[hfreq]).

If Bt(k[hfreq]) ≤ n, the preceding row-index bound gives a character moment at most
768Bt(k[hfreq]). If n < Bt(k[hfreq]), the bound by 64n gives a character moment at most
768n. Thus

Eζ

⃓⃓⃓⃓
⃓
n∑︂
i=1

Zsp
i (w, ζ)e

k
[hfreq](wi)

⃓⃓⃓⃓
⃓
2

≤ 768min{n,Bt(k[hfreq])}.

Every support-one or support-two frequency is a listed representative or its negative: its
first nonzero coordinate determines the orientation, and there are finitely many represen-
tatives below each fixed complexity. Since real signs give∑︂

i

Zsp
i (w, ζ)e−k(wi) =

∑︂
i

Zsp
i (w, ζ)ek(wi), t(−k) = t(k),

we obtain, for every supported frequency and every deterministic w,

Eζ

⃓⃓⃓⃓
⃓
n∑︂
i=1

Zsp
i (w, ζ)ek(wi)

⃓⃓⃓⃓
⃓
2

≤ 768min{n,Bt(k)}, 1 ≤ | supp(k)| ≤ 2.

6. Fix m ∈ Hd,s. Define its reflected function and Fourier coefficients by

F (y) := m(bd(y)), [bd(y)]j := min{yj , 2− yj} (y ∈ [0, 2)d),

ˆ︁F (k) := 2−d
∫︂
[0,2)d

F (y) exp(−iπkTy) dy (k ∈ Zd).

Under the independent uniform original sample, Lemma 4 gives

Law(W,T ) = Haar(Td2)⊗n ⊗Haar(Td2)

with normalized Haar laws. Its spectral identity gives

Ln,d,s(π⋆n,d,m) =
4

n

∑︂
k∈Zd

| ˆ︁F (k)|2EW,ζ
⃓⃓⃓⃓
⃓
n∑︂
i=1

Zsp
i (W, ζ)ek(Wi)

⃓⃓⃓⃓
⃓
2

.

Here W has the product Haar law, independently of the rounding seeds.
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By Lemma 3, ˆ︁F (0) = 0, ˆ︁F (k) = 0 if | supp(k)| > 2,

and ∑︂
k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2 ≤ 1.

Integrating the conditional character bound and using

4

n
768min{n,Bt(k)} = 3072min{1, (B/n)t(k)}

therefore yields

Ln,d,s(π⋆n,d,m) ≤ 3072
∑︂
k∈Zd

1≤| supp(k)|≤2

| ˆ︁F (k)|2min{1, (B/n)t(k)}.

The integration and summation are justified by nonnegativity.

7. We bound this truncated sum by the comparison scale. For every xscalar ≥ 0,

min{1, xscalar} ≤ xsscalar.

Indeed, when 0 ≤ xscalar ≤ 1,

xscalar = x1scalar ≤ xsscalar,

and when xscalar > 1,
1 ≤ xsscalar.

These inequalities include s = 1.

Put
rsample := B/n.

For every tweight ≥ 0, the inequalities

tweight ≤ 1 + π2tweight, 1 ≤ 1 + π2tweight

give

min{1, rsampletweight} ≤ (rsampletweight)
s

= rssamplet
s
weight

≤ rssample(1 + π2tweight)
s,

min{1, rsampletweight} ≤ 1 ≤ (1+π2tweight)
s.

Use the former bound if rssample ≤ 1, and the latter if rssample > 1. This proves

min{1, rsampletweight} ≤ min{1, rssample}(1 + π2tweight)
s = as(n, d)(1 + π2tweight)

s.

Multiplying by the squared Fourier coefficients and summing gives∑︂
k∈Zd

1≤| supp(k)|≤2

| ˆ︁F (k)|2min{1, (B/n)t(k)}

≤ as(n, d)
∑︂
k∈Zd

1≤| supp(k)|≤2

(1 + π2t(k))s| ˆ︁F (k)|2 ≤ as(n, d).
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Combining both design branches and then taking the fixed-function supremum proves

sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 3072as(n, d).

The construction was fixed before choosing s, so this guarantee holds for the same kernel
for every 0 < s ≤ 1.

8. We also record the pathwise terminal-state guarantee. For a ∈ RK×n, ζ ∈ [0, 1]3n, and
hmove ∈ N0, write

u[hmove](a, ζ) := the fractional state after hmove iterations of ordered boundary rounding, u[0](a, ζ) = 0.

Applying Lemma 5 to the rows ah(w), whose entries are bounded by
√
2, gives

u
[n]
i (a(w), ζ) = Zsp

i (w, ζ) (1 ≤ i ≤ n)

for every w and every seed vector in the closed cube. In particular,

u
[n]
i

(︁
a(W (x, η, T )), ζ

)︁
= Zsp

i (W (x, η, T ), ζ)

for every original sample, every reflection array, every common shift, and every permitted
rounding seed vector. Together with the displayed definition of π⋆n,d, this proves the two
branch descriptions and the asserted equality between fractional coordinates and output
signs.

9. Now fix 0 < s ≤ 1. The two scales agree by their definitions:

as(n, d) = bs(n, d) = min{1, (B/n)s} ≥ 0.

If n < B, then B/n > 1, so
as(n, d) = 1.

If B ≤ n, then 0 < B/n ≤ 1, so

as(n, d) = (B/n)s.

In particular, both expressions equal one at B = n.

The constant calibration follows from

0 < 48 + 32π2, 1 ≤ 16384s ≤ 16384,

which imply

c1 =
2

(48 + 32π2)16384
> 0, c1 ≤ cs.

Furthermore,

(48 + 32π2)16384s ≥ 48, cs ≤
2

48
< 3072.

Multiplication by the nonnegative scale, the lower certificate, the design-infimum inequal-
ity, and the upper guarantee now give

c1as(n, d) ≤ csas(n, d) ≤ Rs(n, d) ≤ sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 3072as(n, d).
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10. For the prior in Definition 9, its cutoff, feature dimension, and normalization are

L := max
{︂
1,
⌈︂√︁

4096n/B
⌉︂}︂

, M := BL2, C0 :=
√︁

48 + 32π2.

Since L ≥ 1, Lemma 6 applies to every coefficient-sign array and gives∫︂
[0,1]d

mξ(x) dx = 0, mξ ∈ Hd,s.

The coefficients are drawn independently of X, as specified in Definition 9. Using as = bs,
the prior inequality from Theorem 2 becomes

csas(n, d) ≤ Em∼ν⋆n,d,s
Ln,d,s(π,m) (π ∈ Dn,d,s).

11. For the frozen uniform outcome class, Lemma 2 identifies the admissible kernels with
Dn,d,s, identifies the prognostic image with Hd,s modulo null sets, and gives

Vn(π, P ) = Ln,d,s(π,mP ) (π ∈ Dn,d,s, P ∈ Qd,s).

Consequently, for every admissible π,

sup
P∈Qd,s

Vn(π, P ) = sup
m∈Hd,s

Ln,d,s(π,m).

Taking the common design infimum proves

inf
π∈Dn,d,s

sup
P∈Qd,s

Vn(π, P ) = Rs(n, d).

Selecting π = π⋆n,d in the kernel-level equality gives

sup
P∈Qd,s

Vn(π⋆n,d, P ) = sup
m∈Hd,s

Ln,d,s(π⋆n,d,m).

12. Define the Gaussian subclass by

Gd,s := {P : P is the single-unit Gaussian completion of some m ∈ Hd,s} ,

using the completion in Definition 7. For the completion ofm, its conditional means satisfy

mP = m almost everywhere, EP [O(1)−O(0) | U ] = 0.2 + 0.1
√
2 sin(2πU1).

Its two conditional potential-outcome variances are one. Since U1 is uniform and∫︂ 1

0

√
2 sin(2πv) dv = 0,

∫︂ 1

0

(︁√
2 sin(2πv)

)︁2
dv = 1,

the law-specific benchmark is

V(P ) = 0.01 + 2 · 1 + 2 · 1 = 4.01.

For every admissible π and everym ∈ Hd,s, Lemma 1 supplies the actual-estimator identity
and finiteness:

nVar(ˆ︁θ)− 4.01 = Ln,d,s(π,m) <∞.
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Under this completion, ˆ︁θ = ˆ︁TP . Taking the supremum over the completions of allm ∈ Hd,s
therefore gives

sup
P∈Gd,s

Vn(π, P ) = sup
m∈Hd,s

Ln,d,s(π,m).

Taking the admissible-design infimum, and separately selecting the constructed kernel,
yields

inf
π∈Dn,d,s

sup
P∈Gd,s

Vn(π, P ) = Rs(n, d),

sup
P∈Gd,s

Vn(π⋆n,d, P ) = sup
m∈Hd,s

Ln,d,s(π⋆n,d,m).

Finally, Lemma 2 supplies the proper inclusion

Gd,s ⊊ Qd,s.

13. For every pair of real bounds

0 < lower ≤ 1 ≤ upper,

the bounded-density comparison in Lemma 2 gives

Rs(n, d) ≤ inf
π∈Dn,d,s

sup
P∈Ad,s

Vn(π, P ),

where Ad,s has the density, moment, prognostic-budget, and permitted-intercept condi-
tions specified there. This proves the finite-sample comparison for the full displayed range
of density bounds.

14. Let ε > 0, and suppose

n ≥ Bmax

{︄
1,

(︃
3072

4.01ε

)︃1/s
}︄
.

Since B,n, 4.01ε are positive, (︃
3072

4.01ε

)︃1/s

≤ n

B
.

Raising both sides to the positive power s gives

3072

4.01ε
≤
(︂ n
B

)︂s
.

The reciprocal-power identity is (︃
B

n

)︃s (︂ n
B

)︂s
= 1.

Multiplying the preceding inequality by (B/n)s and then by 4.01ε yields

3072as(n, d) ≤ 3072(B/n)s ≤ 4.01ε.

Hence the upper guarantee proves

sup
m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 4.01ε.
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15. Conversely, suppose
0 < ε < cs/4.01, Rs(n, d) ≤ 4.01ε.

The lower bound gives
csas(n, d) ≤ 4.01ε < cs.

If (B/n)s ≥ 1, then as(n, d) = 1, contradicting this strict inequality. Thus

(B/n)s < 1, as(n, d) = (B/n)s.

Multiplying the lower inequality by (n/B)s, using the reciprocal-power identity, and di-
viding by 4.01ε > 0 gives

cs
4.01ε

≤
(︂ n
B

)︂s
.

Taking the positive 1/s-power and multiplying by B > 0 proves

n ≥ B
(︂ cs
4.01ε

)︂1/s
.

16. For the asymptotic claims, fix 0 < s ≤ 1 and a sequence dn ≥ 2. Work on the tail n ≥ 2,
and define

Bn :=

(︃
dn
2

)︃
.

First,
as(n, dn) −→ 0 ⇐⇒ Bn/n −→ 0.

For the forward direction, a vanishing scale is eventually less than one, so eventually

as(n, dn) = (Bn/n)
s, Bn/n = as(n, dn)

1/s.

Continuity of the positive 1/s-power at zero gives Bn/n → 0. For the reverse direction,
continuity of the positive s-power gives

(Bn/n)
s −→ 0, 0 ≤ as(n, dn) ≤ (Bn/n)

s,

and squeezing gives the asserted scale convergence.

The pair count satisfies

Bn =
dn(dn − 1)

2
,

d2n
4
≤ Bn ≤

d2n
2
,

because dn − 1 ≥ dn/2 and dn − 1 ≤ dn. Therefore

0 ≤ d2n
n
≤ 4

Bn
n
, 0 ≤ Bn

n
≤ d2n

n
,

and
Bn/n −→ 0 ⇐⇒ d2n/n −→ 0.

Since dn ≥ 0 and n > 0 on this tail,

dn√
n
=

√︃
d2n
n
,

(︃
dn√
n

)︃2

=
d2n
n
.

Continuity of square roots and squares, together with the defining ratio criterion for little
o, gives

Bn/n −→ 0 ⇐⇒ dn = o(
√
n).
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17. Suppose Rs(n, dn)→ 0. For every n ≥ 2, the lower certificate gives

0 ≤ csas(n, dn) ≤ Rs(n, dn).

Squeezing and division by the fixed constant cs > 0 yield

csas(n, dn) −→ 0, as(n, dn) −→ 0.

The scale equivalences just proved imply

dn = o(
√
n), Bn/n −→ 0.

Conversely, if Bn/n→ 0, then as(n, dn)→ 0. The constructed admissible kernel gives, for
every n ≥ 2,

0 ≤ Rs(n, dn) ≤ sup
m∈Hdn,s

Ln,dn,s(π⋆n,dn ,m) ≤ 3072as(n, dn).

The right-hand side tends to zero, so squeezing gives Rs(n, dn)→ 0. Thus

Rs(n, dn) −→ 0 ⇐⇒
(︁
dn
2

)︁
n
−→ 0 ⇐⇒ dn = o(

√
n).

18. Finally, fix density bounds satisfying 0 < lower ≤ 1 ≤ upper. For these fixed bounds and
every sequence dn ≥ 2, Lemma 2 supplies

inf
π∈Dn,dn,s

sup
P∈Adn,s

Vn(π, P ) −→ 0 =⇒ dn = o(
√
n).

This establishes the bounded-density dimension implication under the stated conditions.

Proof of Theorem 2. Fix s ∈ (0, 1] and integers n, d ≥ 2. We use the parameters and features of
Definition 9, written explicitly as

B =

(︃
d

2

)︃
, L = max

{︂
1,
⌈︂√︁

4096n/B
⌉︂}︂

, M = BL2, C0 =
√︁

48 + 32π2,

Id,L = {(j, h, k, ℓ) : 1 ≤ j < h ≤ d, 1 ≤ k, ℓ ≤ L}, Vα(x) = 2 cos(πkxj) cos(πℓxh), V (x) = (Vα(x))α∈Id,L .

Thus B > 0, L ≥ 1, M > 0, and C0 > 0.

1. The constant

cs =
2

(48 + 32π2) 16384s
> 0

depends on s alone. We first compare it with the cutoff normalization. Define

ηcut =
4096n

B
, Γcut = max{1, n/B}, Λcut = 16384s.

Since ηcut ≤ 4096Γcut and Γcut ≥ 1, the ceiling bound gives

√
ηcut ≤ 64

√︁
Γcut, ⌈√ηcut⌉ ≤

√
ηcut + 1,

87



and hence
L ≤ 64

√︁
Γcut + 1 ≤ 128

√︁
Γcut, L2 ≤ 16384Γcut.

Raising the last inequality to the positive power s yields

L2s = (L2)s ≤ ΛcutΓ
s
cut.

We next verify the scale comparison in its two cases. If n/B ≤ 1, then

bs(n, d)Γ
s
cut = bs(n, d) ≤ 1.

If n/B > 1, then
bs(n, d)Γ

s
cut ≤ (B/n)s(n/B)s

=
(︁
(B/n)(n/B)

)︁s
= 1.

Because bs(n, d) ≥ 0 and Λcut > 0, these inequalities imply

L2sbs(n, d) ≤ Λcutbs(n, d)Γ
s
cut ≤ Λcut.

Using C2
0 = 48 + 32π2 and positive denominators, we obtain

csbs(n, d) =
2bs(n, d)

C2
0Λcut

≤ 2

C2
0L

2s
.

2. Fix an admissible design π ∈ Dn,d,s. With X drawn as in Assumption 1 and Z drawn
conditionally from π(X), write the scaled signing loss appearing in Definition 4 as

Ln,d,s(π,m) =
4

n
EX,Z

⎡⎣(︄ n∑︂
i=1

Zim(Xi)

)︄2
⎤⎦ .

The coefficient signs have the independent uniform law of Definition 9, independently of
this experiment. Their second moments satisfy

Eξ[ξαξβ] =

{︄
1, α = β,

0, α ̸= β.

For the first case, ξ2α = 1. For the second, flipping the sign at α preserves the uniform
coefficient law and reverses the product ξαξβ, so its mean is zero.

For every deterministic sample x = (x1, . . . , xn) ∈ ([0, 1]d)n and signing z ∈ {−1, 1}n, the
prior formula gives

n∑︂
i=1

zimξ(xi) =
1

C0Ls
√
M

∑︂
α∈Id,L

ξα

n∑︂
i=1

ziVα(xi).

Expanding the square and applying the second-moment identity therefore gives

Eξ

⎡⎣(︄ n∑︂
i=1

zimξ(xi)

)︄2
⎤⎦ =

1

C2
0L

2sM

∑︂
α,β∈Id,L

Eξ[ξαξβ]

(︄∑︂
i

ziVα(xi)

)︄(︄∑︂
i

ziVβ(xi)

)︄

=
1

C2
0L

2sM

∑︂
α∈Id,L

(︄∑︂
i

ziVα(xi)

)︄2

=
1

C2
0L

2sM

⃦⃦⃦⃦
⃦∑︂

i

ziV (xi)

⃦⃦⃦⃦
⃦
2

2

.
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Finite coefficient averaging commutes with the nonnegative sample and assignment inte-
grals. Consequently,

EξLn,d,s(π,mξ) =
4

nC2
0L

2sM
EX,Z

⃦⃦⃦⃦
⃦∑︂

i

ZiV (Xi)

⃦⃦⃦⃦
⃦
2

2

.

For each fixed sample x, the probability kernel satisfies∫︂
{−1,1}n

⃦⃦⃦⃦
⃦∑︂

i

ziV (xi)

⃦⃦⃦⃦
⃦
2

2

π(x, dz) ≥ min
z∈{−1,1}n

⃦⃦⃦⃦
⃦∑︂

i

ziV (xi)

⃦⃦⃦⃦
⃦
2

2

.

Integrating this pointwise comparison yields

EξLn,d,s(π,mξ) ≥
4

nC2
0L

2sM
EX min

z∈{−1,1}n

⃦⃦⃦⃦
⃦∑︂

i

ziV (Xi)

⃦⃦⃦⃦
⃦
2

2

.

3. The cutoff also supplies the feature-dimension threshold. Indeed,√︁
4096n/B ≤

⌈︂√︁
4096n/B

⌉︂
≤ L.

Squaring these nonnegative quantities and multiplying by B > 0 gives

4096n

B
≤ L2, 4096n ≤ BL2 =M.

Under Assumption 1, the feature rows V (Xi) are independent copies. Their coordinates
are measurable and square-integrable, and Lemma 6 supplies

E
[︂
V (X1)V (X1)

T
]︂
= IM .

The expected absolute-supremum contraction inequality of [Bartlett and Mendelson, 2002,
Theorem 12(4), with Rademacher complexity as in Definition 2] supplies the contraction
step underlying Lemma 7, for its finite classes and finite-dimensional Euclidean unit-ball
linear class. Applying that signing bound with feature dimension M ≥ 4096n gives

EX min
z∈{−1,1}n

⃦⃦⃦⃦
⃦∑︂

i

ziV (Xi)

⃦⃦⃦⃦
⃦
2

2

≥ nM

2
.

The finite minimum is measurable, so this is the same sample integral that appears in the
preceding step.

4. Substituting the feature-energy bound into the prior-risk comparison and cancelling the
positive factors gives

EξLn,d,s(π,mξ) ≥
4

n

(︃
1

C0Ls
√
M

)︃2 nM

2

=
2

C2
0L

2s

≥ csbs(n, d).

The final inequality uses the cutoff comparison csbs(n, d) ≤ 2/(C2
0L

2s). This proves the
asserted prior lower bound for every admissible design.

89



5. Since d ≥ 2, L ≥ 1, and 0 < s ≤ 1, Lemma 6 ensures that every prior realization belongs
to Hd,s. The coefficient index set has cardinality M , so its uniform law has total mass∑︂

ξ∈{−1,1}Id,L

2−M = 1.

For each fixed admissible π, every prior atom satisfies

Ln,d,s(π,mξ) ≤ sup
m∈Hd,s

Ln,d,s(π,m).

Multiplying by the prior weights and summing therefore yields

EξLn,d,s(π,mξ) =
∑︂

ξ∈{−1,1}Id,L

2−MLn,d,s(π,mξ)

≤

⎛⎜⎝ ∑︂
ξ∈{−1,1}Id,L

2−M

⎞⎟⎠ sup
m∈Hd,s

Ln,d,s(π,m)

= sup
m∈Hd,s

Ln,d,s(π,m).

Thus every admissible design has worst-case loss at least csbs(n, d). Taking the infimum
in Definition 4 gives

Rs(n, d) = inf
π∈Dn,d,s

sup
m∈Hd,s

Ln,d,s(π,m) ≥ csbs(n, d).

Proof of Theorem 3. We apply Theorem 1, using the contraction inequality of [Bartlett and
Mendelson, 2002, Theorem 12(4), with the complexity convention of Definition 2] and the excess-
variance identity of [Cytrynbaum, 2026, Proposition 2.3, equation (2.4), under Assumption 2.1
and Definition 2.2]. These published conclusions supply, respectively, the stated measurable-class
contraction inequality and the HT excess identity for fair, conditionally outcome-independent
assignment under bounded strictly positive covariate density and finite outcome second moments.

1. Fix integers n, d ≥ 2. The construction conclusion of Theorem 1 supplies a single kernel

π⋆n,d ∈ Dn,d,s

independent of s. For n ≤ B, it assigns independent fair signs; for B < n, it is the pre-
scribed spectral-rounding law with independent reflection coins, an independent common
Haar shift, and independent uniform rounding seeds. The procedure starts from zero and
uses the first ⌊n/4⌋ prescribed real spectral rows evaluated at the reflected and shifted
sample. Its deterministic termination conclusion gives

ui = Zi, i = 1, . . . , n,

after n iterations, for every original sample, every realization of the reflection coins and
common shift, and every rounding-seed sequence in [0, 1]. This supplies the asserted con-
struction and admissibility simultaneously for all smoothness parameters.
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2. Fix 0 < s ≤ 1. The comparison conclusions of the same result give

bs(n, d) = as(n, d) = min{1, (B/n)s}, 0 < c1 ≤ cs,

and
csas(n, d) ≤ Rs(n, d) ≤ sup

m∈Hd,s

Ln,d,s(π⋆n,d,m) ≤ 3072as(n, d),

with exactly the constants in the statement. Its prior conclusions, with the cutoff and
normalization of Definition 9, give, for every coefficient-sign realization,∫︂

[0,1]d
mξ(x) dx = 0, mξ ∈ Hd,s.

For coefficient signs drawn independently of the covariate sample, they also give

csas(n, d) ≤ Eξ[Ln,d,s(π,mξ)] , π ∈ Dn,d,s.

The kernel selected in the first step remains the same throughout these conclusions.

3. The Gaussian variance-transfer conclusion of Theorem 1 gives, for every admissible π and
every m ∈ Hd,s,

Ln,d,s(π,m) <∞, nVar(ˆ︁θ)− 4.01 = Ln,d,s(π,m).

Taking the supremum over Gaussian completions therefore gives the worst signing loss for
each such design; taking the infimum over admissible designs gives Rs(n, d).

For the frozen uniform outcome-law class, Lemma 2 supplies

nVarP,π( ˆ︁TP )− V(P ) = Ln,d,s(π,mP ) ≥ 0, P ∈ Qd,s.

Thus the positive part equals the excess itself. The published-law capacity conclusion of
Theorem 1 consequently yields

inf
π∈Dn,d,s

sup
P∈Qd,s

max
{︂
nVarP,π( ˆ︁TP )− V(P ), 0

}︂
= Rs(n, d).

4. Finally, the dimension-sequence conclusion of Theorem 1 applies to every fixed 0 < s ≤ 1
and every integer sequence dn ≥ 2, and gives

Rs(n, dn) −→ 0 ⇐⇒
(︁
dn
2

)︁
n
−→ 0 ⇐⇒ dn = o(

√
n).

This is the asserted asymptotic characterization.
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