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Abstract

This paper studies nonlinear causal representation learning from an observational envi-
ronment and one unknown-target perfect intervention for each scalar latent variable. In a
positive C3 compact-cube latent model with shared C2 diffeomorphic mixing, causal min-
imality, and fixed own-coordinate derivative signs, likelihood ratios between interventional
and observational laws define observable one-dimensional ratio coordinates. Comparing their
laws across environments with Gaussian maximum mean discrepancy yields a directed ratio-
discrepancy graph. The first result establishes that, in every nonempty fixed-sign stratum,
the mechanisms for which these ratio laws separate all transported ancestral covers form
an open dense set. On this cover-separated population class, a decoder recovers the tran-
sitive closure of the target-permuted latent DAG, constructs conditional-rank coordinates
that agree with monotone transforms of the intervened latent variables, aligns intervention
labels with coordinates, and prunes parents exactly by conditional independence under the
observational law. Within the same structural class, equality of the observed environment-
law family identifies the observed world up to componentwise C2 coordinate changes and
simultaneous relabeling of graph and targets. A sample-split procedure adds familywise-
valid confidence edges for ancestral discoveries, conditional on a simultaneous first-stage L1

likelihood-ratio error event. On the overlapping smooth compact-support faithful regime,
the result gives an arbitrary-dimensional one-perfect-intervention-per-node counterpart to
the bivariate law-separation route of von Kügelgen et al. [2023].

1 Introduction

High-dimensional measurements often arise from lower-dimensional causal variables observed
through an unknown representation. Causal representation learning asks when distributional
variation across environments identifies those variables, their causal graph, and the intervention
labels that generated the variation [Schölkopf et al., 2021]. In nonlinear settings with invertible
mixing, this question joins three traditions: graphical causal discovery from conditional indepen-
dences [Pearl, 2009, Spirtes et al., 2000, Peters et al., 2017], identifiable nonlinear independent
component analysis from distributional changes [Hyvärinen and Morioka, 2016, Hyvärinen et al.,

∗Machine-generated by the CausalSmith research pipeline. Each displayed formal statement is either mapped
to a Lean declaration or marked as a presentation-level definition, and each displayed proof renders a Lean proof,
as recorded in the verification appendix (scope, toolchain, commit, and any statement conditional on a published
input). Cited work otherwise supplies framing and positioning.
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2019, Khemakhem et al., 2020, Hyvärinen et al., 2023], and interventional discovery when tar-
gets are known, unknown, or partially specified [Hauser and Bühlmann, 2012, Yang et al., 2018,
Jaber et al., 2020, Dai et al., 2025, Zhang et al., 2026].

The setting here is an observational law and n interventional laws generated by one perfect
intervention for each of n scalar latent coordinates. The target labels are permuted, so the
analyst observes environment laws before recovering the alignment between environments and
latent variables. The latent variables live on the compact cube, the observation map is shared
and diffeomorphic across environments, the local mechanisms are positive and smooth, and each
intervention likelihood ratio has a fixed own-coordinate derivative sign. Under these conditions,
the likelihood ratio Ri, the density ratio for environment i against the observational law, is
an observable scalar function whose latent form depends on the intervened coordinate and its
parents.

The paper’s central object is the law of one ratio coordinate under another environment. For
each ordered pair (j, i), the Gaussian maximum mean discrepancy Dji, the kernel discrepancy
between the laws of Ri under environments 0 and j, measures whether intervention j changes
the distribution of ratio coordinate i. Theorem 2 shows that, within every nonempty positive
smooth causal-minimal fixed-sign stratum, the class on which these discrepancies are positive
for all transported ancestral covers is open and dense. The proof uses explicit regular witnesses
from Theorem 1 and analytic perturbations along normalized affine paths to move edge-specific
second-moment contrasts away from cancellation.

On that generic population class, Theorem 3 gives an exact decoder. Starting from the
environment laws, D , the population decoder, forms the ratio-discrepancy graph, chooses a
topological order, constructs conditional distribution transforms of log-ratios, aligns each envi-
ronment with the coordinate recovered by its own rank, and prunes candidate predecessors using
conditional independence under the observational law. The ratio graph recovers the transitive
closure of Gπ, the target-permuted DAG; the conditional ranks equal Qπ(i)(Vπ(i)), the inter-
vention distribution transform of the target latent coordinate, or its sign-reversed version; and
causal minimality makes the true parent set the unique inclusion-minimal admissible set. Thus
the output graph is exactly Gπ, the latent DAG expressed on environment labels.

The result contributes to the unknown-intervention literature by using likelihood-ratio laws
in place of scores, support geometry, quadratic precision structure, or supplied target meta-
data. The closest invertible-mixing comparator is von Kügelgen et al. [2023], who establish a
bivariate one-intervention result under a continuous law-separation condition and an arbitrary-
dimensional result with two paired perfect interventions per node. On the overlapping pos-
itive smooth compact-support faithful regime, Theorem 3 supplies an arbitrary-dimensional
one-perfect-intervention-per-node population recovery statement and gives the Gaussian-MMD
law-separation witness in the two-variable case. Relative to target-aligned approaches such as
Wendong et al. [2023] and Yao et al. [2025], the ratio construction recovers the graph, order,
and target alignment from the same observed law family.

The statistical layer translates population discrepancies into finite-sample edge statements.
Theorem 4 studies a sample-split design: independent training folds produce fitted positive likeli-
hood ratios, and independent evaluation folds compute empirical Gaussian-MMD discrepancies.
Given a simultaneous first-stage L1 ratio-error radius aN (η), the theorem provides a familywise
event on which every selected edge in the confidence graph has an ancestral interpretation in
the latent DAG. When every transported ancestral-cover discrepancy exceeds twice the simul-
taneous radius, the selected graph has the same transitive closure as Gπ. This connects the
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ratio decoder to kernel two-sample concentration [Gretton et al., 2012, Schrab et al., 2023] while
keeping the first-stage ratio-estimation requirement explicit.

The final section formulates the next coordinate-error problem in a bounded Hölder regime.
Under smoothness, lower-envelope, own-derivative margin, shared-mixing geometry, observed
log-ratio regularity, and conditional-design assumptions, Remark 2 states a generated-rank rate
target for conditional-CDF estimation with fitted log-ratio responses and fitted conditioning
covariates. The target combines second-stage smoothing bias, local empirical variation, and
first-stage C1 error propagated through bandwidth neighborhoods, drawing on conditional-CDF
and generated-regressor theory [Xie, 2023, Mammen et al., 2012, Lee, 2018].

The whole argument rests on two observations that the rest of the paper makes exact. Under
the stated positivity, smoothness, causal-minimality, shared-diffeomorphic-mixing, one-perfect-
intervention, fixed-sign, and cover-separation conditions, the ratios Ri, the density ratios for
interventional environments against the observational law, support ancestry recovery through
population discrepancies, and the conditional-rank construction returns a monotone transform
of the corresponding latent coordinate. Together with causal minimality, shared diffeomorphic
mixing, and the one-perfect-intervention-per-node setup, positivity, smoothness, the sign condi-
tion, and cover separation make those two steps exact; the bookkeeping objects introduced below
state these conditions precisely. A reader who wants the argument before its apparatus can read
Algorithm 1 and Theorem 3 first and consult Section 3 for the objects they use. The formal
layer accompanying the paper is machine-checked, with precise scope recorded in Section A.

Section 2 situates the paper in graphical causal inference, nonlinear ICA, causal represen-
tation learning, unknown-target interventions, and kernel testing. Section 3 introduces the
positive compact-cube model, observed worlds, likelihood ratios, and ratio-law discrepancies.
Section 4 proves generic ratio separation. Section 5 gives the population decoder and its exact
recovery theorem. Section 6 establishes sample-split confidence edges, and Section 7 records the
generated-rank frontier and further directions.

2 Related work

Graphical causal inference supplies the language for the paper’s target object: a latent causal
model on n scalar variables, indexed by the labeled vertex set [n] and a finite DAG G. Classical
constraint-based discovery identifies Markov equivalence classes from conditional independence
information under faithfulness-type restrictions [Meek, 1995]. Recent work sharpens the role of
typical or generic faithfulness in graphical models [Boeken et al., 2024]. The present analysis
uses that tradition in a different observational object: ratios across environments generated by
one intervention per latent coordinate. The resulting separation statements characterize when
the ratio laws distinguish the transported graph, rather than when conditional independences
alone determine a Markov equivalence class.

Identifiable nonlinear ICA provides a second point of contact. The modern line from tem-
poral, auxiliary-variable, and exponential-family restrictions establishes identifiability of latent
coordinates through variation in observed distributions [Hyvärinen et al., 2001, Hyvärinen and
Morioka, 2016, Hyvärinen et al., 2019, Khemakhem et al., 2020, Hyvärinen et al., 2023]. Causal
representation learning extends this idea by connecting identifiable coordinates to causal vari-
ables and interventions [Brehmer et al., 2022, Lippe et al., 2022, Squires et al., 2022, Zhang et al.,
2023]. Here the source of variation is an observed environment family generated by a shared
mixing map f , with observed laws P 0, . . . , Pn obtained from single-target interventions whose
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labels are permuted by π. The shared invertible observation map keeps the ratio law invariantly
comparable across environments, while the unknown target alignment makes the graph recovery
problem genuinely interventional.

The closest comparator in the invertible-mixing and unknown-target direction is von
Kügelgen et al. [2023]. On the overlapping smooth, compact-support, faithful regime, both
analyses exploit multiple environments whose targets are initially unlabeled. von Kügelgen
et al. [2023, Theorem 3.2] settles the bivariate case from one perfect intervention per node under
a continuous law-separation condition, and von Kügelgen et al. [2023, Theorem 3.4] reaches
arbitrary dimension from two paired perfect interventions per node, with the one-intervention
extension beyond two latent variables stated there as a conjecture. The present paper closes
that count in a smaller model class rather than in theirs: on a positive C3 compact latent cube
with C2 mixing, fixed own-derivative signs, and causal minimality, one perfect intervention per
node suffices in every dimension, and the separation condition that makes this work is proved
generic rather than assumed. The two results overlap rather than nest: their model class is the
full Euclidean latent space at C1 regularity, while the class used here is the compact cube at
C2, and the comparison therefore holds on the intersection. Inside that intersection, positive
Gaussian-kernel discrepancy supplies the bivariate law-separation witness that von Kügelgen
et al. [2023, Theorem 3.2] requires. The present paper characterizes a complementary ratio-law
route: likelihood ratios Ri and log-ratios Li produce observable discrepancies that separate
transported ancestral covers and then support population decoding of the intervention labels
and parent-pruned graph.

Several recent papers study interventional causal discovery with unknown or partially known
targets. Hauser and Bühlmann [2012] analyzes interventional Markov equivalence under known
targets, Yang et al. [2018] studies general interventional equivalence classes, and Jaber et al.
[2020], Dai et al. [2025], and Zhang et al. [2026] develop graphical and algorithmic theory
for target uncertainty. Related latent-variable and representation-learning approaches include
Kivva et al. [2021], Xie et al. [2024], Jiang and Aragam [2023], Buchholz et al. [2023], Ahuja
et al. [2023], Varıcı et al. [2024], Varıcı et al. [2025], Bing et al. [2024], and Ng et al. [2025].
Score-based analyses of the same design carry the closest published intervention counts. Varıcı
et al. [2025] identify latent variables from score differences across interventional environments
and show that one stochastic hard intervention per node suffices under linear transformations,
while two per node suffice under general transformations; Varıcı et al. [2024] develop the general-
identifiability side of that program. The present result keeps one perfect intervention per node
under a nonlinear C2 diffeomorphic transformation, at the price of the compact positive fixed-
sign class and a genericity condition, and it works with likelihood-ratio laws and their kernel
embeddings rather than with score functions. Within this literature, Wendong et al. [2023]
and Yao et al. [2025] are especially close in their use of interventional or invariant structure for
causal representations. The comparison turns on inputs: those approaches use graph, order,
or target-alignment information appropriate to their identification strategies, whereas the ratio
construction starts from the environment laws and recovers an observable directed discrepancy
graph from pairwise ratio variation.

The statistical layer draws on kernel mean embeddings and maximum mean discrepancy. The
Gaussian-kernel discrepancy construction uses the bounded kernel k(a, b) = exp(−(a − b)2) to
compare one-dimensional ratio laws, following the embedding and two-sample testing literature
[Sriperumbudur et al., 2010, 2011, Gretton et al., 2007, Smola et al., 2007, Gretton et al., 2012,
Schrab et al., 2023]. For the finite-sample confidence graph, sample splitting and independent
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environment samples align the empirical discrepancy analysis with standard concentration argu-
ments for kernel averages. The generated-rank discussion uses tools for conditional distribution
estimation and generated regressors, especially local conditional CDF theory and partial-mean
arguments with first-stage inputs [Xie, 2023, Mammen et al., 2012, Lee, 2018]. Recent sample-
complexity work for causal representation learning and few-environment recovery, including
Acartürk et al. [2024] and Lee et al. [2026], provides the surrounding statistical context for
translating population separation into finite-sample procedures. The confidence-edge guarantee
proved here is a familywise statement about which edges are selected, valid on an event whose
first-stage component is an assumed uniform ratio-error contract. Remark 2 states, as a target
for later work, the rate a conditional-rank coordinate estimator would have to meet, expressed
through an abstract first-stage C1 rate rather than through any particular estimator.

3 Setup and ratio observables

Throughout the paper, n is the ambient number of scalar latent variables, [n] = {1, . . . , n} is
the labeled vertex set, and G is a finite labeled DAG. Vectors are written componentwise, with
latent coordinates V = (V1, . . . , Vn) taking values in the compact cube [0, 1]n. Generic constants
may change from line to line, norms are taken in the space indicated by their subscripts, and
all index ranges are over [n] unless stated otherwise. The sign vector s records the prescribed
own-coordinate derivative directions.

The structural model is specified by observational conditional densities pi, parent-
independent intervention densities qi, a shared observation map f , and observed environment
laws P 0, . . . , Pn on the observed support X . The first group of conditions fixes the smooth
positive latent model and the common invertible observation system.

Assumption 1. [ass:positive-normalized-smooth-mechanisms] (Positive smooth mecha-
nisms) For every i ∈ [n], the observational mechanism pi and the intervention density qi are
strictly positive, normalized C3 densities on their respective closed cubes.

The smooth full-support compact-cube density condition in Assumption 1 places the obser-
vational and intervention mechanisms on a common regular support for the ratio construction
in this paper. Positivity makes likelihood ratios well-defined on the latent cube, while normal-
ization preserves the interpretation of each carrier as a conditional or marginal density.

Assumption 2. [ass:shared-diffeomorphic-mixing] (Shared diffeomorphic mixing) The
same map f is a C2 diffeomorphism from [0, 1]n onto X in every environment.

The shared diffeomorphic mixing condition in Assumption 2 is the standard invertible-
observation restriction for this setting [von Kügelgen et al., 2023]. It ensures that every environ-
ment is observed through the same smooth coordinate change, so differences across P 0, . . . , Pn

come from the latent intervention laws rather than from environment-specific measurement
maps.

We next make the graph notation and latent product law explicit.

Definition 1. [synth_9] (Parent set paG(i)) For a finite labeled directed acyclic graph G on
[n] and a vertex i ∈ [n], paG(i) denotes the set of parents of i in G:

paG(i) = {j ∈ [n] : j → i is an edge of G}.

For A ⊆ [n], write VA = (Vj)j∈A.
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The notation in Definition 1 is used throughout to express local Markov factorization through
parent coordinates. In particular, pi depends on its own coordinate and the parent set paG(i).

Definition 2. [synth_2] (Observational product density) For a finite dimension n, a labeled
DAG G on [n], a mechanism θ with observational conditional-density carriers pi, and a latent
state v = (v1, . . . , vn) ∈ Rn, define

p0(v) =

n∏︂
i=1

pi
(︁
vi | vpaG(i)

)︁
.

The product density p0 in Definition 2 is the observational latent law associated with G and
the local mechanisms. The target-i intervention law pi replaces the ith observational mechanism
by qi, and this replacement is formalized in the observed laws below.

Assumption 3. [ass:one-perfect-intervention-per-node] (Perfect intervention laws) For
the mechanism θ, the shared mixing map f , the observed laws P 0, . . . , Pn, the target permutation
π, and the supplied likelihood ratios R1, . . . , Rn, the following conditions hold:

• (Observational pushforward.) The observational law satisfies

P 0 = f#
(︁
p0(v) dv

)︁
, p0(v) =

n∏︂
i=1

pi(vi | vpaG(i)),

with v ∈ [0, 1]n.

• (Single-target pushforwards.) For every environment e ∈ [n],

P e = f#
(︁
pπ(e)(v) dv

)︁
, pπ(e)(v) = qπ(e)(vπ(e))

∏︂
ℓ̸=π(e)

pℓ(vℓ | vpaG(ℓ)).

• (Radon–Nikodym ratios.) For every e ∈ [n],

Re(X) =
dP e

dP 0
(X) P 0-almost surely.

• (Latent ratio formula.) For every e ∈ [n] and every v ∈ [0, 1]n,

Re(f(v)) =
qπ(e)(vπ(e))

pπ(e)(vπ(e) | vpaG(π(e)))
.

The unknown-target stochastic perfect-intervention coverage condition in Assumption 3 is
standard in this literature [von Kügelgen et al., 2023]. It ties each nonobservational environment
to exactly one latent target through the permutation π, and it supplies the likelihood-ratio
representation that turns observed laws into one-dimensional ratio coordinates. When X =
f(V ), the ratio for an intervention targeting i depends on Vi and its parents through the displayed
quotient.

Assumption 4. [ass:fixed-own-derivative-sign] (Fixed derivative sign) For every i ∈ [n],

si ∂vi log{qi(vi)/pi(vi | vpaG(i))} > 0

throughout the closed cube.

6



Assumption 4 orients each ratio in its own coordinate through a compact-support fixed-
sign derivative condition. It records that the log-ratio changes monotonically in the intervened
coordinate after applying the prescribed sign si, which later supports the rank-based decoding
step.

Assumption 5. [ass:causal-minimality] (Causal minimality) For every edge j → i of G,
the observational law p0 satisfies

Vi ⊥̸⊥ Vj | VpaG(i)\{j}.

The local edge form of causal minimality in Assumption 5 is the standard positivity-
compatible requirement that each displayed parent contributes to the observational conditional
law [Spirtes et al., 2000]. It anchors the graph G to conditional distributions under p0, so the
formal stratum below consists of mechanisms whose graph edges are statistically active.

Definition 3. [def:model-stratum] (Model stratum ΘG,s)

ΘG,s = {((pi, qi))ni=1 : Assumptions 1, 4and 5 hold for G and s} .

The set ΘG,s is equipped with the relative product C2 topology.

The model stratum ΘG,s collects the latent mechanisms satisfying the positivity, minimal-
ity, and signed-ratio restrictions for the fixed graph and sign vector. The relative product C2

topology is the topology used later for generic separation statements.
The remaining definitions describe the observed data object and the two population separa-

tion classes used by the ratio-decoding argument.

Definition 4. [synth_19] (Observed world data) For a mechanism θ on the labeled DAG G
with ambient vertex set [n], an observed world is the following data:(︁

f, unmix, π, (P e)ne=0, (Ri)i∈[n]
)︁
.

Here f and unmix are maps from the latent state space R[n] to itself, π is a permutation of [n],
P e is a measure on R[n] for each environment e ∈ {0, . . . , n}, and Ri : R[n] → R is a real-valued
ratio carrier for each target i ∈ [n].

Definition 4 packages the objects that are available to population procedures: common
coordinates, environment laws, target labels, and ratio carriers. In the canonical observed
world used below, the mixing and unmixing maps are identities, so the same definitions can be
evaluated directly on latent laws.

Definition 5. [def:edge-separated-set] (Edge separation set) For a target-label permutation
π, define

VG,s,π =
{︂
θ ∈ ΘG,s : F

can
π−1(j),π−1(i)(θ;π) ̸= 0 for every edge j → i of G

}︂
.

Here F can
ab (θ;π) is the second-moment contrast in the canonical observed world generated by θ

and π:

F can
ab (θ;π) =

∫︂ (︃
qπ(b)(vπ(b))

pπ(b)(vπ(b) | vpaG(π(b)))

)︃2

dP a(v)−
∫︂ (︃

qπ(b)(vπ(b))

pπ(b)(vπ(b) | vpaG(π(b)))

)︃2

dP 0(v).
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The set VG,s,π records mechanisms for which every direct edge has a nonzero canonical
second-moment contrast. The contrast Fji compares the squared ratio coordinate under the
observational law and under another intervention environment after the target relabeling π.

Definition 6. [synth_13] (Population MMD discrepancy) For a complete real Hilbert space
H, let U be a feature map r ↦→ Φ(r) ∈ H with ∥Φ(r)∥H = 1 and

⟨Φ(a),Φ(b)⟩H = k(a, b) = exp(−(a− b)2).

For an observed world W with environment laws P 0, . . . , Pn and ratio coordinates R1, . . . , Rn,
and for j, i ∈ [n], define the population MMD discrepancy Dji(W ) by

Dji(W ) =

⃦⃦⃦⃦∫︂
Φ(r) d

(︁
(Ri)#P

0
)︁
(r)−

∫︂
Φ(r) d

(︁
(Ri)#P

j
)︁
(r)

⃦⃦⃦⃦
H

.

When the observed world is fixed by the context we abbreviate Dji(W ) to Dji.

The discrepancy Dji in Definition 6 is the maximum mean discrepancy between the one-
dimensional laws of ratio coordinate i under environments 0 and j, using the bounded Gaussian
kernel and its Hilbert-space feature map. This embeds the ratio-law comparison in the standard
kernel two-sample framework [Gretton et al., 2012, Sriperumbudur et al., 2010, 2011].

Definition 7. [def:cover-separated-set] (Cover-separated mechanisms) Let H be a complete
real Hilbert space, and let U be a feature map ϕ : R → H satisfying

∥ϕ(r)∥H = 1, ⟨ϕ(a), ϕ(b)⟩H = k(a, b)

for all r, a, b ∈ R. For a target permutation π, let W can
θ,π be the canonical observed world generated

by θ and π: the mixing and unmixing maps are the identity, the target permutation is π, the
observational environment has law induced by θ’s observational law, intervention environment e
has law induced by the intervention targeting π(e), and its ratio carrier is

Re(v) =
qπ(e)(vπ(e))

pπ(e)(vπ(e) | vpaG(π(e)))
.

The cover-separated set is

UG,s,π =
{︁
θ ∈ ΘG,s : Dji

(︁
W can

θ,π

)︁
> 0 for every j, i ∈ [n] with π(j)⋖G π(i)

}︁
,

where

Dji

(︁
W can

θ,π

)︁
=

⃦⃦⃦⃦∫︂
ϕ(r) dP0

θ,π,i(r)−
∫︂
ϕ(r) dPj

θ,π,i(r)

⃦⃦⃦⃦
H

,

P0
θ,π,i is the law of ratio i under the observational environment of W can

θ,π , and Pj
θ,π,i is the law of

ratio i under intervention environment j of W can
θ,π .

The cover relation j⋖G i selects ancestral covers in the latent DAG, and Definition 7 requires
a positive ratio-law discrepancy on every such transported cover after applying π. Thus UG,s,π is
the population class on which the observable discrepancy graph contains the cover information
needed by the decoder developed in the next section.
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4 Generic ratio separation

The separation sets in Definitions 5 and 7 turn observable ratio laws into graph information.
This section supplies the two ingredients behind that step. First, explicit three-node mechanisms
show both a strict direct-edge discrepancy and an exact cancellation. Second, the genericity
result shows that, within any nonempty fixed-sign stratum, the separating behavior is open and
dense.

We begin with two concrete mechanisms on the graph 1 → 2, with node 3 isolated. The first
mechanism is the separating endpoint used to certify that the relevant analytic contrast can be
nonzero.

Definition 8. [def:sparse-witness] (Sparse witness θsp) On the graph 1 → 2 with node 3
isolated, define θsp by

h(z) = 2z − 1,

qi(z) =
4 exp(4z)

exp(4)− 1
,

p2(y | x) = 1 + 0.1h(x)h(y),

and
p1 = p3 = 1.

For a sign vector with a negative prescribed sign in coordinate i, the corresponding coordinate is
reflected by the map z ↦→ 1− z.

The affine dependence in Definition 8 creates a direct response of the ratio coordinate at node
2 to interventions at node 1. Reflections preserve the fixed-sign convention from Assumption 4,
so the same construction serves every prescribed sign pattern.

The next mechanism has the same graph and the same intervention tilts, but it places the
parent dependence in a form that exactly balances the ratio law across the relevant environments.

Definition 9. [def:cancellation-witness] (Cancellation witness θcan) On the graph 1 → 2
with node 3 isolated, define θcan by

qi(z) =
4 exp(4z)

exp(4)− 1
, p1 = 1, p3 = 1,

h(y) = 2y − 1, H(x) =
exp(4x)− 1

exp(4)− 1
− x, p2(y | x) = 1 + 0.1H(x)h(y).

For any other sign vector, θcan is obtained from this mechanism by coordinate reflections.

The contrast between Definitions 8 and 9 is useful because the ratio-law condition can hold
strictly at one regular point and vanish at another regular point. Thus the generic result below is
a topological statement about typical mechanisms in the stratum, with the cancellation example
marking the boundary behavior that analytic perturbations must move away from.

For the witness calculation and the generic statement, it is helpful to name the observed law
system induced by a mechanism and a shared coordinate map.
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Definition 10. [synth_28] (Coherence of observed laws with an observed world) Let W be
an observed world generated by a mechanism θ = ((pi, qi))i∈[n] on G, with shared mixing map
f : [0, 1]n → X , inverse f−1, and target permutation π. We say that observed laws (P 0, . . . , Pn)
are coherent with W when P 0 = f#p

0 and, for each interventional environment label e ∈ [n],
P e = f#p

π(e), where

p0(v) =
n∏︂

i=1

pi(vi | vpaG(i))

and
pa(v) = qa(va)

∏︂
ℓ̸=a

pℓ(vℓ | vpaG(ℓ)) (a ∈ [n]).

Equivalently, under P 0 and P e, the unmixed variable V = f−1(X) has densities p0 and pπ(e),
respectively, on [0, 1]n.

Definition 10 records the population object available to the ratio analysis: the same obser-
vation map pushes forward the observational law and each single-target intervention law. In the
explicit witness world, the shared map and target permutation are identities, so the latent and
observed densities coincide.

Definition 11. [synth_27] (Sparse-witness environment laws) Let W sp be the observed world
generated by the sparse witness mechanism θsp with identity mixing and identity target permu-
tation on the three-node DAG 1 → 2 with node 3 isolated. For e ∈ {0, 1, 2, 3}, P e

sp denotes the
environment-e law in this world. Thus P 0

sp is the observational law with density

p0sp(v) = psp1 (v1) p
sp
2 (v2 | v1) psp3 (v3),

and, for e ∈ {1, 2, 3}, P e
sp is the intervention law at target e, with density

pesp(v) = qspe (ve)
∏︂
ℓ̸=e

pspℓ (vℓ | vpaG(ℓ)).

Because the mixing map is the identity, these latent densities are also the corresponding observed
laws.

The graph-theoretic and probabilistic conventions used by the generic result are standard.
We state them here to make the separation theorem self-contained.

Definition 12. [synth_24] (d-separation in a DAG) Let G be a DAG on [n], and let A,B,C ⊆
[n] be pairwise disjoint. A path in the underlying undirected graph of G is C-active when every
non-collider on the path is outside C, and every collider on the path belongs to C or has a
directed path in G to some vertex of C. The sets A and B are d-separated by C in G when
there is no C-active path in the underlying undirected graph of G with one endpoint in A and
the other endpoint in B.

Definition 13. [synth_10] (Faithfulness to G) An observational law p0 on V = (V1, . . . , Vn) is
faithful to the directed acyclic graph G when, for all disjoint subsets A,B,C ⊆ [n],

VA ⊥⊥p0 VB | VC ⇐⇒ A and B are d-separated by C in G.

Equivalently, the conditional independence relations of p0 are exactly the d-separation relations
encoded by G.

10



Definition 14. [synth_23] (Ancestral order in a DAG) For a DAG G on the finite labeled
vertex set [n] and vertices j, i ∈ [n], write

j <G i

when j is a strict ancestor of i in G, equivalently when there exists a directed path in G of
positive length from j to i.

Definition 15. [synth_4] (Ancestral cover relation) For a DAG G on the finite labeled vertex
set [n], define j ⋖G i to be the cover relation in the ancestor order of G:

j ⋖G i ⇐⇒ j <G i and {k ∈ [n] : j <G k <G i} = ∅.

The cover relation in Definition 15 is the transitive-reduction analogue for the ancestor order.
It selects the ancestral comparisons whose ratio-law discrepancies form the population input for
the decoder in the next section.

We also record the ratio-law notation used in the witness certificate and in the open-dense
theorem.

Definition 16. [synth_1] (Latent state space) For n ∈ N, the latent state V = (V1, . . . , Vn)
ranges over the real coordinate space

R[n] = {v : [n] → R}.

Definition 17. [synth_20] (Observational, intervention, and ratio laws) For a mechanism θ =
((pi, qi))

n
i=1 ∈ ΘG,s, let L(θ) denote the observational law on the observed support X generated

by

p0θ(v) =
n∏︂

ℓ=1

pℓ(vℓ | vpaG(ℓ))

and the shared mixing map X = f(V ). For i ∈ [n], let do(i)θ denote the perfect-intervention law
obtained from θ by replacing the i-th observational conditional mechanism pi(vi | vpaG(i)) with
the parent-independent intervention density qi(vi), so its latent density is

piθ(v) = qi(vi)
∏︂
ℓ̸=i

pℓ(vℓ | vpaG(ℓ)),

again pushed forward by f to X . Given a target permutation π, write P 0
θ,π = L(θ) and, for

e ∈ [n], P e
θ,π = do(π(e))θ. For i ∈ [n], let

Rθ,π
i =

dP i
θ,π

dP 0
θ,π

be the observed density ratio for environment label i. For e ∈ {0, . . . , n}, define

Lθ,π,i
e = (Rθ,π

i )#P
e
θ,π,

the probability law on R obtained by pushing the canonical environment-e observed law forward
through the ratio coordinate Rθ,π

i .

11



Definition 18. [synth_3] (Intervention distribution function) For a mechanism θ on a DAG
G over [n], with parent-independent intervention density qi at coordinate i, define

Qi(v) =

∫︂ v

0
qi(u) du

for i ∈ [n] and v ∈ R.

One further condition is recorded here for use by the explicit witness and by the comparison
with prior work: the usual faithfulness condition, linking conditional independences in the ob-
servational density to d-separation in the graph. It is a strictly stronger requirement than the
causal minimality used by Theorem 2 and Theorem 3, which quantify over the causal-minimal
stratum; faithfulness enters only where it is cited by name.

Assumption 6. [ass:faithfulness] (Faithful observational law) The observational latent
density p0 is faithful to the DAG G.

Assumption 6 is the standard causal faithfulness condition [Spirtes et al., 2000]. It rules
the observational conditional independences to be exactly those encoded by d-separation, so
graphical ancestry and the statistical independences used by causal minimality are aligned.

The explicit witnesses now certify the two endpoint behaviors needed for the perturbation
argument.

Theorem 1. [prop:sparse-witness-certificate] (Sparse witness certificate) For every sign
vector s ∈ {−1, 1}3, let θsp be the construction in Definition 8 and let θcan be the construction
in Definition 9, both on the three-node DAG 1 → 2 with node 3 isolated. Let W sp and W can be
the corresponding observed worlds with identity mixing and identity target permutation, so that
environment 0 has the observational law, environment e has the intervention law at target e,
and

Ri(v) =
qi(vi)

pi(vi | vpaG(i))
.

Then:

• (Sparse witness regularity.) The mechanism θsp satisfies Assumption 1, Assumption 4
with sign vector s, and Assumption 6. Moreover, every observational conditional density
pspi is C∞ on [0, 1]3, and every intervention density qspi is C∞ on [0, 1].

• (Cancellation witness regularity.) The mechanism θcan satisfies Assumption 1, As-
sumption 4 with sign vector s, and Assumption 6. Moreover, every observational condi-
tional density pcani is C∞ on [0, 1]3, and every intervention density qcani is C∞ on [0, 1].

• (Sparse witness separation.) The sparse witness has

3

10000
<

∫︂
R2(x)

2 dP 0
sp(x)−

∫︂
R2(x)

2 dP 1
sp(x),

and its Gaussian-kernel population discrepancy satisfies

5

100000000
< D12(W

sp).
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• (Cancellation witness equality.) For the cancellation witness, the law of R2 under the
observational environment equals the law of R2 under environment 1, and

D12(W
can) = 0.

Theorem 1 gives a regular separating point and a regular cancelling point inside the same
elementary graph geometry. The strict lower bounds for the sparse witness show that the
direct-edge second-moment contrast and the Gaussian-kernel discrepancy can both detect the
edge 1 → 2. The cancellation equality shows that equality of ratio laws can occur at structured
mechanisms satisfying the same smoothness, sign, and faithfulness requirements, which is exactly
the situation addressed by a generic rather than universal separation theorem.

The main population result converts that endpoint calculation into a statement for every
nonempty fixed-sign stratum. Its topology is the relative product C2 topology built into Defi-
nition 3.

Theorem 2. [thm:generic-cover-separation] (Generic cover separation) Let n be the am-
bient number of scalar latent variables. Assume:

• (Finite labeled DAG.) G is a finite labeled DAG on [n].

• (Sign stratum.) s is a sign vector with coordinates in {−1, 1}, and the stratum ΘG,s of
Definition 3 is nonempty.

• (Target permutation.) π is a permutation of [n].

Let VG,s,π be the direct-edge separation set of Definition 5, and let UG,s,π be the ancestral-cover
separation set of Definition 7 formed with the Gaussian feature map ϕ(a) = k(a, ·) for k(a, b) =
exp{−(a− b)2}. Then VG,s,π is open and dense in ΘG,s, and

VG,s,π ⊆ UG,s,π.

Moreover, UG,s,π is open and dense in ΘG,s, and its complement in ΘG,s is meagre, closed, and
nowhere dense. If G has no directed edges, then

VG,s,π = ΘG,s and UG,s,π = ΘG,s.

Theorem 2 establishes that ratio-law separation is typical in every nonempty stratum with
fixed own-coordinate derivative signs. Openness says that a separated mechanism remains sep-
arated under sufficiently small perturbations of the normalized mechanisms. Density says that
every admissible mechanism can be approximated by mechanisms whose direct-edge contrasts
are nonzero and whose ancestral-cover discrepancies are positive. The meagreness and nowhere-
density clauses give the corresponding topological description of the exceptional set.

The intuition is that the witness in Theorem 1 provides a local direction in which an edge-
specific ratio contrast becomes nonzero. Along normalized analytic perturbation paths, a con-
trast that is nonzero at one endpoint can vanish only on a thin set of perturbation values unless
it is identically zero. Applying this reasoning across the finitely many relevant edges and covers
yields the open-dense separation class used by the population decoder in the next section.

13



5 Population decoding

The generic separation result in Theorem 2 supplies the observable input for a population con-
struction. The construction is an oracle on the environment laws: its steps evaluate Radon–
Nikodym derivatives, conditional-law versions, and conditional independences exactly, so it is
a map from a law family to a graph and a set of coordinates rather than an estimator or an
algorithm on data. Its order and pruning steps are well posed precisely on the cover-separated
set, where Theorem 3 shows the ratio graph is acyclic and the admissible parent set is unique; on
an arbitrary law family the ratio graph may contain cycles and the inclusion-minimal admissible
set need not be unique, and the conclusions below are asserted only under the theorem’s hy-
potheses. Starting from the environment laws, the decoder forms the directed ratio-discrepancy
graph, uses its order information to compute conditional distribution transforms, aligns each
intervention label with the coordinate recovered by its own rank, and then prunes the candidate
predecessors through conditional independence under the observational law. The output is an
environment-label graph, so we first record the relabeling convention that translates the latent
DAG into intervention labels.

Definition 19. [synth_17] (Permuted environment graph) For an observed worldW with target
permutation π, the environment-label DAG Gπ is the directed graph on [n] whose edge relation
is

j →Gπ i ⇐⇒ G has the edge π(j) → π(i), j, i ∈ [n].

This graph is the structural object visible after intervention labels have been matched to
latent coordinates. Because the target permutation is part of the observed-world description
rather than known to the analyst, the decoder is formulated entirely in terms of laws and ratios.

The rank step requires a version of the conditional distribution function selected from ob-
served laws. The next definition fixes that selection in a way that is compatible with regular
conditional distributions and continuous support behavior.

Definition 20. [synth_18] (Selected conditional CDF) For an observed probability-law family
P 0, . . . , Pn, an ordering, and a vertex i, let Bi be the predecessors of i in that ordering. The
selected conditional distribution function

Ci : R× RBi → [0, 1]

is defined as follows. If there exists a map C : R× RBi → [0, 1] such that

• (Joint measurability.) C(t, ℓ) is measurable as a function of (t, ℓ);

• (Fixed-threshold version.) for every threshold t, the function ℓ ↦→ C(t, ℓ) agrees almost
surely, under the observed target-i law of LBi, with the raw regular conditional CDF ˜︁Ci(t, ℓ)
of Li given LBi = ℓ;

• (Joint-law version.) the function (t, ℓ) ↦→ C(t, ℓ) agrees almost surely, under the ob-
served target-i joint law of (Li, LBi), with (t, ℓ) ↦→ ˜︁Ci(t, ℓ);

• (Support continuity.) (t, ℓ) ↦→ C(t, ℓ) is continuous on R times the support of the
observed target-i law of LBi,
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then Ci is one such map selected from the observed laws alone. In the complementary case,

Ci(t | LBi = ℓ) =

{︄˜︁Ci(t, ℓ), ˜︁Ci(t, ℓ) ∈ [0, 1],

0, ˜︁Ci(t, ℓ) /∈ [0, 1],

where ˜︁Ci(t, ℓ) is the raw regular conditional CDF of Li given LBi = ℓ under the observed target-i
law.

The continuity clause gives a population version of the probability integral transform along
the conditional-ratio support. With that convention in place, the decoder D can be stated as
an observable map from environment laws to a pruned environment-label DAG.

Algorithm 1 (Population decoder D)

Given observed laws (P 0, . . . , Pn), the population decoder D is defined by the following
steps.

1. Compute the likelihood ratios and log-ratios

Ri =
dP i

dP 0
, Li = logRi, i ∈ [n],

and the Gaussian-MMD discrepancies Dji.

2. Form the observable directed ratio-discrepancy graph

HD = {j → i : j ̸= i and Dji > 0}.

3. Choose a topological ordering of HD. For each i, let Bi be the predecessors of i in that
ordering and define

Ui = Ci(Li | LBi).

4. Align environment i with coordinate Ui.

5. For each i, range over A ⊆ Bi and identify the unique inclusion-minimal subset satisfying

Ui ⊥⊥P 0 UBi\A | UA.

The output is the environment-label DAG

Gπ
D = {a→ i : a ∈ Amin

i }, Amin
i = min

⊆

{︁
A ⊆ Bi : Ui ⊥⊥P 0 UBi\A | UA

}︁
.

The first two steps use the law discrepancies studied in Theorem 2; the third step converts log-
ratios into coordinates through conditional ranks; the final step applies the Markov factorization
logic under P 0, in the spirit of graphical-model recovery from conditional independences [Pearl,
2009, Spirtes et al., 2000]. The rank transform has a structural target: conditionally on the
recovered predecessors, the log-ratio distribution is the intervention-target distribution induced
by the latent mechanism.
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Definition 21. [synth_26] (Structural conditional-ratio CDF) For a mechanism θ =
(pℓ, qℓ)ℓ∈[n], an environment label i, and target a = π(i), write

λθ,a(w, z) = log
qa(w)

pa(w | z)
, z ∈ [0, 1]|paG(a)|.

The structural conditional-ratio CDF at target a = π(i) is

Cstr
θ,π(i)(t | z) =

∫︂ 1

0
1{λθ,π(i)(w, z) ≤ t} qπ(i)(w) dw.

Equivalently, Cstr
θ,π(i)( · | z) is the conditional distribution function of the target log-ratio Li in

the target-π(i) intervention environment, conditional on the latent parent vector VpaG(π(i)) = z.

The structural CDF describes the rank that would be computed with latent parents in
hand. The theorem below states that the observed conditional CDF selected in Definition 20
agrees with this structural object on the relevant support, so the rank coordinates produced by
Algorithm 1 coincide with monotone transforms of the intervention-target latent coordinates.

Representation recovery is stated up to componentwise coordinate changes and a simul-
taneous relabeling of the DAG and targets. The equivalence relation records exactly those
transformations.

Definition 22. [synth_8] (Componentwise C2 equivalence) For m = 1, 2, let Wm be an ob-
served world over (Gm, θm) with mixing map fm, inverse-coordinate map gm, target permutation
πm, and observed laws (P e

m)ne=0. With the same ambient number n of scalar latent variables,
write

Xm = {fm(v) : v ∈ [0, 1]n}, m = 1, 2.

The worlds W1 and W2 are componentwise C2-equivalent when the following conditions hold:

• (Observed support.) Their observed supports agree:

X1 = X2.

• (DAG relabeling.) There is a permutation σ of [n] such that, for every j, i ∈ [n],

σ(j) →G2 σ(i) ⇐⇒ j →G1 i.

• (Target alignment.) For every e ∈ [n],

π2(e) = σ(π1(e)).

• (Coordinate changes.) There are real functions hi and h̄i, one pair for each i ∈ [n],
whose restrictions to [0, 1] are C2 and map [0, 1] into [0, 1], such that, for every i ∈ [n] and
every z ∈ [0, 1],

h̄i(hi(z)) = z, hi(h̄i(z)) = z.

• (Unmixing relation.) For every x ∈ X1 and every i ∈ [n],

g2(x)σ(i) = hi(g1(x)i) .
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This is the usual observational equivalence scale for nonlinear component recovery: the co-
ordinate system is identified up to separate invertible transformations of each latent coordinate,
while the graph and target labels move together under the same permutation.

The ratio graph need not equal the parent graph before pruning, because a positive discrep-
ancy can follow an ancestral path. The next definition fixes the graph operation used to state
the exact order information recovered by the first stage.

Definition 23. [synth_16] (Transitive closure of a directed graph) For a directed graph H on
a vertex set V , TC(H) denotes its transitive closure: the directed graph on V with an arrow
a→ b exactly when there is a directed path of positive length from a to b in H.

The headline result combines the generic ratio separation condition with conditional ranks
and conditional-independence pruning. It gives the population decoding guarantee for the one-
perfect-intervention-per-node design.

Theorem 3. [thm:exact-ratio-decoder] (Exact ratio decoding) Fix n, a finite labelled DAG
G on [n], and a sign vector s ∈ {−1,+1}[n]. Let θ = (pi, qi)i∈[n] be a mechanism on G. Let
world assign an observed world to every mechanism on G, and write W = world(θ), with shared
mixing map f , inverse map f−1, target permutation π, observed laws (P 0, . . . , Pn), likelihood
ratios Ri = dP i/dP 0, and log-ratios Li = logRi. Assume:

• (Smooth positive mechanisms.) θ satisfies Assumption 1.

• (Causal minimality.) θ satisfies Assumption 5.

• (Shared mixing.) The maps f and f−1 in W satisfy Assumption 2.

• (One intervention per node.) The laws (P 0, . . . , Pn), ratios (Ri)i∈[n], and target per-
mutation π in W satisfy Assumption 3.

• (Own-derivative signs.) θ satisfies Assumption 4 with sign vector s.

• (Gaussian cover separation.) The stratum point θ ∈ ΘG,s belongs to the cover-
separated set of Definition 7 with the Gaussian unit-norm feature map associated with
k(a, b) = exp{−(a− b)2} and target permutation π; equivalently, every transported ances-
tral cover has strictly positive population Gaussian-MMD discrepancy.

Let D be the population decoder of Algorithm 1, let HD = {j → i : j ̸= i and Dji > 0}, and let
Gπ be the environment-label DAG. Then

TC(HD) = TC(Gπ).

The ordering selected by D is a topological ordering of HD. For every topological ordering of HD,
with predecessor set Bi for node i, and every i ∈ [n], the selected conditional CDF Ci(t | LBi)
is a continuous version of the conditional ratio CDF. For each such i, there exists a continuous
version C such that, for every latent point v in the latent cube,

C(t |LBi(f(v))) = Cstr
θ,π(i)(t | v).

Every continuous version agrees with the selected Ci on the observed conditional-ratio support,
and the selected version satisfies the same structural identity at every mixed latent point f(v).
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Consequently, for every v in the latent cube,

Ui(f(v)) =

{︄
Qπ(i)(vπ(i)), sπ(i) = 1,

1−Qπ(i)(vπ(i)), sπ(i) = −1.

For every topological ordering of HD and every i ∈ [n],

π−1
(︁
paG(π(i))

)︁
⊆ Bi.

Under P 0, for every such ordering, every i ∈ [n], and every A ⊆ Bi,

Ui ⊥⊥ UBi\A | UA ⇐⇒ π−1
(︁
paG(π(i))

)︁
⊆ A.

Thus, for every such ordering and every i, the set

π−1
(︁
paG(π(i))

)︁
is admissible and is the unique inclusion-minimal admissible parent set. The observed laws are
coherent with W , and the parent-pruned graph returned by D is exactly Gπ.

For any DAG G′ on [n], mechanism θ′, and observed world W ′ satisfying Assumption 1,
Assumption 5, Assumption 4 with the same sign vector s, Assumption 2, and Assumption 3,
equality between the observed environment-law family of W ′ and the observed environment-law
family of W implies that W ′ is componentwise C2-equivalent to W up to the simultaneous
relabeling encoded by the target permutations. When n = 2, every edge j → i of G has strictly
positive observed Gaussian-MMD discrepancy,

0 < Dπ−1(j),π−1(i).

Within the positive C3 compact-cube, shared C2-mixing, causal-minimal regime, D identifies
the latent representation and structure from one perfect intervention per node, supplies the con-
tinuous law-separation witness used by von Kügelgen et al. [2023, Theorem 3.2] when n = 2,
and recovers the graph, topological order, and intervention alignment relative to Wendong et al.
[2023, Theorem 4.2] and Yao et al. [2025, Corollary D.1].

The theorem has three linked components. First, Gaussian cover separation makes the
ratio-discrepancy graph rich enough to recover the transitive closure of the environment-label
DAG. Second, every topological order of that graph supplies conditioning sets large enough for
the selected conditional CDFs to agree with their structural counterparts, so the ranks are the
coordinatewise transforms Qπ(i)(Vπ(i)) or their sign-reversed versions. Third, causal minimality
turns the observational conditional independences among these ranks into exact parent sets,
which converts the order information into the graph Gπ.

The final clauses state the representation comparison at the population level. Equality of the
observed environment-law family pins down the recovered world up to the componentwise C2

equivalence of Definition 22. In the two-variable case, the same conditions also yield strictly pos-
itive observed Gaussian-MMD discrepancy on every true edge, giving a compact-cube Gaussian-
MMD counterpart to the continuous ratio-law witness used by von Kügelgen et al. [2023]. For
the multi-node recovery task, the decoder delivers graph, order, and intervention alignment
under the one-intervention-per-node design through ratio observables and conditional ranks.
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6 Sample-split confidence edges

The population decoder in Algorithm 1 and Theorem 3 turns positive ratio-law discrepancies
into ancestral order information. This section adds the finite-sample graph layer. The sam-
pling scheme uses independent training folds to construct the fitted ratios ˆ︁Ri and independent
evaluation folds, with environment sample sizes Ne, to test the resulting one-dimensional ratio
laws.

Definition 24. [synth_5] (Sample-split experiment world) A sample-split experiment for a fixed
observed environment family W , whose observations take values in Rn, consists of a measurable
sample space Ω together with:

• (Experiment law.) A measure on Ω.

• (Evaluation fold.) Environment sample sizes Ne ∈ N, for e = 0, . . . , n, and evaluation
observations, each taking values in the observed state space,

Xeval
e,m : Ω → Rn, m = 1, . . . , Ne.

• (Training fold.) Training sample sizes N tr
e ∈ N, for e = 0, . . . , n, and training observa-

tions, again valued in the observed state space,

Xtr
e,m : Ω → Rn, m = 1, . . . , N tr

e .

• (Fitted ratios.) For each full training fold T = {Te,m : e = 0, . . . , n, m = 1, . . . , N tr
e },

each i ∈ [n], and each x ∈ Rn, a fitted ratio valueˆ︁Ri(T, x) ∈ R.

For every i, the map (T, x) ↦→ ˆ︁Ri(T, x) is jointly measurable; for every T and i, the map
x ↦→ ˆ︁Ri(T, x) is measurable; and ˆ︁Ri(T, x) > 0

for every T , i, and x.

• (First-stage radius.) A first-stage radius aN (η) ∈ R, indexed by the first-stage failure
level η, satisfying

aN (η) ≥ 0

for every η ∈ R.

• (Error levels.) A familywise evaluation error level α ∈ (0, 1) and a first-stage failure
level η ∈ (0, 1).

Definition 24 isolates the objects needed for a sample-split analysis: a training sample, an
evaluation sample, fitted positive ratios, a first-stage radius aN , a familywise level α, and a first-
stage failure level η. The radius aN (η) is an input to the analysis: the section takes as given a
first-stage estimator delivering uniform L1 ratio accuracy aN (η) with probability at least 1− η,
and proves what follows from it. What the section delivers is therefore an inference interface for
the ratio graph, valid for any first-stage estimator meeting that contract. The second-stage half
of the radius, which comes from evaluation-fold kernel concentration, is explicit in the sample
sizes and α alone. The next condition supplies the probabilistic independence that lets the
evaluation fold be analyzed conditionally on the trained ratios.
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Assumption 7. [ass:independent-environment-sampling] (Independent environment sam-
pling) The sample-split experiment is carried by a probability law, and each environment law
P e is a probability measure. It satisfies:

• (Training fold.) For each environment e, the training observations are measurable,
independent within that environment, and each training observation in environment e has
law P e.

• (Evaluation fold.) For each environment e, the evaluation observations are measurable,
independent within that environment, and each evaluation observation in environment e
has law P e.

• (Fold independence.) The complete training fold is independent of the complete array
of evaluation observations across all environments.

• (First-stage measurability.) For each latent coordinate i ∈ [n] and latent state x, the
ratio estimate ˆ︁Ri(x) is measurable with respect to the training fold, and the same estimate
is jointly measurable in the training fold and x. The training-fold event{︃

ω : ∀i ∈ [n], ∀e,
∫︂ ⃓⃓⃓ ˆ︁Ri(x)−Ri(x)

⃓⃓⃓
dP e(x) ≤ aN (η) with finite integral

}︃
is measurable with respect to the training fold.

This is the standard independent multi-sample sampling with sample splitting condition
used in kernel two-sample analysis [Gretton et al., 2012]. The within-environment independence
clauses identify each empirical law with its environment distribution, while fold independence
makes the evaluation concentration conditional on the realized training output. The measur-
ability clause makes the simultaneous first-stage L1 ratio-error event a genuine training-fold
event.

The evaluation statistic compares the fitted-ratio distributions in an interventional environ-
ment and the observational environment through a Gaussian maximum mean discrepancy. The
following definitions fix the evaluation notation, the Hilbert-space embedding, the empirical
discrepancy ˆ︁Dji, and the simultaneous radius εN (α, η).

Definition 25. [synth_25] (Evaluation-fold observations) In the sample-split experiment, for
each environment e ∈ {0, . . . , n} let

X
(e)
1 , . . . , X

(e)
Ne

denote the independent evaluation-fold observations drawn from the observed law P e, indepen-

dently of the training folds used to construct the ratio estimators ˆ︁Ri. Thus X
(j)
r = Xeval

j,r is the

r-th evaluation observation from interventional environment j, and X
(0)
r = Xeval

0,r is the r-th
evaluation observation from the observational environment.

Definition 26. [synth_21] (Feature Hilbert space and kernel mean embedding) Let H be the
complete real Hilbert space in which the feature map U = (Φ, ∥Φ(·)∥, ⟨Φ(·),Φ(·)⟩) takes its values.
The feature map is normalized for the Gaussian kernel when

∥Φ(r)∥H = 1, ⟨Φ(a),Φ(b)⟩H = k(a, b), k(a, b) = exp{−(a− b)2}.
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For any probability law ν on R, define the kernel mean embedding

µU (ν) =

∫︂
R
Φ(r) dν(r) ∈ H,

with the integral understood as the Hilbert-valued Bochner integral.

Definition 27. [synth_14] (Empirical MMD discrepancy) For j, i ∈ [n], outcome ω, and a
real Hilbert-space feature map U = (Φ, . . .) of unit norm satisfying ⟨Φ(a),Φ(b)⟩ = k(a, b) =
exp(−(a− b)2), define

ˆ︁Dji(ω;U) =

⃦⃦⃦⃦
⃦⃦ 1

Nj

Nj∑︂
r=1

Φ
(︂ ˆ︁Ri(X

(j)
r (ω))

)︂
− 1

N0

N0∑︂
r=1

Φ
(︂ ˆ︁Ri(X

(0)
r (ω))

)︂⃦⃦⃦⃦⃦⃦
H

.

Definition 28. [synth_11] (Simultaneous MMD radius) In the sample-split experiment of
Definition 24, assume:

• (First-stage radius.) aN (η) ∈ [0,∞) is the deterministic radius in the simultaneous
first-stage evaluation-law error event at failure level η.

• (Evaluation sizes.) Ne is the evaluation sample size in environment e ∈ {0, . . . , n}.

• (Nondegeneracy.) n ≥ 1 and min0≤e≤nNe ≥ 1.

• (Levels.) α ∈ (0, 1) and η ∈ (0, 1).

The simultaneous MMD confidence radius is

εN (α, η) = 2
√
2 aN (η) +

2{1 +
√︁

2 log(n(n+ 1)/α)}√︁
min0≤e≤nNe

.

This radius is the threshold used to convert the empirical discrepancies ˆ︁Dji into simultaneous
lower confidence bounds for the population discrepancies Dji.

The first term in Definition 28 carries the training-fold ratio error into the MMD scale. The
second term is the simultaneous evaluation fluctuation over all ordered pairs, using the unit-
norm Gaussian feature representation in Definition 26; this is the same empirical-process layer
underlying kernel two-sample testing and its aggregated variants [Gretton et al., 2012, Schrab
et al., 2023].

The graph estimator thresholds empirical lower confidence bounds for the population dis-
crepancies. Its output ˆ︁H is an edge set on the environment labels.

Algorithm 2 (Sample-split confidence graph ˆ︁H)

Under Assumption 7, with training and evaluation folds and tuning levels α, η, the sample-
split confidence graph ˆ︁H is defined by the following steps.

1. On the training folds, fit likelihood-ratio estimators

ˆ︁Ri, i ∈ [n].
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2. On the independent evaluation folds, compute the empirical Gaussian-MMD discrepanciesˆ︁Dji, j, i ∈ [n], j ̸= i,

using ˆ︁Ri.

3. Output the directed graph ˆ︁H =
{︂
j → i : ˆ︁Dji − εN (α, η) > 0

}︂
.

The rule in Algorithm 2 selects an arrow exactly when the lower confidence bound for
the corresponding population discrepancy is positive. The theorem below states the resulting
simultaneous coverage and its implication for ancestral edge discoveries.

Theorem 4. [thm:simultaneous-confidence-edges] (Simultaneous confidence edges) Fix
n ≥ 1, a labeled DAG G on [n], a sign vector s, a mechanism θ, an observed world with target
permutation π, and a sample-split experiment S. Suppose:

• (Structural model.) The mechanism, shared mixing representation, and one-
intervention-per-node design satisfy Assumptions 1 to 3.

• (Sample splitting.) The training and evaluation folds satisfy Assumption 7, and each
environment has evaluation sample size Ne ≥ 1.

• (Levels.) The familywise evaluation level and first-stage failure level satisfy α, η ∈ (0, 1).

• (First-stage event.) With

Efs =
{︃
ω : ∀i ∈ [n], ∀e ∈ {0, . . . , n},

∫︂ ⃓⃓⃓ ˆ︁Ri(x)−Ri(x)
⃓⃓⃓
dP e(x) ≤ aN (η)

}︃
,

where the displayed integrals are finite, the training-fold event obeys

Pr(Efs) ≥ 1− η.

Let EMMD be the simultaneous evaluation event

EMMD =
{︂
ω : ∀j ̸= i,

⃓⃓⃓ ˆ︁Dji(ω)−Dji

⃓⃓⃓
≤ εN (α, η)

}︂
.

Then, conditionally on the training fold and on Efs, this event has probability at least 1− α: for
every training-fold measurable event B,

(1− α) Pr(Efs ∩B) ≤ Pr(EMMD ∩ Efs ∩B).

Consequently,
Pr(EMMD) ≥ 1− α− η.

Moreover, for every ω ∈ EMMD, every selected arrow j → i of the sample-split confidence graphˆ︁H from Algorithm 2 satisfies that π(j) is an ancestor of π(i) in G. If, in addition,

2εN (α, η) < Dji for every j, i such that π(j)⋖G π(i),

then for every ω ∈ EMMD,

TC
(︂ ˆ︁H(ω)

)︂
= TC(Gπ) .
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The intuition is a conditioning argument. On the first-stage event, the fitted ratios are close
enough to the population ratios in every environment law to perturb the population Gaussian-
MMD discrepancies by at most the first part of εN (α, η). Given the training fold, the evaluation
observations are independent across the multi-sample experiment, so the empirical embeddings
concentrate simultaneously over ordered pairs. The selected arrows therefore have familywise-
valid ancestral interpretation, and when every transported ancestral cover has population dis-
crepancy larger than twice the radius, the selected graph has the same transitive closure as
Gπ.

7 Limitations and future work

The preceding sections establish population recovery under generic ratio separation and give
sample-split confidence edges for ancestral discoveries. This section records the regularity regime
in which a next statistical step can be formulated: coordinatewise error bars for the conditional-
rank coordinates delivered by Algorithm 1. We fix a smoothness index β, lower-envelope constant
c, radius bound M , compact evaluation set K, and latent boundary margin ρ; these parameters
define the bounded subclass used to pose a generated-ratio, generated-rank problem.

Assumption 8. [ass:bounded-holder-radius] (Bounded Hölder radius) Let k = ⌊β⌋. The
parameters satisfy 2 < β and 1 < M . For every i ∈ [n], the three functions

pi, qi, v ↦→ Li(f(v))

satisfy the common Hölder bound of order β and radius M on their respective domains: pi and
v ↦→ Li(f(v)) on [0, 1]n, and qi on [0, 1]. That is, for each such function r with domain K, r is
Ck on K,

∥Dmr(z)∥ ≤M

for every m ≤ k and every z ∈ K, and

∥Dkr(z)−Dkr(z′)∥ ≤M∥z − z′∥β−k

for every z, z′ ∈ K.

Assumption 8 is the standard bounded Hölder ball condition used to obtain uniform local-
polynomial control [Xie, 2023]. It places the observational mechanisms, intervention densities,
and latent-coordinate log-ratios on a common smoothness scale.

Assumption 9. [ass:density-lower-envelope] (Density lower envelope) For the bounded
regime under consideration, the lower-envelope constant c satisfies:

• (Range.) 0 < c < 1.

• (Observational densities.) For every i ∈ [n] and every latent state v ∈ [0, 1]n,

c ≤ pi(vi | vpaG(i)).

• (Intervention densities.) For every i ∈ [n] and every z ∈ [0, 1],

c ≤ qi(z).
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The lower-envelope restriction in Assumption 9 is the standard uniform full-support condi-
tion [Xie, 2023]. In the present model it gives a common lower bound for both observational
conditionals and intervention marginals, keeping likelihood ratios well behaved on the closed
latent cube.

Assumption 10. [ass:own-derivative-margin] (Own-derivative margin) For every i ∈ [n]
and every v ∈ [0, 1]n,

si ∂viLi(f(v)) ≥ c.

Assumption 10 is specific to this analysis. It strengthens the fixed-sign condition from
Assumption 4 into a uniform margin, so the own-coordinate monotonicity used by the rank
construction remains quantitatively separated from zero.

Assumption 11. [ass:common-interior-domain] (Common interior domain) The common
interior-domain condition for K and radius ρ is the conjunction:

• (Radius.) 0 < ρ < 1/2.

• (Compactness.) K is compact.

• (Observed interior.) K ⊆ int(X ), where X = f([0, 1]n).

• (Latent boundary margin.) For every v ∈ f−1(K),

ρ ≤ dist
(︁
v, ∂[0, 1]n

)︁
.

The compact interior domain in Assumption 11 is the standard evaluation-region condition
for uniform conditional-CDF estimation away from boundary effects [Xie, 2023]. Here it is
imposed simultaneously in observed space and after pullback through the shared mixing map.

Assumption 12. [ass:bounded-shared-mixing-geometry] (Shared mixing geometry) The
shared mixing map satisfies

max

{︄
∥f∥C2([0,1]n), ∥f−1∥C2(X ), sup

v∈[0,1]n
| detDf(v)|, sup

x∈X
| detDf−1(x)|

}︄
≤M.

Assumption 12 is specific to this analysis. It gives a common geometric envelope for trans-
porting smoothness, volume, and interior-domain statements between latent and observed coor-
dinates.

Assumption 13. [ass:observed-log-ratio-regularity] (Observed log-ratio regularity) The
observed log-ratios satisfy

max
i∈[n]

∥Li∥C2(K) ≤M.

The generated regressors used in the second stage are the observed log-ratios, and Assump-
tion 13 is the standard uniformly bounded smooth-generated-regressor condition on an interior
compactum [Mammen et al., 2012]. It supplies the regularity needed to compare oracle and
generated conditioning arguments.

The next objects describe the conditioning variables selected by the population decoder and
the corresponding local design envelope.

24



Definition 29. [synth_12] (Conditioning-coordinate domain Zi(K)) Fix the predecessor set
Bi selected by the population decoder and write LBi(x) = (Lb(x))b∈Bi

. For a compact evaluation
domain K ⊆ int(X ), the conditioning-coordinate domain for node i is the image of K under
these log-ratio coordinates:

Zi(K) = {LBi(x) : x ∈ K} ⊆ R|Bi|.

When Bi = ∅, Zi(K) is the singleton subset of R0.

Definition 29 turns the selected predecessor set Bi into the conditioning-coordinate support
Zi(K). When no predecessor is selected, the conditioning problem collapses to the unconditional
one.

Assumption 14. [ass:conditional-design-envelope] (Conditional design envelope) For
every i ∈ [n], the density gi of LBi(X) under P i satisfies

c ≤ gi(z) ≤M

for all z ∈ Zi(K).

Assumption 14 is the standard interior local-polynomial design-density envelope condition
[Xie, 2023]. The density gi controls how much data are available in the conditioning neighbor-
hoods indexed by Definition 29.

Definition 30. [def:bounded-holder-subclass] (Bounded Hölder subclass Θβ
G,s(c,M,K, ρ))

The bounded Hölder subclass is

Θβ
G,s(c,M,K, ρ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
θ ∈ ΘG,s :

Assumption 8 holds for n,G, s, β, c,M,K, ρ,
Assumption 9 holds for n,G, s, β, c,M,K, ρ,
Assumption 10 holds for n,G, s, β, c,M,K, ρ,
Assumption 11 holds for n,G, s, β, c,M,K, ρ,
Assumption 12 holds for n,G, s, β, c,M,K, ρ,
Assumption 13 holds for n,G, s, β, c,M,K, ρ,
Assumption 14 holds for n,G, s, β, c,M,K, ρ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

Definition 30 collects the smoothness, support, margin, geometry, observed-regularity, and
local-design requirements into the bounded subclass Θβ

G,s(c,M,K, ρ). The definition gives a
single parameter space over which uniform generated-rank questions can be posed.

The statistical program also requires a regime for sample sizes, first-stage ratio accuracy,
and second-stage smoothing.

Definition 31. [synth_6] (Bounded regime parameters) For an observed world W , a bounded
generated-rank regime consists of:

• (Order.) An order map o : [n] → N.

• (Environment sample sizes.) A sample-size sequence Ne(N) ∈ N for each N ∈ N and
each environment e ∈ {0, . . . , n}.

• (First-stage ratio rate.) A uniform first-stage C1 rate bN satisfying

bN > 0 for every N, bN → 0.
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• (First-stage failure rate.) A first-stage failure sequence ηN satisfying

ηN > 0 for every N, ηN → 0.

• (Second-stage bandwidth.) A second-stage bandwidth hN satisfying

hN > 0 for every N, hN → 0.

In Definition 31, the rate bN measures uniform first-stage C1 log-ratio error, ηN records
first-stage failure probability, and hN is the second-stage bandwidth. These sequences separate
the two statistical layers: estimating likelihood ratios and estimating conditional ranks from
generated responses and covariates.

Definition 32. [def:first-stage-ratio-contract] (First-stage ratio contract) For a gener-
ated observed-world assignment Wθ, a decoder-selected bounded-regime assignment Rθ, sample-
split experiments Sθ,N , a common environment sample-size sequence N ↦→ (Ne(N))ne=0, rate
sequences bN and ηN , and subclass parameters β, c,M,K, ρ, define

E∞N (bN ) =

⎧⎪⎪⎨⎪⎪⎩ω :

for every i ∈ [n], log ˆ︁Ri(ω, ·) and Li are C
1 on X ,

and for every x ∈ X ,
⃓⃓⃓
log ˆ︁Ri(ω, x)− Li(x)

⃓⃓⃓
≤ bN ,⃦⃦⃦

Dx log ˆ︁Ri(ω, x)−DxLi(x)
⃦⃦⃦
≤ bN

⎫⎪⎪⎬⎪⎪⎭ .

The first-stage ratio contract holds when the following conditions are satisfied:

• (Vanishing positive rates.) For every N , bN > 0 and ηN > 0, and both sequences
satisfy bN → 0 and ηN → 0 as N → ∞.

• (Common selected-regime schedules.) For every N and every θ ∈ Θβ
G,s(c,M,K, ρ)

as in Definition 30, the selected bounded regime Rθ has environment sample-size sequence
N ↦→ (Ne(N))ne=0, ratio-error rate bN , and first-stage failure rate ηN .

• (Sampling design.) For every N and every θ ∈ Θβ
G,s(c,M,K, ρ), the experiment Sθ,N

satisfies the independent-environment sample-splitting conditions in Assumption 7, and its
environment sample sizes are exactly (Ne(N))ne=0.

• (Measurable high-probability event.) For every N and every θ ∈ Θβ
G,s(c,M,K, ρ), the

event E∞N (bN ) is measurable under Sθ,N , and

1− ηN ≤ Pr
Sθ,N

{E∞N (bN )} .

Definition 32 defines the high-probability event E∞N (bN ) on which all fitted log-ratios and their
first derivatives are uniformly close to their population counterparts. Its C1 form is deliberately
matched to the generated-regressor literature, where first-stage perturbations enter through
both fitted responses and fitted conditioning arguments [Pagan, 1984, Mammen et al., 2012,
Lee, 2018].
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Remark 1. [def:generated-rank-handle] (Generated-rank analysis handle) Hrank, the
generated-rank proof-strategy handle, records a nonassertive construction for ˆ︁Ui, the proposed
second-stage cross-fitted rank estimator. The estimator ˆ︁Ui is formed by adapting Xie’s
local-linear conditional-CDF estimator to cross-fitted fitted log-ratio responses and cross-fitted
conditioning covariates. The handle decomposes the second-stage rank error into the oracle
conditional-CDF process, indicator boundary crossings from the generated threshold, and local-
design perturbations from generated conditioning arguments; it then linearizes the local-design
perturbation component using the generated-covariate expansion of Mammen, Rothe, and
Schienle. The second-stage weight convention, bandwidth selector, influence representation,
attainment claim, and sharpness claim are treated as open components outside the supplied
handle.

The handle Hrank organizes the proposed second-stage estimator ˆ︁Ui around local-linear
conditional-CDF estimation [Fan and Gijbels, 1996, Fan et al., 1996, Xie, 2023]. Its decom-
position isolates oracle smoothing variation from the additional terms created by generated
thresholds and generated conditioning coordinates.

Definition 33. [synth_7] (Maximum conditioning dimension) The maximum conditioning
dimension of the selected ordering is

d⋆ := max
i∈[n]

|Bi|,

where Bi is the set of labels preceding i in that ordering.

Definition 33 defines the effective nonparametric dimension d⋆. It is the dimension that
appears in the local-neighborhood sample size for the conditional-CDF step.

Remark 2. [oeq:generated-rank-frontier] (Generated-rank frontier) A natural next ques-
tion is whether the handle Hrank yields uniform generated-rank estimators under the following
conditions:

• (First-stage contract.)

inf
θ∈Θβ

G,s(c,M,K,ρ)
Pr
θ
{E∞N (bN )} ≥ 1− ηN .

• (Bandwidth scale.) The bandwidth hN satisfies hN → 0,

bN = o(hN ),

and
Nhd⋆N
log(N)

→ ∞.

The target is a construction of cross-fitted estimators ˆ︁Ui such that

max
i∈[n]

∥ˆ︁Ui − Ui∥∞,K = O
Pr,Θβ

G,s(c,M,K,ρ)
(rN ),

where

rN = h2N +

√︄
log(N)

Nhd⋆N
+
bN
hN

.
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When the first-stage log-ratio estimators additionally admit a uniform asymptotically linear rep-
resentation on K, future work could derive the corresponding expansion for ˆ︁Ui − Ui, separating
threshold crossings, generated-conditioning perturbations, oracle conditional-CDF variance, and
smoothing bias, and could characterize the weakest sufficient first-stage remainder bound.

Remark 2 records the rate target in terms of the minimum environment sample size N ,
that is N = min0≤e≤nNe, and the proposed rate rN . The three terms correspond to second-
order smoothing bias, local empirical variation, and first-stage C1 error propagated through
bandwidth-scale neighborhoods. Meeting that target would supply a coordinate error analysis
for the nonlinear representation delivered by Theorem 3, and would attach rank-coordinate
uncertainty to the confidence-edge construction of Theorem 4. Whether a deployed pipeline
such as ROPES [Kulkarni et al., 2025] satisfies the model assumed here is a separate question
that this paper does not settle; the reference is to the kind of implementation such an error
analysis would serve.

Several additional directions remain open. Exact-parent inference calls for conditional-
dependence margins that distinguish direct parents from more distant ancestors after the popu-
lation decoder has recovered the transitive structure. Broader support conditions would extend
the compact-cube analysis to domains with boundary or tail behavior closer to applied contin-
uous measurements. Vector-valued latent nodes would replace scalar monotone coordinates by
multivariate intervention scores, changing both the separation argument and the conditional-
rank step. Imperfect interventions would allow the intervention law to retain controlled parent
dependence, connecting the one-intervention design here to general-environment formulations
[Ng et al., 2025, Jin and Syrgkanis, 2024, Zhang et al., 2024, Ahuja et al., 2024] and to re-
cent benchmark and application settings for interventional representation learning [Chen et al.,
2025, Wang et al., 2024, Sun et al., 2024]. Noninvertible observation maps would move beyond
the shared diffeomorphic mixing geometry in Assumption 2 and require an identification target
defined on observational equivalence classes rather than on recovered latent coordinates.

Appendices

A Proofs and verification

This appendix collects the auxiliary statements that support the generic separation, population
decoding, and sample-split confidence results. The first group records the explicit coordinate
reflection and affine perturbation used to make a direct-edge ratio contrast nonzero inside a
fixed-sign stratum.

Definition 34. [synth_22] (Coordinate reflection map) For σ, z ∈ R, define

reflect(σ, z) =

{︄
z, σ = 1,

1− z, σ ̸= 1.

Definition 35. [def:affine-path] (Edge affine path) For a finite labeled DAG G on [n], a
sign vector s ∈ {−1, 1}[n], a stratum point θ = ((pℓ, qℓ))

n
ℓ=1 ∈ ΘG,s as in Definition 3, an edge

j → i in G, and t ∈ [0, 1], define the reflected edge-specific sparse endpoint θsp = ((pspℓ , q
sp
ℓ ))nℓ=1
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in G by

pspℓ (v) =

⎧⎨⎩1 +
1

10
h(reflect(sj , vj))h(reflect(si, vi)), ℓ = i,

1, ℓ ̸= i,
qspℓ (z) =

4 exp(4 reflect(sℓ, z))

exp(4)− 1
,

where h(x) = 2x− 1. The affine path θt = ((ptℓ, q
t
ℓ))

n
ℓ=1 is the mechanism on G with

ptℓ(v) = (1− t)pℓ(v) + t pspℓ (v), qtℓ(z) = (1− t)qℓ(z) + t qspℓ (z), ℓ ∈ [n].

Definition 36. [synth_15] (Second-moment contrast) For an observed world with environment
laws P 0, . . . , Pn and likelihood-ratio carriers Ri, define, for j, i ∈ [n],

Fji =

∫︂
X
Ri(x)

2 dP j(x)−
∫︂
X
Ri(x)

2 dP 0(x).

Lemma 1. [lem:analytic-edge-perturbation] (Analytic edge perturbation) After the harm-
less target relabeling π = id, fix the ambient number n of scalar latent variables, a finite labeled
DAG G on [n], a sign vector s ∈ {−1, 1}[n], a mechanism θ ∈ ΘG,s as in Definition 3, and
an edge j → i of G. Assume that the identity-target canonical observed world generated by θ
satisfies Assumption 3. Let θt be the edge-specific affine path of Definition 35, and write Fji(η)
for the direct-edge second-moment contrast computed in the identity-target canonical observed
world generated by a mechanism η. Along this path,

Fji(θ
t) =

∫︂
[0,1]n

(qti(vi))
2
(︁
qtj(vj)− ptj(vj | vpaG(j))

)︁∏︁
ℓ̸=i,j p

t
ℓ(vℓ | vpaG(ℓ))

pti(vi | vpaG(i))
dv.

There is an open set O ⊆ R with [0, 1] ⊆ O such that:

• (Integral identity.) For every t ∈ O, the displayed integral equals Fji(θ
t).

• (Analyticity.) The map t ↦→ Fji(θ
t) is real analytic on a neighborhood of every point of

O.

• (Isolated zeros.) If t ∈ O and Fji(θ
t) = 0, then there is ε > 0 such that every u ∈

(t− ε, t+ ε) with u ̸= t satisfies Fji(θ
u) ̸= 0.

Moreover, Fji(θ
1) ̸= 0. Finally, for every relative C2 neighborhood N of θ, there exists t ∈ (0, 1)

such that θt ∈ N , θt ∈ ΘG,s, and Fji(θ
t) ̸= 0.

Proof of Lemma 1. Work after the stated relabeling, so the target permutation is the identity.
Let θ⋆ denote the edge-specific sparse endpoint used in Definition 35, and write the affine
extension for real t as

ptℓ = (1− t)pℓ + tp⋆ℓ , qtℓ = (1− t)qℓ + tq⋆ℓ .

Step 1: the positive analytic parameter set. What the rest of the argument uses is an open
convex set O ⊇ [0, 1] on which every path mechanism is positive and normalized, together with
real analyticity on O of the parameter integral displayed in Step 2. We exhibit one such set.
Strict positivity of θ ∈ ΘG,s, strict positivity of the sparse endpoint, continuity on the compact
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cubes, and finiteness of the node set give a number m > 0 such that every pℓ, p
⋆
ℓ , qℓ, q

⋆
ℓ is at least

m on its domain; any positive lower bound serves equally well below. Define

Op =
{︂
t :

m

2
< (1− t)pℓ(v) + tp⋆ℓ (v) for all ℓ and all v ∈ [0, 1]n

}︂
,

Oq =
{︂
t :

m

2
< (1− t)qℓ(z) + tq⋆ℓ (z) for all ℓ and all z ∈ [0, 1]

}︂
, O = Op ∩Oq.

For fixed ℓ and cube point, the two displayed inequalities define open half-lines in the parameter
t. Taking the infimum over the compact sets [n]× [0, 1]n and [n]× [0, 1] gives continuous lower-
envelope functions, so Op and Oq are open; as intersections of affine strict-superlevel conditions,
they are convex. If 0 ≤ t ≤ 1, then for every admissible argument

(1− t)m+ tm = m ≤ (1− t)pℓ + tp⋆ℓ , (1− t)m+ tm = m ≤ (1− t)qℓ + tq⋆ℓ ,

and hence [0, 1] ⊆ O. On O, all ptℓ and qtℓ are positive. Normalization and C3-smoothness are
affine identities: for every real t, every v ∈ [0, 1]n, and every ℓ,∫︂ 1

0
ptℓ(z | vpaG(ℓ)) dz = (1− t) + t = 1,

∫︂ 1

0
qtℓ(z) dz = (1− t) + t = 1,

and the derivatives up to order three are the same affine combinations of the endpoint derivatives.
Moreover, for every t ∈ O and v ∈ [0, 1]n,

m

2
≤ pti(vi | vpaG(i)).

We now make the analytic-under-the-integral step explicit. Put

D(t, v) = (1− t)pi(vi | vpaG(i)) + tp⋆i (vi | vpaG(i))

and
P(t, v) = (qti(vi))

2
(︁
qtj(vj)− ptj(vj | vpaG(j))

)︁ ∏︂
ℓ̸=i,j

ptℓ(vℓ | vpaG(ℓ)),

with the empty product equal to 1. Since the product has finitely many factors and every factor
is affine in t, there are measurable coefficient functions a0, . . . , an+3 : [0, 1]

n → R, continuous on
the cube after choosing the standard continuous representatives on the ambient cube, such that

P(t, v) =
n+3∑︂
r=0

ar(v)t
r, sup

v∈[0,1]n
|ar(v)| <∞ (0 ≤ r ≤ n+ 3).

Fix t0 ∈ O. The denominator satisfies D(t0, v) ≥ m/2 on the compact latent cube, while

D(t, v) = D(t0, v) + (t− t0){p⋆i (vi | vpaG(i))− pi(vi | vpaG(i))}.

By compactness, choose ρt0 > 0 so that for |t− t0| < ρt0 ,⃓⃓⃓⃓
(t− t0)

p⋆i (vi | vpaG(i))− pi(vi | vpaG(i))

D(t0, v)

⃓⃓⃓⃓
≤ 1

2
for all v ∈ [0, 1]n.

Then
1

D(t, v)
=

1

D(t0, v)

∞∑︂
r=0

[︃
−(t− t0)

p⋆i (vi | vpaG(i))− pi(vi | vpaG(i))

D(t0, v)

]︃r
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converges uniformly in v. Multiplying by the polynomial P(t, v), the coefficient bounds and the
finite volume of [0, 1]n give a summable dominating majorant on a smaller neighborhood of t0.
Termwise integration therefore gives a power series for

t ↦−→
∫︂
[0,1]n

P(t, v)

D(t, v)
dv

near t0. Thus the parameter integral is real analytic on a neighborhood of every point of O.
Step 2: the integral identity. Since j → i is an edge in a DAG, j ̸= i. For each t ∈ O,

the construction of O supplies positive normalized smooth mechanisms. In the identity-target
canonical observed world generated by θt, the latent observational density, target-j density, and
target-i ratio are

p0,t(v) =
n∏︂

ℓ=1

ptℓ(vℓ | vpaG(ℓ)), pj,t(v) = qtj(vj)
∏︂
ℓ̸=j

ptℓ(vℓ | vpaG(ℓ)),

and

Rt
i(v) =

qti(vi)

pti(vi | vpaG(i))
.

The lower bound on pti makes the ratio continuous and integrable on the compact latent cube.
Therefore, with the empty product interpreted as 1,

Fji(θ
t) =

∫︂
[0,1]n

(Rt
i(v))

2{pj,t(v)− p0,t(v)} dv

=

∫︂
[0,1]n

(qti(vi))
2
(︁
qtj(vj)− ptj(vj | vpaG(j))

)︁∏︁
ℓ̸=i,j p

t
ℓ(vℓ | vpaG(ℓ))

pti(vi | vpaG(i))
dv.

This proves the displayed identity for every t ∈ O. The right-hand side is the analytic parameter
integral constructed above, so the same is true of t ↦→ Fji(θ

t).
Step 3: the endpoint is nonzero. At t = 1, the path is the embedded sparse endpoint. Write

h(z) = 2z − 1, q(z) =
4 exp(4z)

exp(4)− 1
, ρℓ(z) = reflect(sℓ, z),

where ρℓ is the coordinate reflection appearing in Definition 35. At the sparse endpoint,

p1i (v) = 1 +
1

10
h(ρj(vj))h(ρi(vi)), p1j (v) = 1, q1ℓ (z) = q(ρℓ(z)),

and p1ℓ (v) = 1 for ℓ ̸= i. Since the edge j → i gives j ̸= i, the two selected coordinates form a
two-element set. The integrand in the identity from Step 2 is therefore

Φ(v) =
q(ρi(vi))

2
(︁
q(ρj(vj))− 1

)︁
1 + 1

10h(ρj(vj))h(ρi(vi))
,

which depends only on (vj , vi); the finite product over ℓ ̸= i, j is 1, with the empty-product
convention covering the case of no unused coordinates. Product integration on [0, 1]n then gives

Fji(θ
1) =

∫︂ 1

0

∫︂ 1

0

q(ρi(y))
2
(︁
q(ρj(x))− 1

)︁
1 + 1

10h(ρj(x))h(ρi(y))
dy dx.
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Each ρℓ is either the identity map or z ↦→ 1 − z, hence preserves Lebesgue measure on [0, 1].
Define, for x ∈ [0, 1],

A(x) =

∫︂ 1

0

q(y)2

1 + 1
10h(x)h(y)

dy.

Changing variables first in y and then in x gives

Fji(θ
1) =

∫︂ 1

0

(︁
q(x)− 1

)︁
A(x) dx.

It remains to establish the scalar gap for this last integral. Introduce the auxiliary primitive

H(x) =
exp(4x)− 1

exp(4)− 1
− x,

and, for a ∈ [−1/10, 1/10], set

ωa(y) =
q(y)2

(1 + ah(y))2
, y ∈ [0, 1].

The identities H(0) = H(1) = 0 and H ′(x) = q(x)− 1 imply, by integration by parts,∫︂ 1

0

(︁
1− q(x)

)︁
A(x) dx =

∫︂ 1

0
H(x)A′(x) dx.

For x ∈ [0, 1], differentiating the defining integral for A under the integral sign gives

A′(x) = −1

5

∫︂ 1

0
h(y)ωh(x)/10(y) dy.

The differentiation is justified because |h(y)| ≤ 1 and h(x)/10 ∈ [−1/10, 1/10], so the denomi-
nator is bounded away from zero uniformly on the square.

For every a ∈ [−1/10, 1/10] and y ∈ [0, 1], the same bounds give 1 + ah(y) ∈ [9/10, 11/10].
Together with 13 < exp(4) < 55, this yields

ωa(y) >

(︃
4

729

)︃(︃
100

121

)︃
, 8− 4a

1 + ah(y)
≥ 68

9
.

Since

ω′a(y) = ωa(y)

(︃
8− 4a

1 + ah(y)

)︃
,

we have the uniform derivative bound(︃
68

9

)︃(︃
4

729

)︃(︃
100

121

)︃
≤ ω′a(y).

Consequently, for 0 ≤ z ≤ y ≤ 1,(︃
68

9

)︃(︃
4

729

)︃(︃
100

121

)︃
(y − z) ≤ ωa(y)− ωa(z).
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Applying this secant estimate on the intervals from 1/2 to y and from y to 1/2 gives, for every
y ∈ [0, 1], (︃

68

9

)︃(︃
4

729

)︃(︃
100

121

)︃
2

(︃
y − 1

2

)︃2

≤ h(y)
(︁
ωa(y)− ωa(1/2)

)︁
.

Because
∫︁ 1
0 h(y) dy = 0 and

∫︁ 1
0 2(y − 1/2)2 dy = 1/6, integration gives

1

6

(︃
68

9

)︃(︃
4

729

)︃(︃
100

121

)︃
≤
∫︂ 1

0
h(y)ωa(y) dy.

Hence, for x ∈ [0, 1],

A′(x) ≤ − 1

30

(︃
68

9

)︃(︃
4

729

)︃(︃
100

121

)︃
.

The exponential distribution function in H lies in [0, 1], and convexity of the exponential on
[0, 4] gives (exp(4x) − 1)/(exp(4) − 1) ≤ x; therefore −1 ≤ H(x) ≤ 0 on [0, 1]. Multiplying the
last derivative bound by the nonpositive function H and integrating yields∫︂ 1

0

(︁
1− q(x)

)︁
A(x) dx ≥ 1

30

(︃
68

9

)︃(︃
4

729

)︃(︃
100

121

)︃∫︂ 1

0
−H(x) dx.

A direct integration of the exponential density gives∫︂ 1

0
xq(x) dx =

1

1− exp(−4)
− 1

4
,

so integration by parts gives∫︂ 1

0
−H(x) dx =

1

1− exp(−4)
− 3

4
>

29

108
.

Combining the rational factors,

1

30

(︃
68

9

)︃(︃
4

729

)︃(︃
100

121

)︃(︃
29

108

)︃
=

19720

64304361
>

3

10000
,

and hence
3

10000
<

∫︂ 1

0

(︁
1− q(x)

)︁
A(x) dx.

Thus

Fji(θ
1) = −

∫︂ 1

0

(︁
1− q(x)

)︁
A(x) dx < − 3

10000
,

and in particular
Fji(θ

1) ̸= 0.

Step 4: isolated zeros. Let t0 ∈ O and suppose Fji(θ
t0) = 0. The set O is convex, hence

preconnected, and 1 ∈ O with Fji(θ
1) ̸= 0. For a real analytic function on a preconnected

set, the local dichotomy at t0 is: either the function vanishes on a neighborhood of t0, or it is
nonzero on a punctured neighborhood of t0. The first alternative would force the function to
vanish throughout O, contradicting the nonzero value at 1. Thus there is ε > 0 such that

u ∈ (t0 − ε, t0 + ε), u ̸= t0 =⇒ Fji(θ
u) ̸= 0.
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Step 5: small stratum-preserving nonzero perturbations. Let N be any neighborhood of θ
in the topology of Definition 3; in particular this covers every relative C2 neighborhood in the
statement. The affine path satisfies

∥ptℓ − pℓ∥C2 = t∥p⋆ℓ − pℓ∥C2 , ∥qtℓ − qℓ∥C2 = t∥q⋆ℓ − qℓ∥C2 ,

so θt → θ in the topology of Definition 3. Hence there is δN > 0 such that 0 < t < δN implies
θt ∈ N .

The conditions defining ΘG,s persist on a sufficiently short initial segment. Positivity, nor-
malization, and smoothness are handled first. For every t ∈ [0, 1], convexity of the positive
endpoint densities gives positivity of every ptℓ and q

t
ℓ, and the affine identities∫︂ 1

0
ptℓ(z | vpaG(ℓ)) dz = (1− t) + t = 1,

∫︂ 1

0
qtℓ(z) dz = (1− t) + t = 1

show normalization; C3-smoothness follows by applying the same affine combination to deriva-
tives up to order three.

For the fixed-sign part, define for ℓ ∈ [n], t ∈ R, and v ∈ [0, 1]n,

Σℓ(t, v) = sℓ

(︄
(1− t)∂zqℓ(vℓ) + t∂zq

⋆
ℓ (vℓ)

(1− t)qℓ(vℓ) + tq⋆ℓ (vℓ)

−
(1− t)∂vℓpℓ(v) + t∂vℓp

⋆
ℓ (v)

(1− t)pℓ(v) + tp⋆ℓ (v)

)︄
,

where ∂z is the one-dimensional derivative on [0, 1] and ∂vℓ is the own-coordinate derivative on
the latent cube. Here pℓ(v) abbreviates pℓ(vℓ | vpaG(ℓ)) regarded as a function on the whole latent
cube, and likewise p⋆ℓ (v). At t = 0, this is exactly the fixed own-coordinate log-ratio derivative
required in Assumption 4. The numerator and denominator terms in Σℓ are continuous in (t, v),
and the denominators are bounded away from zero at t = 0. Since [0, 1]n is compact and there
are finitely many ℓ, the strict inequalities Σℓ(0, v) > 0 persist uniformly for all v ∈ [0, 1]n and
all sufficiently small t ≥ 0.

It remains to record the local witness used for causal minimality. For a positive normalized
smooth mechanism ϑ, let Fϑ be the compact product factorization on

∏︁
r∈[n][0, 1] with local

factor
φϑ,r(ξ) = pr,ϑ(ξr | ξpaG(r)), ξ ∈ [0, 1]n.

For an edge j0 → i0, a base point ξ ∈ [0, 1]n, child values y0, y1 ∈ [0, 1], and parent values
x0, x1 ∈ [0, 1], define the local determinant

Lϑ
i0j0(ξ; y0, y1, x0, x1) = φϑ,i0(ξ[i0 := y0, j0 := x0])φϑ,i0(ξ[i0 := y1, j0 := x1])

− φϑ,i0(ξ[i0 := y0, j0 := x1])φϑ,i0(ξ[i0 := y1, j0 := x0]),

where ξ[i0 := y, j0 := x] is obtained from ξ by replacing the i0-coordinate by y and the j0-
coordinate by x. In a positive compact product factorization,

Vi0 ⊥⊥ Vj0 | VpaG(i0)\{j0} ⇐⇒ Lϑ
i0j0(ξ; y0, y1, x0, x1) = 0

for all such ξ, y0, y1, x0, x1. Indeed, after conditioning on VpaG(i0)\{j0}, positivity lets one cancel
the remaining factors, and conditional independence is exactly the rank-one condition that all
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two-by-two determinants of the child factor as a function of (vi0 , vj0) vanish. The compact-
coordinate statement is the same as the coordinate conditional-independence statement in As-
sumption 5, because both use the same cube-supported observational density.

Since θ ∈ ΘG,s, for every edge j0 → i0 there is a witness

(ξi0j0 , y
0
i0j0 , y

1
i0j0 , x

0
i0j0 , x

1
i0j0)

with
Lθ
i0j0(ξi0j0 ; y

0
i0j0 , y

1
i0j0 , x

0
i0j0 , x

1
i0j0) ̸= 0.

For each fixed witness, the map (z1, z2, z3, z4) ↦→ z1z2 − z3z4 is continuous, so the witness
remains nonzero when the corresponding local factors are uniformly close to those of θ. Taking
the minimum over the finite edge set gives εfac > 0 such that every positive compact factorization
satisfying

max
r∈[n]

sup
ξ∈[0,1]n

⃓⃓
φϑ,r(ξ)− φθ,r(ξ)

⃓⃓
< εfac

has the same nonzero witnesses and hence satisfies causal minimality. If the edge set is empty,
the condition is vacuous.

Along the affine path,

max
r∈[n]

sup
ξ∈[0,1]n

⃓⃓
ptr(ξ)− pr(ξ)

⃓⃓
≤ tmax

r∈[n]
sup

ξ∈[0,1]n

⃓⃓
p⋆r(ξ)− pr(ξ)

⃓⃓
,

so the factorization neighborhood above contains θt for all sufficiently small t ≥ 0. Combining the
closed-segment positive normalized smoothness with the local fixed-sign and causal-minimality
neighborhoods, there is δs > 0 such that 0 ≤ t ≤ 1 and t < δs imply θt ∈ ΘG,s.

It remains to choose t avoiding the zero set. If Fji(θ) ̸= 0, analyticity gives continuity at 0,
so Fji(θ

u) ̸= 0 for all sufficiently small u. If Fji(θ) = 0, the isolated-zero conclusion at 0 ∈ O
gives the same conclusion for all sufficiently small nonzero u. Hence there is δz > 0 such that

0 < |u| < δz =⇒ Fji(θ
u) ̸= 0.

Set
r = min{1, δs, δN , δz}, t =

r

2
.

Then t ∈ (0, 1), θt ∈ N , θt ∈ ΘG,s, and Fji(θ
t) ̸= 0.

The perturbation statement gives the local ingredient behind the density argument in The-
orem 2: the affine path stays in the same fixed-sign stratum near the starting mechanism and
produces a nonzero direct-edge second-moment contrast. The companion zero statement records
the population implication for labels whose transported targets have no ancestral relation, using
the Gaussian mean-embedding discrepancy that defines the ratio graph in Algorithm 1.

Lemma 2. [lem:ratio-nonancestor-zero] (Nonancestor ratio discrepancy vanishes) Fix an
ambient number n of scalar latent variables, a finite labeled DAG G on [n], a mechanism θ, and
an observed world W with environment laws P 0, . . . , Pn, likelihood ratios Ri = dP i/dP 0, and
target permutation π. Assume Assumptions 1 to 3. Let j, i ∈ [n] satisfy j ̸= i, and suppose that
π(j) is not an ancestor of π(i) in G. Then the Gaussian-kernel discrepancy of ratio i between
the observational environment and environment j vanishes:

Dji =

⃦⃦⃦⃦∫︂
ϕ(r) d

(︁
(Ri)#P

0
)︁
(r)−

∫︂
ϕ(r) d

(︁
(Ri)#P

j
)︁
(r)

⃦⃦⃦⃦
Hk

= 0,

where k(a, b) = exp(−(a− b)2) is the Gaussian kernel and ϕ(a) = k(a, ·) is its feature map.
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Proof of Lemma 2. 1. Let µ0 be the latent observational law with density p0(v) on [0, 1]n,
and let µπ(j) be the latent law for the single intervention at π(j), with density pπ(j)(v) on
[0, 1]n. On the cube define

ρi(v) =
qπ(i)(vπ(i))

pπ(i)(vπ(i) | vpaG(π(i)))
, v ∈ [0, 1]n.

The denominator is positive on [0, 1]n by Assumption 1. By Assumption 3, the observed
laws are the f -pushforwards of the latent laws, and the likelihood-ratio formula stated
there identifies the two ratio laws as

(Ri)#P
0 = (ρi)#µ

0, (Ri)#P
j = (ρi)#µ

π(j).

2. Since j ̸= i and π is injective, π(j) ̸= π(i). Together with the hypothesis that π(j) is not
an ancestor of π(i), this gives

π(j) /∈ Ai, Ai = {π(i)} ∪ {u ∈ [n] : u is an ancestor of π(i) in G}.

The set Ai is parent-closed: if u ∈ Ai and v ∈ paG(u), then v ∈ Ai, because a parent
of π(i) is an ancestor of π(i), and a parent of an ancestor of π(i) is again an ancestor
of π(i). Let prAi

: [0, 1]n → [0, 1]Ai be the coordinate projection. For a ∈ [0, 1]Ai and

b ∈ [0, 1][n]\Ai , write a ⊕ b for the point of [0, 1]n whose Ai-coordinates are a and whose
complementary coordinates are b. For such (a, b), set

Γ0
i (a, b) =

∏︂
ℓ∈[n]\Ai

pℓ
(︁
(a⊕ b)ℓ | (a⊕ b)paG(ℓ)

)︁
and

Γj
i (a, b) = qπ(j)(bπ(j))

∏︂
ℓ∈[n]\Ai

ℓ̸=π(j)

pℓ
(︁
(a⊕ b)ℓ | (a⊕ b)paG(ℓ)

)︁
,

where the coordinate bπ(j) is defined because π(j) /∈ Ai. Parent-closedness implies that,
for every ℓ ∈ Ai, the factor pℓ evaluated at a⊕ b depends only on a. Hence

p0(a⊕ b) =

⎧⎨⎩∏︂
ℓ∈Ai

pℓ
(︁
aℓ | apaG(ℓ)

)︁⎫⎬⎭Γ0
i (a, b)

and

pπ(j)(a⊕ b) =

⎧⎨⎩∏︂
ℓ∈Ai

pℓ
(︁
aℓ | apaG(ℓ)

)︁⎫⎬⎭Γj
i (a, b).

The complement factors have unit iterated integral. Indeed, if a nonempty collection
of complementary vertices remains to be integrated, choose one that is maximal in a
topological ordering of the induced remaining set. Parent-closedness prevents this vertex
from being a parent of any retained factor, and maximality prevents it from being a parent
of any other remaining factor. Its coordinate therefore appears in the current product only
through its own factor; integrating that factor gives one by the normalization of pℓ, and,
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when the vertex is π(j), by the normalization of qπ(j). Iterating this deletion, with the
empty remaining collection as the base case, gives∫︂

[0,1][n]\Ai

Γ0
i (a, b) db = 1,

∫︂
[0,1][n]\Ai

Γj
i (a, b) db = 1.

Consequently the two complement-marginal densities on [0, 1]Ai are the same:∫︂
[0,1][n]\Ai

p0(a⊕ b) db =
∏︂
ℓ∈Ai

pℓ
(︁
aℓ | apaG(ℓ)

)︁
=

∫︂
[0,1][n]\Ai

pπ(j)(a⊕ b) db.

Thus the projected latent laws agree:

(prAi
)#µ

0 = (prAi
)#µ

π(j).

Since {π(i)}∪paG(π(i)) ⊆ Ai, the ratio map ρi factors through this projection. Explicitly,
the map ˜︁ρi : [0, 1]Ai → R defined by

˜︁ρi(a) = qπ(i)(aπ(i))

pπ(i)(aπ(i) | apaG(π(i)))

satisfies ρi = ˜︁ρi ◦ prAi
. Pushing the projected-law identity forward by ˜︁ρi gives

(ρi)#µ
0 = (ρi)#µ

π(j),

and hence, by the ratio-law identifications in the preceding step,

(Ri)#P
0 = (Ri)#P

j .

3. The population discrepancy is the norm of the difference of the two Gaussian-kernel mean
embeddings of these ratio laws. Using the equality just proved,

Dji =

⃦⃦⃦⃦∫︂
ϕ(r) d

(︁
(Ri)#P

0
)︁
(r)−

∫︂
ϕ(r) d

(︁
(Ri)#P

j
)︁
(r)

⃦⃦⃦⃦
Hk

=

⃦⃦⃦⃦∫︂
ϕ(r) d

(︁
(Ri)#P

0
)︁
(r)−

∫︂
ϕ(r) d

(︁
(Ri)#P

0
)︁
(r)

⃦⃦⃦⃦
Hk

= 0.

The next statements isolate the triangular change of variables used by the conditional-rank
decoder. They express predecessor log-ratios as coordinates for the already ordered predecessors
and then factor the target intervention law conditional on those scores.

Definition 37. [synth_29] (Triangular predecessor-score range and inverse) Fix an observed
world W , a mechanism θ, and an injective topological order τ : [n] → N for the observed ratio
graph. For i ∈ [n], write

Bτ
i = {j ∈ [n] : τ(j) < τ(i)}

for the predecessor labels of i in this order. The predecessor-score space is RBτ
i , with coordinates

indexed by j ∈ Bτ
i , and the predecessor latent cube is [0, 1]B

τ
i .
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For z ∈ [0, 1]B
τ
i , let z̃ ∈ [0, 1]n be the latent vector that places zj in coordinate π(j) for j ∈ Bτ

i

and fills all remaining coordinates by 0. The triangular predecessor-score map is

Λτ
i : [0, 1]B

τ
i −→ RBτ

i ,
(︁
Λτ
i (z)

)︁
j
= log

qπ(j)(z̃π(j))

pπ(j)(z̃)
(j ∈ Bτ

i ).

Equivalently, when v ∈ [0, 1]n and zj = vπ(j) for j ∈ Bτ
i ,

Λτ
i (z) =

(︁
Lj(f(v))

)︁
j∈Bτ

i
.

The realized predecessor-score range is the image

Rτ
i = Λτ

i

(︁
[0, 1]B

τ
i
)︁
⊆ RBτ

i .

Under the positive smooth mechanism, shared mixing, one-intervention-per-node, and fixed own-
derivative-sign conditions used in Lemma 6, Λτ

i is injective and hence is a homeomorphism from
[0, 1]B

τ
i onto Rτ

i . Its inverse is written

(Λτ
i )
−1 : Rτ

i −→ [0, 1]B
τ
i ,

so that for ℓ ∈ Rτ
i , (Λ

τ
i )
−1(ℓ) is the unique predecessor latent vector z ∈ [0, 1]B

τ
i with Λτ

i (z) = ℓ,
and

Λτ
i ◦ (Λτ

i )
−1 = idRτ

i
, (Λτ

i )
−1 ◦ Λτ

i = id
[0,1]B

τ
i
.

The range Rτ
i is the continuous image of a compact cube, hence a nonempty compact Borel

subset of RBτ
i . Formulas indexed by an arbitrary score vector are totalized through a fixed Borel

retraction
ρτi : RBτ

i −→ Rτ
i , ρτi (ℓ) = ℓ (ℓ ∈ Rτ

i ),

which sends every ℓ /∈ Rτ
i to one fixed point of Rτ

i . Writing ρτi for this retraction and (Λτ
i )
−1

for the inverse keeps the two maps distinct: the composition (Λτ
i )
−1 ◦ ρτi is defined on all of

RBτ
i , and off Rτ

i the convention carries no content, since every continuity and support claim is
asserted on Rτ

i .

Lemma 3. [lem:predecessor-score-homeomorphism] (Predecessor score homeomorphism)
Let G be a DAG on [n], let s be a sign vector on [n], let θ be a mechanism on G, and let W be
an observed world with observed laws P 0, . . . , Pn, likelihood ratios Ri, shared observation map
f , and target permutation π. Assume:

• (Regular mechanism and observation model.) The hypotheses of Assumptions 1
to 4 hold for G, θ,W , with prescribed sign vector s.

• (Observed ratio ordering.) The map τ : [n] → N is injective and is a topological
ordering of the observable ratio-discrepancy graph HD = {j → k : Djk > 0} constructed
from the observed laws with the Gaussian feature map in Algorithm 1: whenever Djk > 0
and j ̸= k, τ(j) < τ(k).

• (Transported latent ordering.) The same order also respects the transported latent
DAG: whenever π(j) → π(k) is an edge of G, τ(j) < τ(k).
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Fix i ∈ [n], set Bτ
i = {b : τ(b) < τ(i)}, and let

Zτ
i =

∏︂
b∈Bτ

i

[0, 1].

For χ ∈ Zτ
i , let E

τ
i (χ) ∈ [0, 1]n be the zero-filled latent point with Eτ

i (χ)π(b) = χb for b ∈ Bτ
i and

all other coordinates equal to zero. Define Λτ
i : Zτ

i → RBτ
i by

Λτ
i (χ)b = log

qπ(b)
(︁
Eτ

i (χ)π(b)
)︁

pπ(b)
(︁
Eτ

i (χ)π(b) | Eτ
i (χ)paG(π(b))

)︁ , b ∈ Bτ
i ,

and write Rτ
i = Λτ

i (Zτ
i ). Then Λτ

i is a homeomorphism from Zτ
i onto Rτ

i . In particular, the
inverse map (Λτ

i )
−1 : Rτ

i → Zτ
i is continuous.

Proof of Lemma 3. Write B = Bτ
i , Z = Zτ

i , and E = Eτ
i . For χ ∈ Z, set vχ = E(χ), so

(vχ)a =

{︄
χb, a = π(b) for some b ∈ B,

0, a /∈ π(B).

This point lies in [0, 1]n, since each displayed predecessor coordinate lies in [0, 1] and every filled
coordinate is 0.

1. The map Λτ
i is continuous. Indeed, E : Z → [0, 1]n is continuous coordinatewise: each

coordinate is either one of the product-coordinate projections χ ↦→ χb or the constant 0.
For each b ∈ B, positivity gives

pπ(b)
(︁
(vχ)π(b) | (vχ)paG(π(b))

)︁
> 0, qπ(b)

(︁
(vχ)π(b)

)︁
> 0,

and the C3 regularity in the hypotheses gives continuity of both factors on the relevant
closed cubes. Hence the quotient is a continuous positive function of χ, and applying
log preserves continuity. Since this holds for every coordinate b ∈ B, the product map
Λτ
i : Z → RB is continuous.

2. The map Λτ
i is injective. Let χ, χ′ ∈ Z satisfy

Λτ
i (χ) = Λτ

i (χ
′),

and put v = vχ, w = vχ′ . With Lb = logRb, the latent ratio identity in the perfect-
intervention hypotheses gives, for every b ∈ B,

Lb(f(v)) = log
qπ(b)(vπ(b))

pπ(b)(vπ(b) | vpaG(π(b)))
, Lb(f(w)) = log

qπ(b)(wπ(b))

pπ(b)(wπ(b) | wpaG(π(b)))
.

Thus equality of the score vectors is exactly equality of the predecessor log-ratio projec-
tions: (︁

Lb(f(v))
)︁
b∈B =

(︁
Lb(f(w))

)︁
b∈B.

We prove by strong induction on m ∈ N that

∀b ∈ B, τ(b) = m =⇒ vπ(b) = wπ(b).
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Fix b ∈ B with τ(b) = m, and assume the claim for all smaller order values. If a ∈
paG(π(b)), let c = π−1(a). Then π(c) → π(b) is an edge of G, so the transported latent
ordering gives

τ(c) < τ(b) = m.

Since b ∈ B, also τ(b) < τ(i), hence τ(c) < τ(i) and c ∈ B. The induction hypothesis gives

va = vπ(c) = wπ(c) = wa.

Therefore
va = wa for all a ∈ paG(π(b)).

For ζ ∈ [0, 1], let v[b:ζ] ∈ [0, 1]n be the point obtained from v by replacing the coordinate
π(b) by ζ: (︁

v[b:ζ]
)︁
a
=

{︄
ζ, a = π(b),

va, a ̸= π(b).

Define, on [0, 1], the one-coordinate score

ψb(ζ) = log
qπ(b)(ζ)

pπ(b)
(︁
ζ | vpaG(π(b))

)︁ .
Strict positivity and C3 regularity make ψb continuous on [0, 1] and differentiable on (0, 1).
For 0 < ζ < 1, the point v[b:ζ] lies in the latent cube, so the fixed own-derivative sign
hypothesis gives

0 < sπ(b)
d

dζ
log

qπ(b)(ζ)

pπ(b)
(︁
ζ | vpaG(π(b))

)︁ = sπ(b) ψ
′
b(ζ).

Since sπ(b) ∈ {−1, 1}, the mean-value theorem yields, for any 0 ≤ ζ1 < ζ2 ≤ 1,

ψb(ζ2)− ψb(ζ1) = ψ′b(ζ◦)(ζ2 − ζ1)

for some ζ◦ ∈ (ζ1, ζ2), with positive right-hand side when sπ(b) = 1 and negative right-hand
side when sπ(b) = −1. Thus ψb is strictly monotone on [0, 1].

Moreover,

ψb(vπ(b)) = log
qπ(b)(vπ(b))

pπ(b)(vπ(b) | vpaG(π(b)))
,

and parent locality, together with va = wa for all a ∈ paG(π(b)), gives

pπ(b)(wπ(b) | vpaG(π(b))) = pπ(b)(wπ(b) | wpaG(π(b))),

so

ψb(wπ(b)) = log
qπ(b)(wπ(b))

pπ(b)(wπ(b) | wpaG(π(b)))
.

The equality Lb(f(v)) = Lb(f(w)) therefore gives

ψb(vπ(b)) = ψb(wπ(b)).

40



By strict monotonicity of ψb,
vπ(b) = wπ(b).

The induction is complete. Finally, for each b ∈ B,

χb = vπ(b) = wπ(b) = χ′b,

so χ = χ′ in the product cube. Thus Λτ
i is injective.

3. Since B is finite, Z =
∏︁

b∈B[0, 1] is compact, and RB is Hausdorff. Every closed subset
of Z is compact, so its image under the continuous map Λτ

i is compact and hence closed
in RB. Together with injectivity, this makes Λτ

i : Z → RB a topological embedding with
closed image. Therefore the induced map

Λτ
i : Z −→ Λτ

i (Z) = Rτ
i

is a homeomorphism onto its range. Consequently (Λτ
i )
−1 : Rτ

i → Zτ
i is continuous. The

same argument covers the case B = ∅, where both products are singleton spaces.

The homeomorphism clause supplies the support-level continuity needed for conditional dis-
tribution transforms: predecessor scores identify predecessor latent coordinates on the realized
range. The following two marginal identities then remove coordinates outside the retained an-
cestral set while preserving the factors that enter the target log-ratio.

Lemma 4. [lem:equation-ten-intervention-marginal] (Intervention marginal identity) Fix
i ∈ [n]. Suppose that:

• (Regular mechanisms.) The mechanism satisfies Assumption 1.

• (Ratio-graph order.) The map τ : [n] → N is injective and is a topological ordering of
the observable ratio-discrepancy graph HD in Algorithm 1: whenever Dji > 0, τ(j) < τ(i).

• (Transported-DAG order.) The same order respects the transported latent DAG: when-
ever π(j) → π(i) is an edge of G, τ(j) < τ(i).

Let
Bτ

i = {j ∈ [n] : τ(j) < τ(i)}, Aτ
i = {π(i)} ∪ π(Bτ

i ).

For v ∈ [0, 1]n and r ∈ [0, 1][n]\A
τ
i , let uv,τ (r) ∈ [0, 1]n be the point with

uv,τ (r)a = va (a ∈ Aτ
i ), uv,τ (r)a = ra (a /∈ Aτ

i ).

Then, for every v ∈ [0, 1]n,∫︂
[0,1][n]\Aτ

i

qπ(i)
(︁
uv,τ (r)π(i)

)︁ ∏︂
ℓ̸=π(i)

pℓ
(︁
uv,τ (r)ℓ | uv,τ (r)paG(ℓ)

)︁
dr = qπ(i)(vπ(i))

∏︂
ℓ∈Aτ

i \{π(i)}

pℓ
(︁
vℓ | vpaG(ℓ)

)︁
.

Proof of Lemma 4. Put ti = π(i) ∈ [n] and Ai = Aτ
i ⊆ [n].
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1. First, Ai is parent-closed:

λ ∈ Ai, χ ∈ paG(λ) =⇒ χ ∈ Ai.

Indeed, if λ = ti = π(i), then π−1(χ) → i in the transported environment-label graph, so
the transported-DAG order gives

τ(π−1(χ)) < τ(i).

Thus π−1(χ) ∈ Bτ
i , hence χ ∈ π(Bτ

i ) ⊆ Ai. If instead λ = π(ξ) for some ξ ∈ Bτ
i , then

π−1(χ) → ξ in the transported graph, and the same order gives

τ(π−1(χ)) < τ(ξ) < τ(i).

Thus again π−1(χ) ∈ Bτ
i , hence χ ∈ Ai.

2. Define, for ω ∈ [0, 1]n and λ ∈ [n],

˜︁pλ(ω) =
{︄
qti(ωti), λ = ti,

pλ
(︁
ωλ | ωpaG(λ)

)︁
, λ ̸= ti.

The intervention density at target ti is therefore∏︂
λ∈[n]

˜︁pλ(ω) = qti(ωti)
∏︂
λ̸=ti

pλ
(︁
ωλ | ωpaG(λ)

)︁
.

For v ∈ [0, 1]n and r ∈ [0, 1][n]\Ai , write uv,τ (r) for the point satisfying

uv,τ (r)a =

{︄
va, a ∈ Ai,

ra, a /∈ Ai.

Since ti ∈ Ai, the preceding display is the ordinary product density after replacing the
ti-factor by qti .

For a parent-closed subset A ⊆ [n], an index ȷ ∈ A, and a normalized replacement density
qȷ, define

ˆ︁pλ(ω) =
{︄
qȷ(ωȷ), λ = ȷ,

pλ
(︁
ωλ | ωpaG(λ)

)︁
, λ ̸= ȷ,

and let ˆ︁pobs(ω) = ∏︂
λ∈[n]

pλ
(︁
ωλ | ωpaG(λ)

)︁
, ˆ︁pint(ω) = ∏︂

λ∈[n]

ˆ︁pλ(ω).
The replacement construction gives

ˆ︁pint(ω) = qȷ(ωȷ)
∏︂
λ̸=ȷ

pλ
(︁
ωλ | ωpaG(λ)

)︁
,

that is, the observational product factorization with the single ȷ-factor replaced. For this
replaced factorization, parent-closed marginalization gives∫︂

[0,1][n]\A
ˆ︁pint(u) du[n]\A =

∏︂
λ∈A

ˆ︁pλ(ω),
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where the integrated point u agrees with ω on A. This is the usual finite product-density
marginal identity for a parent-closed coordinate set: after the single-factor replacement,
the factors again form a normalized directed factorization, and parent-closedness ensures
that retaining A leaves exactly the product of the retained factors. The sigma-finiteness
and finite-coordinate integration bookkeeping are supplied by the unit-interval reference
measure, while Assumption 1 supplies the normalized measurable factors and the normal-
ized replacement density.

Apply this identity with A = Ai and ȷ = ti. Unfolding the retained product gives∏︂
λ∈Ai

˜︁pλ(v) = qti(vti)
∏︂

λ∈Ai\{ti}

pλ
(︁
vλ | vpaG(λ)

)︁
,

because the erased product contains no ti-factor. Therefore∫︂
[0,1][n]\Ai

∏︂
λ∈[n]

˜︁pλ(uv,τ (r)) dr = qti(vti)
∏︂

λ∈Ai\{ti}

pλ
(︁
vλ | vpaG(λ)

)︁
.

3. Substituting ti = π(i) and Ai = Aτ
i in the preceding identity gives, for every v ∈ [0, 1]n,∫︂

[0,1][n]\Aτ
i

qπ(i)
(︁
uv,τ (r)π(i)

)︁ ∏︂
ℓ̸=π(i)

pℓ
(︁
uv,τ (r)ℓ | uv,τ (r)paG(ℓ)

)︁
dr = qπ(i)(vπ(i))

∏︂
ℓ∈Aτ

i \{π(i)}

pℓ
(︁
vℓ | vpaG(ℓ)

)︁
,

which is the asserted identity.

Lemma 5. [lem:equation-ten-fiber-product] (Fiber product factorization) In the setting
of Assumption 1, fix an observed world with target permutation π. Let τ be a numerical order
on [n], and fix i ∈ [n]. Assume:

• (Ratio-graph order.) The order τ is injective and topological for the observable ratio
graph HD = {j → i : j ̸= i, Dji > 0} of Algorithm 1: whenever Dji > 0, one has
τ(j) < τ(i).

• (Transported-DAG order.) The same order respects every transported latent edge:
whenever π(j) → π(i) is an edge of G, one has τ(j) < τ(i).

Write
Bτ

i = {j : τ(j) < τ(i)}, Aτ
i = {π(i)} ∪ π(Bτ

i ).

For x ∈ Rn and r ∈ [0, 1][n]\A
τ
i , let ux,τ (r) be the latent point whose coordinates in Aτ

i agree with
x and whose remaining coordinates are filled by r. For every v ∈ Rn and every w ∈ R, if v(w)

denotes v with its π(i)-coordinate replaced by w, then∫︂
[0,1][n]\Aτ

i

qπ(i)

(︂
uv

(w),τ (r)π(i)

)︂ ∏︂
ℓ̸=π(i)

pℓ

(︂
uv

(w),τ (r)ℓ | uv
(w),τ (r)paG(ℓ)

)︂
dr = qπ(i)(w)

∏︂
ℓ∈Aτ

i \{π(i)}

pℓ
(︁
vℓ | vpaG(ℓ)

)︁
.

Proof of Lemma 5. Let iπ = π(i), and put A = Aτ
i . For a ∈ [n], write

v(w)
a =

{︄
w, a = iπ,

va, a ̸= iπ.
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1. The intervention marginal factorization supplied by Lemma 4 is used here in its ambient
density-carrier form: for the arbitrary point v(w) ∈ Rn,∫︂

[0,1][n]\A
qiπ

(︂
uv

(w),τ (r)iπ

)︂ ∏︂
ℓ̸=iπ

pℓ

(︂
uv

(w),τ (r)ℓ | uv
(w),τ (r)paG(ℓ)

)︂
dr

= qiπ

(︂
v
(w)
iπ

)︂ ∏︂
ℓ∈A\{iπ}

pℓ

(︂
v
(w)
ℓ | v(w)

paG(ℓ)

)︂
.

The density carriers pℓ and qiπ are evaluated as their ambient functions on Rn and R,
respectively, so the coordinate replacement is admissible for every v ∈ Rn and w ∈ R.
Since v

(w)
iπ

= w, the scalar factor on the right is qiπ(w).

2. It remains to identify the retained observational product after the coordinate replacement.
We claim that ∏︂

ℓ∈A\{iπ}

pℓ

(︂
v
(w)
ℓ | v(w)

paG(ℓ)

)︂
=

∏︂
ℓ∈A\{iπ}

pℓ
(︁
vℓ | vpaG(ℓ)

)︁
.

Fix ℓ ∈ A \ {iπ}. By the definition

A = {iπ} ∪ π(Bτ
i ), Bτ

i = {j : τ(j) < τ(i)},

there is j ∈ Bτ
i with ℓ = π(j). The own coordinate satisfies

ℓ ̸= iπ,

because ℓ lies in A \ {iπ}. Now let a ∈ paG(ℓ). If a = iπ, then iπ → ℓ = π(j) is an edge of
G, so the transported-DAG order gives

τ(i) < τ(j).

But j ∈ Bτ
i gives τ(j) < τ(i), a contradiction. Hence

a ̸= iπ for every a ∈ paG(ℓ).

Thus v(w) and v agree on {ℓ} ∪ paG(ℓ), and consequently

pℓ

(︂
v
(w)
ℓ | v(w)

paG(ℓ)

)︂
= pℓ

(︁
vℓ | vpaG(ℓ)

)︁
.

Multiplying this equality over ℓ ∈ A \ {iπ} proves the claimed product identity; when the
index set is empty, both products are the empty product 1.

3. Substituting the product identity from the previous step into the marginal identity from
the first step yields∫︂

[0,1][n]\Aτ
i

qπ(i)

(︂
uv

(w),τ (r)π(i)

)︂ ∏︂
ℓ̸=π(i)

pℓ

(︂
uv

(w),τ (r)ℓ | uv
(w),τ (r)paG(ℓ)

)︂
dr

= qπ(i)(w)
∏︂

ℓ∈Aτ
i \{π(i)}

pℓ
(︁
vℓ | vpaG(ℓ)

)︁
,

which is the asserted fiber product factorization.
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Lemma 6. [lem:equation-eleven-kernel-factorization] (Kernel factorization of scores)
Let n be fixed, let G be a finite labeled DAG on [n], let s be a sign vector with entries in {−1, 1},
and let W be an observed world generated by a mechanism θ. Assume:

• (Structural regularity.) The mechanism and observed world satisfy Assumptions 1 to 4
with sign vector s.

• (Observed ratio order.) The map τ : [n] → N is injective and is a topological ordering
of the observed Gaussian-MMD ratio graph HD of Algorithm 1: whenever HD contains
j → k, τ(j) < τ(k).

• (Transported graph order.) The same order respects the transported latent DAG: when-
ever π(j) → π(k) is an edge of G, τ(j) < τ(k).

Fix i ∈ [n], and put
Bτ

i = {j ∈ [n] : τ(j) < τ(i)}.

For each predecessor log-ratio vector ℓ ∈ RBτ
i , let κτi (ℓ, ·) be the law on R of

log
qπ(i)(Wi)

pπ(i)(˜︁vτi (zτi (ℓ),Wi))
, Wi ∼ qπ(i)(w) dw on [0, 1],

where zτi = (Λτ
i )
−1 ◦ ρτi is the triangular predecessor-score inverse composed with the retraction

onto the realized score range Rτ
i , and ˜︁vτi (z, w) is the latent point whose π(j)-coordinate is zj for

j ∈ Bτ
i , whose π(i)-coordinate is w, and whose remaining coordinates are zero. Then, under

the target-π(i) observed environment law P i, the joint law of the predecessor log-ratios and the
target log-ratio factorizes as

(LBτ
i
, Li)#P

i = (LBτ
i
)#P

i ⊗ κτi .

Proof of Lemma 6. 1. Let µi be the latent target-π(i) intervention law on [0, 1]n,

µi(dv) = qπ(i)(vπ(i))
∏︂

ℓ̸=π(i)

pℓ(vℓ | vpaG(ℓ)) dv,

and let
νi(dw) = qπ(i)(w)1[0,1](w) dw.

By Assumption 1, νi is a probability law. Define the total clamped predecessor-coordinate
map

ζτi : Rn −→ [0, 1]B
τ
i ,

(︁
ζτi (v)

)︁
j
= max{0,min{1, vπ(j)}}, j ∈ Bτ

i .

Thus, for v ∈ [0, 1]n,
ζτi (v) = (vπ(j))j∈Bτ

i
.

For ξ ∈ [0, 1]B
τ
i , let ˆ︁ξ ∈ [0, 1]n be the latent point with

ˆ︁ξπ(j) = ξj (j ∈ Bτ
i ),

ˆ︁ξa = 0 (a /∈ π(Bτ
i )).

45



The triangular predecessor-score map is

Λτ
i : [0, 1]B

τ
i → RBτ

i ,
(︁
Λτ
i (ξ)

)︁
j
= log

qπ(j)(ξj)

pπ(j)

(︂ˆ︁ξπ(j) | ˆ︁ξpaG(π(j))

)︂ , j ∈ Bτ
i .

The assumptions in the statement make Λτ
i one-to-one on the compact predecessor cube,

with realized range Rτ
i , as recorded in Definition 37. For ξ ∈ [0, 1]B

τ
i and w ∈ R, put

w̄ = max{0,min{1, w}}, Γτ
i (ξ, w) = log

qπ(i)(w̄)

pπ(i)(˜︁vτi (ξ, w̄)) .
The clamping makes Γτ

i a Borel map on the full domain [0, 1]B
τ
i × R, while on w ∈ [0, 1]

it is exactly the target score in the statement. Since the retraction onto Rτ
i fixes every

realized value and the inverse of Λτ
i sends Λτ

i (ξ) back to ξ, the kernel satisfies the fiber
identity

κτi (Λ
τ
i (ξ), ·) =

(︁
Γτ
i (ξ, ·)

)︁
#
νi, ξ ∈ [0, 1]B

τ
i .

When Bτ
i = ∅, the predecessor cube is the singleton product and the same formula is the

corresponding singleton-index identity.

2. The latent predecessor coordinates and the target coordinate factor under µi:

(ζτi , vπ(i))#µi = (ζτi )#µi ⊗ νi.

Indeed, Lemma 5 integrates the target-π(i) intervention density over all coordinates outside

Aτ
i = {π(i)} ∪ π(Bτ

i )

and leaves qπ(i)(w) as the target-coordinate factor, multiplying a factor depending only on
the retained predecessor coordinates. The normalization in Assumption 1 identifies this
target factor with νi.

3. Define the latent joint score map

J τ
i (v) =

(︁
Λτ
i (ζ

τ
i (v)),Γ

τ
i (ζ

τ
i (v), vπ(i))

)︁
.

For a measure α on RBτ
i and a Markov kernel K from RBτ

i to R, write α ⊗m K for the
measure on RBτ

i × R defined by

(α⊗m K)(E) =

∫︂
K(a, {y : (a, y) ∈ E}) dα(a)

for measurable E ⊆ RBτ
i × R. This is the product denoted by α ⊗ K in the displayed

statement. Mapping the product identity in the previous step through

(ξ, w) ↦−→
(︁
Λτ
i (ξ),Γ

τ
i (ξ, w)

)︁
and using the fiber identity for κτi gives the measure-kernel product factorization

(J τ
i )#µi = (Λτ

i ◦ ζτi )#µi ⊗m κτi .

Indeed, for every measurable E ⊆ RBτ
i × R,∫︂

νi{w : (Λτ
i (ξ),Γ

τ
i (ξ, w)) ∈ E} d((ζτi )#µi)(ξ) =

∫︂
κτi (a, {y : (a, y) ∈ E}) d((Λτ

i ◦ζτi )#µi)(a),

which is exactly the displayed measure-kernel product.
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4. For µi-almost every v, one has v ∈ [0, 1]n, because the support of µi is the closed latent

cube. On this event, clamping is inactive. Fix j ∈ Bτ
i . The point ˆ︁ζτi (v) agrees with v in

coordinate π(j). It also agrees on each parent of π(j): if u → π(j) is an edge of G, write
a = π−1(u). Then the transported edge is π(a) → π(j), and the transported graph order
gives τ(a) < τ(j). Since j ∈ Bτ

i , τ(j) < τ(i), so τ(a) < τ(i) and hence a ∈ Bτ
i . Thus

the retained predecessor vector supplies the coordinate u = π(a). By the parent-locality
of pπ(j) and the latent ratio formula in Assumption 3,

(︁
Λτ
i (ζ

τ
i (v))

)︁
j
= log

qπ(j)(vπ(j))

pπ(j)(vπ(j) | vpaG(π(j)))
= Lj(f(v)).

Thus
Λτ
i (ζ

τ
i (v)) = LBτ

i
(f(v)) for µi-almost every v.

5. The same comparison gives the target coordinate. If u→ π(i) is a parent edge in G, write
a = π−1(u). Then a ̸= i, and the transported graph order applied to π(a) → π(i) gives
τ(a) < τ(i), so a ∈ Bτ

i . Therefore ˜︁vτi (ζτi (v), vπ(i)) agrees with v on π(i) and on every
parent coordinate u = π(a) of π(i). Hence, again by Assumption 3,

Γτ
i (ζ

τ
i (v), vπ(i)) = log

qπ(i)(vπ(i))

pπ(i)(vπ(i) | vpaG(π(i)))
= Li(f(v))

for µi-almost every v. Combining this with the preceding step,

J τ
i (v) =

(︁
LBτ

i
(f(v)), Li(f(v))

)︁
for µi-almost every v.

6. By Assumption 3, the observed target-π(i) law satisfies

P i = f#µi.

Therefore the almost-sure identity in the previous step yields

(LBτ
i
, Li)#P

i = (J τ
i )#µi.

For the marginal predecessor pushforward, the almost-sure identity from step 4 gives

Λτ
i (ζ

τ
i (v)) = LBτ

i
(f(v)) for µi-almost every v,

and the same pushforward calculation gives

(LBτ
i
)#P

i = (Λτ
i ◦ ζτi )#µi.

Substituting these two pushforward identities into the latent factorization from step 3 gives

(LBτ
i
, Li)#P

i = (LBτ
i
)#P

i ⊗m κτi ,

which is the asserted factorization, with the statement’s product understood as this
measure-kernel product.
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Together, these identities turn the target intervention environment into a product between
predecessor scores and a one-dimensional kernel indexed by those scores. The continuous-rank
clauses below state the corresponding conditional-CDF representation and the resulting rank
coordinate used by the population decoder.

Lemma 7. [lem:exact-ratio-decoder-continuous-rank-clauses] (Continuous rank de-
coder clauses) Let n be the ambient number of scalar latent variables, let G be the ambient finite
labeled DAG on [n], let θ be the mechanism, let W be the observed world with shared observation
map f , observed laws P 0, . . . , Pn, likelihood ratios Ri = dP i/dP 0, log ratios Li = logRi, and
target permutation π, and let s be a sign vector with si ∈ {−1, 1} for every i. Assume:

• (Mechanism regularity.) The mechanism satisfies Assumption 1.

• (Shared mixing.) The observed world satisfies Assumption 2.

• (Single-target interventions.) The observed laws and likelihood ratios satisfy Assump-
tion 3.

• (Own-derivative signs.) The mechanism satisfies Assumption 4 with sign vector s.

• (Ratio-order recovery.) For the observable directed ratio-discrepancy graph HD of Al-
gorithm 1, built from the Gaussian kernel k(a, b) = exp(−(a− b)2), the transitive closures
agree:

TC(HD) = TC(Gπ).

For any injective topological ordering τ of HD, any i ∈ [n], and Bτ
i = {j : τ(j) < τ(i)}, call

a function C a continuous conditional-CDF version of Li given LBτ
i
when C is jointly Borel

measurable, for every fixed t ∈ R it represents the regular conditional probability P i(Li ≤ t |
LBτ

i
= ℓ) for (LBτ

i
)#P

i-almost every ℓ, the same identity holds for (Li, LBτ
i
)#P

i-almost every
(t, ℓ), and C is continuous on the observed conditional-ratio support

Sτ
i = R× supp

(︁
(LBτ

i
)#P

i
)︁
.

Then, for every such τ and every i ∈ [n], with Ci denoting the law-selected conditional CDF
used by Algorithm 1, the following hold:

• Ci is a continuous conditional-CDF version of Li given LBτ
i
.

• There exists a continuous conditional-CDF version C such that, for all t ∈ R and all
v ∈ [0, 1]n,

C
(︁
t | LBτ

i
(f(v))

)︁
=

∫︂ 1

0
1

{︄
log

qπ(i)(w)

pπ(i)
(︁
v(w)

)︁ ≤ t

}︄
qπ(i)(w) dw,

where v(w) is the latent point obtained from v by replacing coordinate π(i) by w.

• Every continuous conditional-CDF version C agrees with Ci on Sτ
i :

C(z1 | z2) = Ci(z1 | z2) for every (z1, z2) ∈ Sτ
i .

• For all t ∈ R and all v ∈ [0, 1]n,

Ci

(︁
t | LBτ

i
(f(v))

)︁
=

∫︂ 1

0
1

{︄
log

qπ(i)(w)

pπ(i)
(︁
v(w)

)︁ ≤ t

}︄
qπ(i)(w) dw.
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• The rank coordinate Ui = Ci(Li | LBτ
i
) returned by Algorithm 1 satisfies, for every v ∈

[0, 1]n,

Ui(f(v)) =

{︄
Qπ(i)(vπ(i)), sπ(i) = 1,

1−Qπ(i)(vπ(i)), sπ(i) = −1,

where Qπ(i)(x) =
∫︁ x
0 qπ(i)(u) du.

Proof of Lemma 7. Fix an injective topological ordering τ of HD, and fix i ∈ [n]. Write

Bτ
i = {j ∈ [n] : τ(j) < τ(i)}, LBτ

i
(x) = (Lj(x))j∈Bτ

i
.

1. First record the order-recovery consequence that is passed to the ordered decoder argu-
ment. If Gπ contains j → k, then the one-edge path j → k is an element of TC(Gπ). The
assumed equality

TC(HD) = TC(Gπ)

therefore gives a directed HD-path from j to k. Along each edge a → b of this path,
topologicality of τ for HD gives τ(a) < τ(b); induction over the path and transitivity of <
yield

Gπ : j → k =⇒ τ(j) < τ(k).

Thus τ is also topological for the transported graph Gπ, and in particular every Gπ-parent
of k lies in Bτ

k .

2. The supplied observed laws are probability laws. The observational law is the pushforward
by f of the normalized observational latent density, and each target-intervention law is the
pushforward by the same f of the corresponding normalized intervention density. Hence,
for every e = 0, . . . , n,

P e(Rn) = 1.

Consequently the decoder is computed from these laws themselves: writing P for the law
family it uses,

Pe = P e, e = 0, . . . , n.

In each subsequent conditional-CDF statement, the selected family is rewritten by this
identity to the stated observed laws.

3. Let κτi (ℓ, ·) be the probability kernel from Lemma 6, extended to all ℓ ∈ RBτ
i by first

retracting ℓ onto the realized predecessor-score range. Thus, for every ℓ ∈ RBτ
i , κτi (ℓ, ·) is

the law of

log
qπ(i)(Wi)

pπ(i)(˜︁vτi (zτi (ℓ),Wi))
, Wi ∼ qπ(i)(w) dw on [0, 1],

where the retraction in zτi supplies the off-range values. Define the total candidate

C⋆
i (t | ℓ) = κτi

(︁
ℓ, (−∞, t]

)︁
, (t, ℓ) ∈ R× RBτ

i .

The same formula applies when Bτ
i = ∅, with RBτ

i the one-point product space. Put

µτi = (LBτ
i
)#P

i, ζτi = (LBτ
i
, Li)#P

i.

By Lemma 6,
ζτi = µτi ⊗ κτi .
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The candidate C⋆
i has the four properties required of a continuous conditional-CDF version.

First, (t, ℓ) ↦→ C⋆
i (t | ℓ) is Borel measurable because it is the lower-half-line evaluation of a

measurable probability kernel. Second, uniqueness of regular conditional distributions in
the displayed product disintegration gives, for every fixed t ∈ R,

C⋆
i (t | ℓ) = P i(Li ≤ t | LBτ

i
= ℓ) for µτi -a.e. ℓ.

The same disintegration, pulled back along the argument map x ↦→ (Li(x), LBτ
i
(x)), gives

the joint almost-everywhere version

C⋆
i (r | ℓ) = P i(Li ≤ r | LBτ

i
= ℓ) for (Li, LBτ

i
)#P

i-a.e. (r, ℓ).

For continuity, put
Rτ

i = {LBτ
i
(f(u)) : u ∈ [0, 1]n}.

On R×Rτ
i , the retraction in the definition of κτi is the identity, and the predecessor-score

homeomorphism rewrites C⋆
i as the lower-level integral of the one-dimensional score

w ↦−→ log
qπ(i)(w)

pπ(i)(˜︁vτi (z, w)) , z = (Λτ
i )
−1(ℓ).

The positivity and smoothness in Assumption 1, together with the fixed own-derivative
sign in Assumption 4, make this score continuous in (z, w) and strictly monotone in w on
[0, 1]; hence its lower-level integral varies continuously in (t, ℓ) on R ×Rτ

i . The observed
conditional-ratio support satisfies

Sτ
i ⊆ R×Rτ

i ,

because under P i the predecessor projection is supported on realized predecessor scores.
Thus C⋆

i is continuous on Sτ
i , and so it is a continuous conditional-CDF version of Li given

LBτ
i
.

4. Since the class of continuous conditional-CDF versions is nonempty, the law-selected con-
ditional CDF Ci used by Algorithm 1 is itself one of these versions. This proves the first
asserted clause:

Ci is a continuous conditional-CDF version of Li given LBτ
i
.

Taking C = C⋆
i proves the asserted existence of a continuous version once its pointwise

latent formula is verified in the next step.

5. Fix v ∈ [0, 1]n, and set
ℓv = LBτ

i
(f(v)).

The realized score ℓv belongs to Rτ
i , so the retraction used to define κτi fixes it. The

score-image kernel then evaluates at the predecessor coordinates reconstructed from ℓv.
For each w ∈ [0, 1], let v̄τi (ℓv, w) be this reconstructed point with target coordinate π(i)
set to w. The order-recovery step places every transported parent of π(i) in Bτ

i , and the
inverse predecessor-score map reconstructs those predecessor coordinates from ℓv. Hence

v̄τi (ℓv, w)a = v(w)
a for every a ∈ paG(π(i)),
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where v(w) is obtained from v by replacing coordinate π(i) by w. Parent locality of the
mechanism gives

pπ(i)
(︁
v̄τi (ℓv, w)

)︁
= pπ(i)

(︁
v(w)

)︁
.

Substituting this identity into the lower-half-line evaluation of κτi yields, for every t ∈ R,

C⋆
i

(︁
t | LBτ

i
(f(v))

)︁
=

∫︂ 1

0
1

{︄
log

qπ(i)(w)

pπ(i)(v(w))
≤ t

}︄
qπ(i)(w) dw.

This is the second asserted clause, with C = C⋆
i .

6. Any two continuous conditional-CDF versions agree on the observed conditional-ratio sup-
port. To see this, fix another continuous version C. For each fixed threshold t, the defining
conditional-CDF property gives

C(t | ℓ) = Ci(t | ℓ) for µτi -a.e. ℓ.

Both sides are continuous in ℓ on suppµτi . Therefore, for every t ∈ R and every ℓ ∈ suppµτi ,
that is, for every (t, ℓ) ∈ Sτ

i = R× suppµτi ,

C(t | ℓ) = Ci(t | ℓ).

Equivalently,
C(z1 | z2) = Ci(z1 | z2) for every (z1, z2) ∈ Sτ

i .

It remains to place realized predecessor scores in this support. For every v ∈ [0, 1]n,

LBτ
i
(f(v)) ∈ suppµτi .

Indeed, P i is the pushforward by f of the target-π(i) intervention law; by strict positivity
of the latent density on the cube and the shared diffeomorphic mixing, f(v) lies in the
support of P i. The predecessor-log-ratio projection is continuous on the observed support,
so every neighborhood of LBτ

i
(f(v)) has preimage with positive P i-mass. Applying the

support uniqueness just proved to C⋆
i , and then using the previous step, gives

Ci

(︁
t | LBτ

i
(f(v))

)︁
=

∫︂ 1

0
1

{︄
log

qπ(i)(w)

pπ(i)(v(w))
≤ t

}︄
qπ(i)(w) dw.

This proves the third and fourth asserted clauses.

7. It remains to evaluate the rank at the realized target log-ratio. Fix v ∈ [0, 1]n. The latent
ratio formula in Assumption 3, together with the selected log-ratio version used by the
decoder, gives the pointwise log-ratio identity

Li(f(v)) = log
qπ(i)(vπ(i))

pπ(i)(v)
.

By definition of the rank coordinate and by the fourth clause already proved,

Ui(f(v)) =

∫︂ 1

0
1

{︄
log

qπ(i)(w)

pπ(i)(v(w))
≤ log

qπ(i)(vπ(i))

pπ(i)(v)

}︄
qπ(i)(w) dw.
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Define, for this fixed v ∈ [0, 1]n,

Γi,v(w) = log
qπ(i)(w)

pπ(i)(v(w))
, w ∈ [0, 1].

For every w ∈ [0, 1], the point v(w) remains in [0, 1]n. Positivity and smoothness from
Assumption 1 make Γi,v continuous on [0, 1] and differentiable in the interior, and its
derivative is the own-coordinate log-ratio derivative at v(w):

Γ′i,v(w) = ∂u log
qπ(i)(u)

pπ(i)((v(w))(u))

⃓⃓⃓⃓
⃓
u=w

.

The fixed sign condition in Assumption 4 gives

sπ(i) Γ
′
i,v(w) > 0, 0 < w < 1.

Thus Γi,v is strictly increasing on [0, 1] when sπ(i) = 1, and strictly decreasing on [0, 1]
when sπ(i) = −1. Since

log
qπ(i)(vπ(i))

pπ(i)(v)
= Γi,v(vπ(i)),

we have

Ui(f(v)) =

∫︂ 1

0
1{Γi,v(w) ≤ Γi,v(vπ(i))}qπ(i)(w) dw.

If sπ(i) = 1, strict increase makes the lower level set [0, vπ(i)], so

Ui(f(v)) =

∫︂ vπ(i)

0
qπ(i)(w) dw = Qπ(i)(vπ(i)).

If sπ(i) = −1, strict decrease makes the lower level set [vπ(i), 1], and normalization of qπ(i)
gives

Ui(f(v)) =

∫︂ 1

vπ(i)

qπ(i)(w) dw = 1−Qπ(i)(vπ(i)).

Thus, for every v ∈ [0, 1]n,

Ui(f(v)) =

{︄
Qπ(i)(vπ(i)), sπ(i) = 1,

1−Qπ(i)(vπ(i)), sπ(i) = −1.

This proves the rank-coordinate clause.

8. The argument was for an arbitrary injective topological ordering τ of HD and an arbitrary
i ∈ [n]. The five asserted clauses therefore hold for every such τ and every i.

The last auxiliary bound supports the simultaneous confidence graph in Theorem 4. It is
a Hilbert-space empirical-mean concentration statement for bounded Gaussian-kernel feature
maps, matching the kernel mean-embedding discrepancy used in maximum mean discrepancy
testing [Gretton et al., 2012, Schrab et al., 2023].
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Lemma 8. [lem:bounded-rkhs-empirical-mean] (Conditional RKHS mean bound) Fix n ≥
1, a labeled DAG G on [n], a mechanism θ, an observed world with environment laws P 0, . . . , Pn,
and a sample-split experiment S. Let Hk be a complete real Hilbert space equipped with a mea-
surable unit-norm feature map ϕ for the Gaussian kernel k(a, b) = exp(−(a− b)2).

Assume:

• (Conditional evaluation sampling.) The experiment satisfies the conditional
evaluation-sampling conditions: the ambient and environment laws are probability mea-
sures; the complete training fold is measurable; the evaluation observations are measurable,
independent within each environment, distributed according to their corresponding P e,
and independent of the training fold; and the fitted ratio map is jointly measurable in the
training fold and the evaluation point.

• (Evaluation sizes.) Each environment has at least one evaluation observation, Ne ≥ 1
for every e ∈ {0, . . . , n}. Write

N = min
0≤e≤n

Ne.

• (Familywise level.) The error level satisfies α ∈ (0, 1).

For each training realization, let ˆ︁Ri denote the fitted ratio obtained from the complete training
fold, and define

ˆ︁µei = 1

Ne

Ne∑︂
r=1

ϕ
(︂ ˆ︁Ri(Xer)

)︂
, µei = EX∼P e

[︂
ϕ
(︂ ˆ︁Ri(X)

)︂]︂
.

Then, conditionally on the complete training fold, the simultaneous event

∀i ∈ [n] ∀e ∈ {0, . . . , n}, ∥ˆ︁µei − µei∥Hk
≤

1 +
√︁

2 log(n(n+ 1)/α)√
N

has probability at least 1 − α. Equivalently, for every event B measurable with respect to the
complete training fold,

(1− α)P(B) ≤ P

(︄
B ∩

{︄
∀i ∈ [n] ∀e ∈ {0, . . . , n}, ∥ˆ︁µei − µei∥Hk

≤
1 +

√︁
2 log(n(n+ 1)/α)√

N

}︄)︄
.

Proof of Lemma 8. Fix an event B measurable with respect to the complete training fold. It is
enough to prove the displayed lower bound for this B.

1. Set
Λ = n(n+ 1), δ =

α

Λ
.

Since n ≥ 1, Λ ≥ 1. Hence 0 < δ < 1, and

1

δ
=
n(n+ 1)

α
.

For every environment e, N ≤ Ne and N ≥ 1. Therefore

1√
Ne

+

√︄
2 log(1/δ)

Ne
=

1 +
√︁
2 log{n(n+ 1)/α}√

Ne

≤
1 +

√︁
2 log{n(n+ 1)/α}√

N
,
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where the equality uses 1/δ = n(n + 1)/α, and the inequality uses monotonicity of the
square root together with the nonnegativity of the numerator.

2. Fix i ∈ [n], an environment e ∈ {0, . . . , n}, and a training realization ωtr. Define

ψi,ωtr(x) = ϕ
(︂ ˆ︁Rωtr

i (x)
)︂
, Ti,e,ωtr(z) =

⃦⃦⃦⃦
⃦ 1

Ne

Ne∑︂
r=1

ψi,ωtr(zr)−
∫︂
ψi,ωtr(x) dP

e(x)

⃦⃦⃦⃦
⃦
Hk

,

for z = (z1, . . . , zNe). The unit-norm feature-map assumption gives

∥ψi,ωtr(x)∥Hk
≤ 1 for all x.

Under the product law (P e)⊗Ne ,

ETi,e,ωtr ≤
(︁
ET 2

i,e,ωtr

)︁1/2 ≤ 1√
Ne

.

Indeed, the squared centered empirical mean expands into diagonal and off-diagonal
Hilbert inner products; the off-diagonal terms vanish by product independence after
centering, while the diagonal terms are bounded by the unit second moment. If z(r,x

′) is
obtained from z by replacing only coordinate r by x′, then⃓⃓⃓

Ti,e,ωtr(z)− Ti,e,ωtr(z
(r,x′))

⃓⃓⃓
≤ 1

Ne

⃦⃦
ψi,ωtr(zr)− ψi,ωtr(x

′)
⃦⃦
Hk

≤ 2

Ne
.

McDiarmid’s bounded-difference inequality therefore yields, for

se =

√︄
2 log(1/δ)

Ne
,

the bound

(P e)⊗Ne

{︃
z :

1√
Ne

+ se < Ti,e,ωtr(z)

}︃
≤ exp

(︃
−Nes

2
e

2

)︃
= δ.

3. Let

Ai,e(ωtr) =

⎧⎨⎩z : 1√
Ne

+

√︄
2 log(1/δ)

Ne
< Ti,e,ωtr(z)

⎫⎬⎭ .

The preceding step gives

(P e)⊗Ne
(︁
Ai,e(ωtr)

)︁
≤ δ for every training realization ωtr.

The conditional evaluation-sampling assumptions give measurability of these sections, in-
dependence of the complete training fold from the evaluation vector

Ye = (Xe1, . . . , XeNe),

and the law Ye ∼ (P e)⊗Ne . Hence, for every training-fold event B,

P({Ye ∈ Ai,e} ∩B) =

∫︂
B
(P e)⊗Ne

(︁
Ai,e(ωtr)

)︁
dP(ωtr) ≤ δ P(B).
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By the definitions of the empirical and fitted mean embeddings, together with the change-
of-variables identity for the fitted ratio map,

{Ye ∈ Ai,e} =

⎧⎨⎩ω :
1√
Ne

+

√︄
2 log(1/δ)

Ne
< ∥ˆ︁µei − µei∥Hk

⎫⎬⎭ .

Thus

P

⎛⎝B ∩

⎧⎨⎩ 1√
Ne

+

√︄
2 log(1/δ)

Ne
< ∥ˆ︁µei − µei∥Hk

⎫⎬⎭
⎞⎠ ≤ δ P(B).

4. Define the pairwise bad events

Badi,e =

⎧⎨⎩ω :
1√
Ne

+

√︄
2 log(1/δ)

Ne
< ∥ˆ︁µei − µei∥Hk

⎫⎬⎭ ,

and set

Badall =
⋃︂
i∈[n]

n⋃︂
e=0

Badi,e.

The union bound and the preceding pairwise estimate give

P
(︁
B ∩ Badall

)︁
≤
∑︂
i∈[n]

n∑︂
e=0

P(B ∩ Badi,e) ≤ n(n+ 1)δ P(B) = αP(B).

5. Let

Good =

{︄
ω : ∀i ∈ [n] ∀e ∈ {0, . . . , n}, ∥ˆ︁µei − µei∥Hk

≤
1 +

√︁
2 log{n(n+ 1)/α}√

N

}︄
.

If ω ∈ B \ Badall, then each pair (i, e) avoids Badi,e, so the pairwise inequality from Step
1 implies ω ∈ Good. Consequently,

B \ Badall ⊆ B ∩ Good.

Since all measures involved are finite,

P(B ∩ Good) ≥ P(B \ Badall)
= P(B)− P(B ∩ Badall)

≥ (1− α)P(B).

Because B was an arbitrary complete-training-fold measurable event, this is the asserted
conditional probability lower bound.
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Verification record

The formal layer accompanying this paper is a Lean 4 development, built with toolchain
leanprover/lean4:v4.33.0 against the Mathlib revision pinned in that repository. Its sources
are the module tree CausalSmith/ExactID/EID CrlCoverratioMmdGenericity Research/.
The theorem statements and proofs corresponding to the declaration-naming formal objects in
this paper are machine-checked there, including Theorems 1 to 4 and the auxiliary statements
displayed in this appendix. The certificate covers the frozen assumptions, definitions, auxiliary
lemmas, and theorems recorded in the paper crosswalk; external citations and Remark 2 enter
through the stated theorem-local comparisons, assumptions, and labelled future-work objects.

B Proofs of the main results

Proof of Theorem 1. Fix s ∈ {−1, 1}3, and write

T s
i (z) =

{︄
z, si = 1,

1− z, si = −1.

The map T s
i is a unit-Jacobian bijection of [0, 1]. Put

h(z) = 2z − 1, q(z) =
4 exp(4z)

exp(4)− 1
, H(z) =

exp(4z)− 1

exp(4)− 1
− z.

1. First consider the structural assertions. Since∫︂ 1

0
q(z) dz = 1,

∫︂ 1

0
h(z) dz = 0,

the intervention densities and the displayed child conditionals in Definitions 8 and 9 are
normalized. Convexity gives

0 ≤ exp(4x)− 1

exp(4)− 1
≤ x, x ∈ [0, 1],

so H(x) ∈ [−1, 0]. Hence, for both K = h and K = H,

9

10
≤ 1 +

1

10
K(x)h(y) ≤ 11

10
, x, y ∈ [0, 1].

The reflected mechanisms therefore have strictly positive normalized factors. Their factors
are restrictions of smooth elementary functions, so every pi is C

∞ on [0, 1]3 and every qi
is C∞ on [0, 1].

For the unreflected child factor,

∂y log
q(y)

1 + 1
10K(x)h(y)

= 4−
1
5K(x)

1 + 1
10K(x)h(y)

≥ 4− 2

9
> 0,

and at nodes 1 and 3 the same own-coordinate derivative equals 4. Applying T s
i multiplies

the i-th own derivative by si, so si∂vi logRi > 0 throughout the closed cube. This proves
Assumption 1 and Assumption 4 for both witnesses.
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It remains to check faithfulness for the two observational laws. Define, for x, y ∈ [0, 1],

χ1(x) = h(T s
1 (x)), χ2(y) = h(T s

2 (y)), κ1(x) = H(T s
1 (x)).

Reflection preserves Lebesgue measure and sends h to h or −h, so∫︂ 1

0
χ1(x) dx =

∫︂ 1

0
χ2(y) dy = 0,

∫︂ 1

0
χ1(x)

2 dx =

∫︂ 1

0
χ2(y)

2 dy =
1

3
.

For the sparse law, the child density is 1 + 1
10χ1(x)χ2(y). Hence, for each fixed x,∫︂ 1

0

(︃
1 +

1

10
χ1(x)χ2(y)

)︃
χ1(x) dy = χ1(x),

∫︂ 1

0

(︃
1 +

1

10
χ1(x)χ2(y)

)︃
χ2(y) dy =

1

30
χ1(x),

and ∫︂ 1

0

(︃
1 +

1

10
χ1(x)χ2(y)

)︃
χ1(x)χ2(y) dy =

1

30
χ1(x)

2.

After integrating over x and over the independent third coordinate, these identities give∫︂
χ1(v1) dP

0
sp(v) = 0,

∫︂
χ2(v2) dP

0
sp(v) = 0,

and ∫︂
χ1(v1)χ2(v2) dP

0
sp(v) =

1

90
.

If the first two coordinates were independent under P 0
sp, the last integral would be the

product of the preceding two means, equal to zero; this contradicts 1/90 > 0. Thus the
edge endpoints are dependent in the sparse observational law.

For the cancellation law, put

κ̄ =

∫︂ 1

0
κ1(x) dx, κ2 =

∫︂ 1

0
κ1(x)

2 dx.

The function κ1 is continuous and nonconstant: indeed H(0) = H(1) = 0, while

H(1/2) =
exp(2)− 1

exp(4)− 1
− 1

2
=

1

exp(2) + 1
− 1

2
< 0.

Therefore

0 <

∫︂ 1

0
{κ1(x)− κ̄}2 dx = κ2 − κ̄2.

The cancellation child density is 1 + 1
10κ1(x)χ2(y), and the same centered-coordinate cal-

culation gives ∫︂
κ1(v1) dP

0
can(v) = κ̄,

∫︂
χ2(v2) dP

0
can(v) =

1

30
κ̄,∫︂

κ1(v1)χ2(v2) dP
0
can(v) =

1

30
κ2.
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Independence of the first two coordinates under P 0
can would force

1

30
κ2 = κ̄ · 1

30
κ̄,

contradicting κ2− κ̄2 > 0. Hence the edge endpoints are also dependent in the cancellation
observational law. Finally, the factorization over 1 → 2 with node 3 isolated gives the local-
Markov independence of nodes 1 and 3. In this three-node graph, any failed d-separation
between disjoint coordinate blocks places the endpoints of the unique edge in opposite
blocks; if the conditioning block contains node 3, contraction with the independence of
nodes 1 and 3 reduces it to the unconditional edge independence just ruled out. Both
observational laws are therefore faithful to the three-node DAG, giving Assumption 6.

2. We next prove the sparse second-moment separation. In the unreflected sparse construction
define

Asp(x) =

∫︂ 1

0

q(y)2

1 + 1
10h(x)h(y)

dy.

The product-density calculation gives∫︂
R2

2 dP
0
sp −

∫︂
R2

2 dP
1
sp =

∫︂ 1

0
{1− q(x)}Asp(x) dx,

and reflection changes variables in the same integral, so the identity holds for every sign
vector.

For τ ∈ [−1/10, 1/10], set

Ωτ (y) =
q(y)2

(1 + τh(y))2
.

The elementary exponential bounds

13 < exp(4) < 55

imply
2

27
<

4

exp(4)− 1
, Ωτ (y) >

4

729

100

121
.

Moreover
d

dy
log Ωτ (y) = 8− 4τ

1 + τh(y)
≥ 68

9
,

so
68

9

4

729

100

121
≤ Ω′τ (y).

Integrating this derivative bound from 1/2 to y, with the direction reversed when y < 1/2,
gives

68

9

4

729

100

121
· 2
(︂
y − 1

2

)︂2
≤ h(y){Ωτ (y)− Ωτ (1/2)}.

After integration over y ∈ [0, 1], using
∫︁ 1
0 h(y) dy = 0 and∫︂ 1

0
2
(︂
y − 1

2

)︂2
dy =

1

6
,
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we obtain
1

6

68

9

4

729

100

121
≤
∫︂ 1

0
h(y)Ωτ (y) dy.

Since

A′sp(x) = −1

5

∫︂ 1

0
h(y)Ωh(x)/10(y) dy,

and H ′(x) = q(x)− 1 with H(0) = H(1) = 0, integration by parts yields∫︂ 1

0
{1− q(x)}Asp(x) dx =

∫︂ 1

0
H(x)A′sp(x) dx ≥ 1

30

68

9

4

729

100

121

∫︂ 1

0
{−H(x)} dx.

The last integral is ∫︂ 1

0
{−H(x)} dx =

1

1− exp(−4)
− 3

4
>

29

108
.

Therefore ∫︂
R2

2 dP
0
sp −

∫︂
R2

2 dP
1
sp >

1

30

68

9

4

729

100

121

29

108
=

19720

64304361
>

3

10000
.

3. Let µsp and νsp be the laws of R2 under P 0
sp and P 1

sp. The bounds above also give

0 < R2 <
13/3

9/10
< 5,

so both laws are supported on [0, 5]. The preceding item gives

3

10000
<

∫︂
r2 dµsp(r)−

∫︂
r2 dνsp(r).

We now derive the quantitative Gaussian recovery estimate used on this common support.
Put

γm =

(︃
2m

m!

)︃1/2

, Γm(r) = γm exp(−r2)rm, Γ(r) = (Γm(r))m≥0.

The power series for the exponential gives

⟨Γ(a),Γ(b)⟩ = exp(−a2 − b2)

∞∑︂
m=0

(2ab)m

m!
= exp(−(a− b)2),

so Γ is the Gaussian feature map. For probability laws µ, ν supported on [0, 5], write

δ(µ, ν) =

⃦⃦⃦⃦∫︂
Γ(r) dµ(r)−

∫︂
Γ(r) dν(r)

⃦⃦⃦⃦
Hk

.

Reading the m-th coordinate and bounding it by the Hilbert norm yields⃓⃓⃓⃓∫︂
exp(−r2)rm dµ(r)−

∫︂
exp(−r2)rm dν(r)

⃓⃓⃓⃓
≤ γ−1m δ(µ, ν) =

(︃
m!

2m

)︃1/2

δ(µ, ν).
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Define the degree-202 truncation

Tr100(r) =
100∑︂
ℓ=0

r2ℓ+2

ℓ!
.

For 0 ≤ r ≤ 5, the tail of the exponential series satisfies

0 ≤ exp(r2)−
100∑︂
ℓ=0

(r2)ℓ

ℓ!
≤ (r2)101

101!

102

102− r2
,

because after the first omitted term the successive ratios are bounded by r2/102. Since
r2 ≤ 25 and 102− r2 ≥ 77, multiplication by r2 exp(−r2) gives the uniform approximation
bound ⃓⃓

r2 − exp(−r2) Tr100(r)
⃓⃓
≤ 25

25101

101!

102

77
=: rem100 .

Consequently, for every such pair µ, ν,⃓⃓⃓⃓∫︂
r2 dµ(r)−

∫︂
r2 dν(r)

⃓⃓⃓⃓
≤
⃓⃓⃓⃓∫︂

exp(−r2) Tr100(r) dµ(r)−
∫︂

exp(−r2) Tr100(r) dν(r)
⃓⃓⃓⃓
+ 2 rem100

≤ δ(µ, ν)
100∑︂
ℓ=0

1

ℓ!

(︃
(2ℓ+ 2)!

22ℓ+2

)︃1/2

+ 2 rem100 .

Since

(2ℓ+ 2)! =

(︃
2ℓ+ 2

ℓ+ 1

)︃
((ℓ+ 1)!)2,

the central-binomial estimate
(︁
2ℓ+2
ℓ+1

)︁
≤ 4ℓ+1 implies

1

ℓ!

(︃
(2ℓ+ 2)!

22ℓ+2

)︃1/2

≤ (ℓ+ 1)!

ℓ!
= ℓ+ 1.

Thus
100∑︂
ℓ=0

1

ℓ!

(︃
(2ℓ+ 2)!

22ℓ+2

)︃1/2

≤
100∑︂
ℓ=0

(ℓ+ 1) = 5151.

The remaining rational tail comparison is

2 rem100 = 50
25101

101!

102

77
≤ 1

1015
.

Combining the last three displays gives, for laws supported on [0, 5],⃓⃓⃓⃓∫︂
r2 dµ(r)−

∫︂
r2 dν(r)

⃓⃓⃓⃓
≤ 5151 δ(µ, ν) +

1

1015
.

Applying this estimate to µsp, νsp, where δ(µsp, νsp) = D12(W
sp), and using the strict

moment gap above, we obtain

D12(W
sp) >

3
10000 − 10−15

5151
>

5

100000000
.
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4. It remains to identify the cancellation ratio law. Let ψ be bounded and continuous. After
expanding the observational and parent-interventional densities for θcan, the difference of
the two test-function expectations equals∫︂ 1

0

∫︂ 1

0
{q(x)− 1}

(︃
1 +

1

10
H(x)h(y)

)︃
ψ

(︄
q(y)

1 + 1
10H(x)h(y)

)︄
dx dy,

with the same value after the sign reflections by the changes of variables x ↦→ T s
1 (x) and

y ↦→ T s
2 (y). For fixed y, define

By(u) =

(︃
1 +

1

10
uh(y)

)︃
ψ

(︄
q(y)

1 + 1
10uh(y)

)︄
, u ∈ [−1, 0].

Since 1 + 1
10uh(y) ≥ 9/10, By is continuous and has an antiderivative By. Using H

′(x) =
q(x)− 1 and H(0) = H(1) = 0,∫︂ 1

0
{q(x)− 1}By(H(x)) dx = By(H(1))− By(H(0)) = 0.

Fubini’s theorem applies on the compact square, hence the two expectations agree for
every bounded continuous ψ. Thus the law of R2 under the observational environment
equals its law under environment 1 for W can.

Since D12 is the Hilbert norm of the difference of the Gaussian mean embeddings of these
two ratio laws, equality of the laws gives

D12(W
can) = 0.

Combining the four numbered assertions gives exactly the four clauses of the theorem.

Proof of Theorem 2. 1. First, VG,s,π ⊆ UG,s,π. If π(j) ⋖G π(i), then the cover relation in the
ancestral order is a direct edge:

π(j)⋖G π(i) =⇒ G.edge(π(j), π(i)).

Indeed, an ancestral relation in a DAG is either a child edge or factors through an intermediate
ancestor; the cover property excludes the latter. Hence, for θ ∈ VG,s,π, Definition 5 gives

F can
ji (θ;π) ̸= 0.

Let µ0θ,π,i and µ
j
θ,π,i be the two ratio laws appearing in Definition 7:

µ0θ,π,i = P0
θ,π,i, µjθ,π,i = Pj

θ,π,i.

By Definition 3, the ratio

ri(v) =
qπ(i)(vπ(i))

pπ(i)(vπ(i) | vpaG(π(i)))

is continuous and bounded on the compact latent cube. Hence there is bθ,π,i ≥ 0 such that, with

Iθ,π,i = [−bθ,π,i, bθ,π,i],

61



the two ratio laws satisfy

µ0θ,π,i(I
c
θ,π,i) = 0, µjθ,π,i(I

c
θ,π,i) = 0.

We use the following bounded-support Gaussian recovery fact. If finite real laws µ̄ and ν̄ are
supported on the same interval [−c, c], with c ≥ 0, then∫︂

r2 dµ̄(r) ̸=
∫︂
r2 dν̄(r) =⇒ 0 <

⃦⃦⃦⃦∫︂
ϕ(r) dµ̄(r)−

∫︂
ϕ(r) dν̄(r)

⃦⃦⃦⃦
H

.

To prove the fact, use the explicit Gaussian feature coordinates

ψm(r) =

(︃
2m

m!

)︃1/2

e−r
2
rm, m = 0, 1, 2, . . . .

Equality of the two mean embeddings makes the integrals of e−r
2
rm equal for every m, since

the coefficient multiplying this weighted monomial is strictly positive. Hence the integrals of
e−r

2
P (r) agree for every polynomial P . For any continuous test function ζtest on [−c, c] and any

ε > 0, choose Pε so that

sup
|r|≤c

⃓⃓⃓
ζtest(r)e

r2 − Pε(r)
⃓⃓⃓
≤ ε

µ̄(R) + ν̄(R) + 1
.

Then e−r
2
Pε(r) has equal integrals under µ̄ and ν̄, and the common support gives⃓⃓⃓⃓∫︂

ζtest dµ̄−
∫︂
ζtest dν̄

⃓⃓⃓⃓
≤ ε.

Thus all continuous test integrals agree, so µ̄ = ν̄, and their second moments agree. The
displayed implication is the contrapositive.

For the canonical observed world generated by θ and π, the observational and interventional
law formulas and the ratio formula of Assumption 3 hold directly from the product observational
density, the target-π(e) intervention density, and the identity mixing map. Therefore the two
second moments of the ratio laws are∫︂

r2 dµ0θ,π,i(r) =

∫︂
ri(v)

2 dP 0
θ,π(v),

∫︂
r2 dµjθ,π,i(r) =

∫︂
ri(v)

2 dP j
θ,π(v),

and the canonical second-moment contrast is

F can
ji (θ;π) =

∫︂
r2 dµjθ,π,i(r)−

∫︂
r2 dµ0θ,π,i(r).

Since this contrast is nonzero, the two second moments differ. The bounded-support recovery
fact applied to µ0θ,π,i and µ

j
θ,π,i gives

0 <

⃦⃦⃦⃦∫︂
ϕ(r) dµ0θ,π,i(r)−

∫︂
ϕ(r) dµjθ,π,i(r)

⃦⃦⃦⃦
H

= Dji

(︁
W can

θ,π

)︁
.

Thus Dji > 0 for every transported ancestral cover, and θ ∈ UG,s,π.
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2. The direct-edge separated set is open and dense, and the cover-separated set is open. For
a directed edge a→ b, put

Oπ
ab =

{︂
θ ∈ ΘG,s : F

can
π−1(a),π−1(b)(θ;π) ̸= 0

}︂
.

For this paragraph write F id
ab(θ) for the identity-target contrast obtained by intervening on latent

coordinate a and measuring the ratio coordinate b. The canonical relabeling identity is

F can
π−1(a),π−1(b)(θ;π) = F id

ab(θ).

This identity-target contrast is the cube integral

F id
ab(θ) =

∫︂
[0,1]n

qb(vb)
2
(︁
qa(va)− pa(va | vpaG(a))

)︁∏︁
ℓ̸=a,b pℓ(vℓ | vpaG(ℓ))

pb(vb | vpaG(b))
dv.

The relative product C2 topology of Definition 3, strict positivity of the denominators, and com-
pactness of the cube make this contrast continuous on ΘG,s; hence Oπ

ab is open. For a fixed edge
a→ b, density is obtained from the edge-specific affine path. Let Nθ be a relative neighborhood
of θ ∈ ΘG,s. Since θ ∈ ΘG,s, the positivity and smoothness conditions in Definition 3 give strictly
positive normalized densities on the latent cube. The identity-target canonical observed world
is formed by taking the mixing map to be the identity, taking P 0 to be the law with density
p0θ, and taking environment e to be the law with density peθ. With these canonical choices, the
observational pushforward, the single-target pushforwards, the Radon–Nikodym identities, and
the latent ratio formula listed in Assumption 3 are verified directly; in particular

Re(v) =
qe(ve)

pe(ve | vpaG(e))
.

Thus the hypotheses of Lemma 1 are met for a → b. The lemma gives a parameter value on
the affine path, arbitrarily close to θ in the relative C2 topology, for which the identity-target
contrast F id

ab is nonzero. Relabeling the canonical intervention environments back by π, every
Nθ contains a stratum point θ′ satisfying

θ′ ∈ Nθ, F can
π−1(a),π−1(b)(θ

′;π) ̸= 0.

Thus each Oπ
ab is dense. Since the edge set of G is finite and

VG,s,π =
⋂︂

a→b in G

Oπ
ab,

VG,s,π is open and dense. Similarly, for each ordered pair (j, i), the map

θ ↦−→ Dji

(︁
W can

θ,π

)︁
is continuous. Define, for v ∈ [0, 1]n,

p0θ(v) =

n∏︂
ℓ=1

pℓ(vℓ | vpaG(ℓ)), p
π(j)
θ (v) = qπ(j)(vπ(j))

∏︂
ℓ̸=π(j)

pℓ(vℓ | vpaG(ℓ)),
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and set

Γ0
θ,π,i(v) = p0θ(v)ϕ

(︃
qπ(i)(vπ(i))

pπ(i)(vπ(i) | vpaG(π(i)))

)︃
,

Γj
θ,π,i(v) = p

π(j)
θ (v)ϕ

(︃
qπ(i)(vπ(i))

pπ(i)(vπ(i) | vpaG(π(i)))

)︃
.

The observational and interventional mean embeddings in Definition 7 have the fixed-cube rep-
resentations∫︂

ϕ(r) dP0
θ,π,i(r) =

∫︂
[0,1]n

Γ0
θ,π,i(v) dv,

∫︂
ϕ(r) dPj

θ,π,i(r) =

∫︂
[0,1]n

Γj
θ,π,i(v) dv.

Consequently

Dji

(︁
W can

θ,π

)︁
=

⃦⃦⃦⃦
⃦
∫︂
[0,1]n

Γ0
θ,π,i(v) dv −

∫︂
[0,1]n

Γj
θ,π,i(v) dv

⃦⃦⃦⃦
⃦
H

.

It remains to justify the displayed continuity. Fix θ⋆ ∈ ΘG,s. By strict positivity on the compact
cube, there is a relative neighborhood N loc

θ⋆
and a number mθ⋆ > 0 such that, for every η ∈ N loc

θ⋆
,

every ℓ ∈ [n], and all admissible arguments,

pηℓ (vℓ | vpaG(ℓ)) ≥ mθ⋆ .

The coordinate maps η ↦→ pηℓ and η ↦→ qηℓ are continuous in the relative product C2 topology of
Definition 3, hence uniformly continuous into C0 on this local neighborhood after shrinking it.
Therefore, as η → θ⋆,

sup
v∈[0,1]n

⃓⃓⃓⃓
⃓ qηπ(i)(vπ(i))

pηπ(i)(vπ(i) | vpaG(π(i)))
−

qθ⋆π(i)(vπ(i))

pθ⋆π(i)(vπ(i) | vpaG(π(i)))

⃓⃓⃓⃓
⃓ −→ 0,

and likewise

sup
v∈[0,1]n

|p0η(v)− p0θ⋆(v)| −→ 0, sup
v∈[0,1]n

|pπ(j)η (v)− p
π(j)
θ⋆

(v)| −→ 0.

The ratios above stay in a common compact interval. For the Gaussian feature map, ∥ϕ(x)∥H = 1
and

∥ϕ(x)− ϕ(y)∥2H = 2− 2 exp{−(x− y)2},

so ϕ is uniformly continuous on that interval. Combining the preceding uniform convergences
gives

sup
v∈[0,1]n

∥Γ0
η,π,i(v)− Γ0

θ⋆,π,i(v)∥H −→ 0, sup
v∈[0,1]n

∥Γj
η,π,i(v)− Γj

θ⋆,π,i
(v)∥H −→ 0.

The Bochner integral over the unit cube is continuous under this uniform convergence because⃦⃦⃦⃦
⃦
∫︂
[0,1]n

(︁
Γ0
η,π,i(v)− Γ0

θ⋆,π,i(v)
)︁
dv

⃦⃦⃦⃦
⃦
H

≤ sup
v∈[0,1]n

∥Γ0
η,π,i(v)− Γ0

θ⋆,π,i(v)∥H ,

and the same estimate holds for Γj . Taking the difference of the two mean embeddings and then
the Hilbert norm proves continuity of θ ↦→ Dji(W

can
θ,π ) at θ⋆. Since θ⋆ was arbitrary, the map is
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continuous on ΘG,s. A finite intersection of the open sets {Dji > 0}, indexed by the ancestral
covers of Definition 7, gives openness of UG,s,π.

3. Since VG,s,π is dense and VG,s,π ⊆ UG,s,π, every nonempty relatively open subset of ΘG,s

meets UG,s,π. Hence UG,s,π is dense in ΘG,s.
4. The complement of UG,s,π has the asserted topology. Since UG,s,π is open, its complement

is closed. Since UG,s,π is dense, the complement has empty interior; being closed with empty
interior, it is nowhere dense. Every nowhere dense set is meagre, so

ΘG,s \ UG,s,π

is meagre, closed, and nowhere dense.
5. Finally assume G has no directed edges. The defining condition for VG,s,π in Definition 5

is then vacuous. Also, if a, b ∈ [n] and a ⋖G b, then the cover-to-edge implication gives the
directed edge a→ b, which the no-edge hypothesis rules out. Thus

there are no a, b ∈ [n] with a⋖G b.

The defining condition for UG,s,π in Definition 7 is vacuous. Thus

VG,s,π = ΘG,s, UG,s,π = ΘG,s.

Combining the preceding conclusions gives all conclusions.

Proof of Theorem 3. Put W = world(θ), let P = (P 0, . . . , Pn), and write

HD = {j → i : j ̸= i and 0 < Dji}.

Throughout the proof the superscript 0 is reserved for the observational environment, while for
i ∈ [n] the notation P i denotes the single-target intervention environment whose target is π(i);
hence Ri = dP i/dP 0 always compares intervention environment i with the observational law.
The assumptions in Assumptions 1 to 3 make each P e a probability law. They also give the
coherence of P with the observed world W , in the following concrete sense. If RW

i denotes
the likelihood-ratio function specified by the world W for environment i, and if Ri denotes the
observed-law likelihood ratio selected from (P 0, P i), then

RW
i (x) = Ri(x) for P 0-almost every x.

The same coherence statement records that selected rank coordinates are functions of the com-
mon law family whenever the two worlds have the same observed laws. More precisely, if W ′

is compatible with W , so that both worlds have the same environment-law family P, then for
every order τ , every i, and every point x in the observed support of W ,

CW ′
i

(︂
LW ′
i (x) | LW ′

Bτ
i
(x)
)︂
= CW

i

(︂
LW
i (x) | LW

Bτ
i
(x)
)︂
,

where each side is the selected rank coordinate computed from the same observed law family.
Separately, the pointwise ratio formula in Assumption 3, together with the continuous observed-
law representative of the likelihood ratio, gives, for every i and every v ∈ [0, 1]n,

Li(f(v)) = logRi(f(v)) = log
qπ(i)(vπ(i))

pπ(i)(vπ(i) | vpaG(π(i)))
. (1)
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If n = 0, all indexed conclusions below are over empty finite sets and the same displayed identities
are vacuous; the argument is otherwise unchanged.

The cover-separation premise is stated for the canonical identity-mixing world. For an an-
cestral cover a⋖G b, Definition 7 gives

0 < Dπ−1(a),π−1(b)(W
can
θ,π ).

The transfer from the canonical world to the supplied world is needed only on ancestral covers.
Applied to the displayed cover, it rewrites the positive canonical population discrepancy as the
corresponding supplied-world observed-law discrepancy, using Assumption 3 for the environment
pushforwards, Assumption 2 for the inverse on observed support, and the almost-sure ratio
coherence established above. Hence

0 < Dπ−1(a),π−1(b)(W ) (a⋖G b). (2)

Thus every transported ancestral cover appears as an edge of HD.
Conversely, Lemma 2 applies under Assumptions 1 to 3. Hence, whenever j ̸= i and π(j) is

not an ancestor of π(i) in G, the Gaussian-kernel discrepancy of ratio i between the observational
environment and intervention environment j satisfies

Dji = 0.

The lemma gives this conclusion by marginalizing over the complement of the ancestral set
anG(π(i))∪{π(i)}: the observational and intervention-j marginal laws agree on the coordinates
on which Ri depends, so the two ratio pushforward laws, and therefore their Gaussian mean
embeddings, coincide. We now pass from these discrepancy statements to the graph identity.
Let Gπ denote the environment-label graph

j → i in Gπ ⇐⇒ π(j) → π(i) in G.

If j → i is an edge of HD, then Dji > 0. The zero-discrepancy conclusion above shows that π(j)
must be an ancestor of π(i) in G; hence every edge of HD is contained in the transitive closure
of Gπ. Therefore

TC(HD) ⊆ TC(Gπ). (3)

For the reverse inclusion, take any ancestral relation π(j)⇝G π(i). In the finite ancestral order,
choose a saturated chain

π(j) = a0 ⋖G a1 ⋖G · · ·⋖G am = π(i),

where each step is an ancestral cover. By Equation (2), each transported pair

π−1(ar−1) → π−1(ar), r = 1, . . . ,m,

is an edge of HD. Thus j reaches i in HD, and

TC(Gπ) ⊆ TC(HD). (4)

Combining Equations (3) and (4) gives

TC(HD) = TC(Gπ). (5)
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The graph reconstruction statement also supplies the decoder’s selected order as a topological
ordering of HD. If τ is any topological ordering of HD and a ∈ paG(π(i)), then π

−1(a) reaches
i in HD by Equation (5); applying the topological-order inequalities along the path gives

π−1
(︁
paG(π(i))

)︁
⊆ Bτ

i := {j : τ(j) < τ(i)}. (6)

Fix such an order τ . By Equation (5), τ also respects every transported latent edge. For
i ∈ [n], set

Aτ
i = {π(i)} ∪ π(Bτ

i ).

Let
Zτ
i =

∏︂
b∈Bτ

i

[0, 1],

with the usual one-point product when Bτ
i = ∅. Embed χ ∈ Zτ

i into the full latent cube by the
zero-filled map

Eτ
i (χ)a =

{︄
χb, a = π(b) for some b ∈ Bτ

i ,

0, a /∈ π(Bτ
i ).

Define the predecessor score map and its range by

Λτ
i : Zτ

i → RBτ
i , Λτ

i (χ)b = log
qπ(b)

(︁
Eτ

i (χ)π(b)
)︁

pπ(b)
(︁
Eτ

i (χ)π(b) | Eτ
i (χ)paG(π(b))

)︁ , Rτ
i = Λτ

i (Zτ
i ).

If v ∈ [0, 1]n, then χb = vπ(b) gives

Λτ
i (χ)b = Lb(f(v)), b ∈ Bτ

i .

Indeed, every parent of π(b) has environment label preceding b, hence belongs to Bτ
i ; on the

own coordinate and on those parent coordinates the zero-filled point Eτ
i (χ) agrees with v, and

the local dependence of pπ(b) removes all other coordinates. By Lemma 3, applied to the present
order τ ,

Λτ
i : Zτ

i −→ Rτ
i is a homeomorphism onto its image. (7)

In particular, Rτ
i is compact and the inverse (Λτ

i )
−1 : Rτ

i → Zτ
i is continuous.

Now work under the target-π(i) environment. For ζ ∈ [0, 1][n]\A
τ
i , let uv,τ (ζ) ∈ [0, 1]n be the

filled-in latent point defined by

uv,τ (ζ)a =

{︄
va, a ∈ Aτ

i ,

ζa, a /∈ Aτ
i .

The marginalization identity in Lemma 4 gives, for v ∈ [0, 1]n,∫︂
[0,1][n]\Aτ

i

qπ(i)
(︁
uv,τ (ζ)π(i)

)︁ ∏︂
ℓ̸=π(i)

pℓ
(︁
uv,τ (ζ)ℓ | uv,τ (ζ)paG(ℓ)

)︁
dζ = qπ(i)(vπ(i))

∏︂
ℓ∈Aτ

i \{π(i)}

pℓ(vℓ | vpaG(ℓ)).

(8)
The fiber version in Lemma 5 gives the same factorization after replacing vπ(i) by an arbitrary
scalar w. These identities are the density input for Lemma 7. Applying that result to the order
τ , the law-selected conditional CDF Ci(t | LBτ

i
) used by D is a continuous conditional-CDF
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version on the observed conditional-ratio support, and there is a continuous version C such
that, for all t ∈ R and v ∈ [0, 1]n,

C
(︁
t | LBτ

i
(f(v))

)︁
= Cstr

θ,π(i)(t | v), (9)

where

Cstr
θ,π(i)(t | v) =

∫︂ 1

0
1

{︃
log

qπ(i)(w)

pπ(i)(w | vpaG(π(i)))
≤ t

}︃
qπ(i)(w) dw. (10)

Here pπ(i)(w | vpaG(π(i))) is the value pπ(i)(v
(w)) of the mechanism at the point v(w) obtained from

v by replacing coordinate π(i) with w; the two agree because a mechanism depends only on its
own coordinate and its parents. The same cited result states that every continuous conditional-
CDF version agrees with the selected version on the observed conditional-ratio support and that
the selected version itself satisfies the structural identity at every mixed latent point:

Ci

(︁
t | LBτ

i
(f(v))

)︁
= Cstr

θ,π(i)(t | v), v ∈ [0, 1]n. (11)

Evaluating Equation (11) at t = Li(f(v)) and using the strict monotonicity from Assump-
tion 4 gives

Ui(f(v)) =

{︄
Qπ(i)(vπ(i)), sπ(i) = 1,

1−Qπ(i)(vπ(i)), sπ(i) = −1.
(12)

The right-hand side is a componentwise continuous, strictly monotone transform of the latent
coordinate.

We next prove the pruning characterization used by the decoder. Let

P π
i = π−1

(︁
paG(π(i))

)︁
, Sτ

i = Bτ
i .

For every A with A ⊆ Sτ
i , the target assertion is

Ui ⊥⊥ USτ
i \A | UA ⇐⇒ P π

i ⊆ A. (13)

The pruning characterization is supplied by the rank conditional-independence characterization
applied at the present order. Its hypotheses are exactly the positivity, causal minimality, shared
mixing, one-intervention, sign, and rank-identity clauses already established, together with the
subset bookkeeping A ⊆ Sτ

i = Bτ
i . It yields

Ui ⊥⊥ UBτ
i \A | UA ⇐⇒ P π

i ⊆ A. (14)

Equation (14) says exactly that the admissible sets are the supersets of P π
i . Indeed, by

Algorithm 1, a set A ⊆ Bτ
i is admissible precisely when the left side of Equation (14) holds.

Thus P π
i is admissible by Equation (6), and if A is any admissible set then P π

i ⊆ A. Conversely
every superset of P π

i contained in Bτ
i is admissible. Hence P π

i is the unique inclusion-minimal
admissible parent set for i, for every topological ordering τ of HD. Applying this extraction to
the selected order in Algorithm 1, the parent-pruned graph has edge relation

a→ i ⇐⇒ a ∈ P π
i ⇐⇒ π(a) ∈ paG(π(i)),

which is exactly
Gπ

D = Gπ. (15)
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It remains to prove representation uniqueness. Let G′, θ′, andW ′ satisfy the same regularity,
causal-minimality, sign, mixing, and one-intervention assumptions, and supposeW ′ has the same
observed law family as W . Write ˜︁f and ˜︁π for the mixing map and target permutation of W ′;
these are in general different from f and π. Let υ′ be the canonical topological ordering of G′,
and define the environment-label order

τ ′(e) = υ′(˜︁π(e)), e ∈ [n].

The common-order lemma for equal observed law families gives that τ ′ is a topological ordering
of the common observable ratio graph. Since Equation (5) holds forW , the same τ ′ also respects
the transported graph of W ; by construction through υ′, it respects the transported graph of
W ′.

For any coordinate label a, define the signed intervention distribution functions

Sa(u) =

{︄
Qa(u), sa = 1,

1−Qa(u), sa = −1,
S′a(u) =

{︄
Q′a(u), sa = 1,

1−Q′a(u), sa = −1.

Here Q′a is the intervention distribution function for coordinate a of θ′, and both signed functions
are indexed by the same ambient sign vector s. Using the continuous-rank construction at this
common order gives, for v, z ∈ [0, 1]n,

Ue(f(v)) = Sπ(e)(vπ(e)), Ue( ˜︁f(z)) = S′˜︁π(e)(z˜︁π(e)). (16)

Applying Equation (14) to W and to W ′ at the same order shows that both representations
have the same unique minimal admissible parent sets. Therefore, with

σ = ˜︁π ◦ π−1, σ(π(e)) = ˜︁π(e),
where π and ˜︁π are the target permutations of W and W ′, respectively, the map σ applies
the inverse target permutation of W first and then the target permutation of W ′, and carries
G-labels to G′-labels, one has, for every j, i,

σ(j) → σ(i) in G′ ⇐⇒ j → i in G. (17)

Equality of the observational laws gives equality of observed supports,

f([0, 1]n) = ˜︁f([0, 1]n). (18)

It remains to assemble the common ranks, aligned edges, and common support into componen-
twise C2 equivalence. We use the following implication, proved in the formal development: if
two worlds have the common rank identities in Equation (16), equal observed supports, and the
edge alignment in Equation (17), then there are interval maps hi, h̄i : [0, 1] → [0, 1], one pair for
each latent coordinate i, such that

hi ∈ C2([0, 1]), h̄i ∈ C2([0, 1]), h̄i ◦ hi = id[0,1], hi ◦ h̄i = id[0,1],

and, for every observed point x ∈ f([0, 1]n) = ˜︁f([0, 1]n),
˜︁f−1(x)σ(i) = hi

(︁
f−1(x)i

)︁
. (19)
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The smoothness of these charts follows by composing the one-coordinate face embedding z ↦→
0i←z
n , the C2 mixing map, the inverse mixing map on the common observed support, and the

coordinate projection; the inverse charts are obtained by interchanging the two worlds. Together
with Equation (17), this is exactly the componentwise C2 equivalence of W and W ′ up to the
simultaneous relabeling σ = ˜︁π ◦ π−1.

When n = 2, every edge is an ancestral cover. Therefore Equation (2) gives, for each edge
j → i of G,

0 < Dπ−1(j),π−1(i). (20)

The established graph equality Equation (15), the order and predecessor containment Equa-
tions (5) and (6), the rank identity Equation (12), the uniqueness statement above, and the
bivariate positivity Equation (20) supply the packaged comparison clauses: within the posi-
tive compact-cube C3 mechanism class with shared C2 mixing, the decoder identifies the latent
representation and structure from one perfect intervention per node, supplies the continuous
law-separation witness used by von Kügelgen et al. [2023, Theorem 3.2] when n = 2, and recov-
ers the graph, topological order, and intervention alignment relative to Wendong et al. [2023,
Theorem 4.2] and Yao et al. [2025, Corollary D.1]. Collecting Equations (5), (6), (11), (12), (14)
and (15), the coherence of P with W , the componentwise equivalence statement, Equation (20),
and these comparison clauses gives every assertion of Theorem 3.

Proof of Theorem 4. Let Hk be the Hilbert space of the Gaussian unit-norm feature map Φ.
Write

N = min
0≤e≤n

Ne, δN (α) =
1 +

√︁
2 log{n(n+ 1)/α}√

N
,

so that
εN (α, η) = 2

√
2 aN (η) + 2δN (α).

For e ∈ {0, . . . , n}, i ∈ [n], and an outcome ω, set

ˆ︁µei(ω) = 1

Ne

Ne∑︂
r=1

Φ
(︂ ˆ︁Ri(X

(e)
r (ω))

)︂
,

˜︁µei(ω) = ∫︂ Φ
(︂ ˆ︁Ri(x)

)︂
dP e(x), µei =

∫︂
Φ(Ri(x)) dP

e(x).

Define the evaluation concentration event

Eemb = {ω : ∀i ∈ [n], ∀e ∈ {0, . . . , n}, ∥ˆ︁µei(ω)− ˜︁µei(ω)∥Hk
≤ δN (α)} .

The independent-environment sampling assumption supplies the conditional evaluation-
sampling hypotheses in Lemma 8. Hence, conditionally on the training fold, Eemb has
probability at least 1− α: for every training-fold measurable event B,

(1− α) Pr(B) ≤ Pr(Eemb ∩B).

For the bridge from fitted to population embeddings, first note that the Gaussian normal-
ization gives, for all a, b ∈ R,

∥Φ(a)− Φ(b)∥2Hk
= 2− 2 exp{−(a− b)2} ≤ 2(a− b)2,
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and therefore
∥Φ(a)− Φ(b)∥Hk

≤
√
2 |a− b|.

On Efs, the defining L1(P e) bound gives, for every i and e,

∥˜︁µei(ω)− µei∥Hk
=

⃦⃦⃦⃦∫︂ {︂
Φ( ˆ︁Ri(x))− Φ(Ri(x))

}︂
dP e(x)

⃦⃦⃦⃦
Hk

≤
∫︂

∥Φ( ˆ︁Ri(x))− Φ(Ri(x))∥Hk
dP e(x)

≤
√
2

∫︂
| ˆ︁Ri(x)−Ri(x)| dP e(x)

≤
√
2 aN (η).

The measurability and integrability requirements here are exactly the training-fold and finite-
integral clauses in Assumption 7 and in the definition of Efs.

Now fix ω ∈ Eemb ∩ Efs and j ̸= i. The empirical and population discrepancies are

ˆ︁Dji(ω) = ∥ˆ︁µji(ω)− ˆ︁µ0i(ω)∥Hk
, Dji = ∥µ0i − µji∥Hk

.

By the reverse triangle inequality,

| ˆ︁Dji(ω)−Dji| ≤ ∥(ˆ︁µji − ˆ︁µ0i)− (µji − µ0i)∥Hk

≤ ∥ˆ︁µji − ˜︁µji∥Hk
+ ∥˜︁µji − µji∥Hk

+ ∥ˆ︁µ0i − ˜︁µ0i∥Hk
+ ∥˜︁µ0i − µ0i∥Hk

≤ 2δN (α) + 2
√
2 aN (η) = εN (α, η).

Thus
Eemb ∩ Efs ⊆ EMMD.

Applying the conditional bound for Eemb to Efs ∩ B, which is training-fold measurable by As-
sumption 7, yields

(1− α) Pr(Efs ∩B) ≤ Pr(EMMD ∩ Efs ∩B)

for every training-fold measurable B. This is the stated conditional probability bound.
Taking B = Ω gives

(1− α) Pr(Efs) ≤ Pr(EMMD ∩ Efs) ≤ Pr(EMMD).

Since Pr(Efs) ≥ 1− η and α, η ∈ (0, 1),

Pr(EMMD) ≥ (1− α)(1− η) = 1− α− η + αη ≥ 1− α− η.

It remains to identify the graph-theoretic consequences on EMMD. Fix ω ∈ EMMD, and
suppose j → i is selected by ˆ︁H(ω). Then j ̸= i and

0 < ˆ︁Dji(ω)− εN (α, η).

If π(j) were not an ancestor of π(i) in G, the structural Assumptions 1 to 3 imply that the ratio
coordinate Ri has the same law under P 0 and P j :

(Ri)#P
0 = (Ri)#P

j .
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Indeed, in the latent factorization, Ri(f(v)) depends only on vπ(i) and the parents of π(i);
an intervention at a non-ancestor of π(i) leaves the joint law of these ancestral coordinates
unchanged. Therefore

Dji =

⃦⃦⃦⃦∫︂
Φ d((Ri)#P

0)−
∫︂

Φ d((Ri)#P
j)

⃦⃦⃦⃦
Hk

= 0.

The event EMMD then gives

ˆ︁Dji(ω) = | ˆ︁Dji(ω)− 0| ≤ εN (α, η),

contradicting the selection inequality. Hence every selected arrow j → i satisfies that π(j) is an
ancestor of π(i) in G.

Assume now the cover margin

2εN (α, η) < Dji whenever π(j)⋖G π(i).

The soundness just proved gives the forward inclusion

TC( ˆ︁H(ω)) ⊆ TC(Gπ) :

a selected edge j → i yields an ancestral chain from π(j) to π(i) in G, and applying π−1 to each
edge of that chain gives a directed path from j to i in Gπ.

For the reverse inclusion, let a⋖G b be an ancestral cover and put

j = π−1(a), i = π−1(b).

The cover relation implies a ̸= b, hence j ̸= i. By the margin and the event EMMD,ˆ︁Dji(ω) ≥ Dji − εN (α, η) > εN (α, η),

so j → i is selected by ˆ︁H(ω). Thus every transported ancestral cover of G is an edge of ˆ︁H(ω).
Finally, every strict ancestral relation in the finite ancestor order of G factors into covers:

a <G b =⇒ ∃a = a0 ⋖G a1 ⋖G · · ·⋖G am = b.

This follows by induction on the finite interval {c : a ≤G c ≤G b}: if a⋖G b there is nothing to
prove, while otherwise one chooses an intermediate c with a <G c <G b and concatenates the
two shorter saturated chains. Hence each edge of Gπ, and therefore each path in Gπ, maps to a
path in ˆ︁H(ω). We obtain

TC(Gπ) ⊆ TC( ˆ︁H(ω)).

Together with the forward inclusion,

TC( ˆ︁H(ω)) = TC(Gπ).
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